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Abstract: In this paper, we study the estimation problem of linear regression in the presence of a new
impulsive noise model, which is a sum of Cauchy and Gaussian random variables in time domain. The
probability density function (PDF) of this mixture noise, referred to as the Voigt profile, is derived from
the convolution of the Cauchy and Gaussian PDFs. To determine the linear regression parameters, the
maximum likelihood estimator is first developed. Since the Voigt profile suffers from a complicated
analytical form, an M-estimator with the pseudo-Voigt function is also derived. In our algorithm
development, both scenarios of known and unknown density parameters are considered. In the
unknown scenario, density parameters need to be estimated prior to proposals, by utilizing the
empirical characteristic function and characteristic function. Simulation results show that the
performance of both proposed methods can attain the Cram\ '{e}r-Rao lower bound.



Highlights (for review)

Highlights:

An additive mixture noise is studied in this paper and the corresponding
noise PDF, i.e., the Voigt function is derived.

To determine the parameters of a linear regression model, the maximum
likelihood estimator (MLE) is developed, where both the scenarios of
known and unknown density parameters, are considered.

To reduce the computational complexity of the MLE, an M-estimator
with pseudo-Voigt function is presented.

Both presented estimators approach the CRLB well.
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20 Abstract: In this paper, we study the estimation problem of linear regression in the presence of a new impulsive
21
22 noise model, which is a sum of Cauchy and Gaussian random variables in time domain. The probability density
23 function (PDF) of this mixture noise, referred to as the Voigt profile, is derived from the convolution of the
24
25 Cauchy and Gaussian PDFs. To determine the linear regression parameters, the maximum likelihood estimator
gg is first developed. Since the Voigt profile suffers from a complicated analytical form, an M-estimator with the
28 pseudo-Voigt function is also derived. In our algorithm development, both scenarios of known and unknown
gg density parameters are considered. In the unknown scenario, density parameters need to be estimated prior to
31 proposals, by utilizing the empirical characteristic function and characteristic function. Simulation results show
32
33 that the performance of both proposed methods can attain the Cramér-Rao lower bound.
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37
38
P 1 Introducti
20 ntroduction
41
42 Impulsive noise is encountered in a variety of applications such as wireless communications, radar, sonar and
43
44 image processing [1]. Unlike Gaussian noise, impulsive noise belongs to a family of heavy-tailed noise distri-
45 butions. Popular models in the literature for impulsive noise are divided into two categories, namely, single
46
47 process and hybrid process mixed in the probability density function (PDF) domain. Typical single distribu-
jg tions are Student’s ¢-distribution [2], a-stable distribution [3] and generalized Gaussian (GG) process [4], while
50 the mixture models include Gaussian mixture (GM) [5] and Cauchy Gaussian mixture (CGM) [6]. Neverthe-
g; less, these models alone may not be able to represent all varieties of impulsive noises in the real world such
53 as the case that the noise measured is the sum of two separate time series: one is an intrinsic Gaussian noise
54
55 due to the electronic devices in receiver and the other is environmental noise which can be non-Gaussian, in
gs particular impulsive. For example, considering some schemes in frequency-hopping spread spectrum (FH SS)
58 radio communication networks [7], binary transmission systems [8] and multiple-input multiple-output (MIMO)
28 systems [9], we model the multiple access interference as the a-stable distribution and regard the environmental
61 noise as the Gaussian distribution. Similarly, in astrophysical imaging [10], the cosmic microwave background
62
63 radiation is contaminated with the Gaussian noise from the satellite beam and a-stable distributed radiation
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from galaxies and stars. In these potential applications, the disturbance components can be combined into a
new mixture model which is a sum of two different random processes in the time domain.

To demonstrate the applicability of this model, we consider the linear regression problem and take the sum of
a symmetric Cauchy distribution with dispersion v and zero-mean Gaussian distribution with variance o2 as an
illustrative example. This mixture model belongs to the Middletons Class B [11] which is a classical impulsive
noise model that has been employed for decades. The PDF of the mixture has an analytical form, known as the
Voigt function [12], which is obtained via the convolution of the PDF's of these two processes. When the density
parameters, namely, v and o2 are known, the PDF of the mixture is readily determined, and the maximum
likelihood estimator (MLE) which is a special case of M-estimator, can be directly applied to find the parameters
of interest. The class of M-estimators introduced by Huber [13] generalizes the MLE by replacing the logarithm
of the likelihood function by an arbitrary p-function. Note that the MLE is in the class of M-estimators by
letting p = —log (f(y)) with f(y) denoting the likelihood function. However, when v and o2 are unknown,
they should be estimated through the relationship between the empirical characteristic function (ECF) and the
characteristic function (CF) prior to employing the MLE. Although the MLE has the best performance in the
sense of attaining Cramér-Rao lower bound (CRLB), it suffers from having a highly complex analytical form
because of the Faddeeva function that appears in the PDF of the mixture noise. Therefore, in order to keep
the high accuracy of the MLE and to reduce the computational complexity, a new M-estimator with the loss
function chosen as the logarithm of pseudo-Voigt function is employed, which is referred to as the MEPV.

The rest of this paper is organized as follows. The proposed methods, namely, the MLE and MEPV are
presented in Section 2. Both cases of known and unknown density parameters are investigated. Computer
simulations are provided in Section 3 to evaluate the accuracy and complexity of the MLE and MEPYV. Finally,

conclusions are drawn in Section 4.

2 Proposed Algorithms

T

Without loss of generality, the observed data vector y = [y1 -+ yn]* is modeled as:

yn:Sn(0)+8n, TL:1,2,...,N, (1)

where s, (0) denotes the noise-free signal with @ being the parameter vector of interest, e, = p, + ¢, is the
mixture noise which is a sum of two independent and identically distributed (i.i.d.) processes p, and g,, whose
PDFs are fp and fq, respectively.

The PDF of e, can be obtained from the convolution of fp and fg:

fe=fp* fq, (2)

where * stands for the convolution operator.
Considering the simplest case of the linear regression model, i.e., s,(0) = s,([A B]T) = An + B, where A

and B are the unknown parameters, the data model can be rewritten in vector form as:

y=Hl+e n=1,2,...,N, (3)
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where
1 1
2 1 A
H= , 0= (4)
B
N 1
and e = [e; --- en]T with e, = ¢, + g, denoting the additive Cauchy Gaussian (ACG) noise which is the

sum of i.i.d. Cauchy noise ¢, with dispersion v and the i.i.d. zero-mean Gaussian noise g, with variance o2.

Although we only study this simple model, our analysis can be extended to the general linear data model [14],
that is, H € RN*M where N > M is known and § € R is unknown. It is noteworthy that (3)-(4) are also

a common signal model for kick detection in oil drilling [15]. The PDFs of Cauchy and Gaussian distributions

N 2
fC(C’IH/Y) - 71_(0721 +72)1 (5)
2
Jotai') = oo (-5 ). “

Then the PDF of e, is calculated based on (2):

ey~ [ o
e oo T((en = 7)* +7%) V270
The result of (7) is called the Voigt function which can be represented as [12]

_ Re{w}

?
oV 2T

N2 . nentiy
w = exp <— ( 7;357> ) <1 + % | s exp (t%) dt) 9)

and w is called the Faddeeva function with Re denoting the real part.

L2
e 2.2dr. (7)

fe(en;v,0%)

where

To estimate the parameter vector 8, we can utilize the M-estimator [13] whose cost function is:

N

N
J(o)zzpn:_
n=1 n

where p,, is an arbitrary function [13]. Note that the M-estimator coincides with the MLE when f(y,,,80;7,0?)

log (f(yn.0;7,07)), (10)
1

is the ACG’s PDF fg(yn,0;7,02). In the following, we introduce two types of functions, namely, the Voigt

function and its approximation which is referred to as the pseudo-Voigt function.

2.1 Maximum Likelihood Estimator

We first use the MLE to find the unknown parameters, assuming the scenario of known v and 2. The study
is then extended to the case of unknown distribution parameters.

In the first scenario, the PDF of the mixture noise is known and the PDF of y is:

N

foly.0;v,0%) =[]

n=1

Re{w,}
o2’

(11)
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where
A 2 A Yn—hnO+iy
yn—hnﬂ—i—w) 2i a3 5
w, =exp| — | —— 1+ — exp (t*) dt 12
p< (=t )( 2 b (12) (12)

In the case that v and o2 are unknown, an exact expression of the PDF cannot be derived readily, therefore,

with h, = [n 1].

v and o2 are estimated using the ECF first. For the ACG noise, the CF of the observed data ,, is:
t2
o(t) = E{exp (iynt)} = exp (it(An + B) —A|t] — 502) , (13)

where F stands for expectation and the magnitude of ¢(t) is:

t2

(0] =exp (1l = 5o ). (14)

Taking the logarithm on both sides of (14) yields:

2 5

o(t) = —log (lo(t)]) = lt| + 5 o” (15)

On the other hand, the ECF, denoted by (), is

1.,
v(t) = % > et (16)
n=1

The error distribution between the ECF and CF is unknown. Here ¢;-norm estimator is employed. Let W(t) =

—log(|%(t)]), v and o can be estimated if ¢ is chosen in a grid ¢t € [t1, ] [16]:

(%,6%) = argmin |¥ — Fx||1, (17)
where
_|t1| g_
2
F_ 2 %2  F- 727 U= [U(t)) - (i) (18)
o
el %

Since (17) is not differentiable, subgradient method [17] is employed to update x:

0+1) )A((é) _

% g, (19)

where () stands for the /th iteration, g = —FTsign(¥ — Fx(®)) and 7, = 1/||g\®||o. We employ the least
squares solution ||¥ — Fx|[3 as x(*) and update (19) until the relative error ‘%’ < € is reached, where
€ > 0 is the tolerance. After v and o2 have been estimated by (19), the PDF of y, namely, fr(y,0;79,5?) is
calculated by (11).

The MLE of 8 is the minimum of the cost function in (10):

0= argmo}n{hw)}, (20)
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where J;(0) = — N log (Re{w,}).

The MLE cost function in (20) is multimodal for the linear regression model. In our study, the optimal
estimator is realized by the Newton’s method which is a local search algorithm with quadratic rate of convergence
[18]. As a result, it is clear that global convergence depends on the initialization.

The updated procedure of the Newton’s method is:

ot — 9" _ (v? <J1 (9“))) > Ty <J1 (é“))) , (21)

where
25:1 nUn
V(N1(0)) = ; (22)
1 21]:[:1 Un
9 Zﬁle n’ (“n - U?z) Zﬁle n (un - ”721)
V2 (J1(8)) = (23)
1 SN (= 02) SN (- 02)
with
VUp = %mfie{ (yn _hn0+i’7)wn}7 (24)

1 1 yn—hn0+m)2 2y }
Up = ———Req |2 —T——) —1|w, +— 3. 25
o2 Re{w,} { < ( o2 V2o (25)
In this study, the weighted median method is utilized for algorithm initialization, that is, 9(0) = MED{y} [19]

and the stopping criterion follows that of (19). According to our simulation results, the MLE is able to find the

global solution by utilizing this initialization.

2.2 M-estimator with Pseudo-Voigt Function

Although the MLE is maximally efficient, in the sense that its variance asymptotically achieves the CRLB, it
suffers from high computational complexity because of the integral in the Faddeeva function, i.e., likelihood
function. To reduce the computational cost, we consider that p, is the logarithm of the pseudo-Voigt function
and the scenarios of known and unknown density parameters are also discussed.

When o2 and v are known, it has been proved that the Voigt function can be approximated by the sum of

the PDF of Cauchy and Gaussian distributions, which is called pseudo-Voigt function [20]:

flen;v,0%) = pafi(en:y) + (1 = pa) fo(en: 0°), (26)

where f; and fo are the PDFs of Cauchy and Gaussian distributions, respectively, which is totally different

from fo and fg:

Oa a
fl(enﬂ): Wa_@,

faleni?) = o exp (—1og<2> (;)) (25)

(27)
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with
Oa — \/10 2 a2
g = 5(2) , Co=bya(a)e” (1 —erf(a)), &u= \/50'[71/2(@), (29)
Ca(1 — y/mlog(2))
by /2(a) = a+ /log(2) exp(—0.6055a + 0.0718a* — 0.0049a” + 0.000136a") (30)
and a = —L-, with erf(-) denoting the error function.

V20’
The model in equation (26) is totally different from Swamis model [6]. In his paper, the density parameters

are v and o2, which are apparently shown in the PDF model. However, the density parameter in equation (26)
is &4, which is a nonlinear function of v and o2. That is, in Swamis paper, the problem is to minimize g(v, o?).
While in our work, we deal with g(h(y,0?)) which is more complicated.

In the unknown density parameter scenario, similar to the MLE, we estimate the density parameters v and
o? first, which can be derived from (19). After 4 and 62 are obtained, f(y,0;4,52) can be constructed.

Then the 6 is estimated by minimizing the cost function according to (10):
0 = argmin {J2(0)} , (31)
]
where J5(8) = — Zﬁ;l 1og (f(yn,0;7,0?)) with

FWn:0:7,0%) = pa f1(yn,0;7) + (1 — 1a) f2(yn, 0;07) (32)

- Oaga — &ex —lo w ’
‘%ﬁwwnmuﬁﬁ“‘“ﬁ@p<lww ‘. )) )

To find the minimum of (31), we apply the Newton’s method:

9 —9" <v2 <J2(é“))) > Ty <J2(é“))) , (34)
where
21]:[:1 nV
V (J2(0)) = 35
(”)[sz (35)
N 2 2 N 2
v2 (J2(0)) _ Zn:l n (U" + Wy — Vn) Zn:l n (U" + W, — Vn) (36)
21]:[:1 n (Un + W — VnQ) 21]:[:1 (U" +Wn — Vnz)
with
B 2 Yn — hy,0 . B log(2)(yn — h,0) 2
Vo= e (0 (Gt g ) om0+ 0 ) (PEEG=R2 ) o 0ih ) 07
_ -2 (yn - hn0)2 - 53 . (1 - Ma) 10g(2) o2
U T ) (“" <<<yn 107 T 53)2> filon B) g el 6 )> | .
_ 4 (yn - hno) ° . _ IOg(2)(yn - hno) ° o2
W 57, 07) (M“ ((yn —h,0)? +€3> J1lun,0:9) (1= ) ( €2 ) f2 (.0 )> '
(39)

In this method, 6 is updated by (34) and the initialization and stopping criterion are the same as for the MLE
in (21).
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2.3 Complexity of Proposed Methods

The computational complexities of the proposed methods are roughly examined. The Faddeeva function in the
PDF can be realized according to [21]. At each iteration of the Newton’s method, the numbers of flops in the

MLE and MEPV required are O (N? + N?log, N) and O(N), respectively.

3 Cramér-Rao Lower Bound

In the scenario that the density parameters are known, the CRLB [14] of 6 can be calculated by the diagonal

elements of the inverse of the Fisher information matrix I:

I _E{ XN: 0? long(yn,o;%az)} _ E{ ZN: <510ng(yn,0;%02)> <510ng(yn,0;%02)>T } (40)

06? 00 00

n=1 n=1
Based on (11), we have

nRe{(yn—An—B+iv)w, }

810ng(yn70;730'2) — i Re{wy } (41)
00 02 | Re{(yn—An—B+iy)wn}
Re{wy,}

It is hard to derive a closed form expression for (41), therefore, we use the average of sufficient number of
independent runs to replace the expectation.
For unknown « and o2, the parameter vector is & = [A B v ¢2]7. Then the CRLB of @ in this case

corresponds to the (1,1) and (2,2) entries in the inverse of I. The (k,1) element of I is written as:

N
91og f5(yn,0;7,0°) dlog f&(yn,0:7,0°)
Ik,l = _E{ Z ( ( ) kvl = 17 27 3743 (42)
1 (9041C (904[
where
i 1 nRe{(yn—An—B+iy)w,} 1
o2 Re{wn,}
L Re{(yn—An—B-i—i'y)wn}
0log f5(yn,0:7,0%) _ o Refun] . (43)
aa _ﬁ e{l(yn_ n_{ +1}'7)wn}+m .
Re{w,
U—lch{(yannfB+i'y)2wn}+\/ﬁa2 e
L Re{wn} 20’2_

4 Simulation Results

To evaluate the performance of the MLE and MEPV, computer simulations have been conducted. The mean
square errors (MSEs), E{(A — A)?} and E{(B — B)?}, are employed as the performance measure. The signal is
generated according to (5) with A =1, B = 0.5, the noise e, is generated as the sum of i.i.d. Cauchy distribution
with dispersion v and i.i.d. zero-mean Gaussian distribution with variance 2. Following the setup in [22], the
interval of ¢ in (18) is [0.1, 1] with 1000 uniform grid points. Under such mixture noise, the signal-to-noise ratio
is hard to define, therefore, we set 02 = 10 and scale ‘772 to produce different noise conditions. Comparison with
{1-norm estimator solved by the least absolute deviation [23], MM-estimator with breakdown point 0.85 [24] and
the CRLB are provided. The ¢;-norm estimator is included because it is robust and suboptimum estimator for

Cauchy noise. While the MM-estimator, which is a double-stage M-estimator, is considered since this estimator
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is robust for the linear regression model. All results are based on 1500 independent Monte Carlo runs with a
data length of N = 60.

First, we examine the difference between the Voigt and pseudo-Voigt functions. The ~ is set to 10 and
Figure 1 shows the comparison with the logarithmic scale. This approximation has been studied in detail in
[20] and we have also verified also with our experiment a good match between the two curves. The closeness of
the match depends on the "72 For normalized curves in Figure 1, the mismatch measured by the area between
the two curves can be less than 0.5%, which agrees with the analysis in [20].

Next, we examine the scenario of the known distribution parameters. It is seen in Figures 2 and 3 that when
v and 02 are available, the MSEs of both the MLE and MEPV can attain the CRLB for ”—,f € [0,30] dB case.
The performance of the MLE and MEPYV are almost the same because the main idea of them is to optimize two
highly similar functions. Furthermore, they are superior to the ¢;-norm estimator and MM-estimator in the
case of ACG noise. Figure 4 shows the average computational cost versus the data length N for v being set to
10. A stopwatch timer is utilized to measure the operation time of both methods. It is demonstrated that the
complexity of the MEPYV is significantly lower with respect to the MLE. The computational cost of the MLE
increases exponentially, while for the MEPV, the computational complexity grows approximately sublinearly
for small N (N € [50,2550]) and linearly for large N (N > 2550) since it requires less iterations to converge.

Finally, we investigate the scenario of the unknown ~ and ¢2. The ECF is employed to estimate the density

parameters v and o first. Figures 5 and 6 show that the MSEs of the MLE and MEPV can achieve the CRLB

and they significantly outperform the ¢;-norm estimator and MM-estimator.

5 Conclusions

We investigate the ACG process in this paper, which is modeled as the sum of Cauchy and Gaussian variables
in time domain. The PDF of the ACG, known as the Voigt profile, is calculated by the convolution of PDF's
of these two components. To estimate the parameters in the linear regression in the environment of the ACG
noise, the MLE and MEPV are developed for both known and unknown density parameters cases. Computer
simulation results are provided to show that the MSE performance of both estimators can achieve the CRLB
for ‘772 € [0,30] dB and are superior to ¢;-norm and MM-estimator. It is also seen in simulation results that
the MEPV has much lower the computational cost than the MLE because of the complicated analytical form

in the PDF. Moreover, this study on the ACG process can be extended to autoregressive model and nonlinear

parameter estimation problem.
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Figure 3: Mean square error of B versus ‘772 with known ~ and o2
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Figure 5: Mean square error of A versus (’7 with unknown 7 and o
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Mean square error of B versus "7 with unknown 7 and o
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