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Time-dependent Gene Network Modelling by 
Sequential Monte Carlo 

Sergiy Ancherbak, Ercan E. Kuruoǧlu, Senior Member, IEEE and Martin Vingron 

Abstract—Most existing methods used for gene regulatory network modeling are dedicated to inference of steady state 
networks, which are prevalent over all time instants. However, gene interactions evolve over time. Information about the gene 
interactions in different stages of the life cycle of a cell or an organism is of high importance for biology. In the statistical 
graphical models literature one can find a number of methods for network modelling while the study of time varying networks is 
rather recent. Using synthetic time series dataset for a gene network, we show that a sequential Monte Carlo method, namely 
Particle Filtering method is capable of tracking gene expression data and infer time-varying networks online.  

Index Terms—Bayesian network, gene expression data, gene network, particle filter, sequencial Monte Carlo, time series 
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1 INTRODUCTION

HANGES in the gene expression in time and under 
different external/internal stimulus play an 

important role in protein production. It is well known 
that expression level of one gene can influence on that of 
another gene. Usually, genes with similar expression 
profiles are more likely to encode interacting proteins [1], 
[2]. It was also shown that the genes of experimentally 
derived protein complexes are often co-expressed [3]. 
Such variations in expression levels can have significant 
effect on the functions of the genes in a single cell or in a 
complex organism. 
Thus, genes should be studied in a group, as a number of 
objects, which form a network, interacting with each 
other, and not as isolated entities. Interactions between 
genes have long been studied in model organisms in 
order to identify functional relationships among genes or 
their corresponding gene products [4], [5], [6]. Examples 
of model organisms studied in literature include yeast [6], 
[7] and Drosophila Melanogaster [8]. 
The interactions among genes in a network are not 
stationary during the life cycle of an organism. These 
relations evolve over time as shown experimentally in [7], 
[9]. Such relations/interactions can change over time 
depending on life period and/or various external factors 
[7], [8], [9], [10], [11]. Information about dynamically 
changing gene network in different stages of a life cycle is 
of high importance for biology. It plays an important role 
in understanding of human disease [12], [13], [14] and in 
designing personalized treatment plans. 
Usually to model relations between genes in a network 
gene expression data are used. A large amount of gene 
expression data measured at a single time instant can be 
found in the literature [15], [16], [17], [18], [19], [20]. These 

data are obtained via microarray experiments which can 
measure thousands of genes of an organism, providing a 
“genomic” viewpoint on gene expression. To understand 
the temporal variations in relations among genes, we are 
interested in time series data, i.e. gene expression levels 
measured with time during the life cycle of an organism. 
Some sources present experimental data on the evolution 
of temporal sequence datasets for gene expression during 
the yeast cell cycle and the life cycle of Drosophila 
Melanogaster [7], [8], [21], [22], [23] and also studies on 
circadian rhythms in mammals [10], [11]. However, for 
most of them only one to ten different time series are 
available for each gene. Moreover, all experimental data 
are measured for a quite short time length. This lack of 
experimental information significantly limits the success 
of inference on network topology. 
To simplify the analysis, many authors discretize 
measured gene expression values into two (expressed (1), 
not expressed (-1)) or three levels (under-expressed (-1), 
normal (0), and over-expressed (1), depending on 
whether the gene expression value is significantly lower 
than, similar to, or greater than certain threshold value, 
respectively) [24]. It is obvious that discretising the 
measured expression data important information can be 
lost. However, such simplification makes possible to 
specify with a certain probability at which discrete 
expression level a gene can be. Then the relations between 
genes in a network can be represented by a conditional 
probability table. This is one of the most commonly used 
representations which can describe any discrete 
conditional distribution. 
Another popular representation is to use continuous 
variables of gene expression data. Unlike the case of 
discrete variables there is no way in the representation of 
all possible densities. An obvious choice for multivariate 
continuous variables is to use certain distributions, i.e. 
Gaussian one [25]. 
Due to lack of experimental data, most existing methods 
used for gene regulatory network reconstruction are 
concentrated on the inference of steady state networks 
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[24], [26], [27], [28]. Others divide whole time-series se-
sequences into a number of homogeneous subsequencies 
in such case that one averaged network is estimated for 
each of subintervals [29], [30]. In such cases, the dynamics 
in the gene network during the life cycle is represented by 
a number of frames averaged for the subintervals. This 
procedure again does not take into account information 
between adjacent time intervals. 
In the statistical graphical models literature, one can find 
a number of methods for studying the network structure 
[31], [32], [33], [34], [35] while the study of time-varying 
networks is rather recent. In this work, we propose a 
linear vector regression model for time changes in a gene 
interaction network which we learn via a state of the art 
sequential Monte Carlo method, namely Particle Filtering. 
Such networks describe the conditional dependence 
structure between multiple interacting quantities, in our 
case expression values of different genes, which are 
changing in time. Moreover, our approach is capable of 
handling noise which is always present in experimental 
data. Therefore, the interactions, the signal of which in the 
data is strong, can be detected and represented in the 
network with certain probability. The Particle Filtering 
method was proposed recently for time-varying network 
modelling in [36] and its success was demonstrated on 
computer vision data. Differing from [36], the 
concentration of which is the tracking of the topology of 
the network directly, we track the changes in the 
dependence of gene expression values of various genes 
over time, from which we infer also the network 
topology. 

Thus, the motivation of this work is to model varying 
gene interactions over the life time of an organism or a 
biological process such as circadian cycles. 

2 METHODS 
2.1 Time Series Data Modelling 
The great interest in signal processing, computational 
biology, finance, automation, etc is to model and analyze 
the evolution of temporal sequences. Bayesian Networks 
are established tools for efficiently modelling multivariate 
data. A DBN is an extention of Bayesian network to 
temporal domain. In time domain conditional 
dependencies can be modelled between random variables 
within as well as across time epochs. The conditional 
distributions in DBN are assumed to be homogeneous, i.e. 
the structure and parameters of a network are maintained 
constant throughout the time. Taking this into account, a 
DBN is simply constructed by unwrapping a Bayesian 
network in time domain that causes significant 
simplification to the model learning procedure. At the 
same time, this assumption constrains the strenght of 
DBN in modelling non-stationary sequences, where 
intrinsic relationships between different variables change 
in time [37]. These non-stationary sequences are present 
everywhere in common life, for example the gene 
interactions in different stages of a life cycle. Obviously, 
usage of a stationary statistical model is insufficient for 
modeling gene expression data sequences at all time 

instances. 
Learning a time varying network is not a trivial problem. 
One may try naively to learn a dynamically changing 
network independently for each time epoch. However, 
this is a complex task as there are very little available 
observations at one time epoch for most applications in 
real life. One way to overcome the problem of data 
scarcity is to divide temporal sequences into segments - 
stationary epochs, with an assumption that in each epoch 
data are generated from the same probability distribution. 
However, the lack of knowledge about models in each 
segment makes the problem more complex. Moreover, 
the solution space grows exponentially with the length of 
time sequence [36]. From another point of view, since 
observations are most often distorted by noise, statistics 
can be recovered from these perturbations. 
To overcome all the difficulties mentioned above, one of 
the propositions is to expand DBN to nonstationary 
scenarios by introducing various additional conditions on 
the type of a network and how the network can change in 
time. The works done before have been mainly 
concentrated on nonstationary models with static 
structure. One of the most popular is the time-varying 
autoregression model (TVAR) [38]. TVAR is able to 
describe nonstationary linear dynamic systems, 
coefficients and noise variances of which continuously 
change with time. In order to estimate recursively the 
regression parameters, normalized least squares 
algorithm can be used. And an error of estimation is 
shown to be bounded when the model parameters change 
smoothly [39]. TVAR modelling is widely used in the 
works related to gene expression data [40]. Extented 
TVAR models have also been developed for other time-
varying processes, e.g. Poisson counting process [41] and 
non-Gaussian autoregression [42]. 
One of the tutorials on Bayesian network application to 
inference the interactions between genes is Nir Friedman 
et al. paper [24]. The authors proposed a framework built 
on the use of Bayesian networks for describing statistical 
dependences between variables. The method was applied 
to the time series gene expression data of the S. cerevisiae 
cell-cycle measurements of Spellman et al. [7]. The 
proposed approach is quite different from the clustering 
approach used by [7], [43], [44], [45], in that it attempted 
to learn a more rich structure from the data, even without 
use of any prior biological knowledge. However, in 
learning from time series data [7], the authors treated 
each measurement as an independent sample from a 
distribution, and did not assume the temporal aspect of 
the measurement. Thus, the complex network structure 
inferred from the experimental data and causal 
relationships, interactions between genes were “frozen”, 
not varying in time. 

2.2 Observation of Time Varying Networks 
J. Khan et al. [30] for the inference of time-varying genetic 
networks from a limited number of noisy observations 
derived the LASSO-Kalman smoother, which recursively 
computes the minimum mean-square sparse estimate of 
the network connectivity at each time point. To overcome 
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the limited number of observations with respect to the 
size of domain (small n large p problem) authors 
performed target tracking in a compressed domain. 
Chopping the time-series sequence with gene expression 
values (experimental data were taken from [8]) into 
homogeneous subsequences they estimated 21 dynamic 
gene networks, one per 3 time points, during the life cycle 
of Drosophila Melanogaster. 
Another application of LASSO-based least squares 
regression operation for description of the regulatory 
network together with a particle filter-based state 
estimation algorithm, which was used to capture the 
nonlinearity of the system, was proposed in an article of 
Noor et al. [26]. The parameters which characterize the 
regulatory relations between different genes were 
estimated online using Kalman filter. The parameter 
vector was expected to be sparse “since a particular gene 
interacts with a few other genes only, and as such, many 
of the system parameters modelling “weak” relationships 
are irrelevant” [26]. The authors used both synthetic and 
real biological data of Drosophila Melanogaster for learning 
steady state gene regulatory networks. 

W.C. Young et al. [27] introduced a Bayesian Model 
Averaging method (ScanBMA) which is able to infer gene 
regulatory networks using time series data. Time series 
generated data from the DREAM competition [46] as well 
as experimental time series S. cerevisiae data were used for 
estimation of static network structures. Authors state that 
their method allows inference for networks of thousands 
of genes to be completed much faster respect to other 
competing methods. 

3 MODEL 
A network is assumed to be consisting of I genes. Genes 
are represented by nodes in the studied network, whereas 
the relationships among interacting genes are modelled 
by edges which connect the related nodes. Our aim is to 
model how the gene expression values evolve over time. 
We propose a multivariate linear regression model 
relating the expression value of each gene at a given time 
to the gene expression values of the previous time instant. 
Hence, the observation equation describes the gene 
expression values at a particular time epoch t: 
 
௜,௧ݔ ൌ ܽ௜ଵ,௧ ∙ ଵ,௧ିଵݔ ൅ ܽ௜ଶ,௧ ∙ ଶ,௧ିଵݔ ൅ ⋯൅ ܽ௜ூ,௧ ∙ ூ,௧ିଵݔ ൅  ,௧ߟ

݅ ൌ 1,… , ;ܫ ܫ								 െ ݎܾ݁݉ݑ݊	݈ܽݐ݋ݐ  ,ݏ݁݊݁݃	݂݋
(1) 

 
where 	ݔ௜,௧ denote set of observations for all genes in a 
network for each time epoch t; ܽ௜௝,௧ – coefficients of 
regression equation which model regulatory relations 
between gene i and gene j in adjacent time epochs. 
Unlike classical regression, this multivariate regression is 
a time-varying regression. The regression coefficients ܽ௜௝,௧ 
are not constant and can be changing at each instant. 
We also propose a parametric model to model the 
changes in the process coefficients. For simplicity, we 
assume a linear model for the time being, but it can be 
extended to nonlinear models: 

 
ܽ௜௝,௧ ൌ ܽ௜௝,௧ିଵ ൅  ௧. (2)ߥ

 
More explicitly, equation (1) can be written in a vector 
form as: 
 

൦

ଵ,௧ݔ
ଶ,௧ݔ
…
ூ,௧ݔ

൪ ൌ ൦

ܽଵଵ,௧ ܽଵଶ,௧ ⋯ ܽଵூ,௧
ܽଶଵ,௧ ܽଶଶ,௧ ⋯ ܽଶூ,௧
⋮ ⋮ ⋱ ⋮

ܽூଵ,௧ ܽூଶ,௧ ⋯ ܽூூ,௧

൪ ൦

ଵ,௧ିଵݔ
ଶ,௧ିଵݔ
…

ூ,௧ିଵݔ

൪ ൅ ൦

ଵ,௧ߟ
ଶ,௧ߟ
…
ூ,௧ߟ

൪ (3) 

 
In both equations (1) and (2) noise terms ߟ௧ and ߥ௧ can be 
of any distribution which can be decided depending on 
the nature of the data. In the simplest case, they can be 
assumed to be i.i.d. Gaussian such that ߟ௧

ሺ௡ሻ~ࣨሺ0,  ఎଶሻ andߪ
௧ߥ
ሺ௡ሻ~ࣨሺ0,  ఔଶሻ. However, data with outliers or impulsiveߪ

noise might require a model with heavy-tailed 
distributions. In such cases, models such as Cauchy or 
alpha-stable [47] distribution are preferable as 
alternatives to Gaussian distribution over other heavy-
tailed distributions due to satisfying a generalized version 
of the central limit theorem.  
This is clearly a linear regression model and in the context 
of Bayesian networks reminds one of how partial 
correlations are calculated to estimate dependencies 
between nodes [48]. Although, similar to the partial 
correlations, one tries to recover dependencies all on 
variables, there is a fundamental difference in this case, 
where the regression is made over gene expressions of the 
previous time instant and we are trying to estimate a 
network which is not describing a given instant but how 
the gene expressions evolve overtime. 
Hence, such a model (1) describes an inter-slice network 
structure and shows which relations exist between all 
genes in the network at the previous time epoch,	൛ݔଵ,௧ିଵ,∙
,ଶ,௧ିଵݔ … , -ூ,௧ିଵൟ, and the gene under consideration at curݔ
rent time, ൛ݔ௜,௧ൟ. How a certain gene at the current time 
epoch is influenced by the expression level of other genes 
at the previous time epoch. The coefficients ܽ௜௝,௧ 
approximate linearly the conditional dependence of the 
expression of the ith gene at time t on the expression of 
the jth gene at time t-1. That is, ܽ௜௝,௧ ൎ ݂ሺݔ௜,௧|ݔ௝,௧ିଵሻ. An 
exact expression would involve also nonlinear 
dependence terms and dependences on further past. 
 

4 PARTICLE FILTER OR SEQUENTIAL MONTE CARLO 
To construct the gene interaction network, we need to 
devise an iterative algorithm to solve for ܽ௜௝,௧. This is a 
classical problem in signal processing: to recover hidden 
(possibly time varying) model parameters from 
observations. Classical approaches to solve the problem 
include Kalman filtering which is a generalization of 
Wiener filtering, that is finding the optimal linear to 
recover original signal from noisy observations, to non-
stationary data. We would like to address the problem in 
a Bayesian setup which would allow us also to utilize any 
prior information we might have and also let us reason in 
terms of probability distributions rather than single point 
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estimates. To solve Eqs. (1) and (2) and estimate unknown 
time varying network parameters ܽ௜௝,௧, we propose to 
utilize an influential Sequential Monte Carlo method 
namely Particle Filtering. 

Particle Filtering method was applied recently to gene 
regulatory network inference by Noor et. al. [26], who 
used this method for estimation of the states recursively 
using nonlinear state equations for the model; however, 
in their formulation the hidden states to be estimated are 
the gene expression values. The parameters ܽ௜௝,௧ 
characterizing the regulatory relationships between genes 
were estimated applying Kalman filter on gene 
expression values. Then they go to reduce solution space 
with LASSO-regularized least squares estimation to 
obtain the steady state network structure. Whereas in our 
paper state equation describes the evolution of the 
parameters which characterize the regulatory relations 
among genes in a network and we used Particle Filtering 
method for direct inference of these parameters at each 
time epoch. 
For many applications, it is very important to know the 
observation order of the data [49], [50]. In case of the 
nonstationary ones, the probability density function (pdf) 
of the related parameter is obviously changing with time. 
Thus, in nonstationary cases, the expectations and the pdf 
should be sequentially updated as the new data become 
available. With this aim, the dynamic systems usually can 
be described in terms of state-space equations: 
 
௧ࢇ ൌ ௧݂ሺࢇ௧ିଵ,  ௧ሻ, (4)ߥ

࢞௧ ൌ ݄௧ሺࢇ௧,  ௧ሻ, (5)ߟ
 
where ࢇ௧ and ࢞௧ are related to the hidden variables and 
the observation vectors at actual time t, respectively. In 
this paper, we assume a linear regression model; 
however, we would like to note that Particle Filtering 
method can also accurately model any kinds of 
nonlinearities present in the state and observation 
equations. ߥ௧ and ߟ௧ are the process and observation noise 
terms, respectively, which are modelled as Gaussian 
processes in this paper and their statistics are assumed to 
be known. The aim is to estimate sequentially the 
posterior distribution of unknown variables, the hidden 
state parameters ࢇ௧, as a set of observations become 
available online, i.e. ݌ሺࢇ଴:௧|࢞ଵ:௧ሻ, where ࢇ଴:௧ ൌ 	 ሼࢇ଴,
,ଵࢇ … , ሽ and ࢞ଵ:௧	௧ࢇ ൌ 	 ሼ࢞ଵ, ࢞ଶ, … , ࢞௧	ሽ. 
The posterior distribution of parameters ࢚ࢇ is estimated at 
each time instant in two steps: first is prediction and 
second - update. In the first step, the value of the hidden 
parameter, ࢚ࢇ, at time t is predicted from the previous 
time instant t-1 according to the first order Markov 
process (4) ݌ሺࢇ௧|ࢇ௧ିଵሻ [51]. At time instant t, the predicted 
parameter is updated via Bayes rule as an observation ࢞௧ 
becomes available as follows: 
 

௧|࢞ଵ:௧ሻࢇሺ݌ ൌ
௧|࢞ଵ:௧ିଵሻࢇሺ݌௧ሻࢇ|ሺ࢞௧݌

ሺ࢞௧|࢞ଵ:௧ିଵሻ݌
, (6) 

 
where assuming a Gaussian observation noise, ݌ሺ࢞௧|ࢇ௧ሻis 

given by 
 

௧|ܽ௧ሻݔሺ݌ ൌ
1

൫2ߪߨఎଶ൯
ூ/ଶ expሺെ

ሺݔ௧௢௕௦ െ ௧ሻଶݔ

ఎଶߪ2
ሻ. (7) 

 
The relation (6) gives the optimal Bayesian solution. In 
general this recursive solution cannot be determined 
analytically [49]. Thus, the idea of sequential Monte Carlo 
method is to form a finite set of N weighted state samples, 
called particles, which approximates the posterior 
distribution [49]: 
 

௧|࢞ଵ:௧ሻࢇሺ݌ ൎ ෍ݓ௧
ሺ௡ሻߜ൫ࢇ௧ െ ௧ࢇ

ሺ௡ሻ൯

ே

௡ୀଵ

, (8) 

 
where ߜ denotes the delta-Dirac function. When number 
of particles, N, goes to infinity, the approximation 
approaches the exact solution, true distribution. 
Briefly, at each time epoch t the filtering starts with the 
sample set ൛ࢇ௧ିଵ

ሺ௡ሻ , ௧ିଵݓ	
ሺ௡ሻൟ

௡ୀଵ…ே
 related to the previous time 

epoch. New samples for time t are drawn from a proposal 
distribution: 
 
௧ࢇ
ሺ௡ሻ~ݍ൫ࢇ௧หࢇ௧ିଵ

ሺ௡ሻ , ࢞௧൯. (9) 

 
Sampling from ݍ൫ࢇ௧หࢇ௧ିଵ

ሺ௡ሻ , ࢞௧൯ to approximate posterior 
 ଴:௧|࢞ଵ:௧ሻ as shown above, is known as the “sequentialࢇሺ݌
importance sampling” method [49]. 
When new samples ࢇ௧

ሺ௡ሻ are obtained, we estimate the 
likelihood of each of the particle using the observation 
model. After that their weights are updated by 
 

௧ݓ
ሺ௡ሻ ∝ ௧ିଵݓ

ሺ௡ሻ ௧ࢇ൫࢞௧ห݌
ሺ௡ሻ൯݌൫ࢇ௧

ሺ௡ሻหࢇ௧ିଵ
ሺ௡ሻ ൯

௧ࢇ൫ݍ
ሺ௡ሻหࢇ௧ିଵ

ሺ௡ሻ , ࢞௧൯
. (10) 

 
Choosing a good proposal density ݍሺࢇ௧|ࢇ௧ିଵ, ࢞௧ሻ is crucial 
for the efficiency of particle filter. State transition 
distribution ݌ሺࢇ௧|ࢇ௧ିଵሻ is a convenient choice for proposal 
distribution and reduces weight update in Eq. (10) into 
trivial accumulation of likelihoods as shown below: 
 
௧ݓ
ሺ௡ሻ ∝ ௧ିଵݓ

ሺ௡ሻ ∙ ௧ࢇ൫࢞௧ห݌
ሺ௡ሻ൯. (11) 

 
After this step, the importance weights are normalized to 
form a probability distribution [49]: 
 

௧ݓ
ሺ௡ሻ ൌ

௧ݓ
ሺ௡ሻ

∑ ௧ݓ
ሺ௡ሻே

௡ୀଵ

. (12) 

 
The resultant sample set ൛ࢇ௧

ሺ௡ሻ, ௧ݓ	
ሺ௡ሻൟ

௡ୀଵ…ே
 can give 

estimations for the posterior distribution of current data 
and information about network structure. 
However, a peculiar problem known as “degeneracy” 
rises when one uses the sequential Monte-Carlo 
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algorithm. It occurs when the dimension of the state space 
is high: after few iterations most of the samples drawn 
from the state transition distribution may have very small 
weights. In such situation sampling efficiency should be 
increased by performing resampling [49], [50]. The 
number of effective particles ௘ܰ௙௙ is a measure of the 
degeneracy and can be calculated by 
 

௘ܰ௙௙ ൌ
1

௧ݓ
ሺ௡ሻ ∙ ௧ݓ

ᇱሺ௡ሻ. (13) 

 
When ௘ܰ௙௙ is below a certain threshold value, the 

resampling should be performed: samples with low 
importance weights are eliminated, and those with high 
importance weights are allocated to obtain n equally 
weighted samples of ࢇ௧

ሺ௡ሻ. 

5 RESULTS AND DISCUSSION 

5.1 Synthetic Data 
The proposed algorithm was tested on time-series 
simulated data from the DREAM competition [46]. Data 
were generated from known transcriptional regulatory 
networks of S. cerevisiae using GeneNetWeaver 3.1.1 Beta 
(GNW) software [52]. Its dynamics was simulated using a 
detailed kinetic model of gene regulation. Both 

independent and synergistic gene regulation occur in the 
networks. Both transcription and translation are 
modelled. Simulated data correspond to noisy 
measurements of mRNA levels, which have been 
normalized. To model internal noise in the dynamics of 
the networks the simulations are based on stochastic 
differential equations (Langevin equations). In addition, 
measurement noise was added to the generated gene 
expression datasets. Existing model of noise observed in 
microarrays, which is very similar to a mix of normal and 
lognormal noise, was also used [46], [53]. 
Each time series has 201 time points. The network 
structure used for synthetic simuation is shown in Fig. 1. 
Fig. 2 shows generated time series for each gene (201 time 
points) and how expression levels respond to a 
perturbation. Perturbation was simulated by slightly 
increasing or decreasing the basal activation of all genes 
of the network simultaneously by different random 
amounts [46]. It was applied to the data at t=0 and 
removed at t=100. The first half of the time series (until 
t=100) shows the response of the network to the 
perturbation. The second half of the time series (until 
t=201) shows how the gene expression levels go back 
from the perturbed to the steady-state levels. 
As discussed before, the idea is to dynamically estimate 
unknown regulatory coefficients ࢇ௜௝,௧ using particle 
filtering method. Careful estimation of ࢇ௜௝,௧ allows us to 
highlight the main gene interactions in the network. The 
number of particles used is N = 300. The variance of the 
noise in the state update equation (1), ߥ௧, is taken to be 10-

2 and the variance of measurement noise is assumed to be 
known and constant, ߪఎଶ ൌ 10ିଷ. 
It is important to specify a certain threshold in order to 
estimate the strongest relations between genes. Threshold 
is estimated as dispersion from the average of ࢇ௜௝,௧ (mean) 
at particular time epoch, i.e. at the final time epoch both 
mean and standard deviation (std) of estimated ࢇ௜௝,் are 
calculated. Thus, values of ࢇ௜௝,் above a threshold (mean 
+ std) indicate that gene i activates gene j, and values 
below the threshold (mean - std) are considered as 
repression activity of gene j in relation to gene i. The 
parameters ࢇ௜௝,் whose values are between two limit 
thresholds indicate an absence of relations or weak 

 
Fig. 1. A regulatory network of S. cerevisiae used for synthetic data
generation in this work (reproduced from [27]). 

 
Fig. 2. Time evolution of gene expression data for 10 genes undergone a perturbation at t<100. 
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relations among the genes, and they are not considered in 
further analysis. 
The algorithm used for inferring the network parameters 
from Eqs. (1) and (2) is displayed below. 

5.2 Algorithm. Time-varying Gene Network 
Learning 

1. Input gene expression time series data ࢞௜,ଵ:௧
௢௕௦ . 

2. Initialization of all parameters. 
3. for n=1,…,N do 
4.       Generating particles for ࢇ௜௝,௧ୀ଴

ሺ௡ሻ  from 
 .௜௝,௧ୀ଴ห࢞௧ୀ଴൯ࢇ൫݌

5.       Assigning equal weights to the particles. 
6. end for 
7. for t=1,…,T 
8.       for n=1,…,N 
9.            Prediction of ࢇ௜௝,௧

ሺ௡ሻ from ݌൫ࢇ௧หࢇ௧ିଵ
ሺ௡ሻ , ࢞௧൯. 

10.            Prediction of ࢞௜,௧ using (10), ࢇ௜௝,௧
ሺ௡ሻ and 

observations of ࢞௜,௧ିଵ
௢௕௦ . 

11.            Update the weights of each particle using (11). 
12.       end for 
13.       Normalization of the weights, (12). 
14.       Resampling, if necessary, (13). 
15.       Set of ൛ࢇ௜௝,௧

ሺ௡ሻ, ௧ݓ	
ሺ௡ሻൟ

௡ୀଵ…ே
 is used for the next time 

epoch, step 8. 
16. end for. 

5.3 Results of the Modeling 
Results for gene expression estimation by Particle filter 
are shown in Fig. 3 for a two genes network. It is clearly 
observed that the proposed model, Eqs. (1) and (2), makes 
a good enough prediction of the gene expression data. 
Moreover, the use of particle filter allows us to follow 
with high accuracy all changes in gene expression data 
undergone due to different external perturbations. 
Residuals of the estimated gene expression values with 
respect to the synthetic ones are shown in Fig. 4. 
As it was discussed above the idea is not only to predict 
and follow expression levels changes in a gene network, 
but also to estimate the posterior distributions of ࢇ௜௝,௧ 
coefficients which model the relations between genes in 
time. The relations in a network consisting of 2 genes are 

described by 4 coefficients - ሼࢇଵଵ, ,ଵଶࢇ ,ଶଵࢇ  .ଶଶሽࢇ
Coefficients ࢇଵଵ and ࢇଶଶ, autocorrelation terms, are 
related to auto-regulation of a gene in adjacent time 
epochs; ࢇଵଶ and ࢇଶଵ – cross-correlation terms, which show 
how expression level of one gene at the time epoch (t-1) 
effects on expression level of other gene at time t. 
Since the results obtained are stochastic and can fluctuate 
slightly from realisation to realization we launched the 
algorithm for a number of runs and calculated an average 
values of coefficients ࢇ௜௝,். 
Histograms for the distributions of the estimated network 
coefficients ࢇ௜௝,் at the final time epoch (t=201) are shown 
in Fig. 5. After running the algorithm 100 times the 
average values of ࢇ௜௝,் at the final time epoch were 
calculated. Running the algorithm even 1000 times does 
not change significantly the final estimates: histograms 
become more refined, meanwhile the average values and 
variance remain almost the same (see Fig. 6 and Table 1). 

TABLE 1 
AVERAGE VALUES OF ࢇ௜௝,் COEFFICIENTS AND THEIR VARIANCE 

ESTIMATED FOR N RUNS 

N of runs ࢇଵଵ ࢇଵଶ ࢇଶଵ ࢇଶଶ Standard Deviation
100 0.620 1.629 0.152 -0.334 0.837 

1000 0.632 1.538 0.152 -0.333 0.798 
 

 
Fig. 3. Comparison of Particle Filter estimation (red dashed lines) 
with true synthetic gene expression data (blue solid lines) for 2 
genes. 

 
Fig. 4. Residuals between synthetic gene expression data, 	࢙࢞࢈࢕, 
and estimated by Particle Filter, ࢚࢙࢞ࢋ, for two genes. 

 

Fig. 5. Histograms for distributions of the inferred ࢇ௜௝,் coefficients 
for two genes network at the final time epoch averaged using 100 
runs. Vertical axis – number of particles with certain value, 
horizontal axis – values of ࢇ௜௝,். 
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Time dependence of the estimated coefficients ࢇ௜௝,௧ is 
shown in Fig. 7. It can be seen that at the beginning, 
inferred values are scattered and after some time (t≈10) 
they become more stable smoothly changing with time 
with some insignificant fluctuations. However the time 
dependence of the coefficient ࢇଵଶ,௧ constitutes an 
exception: it monotonically increases during the whole 
learning time period changing its values from negative to 
positive ones. It could mean that the bonding between 
those two genes becomes stronger with time. 
After successful gene expression data tracking and 
estimation of coefficients ࢇ௜௝,௧, we would like to 
understand how they reflect the relations between genes. 
Unfortunately, there is still no certain interpretation for 
the coefficients which model the relationships in gene 

 
Fig. 7. Time dependence of coefficients ࢇ௜௝,௧ averaged using 100
runs for 2 genes. 

 
Fig. 8. Possible time varying network structure with two genes.
Snapshot done for t=201. Red arrow indicates expression activity at 
adjacent time epochs and blue arrow shows repression activity. 

 
Fig. 9. Comparison of Particle Filter estimation (red dashed lines) 
with synthetic gene expression data (blue solid lines) for 10 genes 
undergone a perturbation at t<100. 

 
Fig. 6. Histograms for distributions of the inferred ࢇ௜௝,் coefficients for
two genes network at the final time epoch averaged using 1000 runs.
Vertical axis – number of particles with certain value, horizontal axis
– values of ࢇ௜௝,். 

 
Fig. 10. Histograms for distributions of the inferred ࢇ௜௝,் coefficients for 10 genes network at the final time epoch averaged using 100 runs. 
Vertical axis – number of particles with certain value, horizontal axis – values of ࢇ௜௝,். 
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regulatory networks. Some authors [26] suggest that posi-
positive value of ࢇ௜௝,௧ above certain threshold indicates 
that gene i activates gene j, whereas negative values show 
repression activity. However, these authors use different 
models and methods from ours for inferring gene 
networks. The statistical interpretation we give is that 
they approximate the conditional probabilities: ܽ௜௝,௧ ൎ
݂ሺݔ௜,௧|ݔ௝,௧ିଵሻ. 
In our case for two-gene network, average coefficients at 
the last time epoch (t=201) are ሼࢇଵଵ ൌ 0.63; ଵଶࢇ ൌ
1.56; ଶଵࢇ ൌ 0.15; ଶଶࢇ ൌ െ0.32ሽ. If we assume that the 
threshold would be the mean value of all four coefficients 
(≈0.5) plus/minus standard deviation (≈0.8) we get upper 
threshold value≈1.3 and lower≈–0.3, and take into 
account the values above and below that threshold, only 

 ଶଶ will remain. It could suggest that in our twoࢇ ଵଶ andࢇ
gene network gene N.2 at time epoch t=200 expresses 
gene N.1 at t=201, and gene N.2 at time epoch t=200 
represses itself at t=201. Graphically it can be shown in 
Fig. 8. 
Extending our analysis to a gene network consisting of 10 
genes as it was aimed above, we can again observe very 
good results of PF data tracking: excellent agreement 
between synthetic gene expression data and PF estimates 
(see Fig. 9). 
The time dependence of learned coefficients ࢇ௜௝,௧ for 10 
genes network is not shown here due to overlapping of 
100 coefficients on each other that does not give clear 
picture of what is happening with time. However, 
histograms for the distributions of the estimated network 
coefficients ࢇ௜௝,் at the final time epoch and their 
averaged values for 100 runs of the algorithm are shown 
in Fig. 10 and Table 2, respectively, together with the 
standard deviation. Possible gene network results of 
averaging of ࢇ௜௝,் for the final time epoch are shown in 
Fig. 11. An animated tyme-varying network structure is 

TABLE 2 
MEAN VALUES OF ࢇ௜௝,் COEFFICIENTS FOR TEN GENES NETWORK AT THE FINAL TIME EPOCH AVERAGED USING 100 RUNS 

TOGETHER WITH STANDARD DEVIATION 

Genes 1 2 3 4 5 6 7 8 9 10 

1 -0.369 0.104 0.363 0.330 0.439 0.087 -0.068 0.181 0.290 0.178 

2 0.027 -0.159 0.006 -0.014 0.140 -0.052 0.030 -0.076 0.129 0.035 

3 0.092 0.188 -0.188 0.092 0.047 -0.157 0.213 0.007 0.204 0.018 

4 0.182 0.208 0.354 -0.267 -0.039 0.072 0.227 0.357 0.037 0.115 

5 -0.113 0.043 0.012 0.054 -0.164 0.134 0.098 0.045 0.055 0.025 

6 0.075 0.183 0.163 0.119 -0.030 -0.267 -0.018 -0.026 0.057 0.145 

7 0.126 -0.164 -0.118 0.024 0.332 -0.022 -0.274 0.227 0.115 0.287 

8 0.174 -0.030 0.503 0.235 0.030 0.143 0.096 -0.170 0.088 0.298 

9 -0.095 0.176 0.167 0.373 0.210 0.440 0.075 0.233 -0.180 0.189 

10 0.172 0.068 0.277 0.260 0.257 0.192 -0.127 0.184 0.215 -0.128 

Standard Deviation 0.169 

 
Fig. 12. Possible time-varying network structure with 10 genes. Red
and blue arrows indicate expression and repression activities at 
adjacent time epochs, respectively; red, blue and black colors of 
nodes indicate self-expression, self-repression and no expression of a 
gene in adjacent time epochs, respectively. 

a) original network 

 
b) reconstructed network 

 
Fig. 11. Comparison of original “static” with a snapshot of time-
varying network structure with 10 genes. The network in b) is 
reconstructed for t=201 after 100 runs. Red and blue arrows 
indicate expression and repression activities at adjacent time 
epochs, respectively; red, blue and black colors of nodes indicate 
self-expression, self-repression and no expression of a gene in 
adjacent time epochs (t=200 and t=201), respectively. 
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displayed in Fig. 12. Fig. 11 demonstrates the comparison 
of original network with reconstructed one using 100 runs 
for averaging. However, care must be taken while 
comparing the two networks since the original network 
shows static structure for the whole time period while the 
second inferred network indicates a dynamic case: 
relations between genes at two adjacent time epochs. Red 
arrows indicate the expression activities of a gene where 
an arrow starts at time epoch t=200 in relation to another 
gene where an arrow points at time epoch t=201. On the 
other hand blue arrows show the repression activities of a 
gene where an arrow starts at time epoch t=200 in relation 
to another gene where an arrow points at time epoch 
t=201. Red, blue and black colors of the nodes indicate 
self-expression, self-repression and no expression of a 
gene in adjacent time epochs (t=200 and t=201), 
respectively. 
Both networks in Figure 11 a) and b) are compatible 
except changes of several connections from/to genes N.2, 
N.5, N.7, and N.9. 

6 CONCLUSION 
Application of particle filtering method to synthetic gene 
expression time series dataset for a network of genes 
helped us to follow with high accuracy the changes in 
gene expression data undergone due to different external 
perturbations. Moreover, gene expression temporal 
sequence data were utilized for online learning of time 
varying gene network structure. The proposed model is 
capable of discovering causal relationships, interactions 
between genes that vary in time. 
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