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Abstract

Modeling time and space series in various areas of science and engineering require the values of pa-

rameters of interest to be estimated from the observed data. It is desirable to analyze the performance

of estimators in an elegant manner without the need for extensive simulations and/or experiments.

Among various performance measures, variance is the most basic one for unbiased estimators. In this

paper, we focus on the estimator based on the ℓ𝑝-norm minimization in the presence of zero-mean

symmetric non-Gaussian noise. Four representative noise models, namely, 𝛼-stable, generalized Gaus-

sian, Student’s 𝑡 and Gaussian mixture processes, are investigated, and the corresponding variance

expressions are derived for linear and nonlinear parameter estimation problems at 𝑝 ≥ 1. The optimal

choice of 𝑝 for different noise environments is studied, where the global optimality and sensitivity

analyses are also provided. The developed formulas are verified by computer simulations and are

compared with the Cramér-Rao lower bound.

Key words: Variance analysis, parameter estimation, non-Gaussian noise, fractional lower-order

moment, ℓ𝑝-norm minimization

1. Introduction

Parameter estimation [1] is a common task required in many areas of science and engineering such

as radar, sonar, speech, image analysis, biomedicine, communications and seismology. It refers to

accurately finding the values of parameters of interest from the observed data which consist of two

components, viz., signal and noise. Typically, a deterministic model is adopted for the signal while

a random process model is employed for the noise. Among numerous estimators developed in the

literature, least squares (LS) and maximum likelihood (ML) methods have been widely used.
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To assess the quality of an estimator, two fundamental performance measures in the aspect of

accuracy are bias and mean square error (MSE). To calculate bias and MSE, approaches such as

Taylor series expansion (TSE) of the estimates [2] or TSE on the error function [3] can be used.

Although we have only demonstrated the usefulness of the formulas in the presence of Gaussian noise

in [4], it is found that the latter has more applicability and may be simpler to derive particularly for

nonlinear parameter estimation problems. Despite its theoretical and computational convenience, it is

generally understood that the validity of the Gaussian distribution is at best approximate in reality.

In fact, the occurrence of non-Gaussian noise has been reported in many fields [5]–[6]. Note that some

non-Gaussian models correspond to impulsive noise. In this case, the LS approach which is based on

ℓ2-norm minimization of errors, fails to provide reliable parameter estimation, since its performance

is very sensitive to outliers. The ML estimator may also not be a proper choice. In particular, it

is hard to implement for the process whose probability density function (PDF) has a complicated

analytical form or lacks an analytical expression. One strategy is to detect and discard the suspicious

observations but it may not be feasible for large data sets or complex applications [5].

Alternatively, 𝑀 -estimator [7], which is based on robust statistics, can resist outliers without

preprocessing the data. Its key idea is to replace the squared residuals in the LS methodology by

another function which emphasizes large samples less than the square. The least ℓ𝑝-norm estimator

with 𝑝 < 2 belongs to the 𝑀 -estimator family, which is commonly solved by iterative techniques

such as the iteratively reweighted least squares (IRLS), Levenberg-Marquardt (LM) and subgradient

methods [8]–[10].

As a follow-up to [4], we study the performance of the least ℓ𝑝-norm estimator for parameter

estimation in additive non-Gaussian noise in this work. Four representative models, namely, symmetric

𝛼-stable (S𝛼S) [11], generalized Gaussian (GG) [12], Student’s 𝑡 [13] and Gaussian mixture (GM) [14]

processes, are investigated. For simplicity but without loss of generality, all noise models are assumed

zero-mean and symmetrically distributed, implying that the least ℓ𝑝-norm estimator is unbiased and we

only analyze the variance formulas. Note that this study assumes the availability of the noise statistic

information, i.e., PDF and density parameters. Therefore, in the case of unknown noise statistics

[15]–[16], they should be estimated [17]–[18] prior to applying our results. The logarithm moment

method [17] can be employed for density parameter estimation from the available noise-only samples.

Even when we know nothing about the noise statistics, the GM model can be utilized to approximate

the impulsive noise [18]. The parameters of the GM process, that is, numbers of components and their

variances, can be adjusted adaptively based on the noise-only observations.

The rest of this paper is organized as follows. In Section 2, we briefly present the bias and MSE
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formulas based on TSE on the estimator cost function, and then the least ℓ𝑝-norm estimator. The

S𝛼S, GG, Student’s 𝑡 and GM models, are then reviewed in Section 3. Linear and nonlinear signal

models are studied with illustrative examples in Sections 4 and 5, respectively. Selection of 𝑝 for

different non-Gaussian noise models which result in minimum variance as well as global optimality

and sensitivity analysis are examined in Section 6. In Section 7, computer simulation results are

provided to validate the derived variance formulas and contrast with the Cramér-Rao lower bound

(CRLB). Finally, conclusions are drawn in Section 8.

2. Variance Formula and Least ℓ𝒑-Norm Estimator

We start with a general signal model:

y = g(x) + q, (1)

where y = [𝑦1 ⋅ ⋅ ⋅ 𝑦𝑁 ]𝑇 ∈ ℝ
𝑁 is the observation vector with 𝑇 being the transpose operator, g(⋅)

is a known function, x = [𝑥1 ⋅ ⋅ ⋅ 𝑥𝑀 ]𝑇 ∈ ℝ
𝑀 is the deterministic parameter vector of interest with

𝑀 ≤ 𝑁 and q = [𝑞1 ⋅ ⋅ ⋅ 𝑞𝑁 ]𝑇 ∈ ℝ
𝑁 denotes the additive random noise component with zero location

parameter. The task of parameter estimation is to find x from y.

A common approach for estimating x is to design a cost function 𝐽(x) which is constructed from

y, and the estimate of x, denoted by x̂, is computed by minimizing 𝐽(x):

x̂ = argmin
x

𝐽(x). (2)

Equivalently,

∇ (𝐽(x̂)) = 0𝑁 , (3)

where ∇ (𝐽(x̂)) denotes the gradient vector of 𝐽(x) at x = x̂ and 0𝑁 ∈ ℝ
𝑁 is a column vector with

all zeros. In this study, we consider a general class of estimators such that 𝐽(x) is twice differentiable.

When x̂ is located at a reasonable proximity to x, which is valid when the noise is small enough and/or

observation number is sufficiently large, the truncated TSE of ∇ (𝐽(x̂)) around x is

∇ (𝐽(x̂)) ≈ ∇ (𝐽(x)) +H (𝐽(x)) (x̂− x) , (4)

where H(𝐽(x)) is the Hessian matrix. Assuming that H(𝐽(x)) is smooth enough to have H(𝐽(x)) ≈
𝐸{H(𝐽(x))}, (4) can be utilized to compute the bias and MSE of x̂:

bias(x̂) =𝐸{x̂} − x
≈− (𝐸 {H(𝐽(x))})−1𝐸 {∇(𝐽(x))} , (5)

M(x̂) =𝐸{(x̂− x) (x̂− x)𝑇 }
≈ (𝐸 {H(𝐽(x))})−1𝐸

{∇(𝐽(x))∇𝑇 (𝐽(x))
}
(𝐸 {H(𝐽(x))})−1 , (6)
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where 𝐸 denotes the expectation operator and (⋅)−1 is the matrix inverse. The MSE of 𝑥̂𝑚, 𝑚 =

1, ⋅ ⋅ ⋅ ,𝑀 , is given by the (𝑚,𝑚) entry of M(x̂). Note that the expressions in (5)–(6) are exact when

𝐽(x) is a quadratic function. Furthermore, the validity of (5) and (6) may not relate to the parameter

dimension, namely, 𝑀 , but depends on whether x is linear in the observation vector or not. It is

because nonlinear estimators nearly always exhibit the threshold effect [1].

For an unbiased estimator where bias(x̂) = 0𝑀 , the MSE is in fact the variance. Then the

covariance matrix for x̂, denoted by C(x̂), is approximated by (6) while the variance of 𝑥̂𝑚, denoted

by var(𝑥̂𝑚), is provided by the (𝑚,𝑚) entry of C(x̂).

Denote g(x) = [𝑔1(x) ⋅ ⋅ ⋅ 𝑔𝑁 (x)]𝑇 . A typical choice for 𝐽(x) is the LS cost function:

𝐽(x) =

𝑁∑
𝑛=1

∣𝑦𝑛 − 𝑔𝑛(x)∣2, (7)

which corresponds to ℓ2-norm minimization. It is well known that the LS solution is equivalent to the

ML estimate when q is a zero-mean white Gaussian process. In fact, (5)–(6) have been verified in [4]

for LS-based parameter estimation in the presence of white Gaussian noise. Nevertheless, when the

noise is non-Gaussian distributed, particularly if q is impulsive, unreliable parameter estimation will

result since the performance of the ℓ2-norm minimizer is very sensitive to outliers. To achieve robust

estimation, ℓ𝑝-norm minimization with 𝑝 < 2 is widely used since it is less sensitive to outliers than

the square function. In this work, we focus on the ℓ𝑝-norm cost function:

𝐽(x) =

𝑁∑
𝑛=1

∣𝑦𝑛 − 𝑔𝑛(x)∣𝑝, 𝑝 ∈ [1, 2), (8)

when {𝑞𝑛}𝑁𝑛=1 are independent and identically distributed (IID) zero-mean impulsive non-Gaussian

variables with a closed-form PDF or characteristic function (CF) expression. Note that CF and PDF

form a Fourier transform pair. In this study, the case of 0 ≤ 𝑝 < 1 is not examined, because the

corresponding ℓ𝑝-norm cost function may not be differentiable.

According to (8), we have

𝐸{∇ (𝐽(x))} = 𝑝
𝑁∑

𝑛=1

∂𝑔𝑛(x)

∂x
𝐸
{∣𝑞𝑛∣𝑝−1sign(𝑞𝑛)

}
, (9)

where sign(𝑞𝑛) = 1 if 𝑞𝑛 > 0 and −1 otherwise. It will be shown in Section 3 that for our studied noise

models, 𝐸
{∣𝑞𝑛∣𝑝−1sign(𝑞𝑛)

}
= 0, indicating the unbiasedness of the ℓ𝑝-norm estimator with the use of

(5). Note that the least absolute deviation function of 𝑝 = 1 is non-differentiable, but we will apply

the limit 𝑝 → 1 to obtain the variance expressions. Based on (6) and (8), we also need to compute

two fractional lower-order moment (FLOM) terms, that is, 𝐸{∣𝑞𝑛∣𝑝−2} and 𝐸{∣𝑞𝑛∣2𝑝−2}.
It is worth noting that the statistical properties of the least ℓ𝑝-norm estimator have been studied in

the literature [9], [19]. Nevertheless, our research results extend these existing works in the following
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aspects. Firstly, in [9] and [19], the variance formula of linear parameter estimation via ℓ𝑝-norm

minimization is derived analytically but its extension to the nonlinear case is only a conjecture. On the

other hand, the development of (6) considers general nonlinear parameter estimation, where the linear

model is regarded as a special case. That is, we extend existing knowledge by providing theoretical

justification for the variance expression of the nonlinear ℓ𝑝-norm minimizer. Secondly, their result

corresponds to the asymptotic condition where infinite samples are considered. While the derivation

of (6) does not require the large sample assumption. Thirdly, the investigated distributions in this

paper are frequently encountered in signal processing applications. While in the numerical examples of

[19], the studied distributions, such as the parabolic and triangular processes, are much more relevant

to the statistics community. Finally, it is assumed in [9] and [19] that the noise should be IID, but (6)

can also be employed for non-IID noise environments.

3. Review of Common Non-Gaussian Distributions

In this section, we review four well-known non-Gaussian distributions, namely, S𝛼S, GG, Student’s

𝑡 and GM processes. Note that (6) can also be applied to other noise distributions with either closed-

form PDF or CF.

3.1. 𝛼-Stable Process

We first consider the univariate S𝛼S distribution. Although there is no closed-form PDF other

than the special Cauchy and Gaussian cases, the CF of the S𝛼S process is explicitly expressed as:

𝜑(𝑡) = exp(𝑗𝛿𝑡 − 𝛾∣𝑡∣𝛼), (10)

where 𝛼 ∈ (0, 2] is the characteristic exponent parameter which controls the impulsiveness of the

distribution. In particular, when 𝛼 = 1 and 𝛼 = 2, this function corresponds to the Cauchy and

Gaussian distributions, respectively. The 𝛿 ∈ (−∞,∞) denotes the location parameter and we set

𝛿 = 0 here because q is assumed zero-mean. The 𝛾 > 0 is the dispersion parameter which determines

the spread of the distribution around 𝛿. Note that in the case of Gaussian variable, 𝛾 is the variance.

For the S𝛼S family, there exists finite moments only for orders less than 𝛼, which are known as

FLOMs. Let 𝑞 be a random variable which follows S𝛼S distribution with 𝛿 = 0. The FLOM of 𝑞 is

[17]:

𝐸{∣𝑞∣𝑠} = 𝐶𝛼(𝑠, 𝛼)𝛾
𝑠
𝛼 , 𝑠 ∈ (−1, 1) ∪ (1, 𝛼), (11)

where ∪ denotes the union operator and

𝐶𝛼(𝑠, 𝛼) =
Γ(𝑠+1

2 )Γ(−𝑠/𝛼)
𝛼
√
𝜋Γ(−𝑠/2) 2𝑠+1, (12)
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with Γ(𝑥) =
∫∞
0 𝑒−𝑡𝑡𝑥−1𝑑𝑡 being the gamma function. Moreover, we can deduce that

𝐸{∣𝑞∣𝑠−1sign(𝑞)} = 0. (13)

3.2. Generalized Gaussian Process

Let 𝑞 be a zero-mean random variable following the univariate symmetric GG distribution. The

PDF of 𝑞 is:

𝑓(𝑞) =
𝛽

2𝜅Γ(1/𝛽)
exp

(
−
( 𝑞
𝜅

)𝛽)
, (14)

where 𝛽 > 0 denotes the shape parameter which tunes the decay rate of the density function. In

particular, (14) reduces to the Laplace and Gaussian distributions at 𝛽 = 1 and 𝛽 = 2, respectively.

The 𝜅 > 0 is the scale parameter and it becomes the standard deviation of a Gaussian variable when

𝛽 = 2.

The 𝑠th-order FLOM of 𝑞 is calculated by integrating ∣𝑞∣𝑠 over 𝑓(𝑞) given in (14):

𝐸{∣𝑞∣𝑠} = 𝐶GG(𝑠, 𝛽)𝜅𝑠, 𝑠 ∈ (−1, 1) ∪ (1, 𝛽], (15)

where

𝐶GG(𝑠, 𝛽) =

⎧⎨
⎩ 0 𝑠 = 2𝑙 + 1,∀𝑙 ∈ ℤ; 𝛽 > 2,

Γ( 𝑠+1
𝛽

)

Γ(1/𝛽) otherwise.
(16)

Note that 𝐸{∣𝑞∣𝑠−1sign(𝑞)} is also shown to be zero by integrating ∣𝑞∣𝑠−1sign(𝑞) over 𝑓(𝑞) in (14).

3.3. Student’s 𝑡 Process

Let 𝑞 be a zero-mean random variable with the univariate symmetric Student’s 𝑡 distribution. Its

PDF is:

𝑓(𝑞) =
Γ(𝜈+1

2 )√
𝜈𝜋𝜂Γ(𝜈/2)

(
1 +

1

𝜈

(
𝑞

𝜂

)2
)− 𝜈+1

2

, (17)

where 𝜈 > 0 is the number of degrees of freedom. Two special cases, namely, 𝜈 = 1 and 𝜈 = ∞,

correspond to the Cauchy and Gaussian distributions, respectively. The 𝜂 > 0 is the scaling parameter

determining the spread of the PDF.

The 𝑠th-order FLOM of 𝑞 is also derived by integrating ∣𝑞∣𝑠 over 𝑓(𝑞) given in (17):

𝐸{∣𝑞∣𝑠} = 𝐶𝑡(𝑠, 𝜈)𝜂
𝑠, 𝑠 ∈ (−1, 1) ∪ (1, 𝜈), (18)

where

𝐶𝑡(𝑠, 𝜈) =

⎧⎨
⎩ 0 𝑠 = 2𝑙 + 1,∀𝑙 ∈ ℤ; 𝜈 > 2,

Γ( 𝑠+1
2

)Γ( 𝜈−𝑠
2

)√
𝜋Γ(𝜈/2)

𝜈
𝑠
2 otherwise.

(19)
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Furthermore, similar with GG process, the expected values of the derivative of ∣𝑞∣𝑠 with respect to

𝑞 are zero.

3.4. Gaussian Mixture Process

GM process [14] can have arbitrarily large number of components, but here we only consider the

two-component case which is also known as contaminated Gaussian noise [20].

Let 𝑞 be a zero-mean random variable following the univariate symmetric GM process which is

constructed from two independent Gaussian distributions. The PDF of 𝑞 is:

𝑓(𝑞) = (1− 𝜖)𝑓1(𝑞;𝜎
2) + 𝜖𝑓1(𝑞; 𝜏𝜎

2), (20)

where 𝑓1(𝑞;𝜎
2) = 1√

2𝜋𝜎
exp

(
− 𝑞2

2𝜎2

)
and 𝜖 ∈ (0, 1) is the weight parameter. The two Gaussian processes

have variances 𝜎2 and 𝜏𝜎2 with 𝜏 > 1. Apparently, the second term of (20) corresponds to the outlier

and we expect that the impulsiveness increases with 𝜖 and/or 𝜏 .

The FLOM of 𝑞 is:

𝐸{∣𝑞∣𝑠} = 𝐶GM(𝑠, 𝜖, 𝜏)𝜎𝑠, (21)

where

𝐶GM(𝑠, 𝜖, 𝜏) =

(
(1− 𝜖) + 𝜖𝜏

𝑠
2

)
Γ(𝑠+1

2 )
√
𝜋

2
𝑠
2
. (22)

Similarly, the expected values of the derivative of ∣𝑞∣𝑠 with respect to 𝑞 are also equal to zero.

4. Linear Parameter Estimation

When the parameters are linear in the observations, the signal model of (1) can be rewritten as:

y = Ax+ q, (23)

where A ∈ ℝ
𝑁×𝑀 is a known full-rank matrix with 𝑁 ≥𝑀 and the elements in q are now zero-mean

IID random variables with a symmetric non-Gaussian distribution.

According to (8), the cost function to be minimized is:

𝐽(x) =

𝑁∑
𝑛=1

∣∣∣∣∣𝑦𝑛 −
𝑀∑

𝑚=1

𝑎𝑛,𝑚𝑥𝑚

∣∣∣∣∣
𝑝

, 𝑝 ∈ [1, 2), (24)

where 𝑎𝑛,𝑚 denotes the (𝑛,𝑚) entry of A.

First, we consider the case that q is IID S𝛼S distributed. Employing (11) and (13) yields:

𝐸
{∇(𝐽(x))∇𝑇 (𝐽(x))

}
= 𝑝2𝐶𝛼(2𝑝 − 2, 𝛼)𝛾

2𝑝−2
𝛼

(
A𝑇A

)
, (25)

𝐸 {H(𝐽(x))} = 𝑝(𝑝− 1)𝐶𝛼(𝑝 − 2, 𝛼)𝛾
𝑝−2
𝛼
(
A𝑇A

)
. (26)
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Substituting (25)–(26) into (6), we obtain the covariance matrix, denoted by C𝛼(x̂):

C𝛼(x̂) =
𝐶𝛼(2𝑝 − 2, 𝛼)

(𝑝− 1)2𝐶2
𝛼(𝑝− 2, 𝛼)

𝛾
2
𝛼
(
A𝑇A

)−1

=
2𝛼

√
𝜋Γ2(−𝑝−2

2 )Γ(2𝑝−1
2 )Γ(−2𝑝−2

𝛼 )

(𝑝− 1)2Γ2(𝑝−1
2 )Γ2(−𝑝−2

𝛼 )Γ(1− 𝑝)
𝛾

2
𝛼
(
A𝑇A

)−1
, (27)

where 1 < 𝑝 < 𝛼. Although (27) does not hold for 𝑝 = 1, we apply the limit 𝑝 → 1 to handle this

special case. Taking the limit of 𝑝 → 1 and employing Γ(𝑧 + 1) = 𝑧Γ(𝑧), the covariance matrix at

𝑝 = 1 becomes:

lim
𝑝→1
C𝛼(x̂) = lim

𝑝→1

{√
𝜋Γ2(2− 𝑝

2)Γ(𝑝 − 1
2)Γ(1− 2𝑝−2

𝛼 )

Γ2(𝑝+1
2 )Γ2(1− 𝑝−2

𝛼 )Γ(2− 𝑝)

}
𝛾

2
𝛼

(
A𝑇A

)−1

=
𝜋2

4Γ2(1 + 1
𝛼)
𝛾

2
𝛼
(
A𝑇A

)−1
. (28)

In a similar manner, when q is GG distributed, the corresponding covariance matrix, denoted by

CGG(x̂), can be derived as:

CGG(x̂) =
Γ(2𝑝−1

𝛽 )Γ( 1𝛽 )

(𝑝− 1)2Γ2(𝑝−1
𝛽 )

𝜅2
(
A𝑇A

)−1
, 𝑝 > 1. (29)

While the limiting case of 𝑝 → 1 is shown to be

lim
𝑝→1
CGG(x̂) = Γ2

(
1 +

1

𝛽

)
𝜅2
(
A𝑇A

)−1
. (30)

For Student’s 𝑡 noise, the corresponding covariance matrix, denoted by C𝑡(x̂), is computed as:

C𝑡(x̂)=
𝜈
√
𝜋Γ(𝜈2 )Γ(

2𝑝−1
2 )Γ(𝜈−2𝑝+2

2 )

(𝑝 − 1)2Γ2(𝑝−1
2 )Γ2(𝜈−𝑝+2

2 )
𝜂2
(
A𝑇A

)−1
, 𝑝 > 1. (31)

While for 𝑝 → 1, we obtain:

lim
𝑝→1
C𝑡(x̂) =

𝜈𝜋Γ2(𝜈2 )

4Γ2(𝜈+1
2 )

𝜂2
(
A𝑇A

)−1
. (32)

Finally, the development when the noise is a symmetric GM noise is given as follows:

CGM(x̂) =
2
√
𝜋Γ(2𝑝−1

2 )
(
(1− 𝜖) + 𝜖𝜏𝑝−1

)
𝜎2

(𝑝− 1)2Γ2(𝑝−1
2 )
(
(1− 𝜖) + 𝜖𝜏

𝑝−2
2

)2 (A𝑇A
)−1

, (33)

where 𝑝 > 1 and for 𝑝 → 1,

lim
𝑝→1
CGM(x̂) =

𝜋

2
(
(1− 𝜖) + 𝜖𝜏−

1
2

)2𝜎2
(
A𝑇A

)−1
, (34)

where CGM(x̂) denotes the corresponding covariance matrix.

Two simple yet representative examples are presented for illustration as follows.

Example 1
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We consider estimating an unknown constant 𝑐 from

y = 1𝑁𝑐+ q, (35)

where A = 1𝑁 ∈ ℝ
𝑁 is now a column vector with all ones. Applying (27)–(34), we obtain the variance

expressions for 𝑐 in the presence of S𝛼S, GG, Student’s 𝑡 and GM noise models:

var𝛼(𝑐) =

⎧⎨
⎩

2𝛼
√
𝜋Γ2(− 𝑝−2

2
)Γ( 2𝑝−1

2
)Γ(− 2𝑝−2

𝛼
)

𝑁(𝑝−1)2Γ2(𝑝−1
2

)Γ2(− 𝑝−2
𝛼

)Γ(1−𝑝)
𝛾

2
𝛼 𝑝 > 1,

𝜋2

4𝑁Γ2(1+ 1
𝛼
)
𝛾

2
𝛼 𝑝 = 1,

(36)

varGG(𝑐) =

⎧⎨
⎩

Γ( 2𝑝−1
𝛽

)Γ( 1
𝛽
)

𝑁(𝑝−1)2Γ2(𝑝−1
𝛽

)
𝜅2 𝑝 > 1,

Γ2(1+ 1
𝛽
)

𝑁 𝜅2 𝑝 = 1,

(37)

var𝑡(𝑐) =

⎧⎨
⎩

𝜈
√
𝜋Γ( 𝜈

2
)Γ( 2𝑝−1

2
)Γ( 𝜈−2𝑝+2

2
)

𝑁(𝑝−1)2Γ2(𝑝−1
2

)Γ2( 𝜈−𝑝+2
2

)
𝜂2 𝑝 > 1,

𝜈𝜋Γ2( 𝜈
2
)

4𝑁Γ2( 𝜈+1
2

)
𝜂2 𝑝 = 1,

(38)

varGM(𝑐) =

⎧⎨
⎩

2𝜎2√𝜋Γ( 2𝑝−1
2

)((1−𝜖)+𝜖𝜏𝑝−1)

𝑁(𝑝−1)2Γ2(𝑝−1
2

)

(
(1−𝜖)+𝜖𝜏

𝑝−2
2

)2 𝑝 > 1,

𝜋

2𝑁
(
(1−𝜖)+𝜖𝜏−

1
2

)2𝜎
2 𝑝 = 1.

(39)

Notice that (37) and (38) are invalid for the conditions specified in (16) and (19) when 𝐶GG(𝑠, 𝛽) =

𝐶𝑡(𝑠, 𝜈) = 0. It is also worth mentioning that the result of 𝑝 = 1 in the GM noise is in agreement with

the variance analysis of the least ℓ1-norm estimator in [5].

Example 2

Now we consider the single-tone signal model where the observations are:

𝑦𝑛 = 𝐴 sin(𝜔𝑛+ 𝜃) + 𝑞𝑛, 𝑛 = 1, ⋅ ⋅ ⋅ , 𝑁. (40)

The 𝐴 > 0, 𝜔 ∈ (0, 𝜋) and 𝜃 ∈ [0, 2𝜋] are the sinusoidal amplitude, frequency and phase, respectively.

Assuming that 𝜔 is known, our task is to estimate 𝐴 and 𝜃.

Noting that 𝐴 sin(𝜔𝑛+ 𝜃) = 𝐴 cos(𝜃) sin(𝜔𝑛)+𝐴 sin(𝜃) cos(𝜔𝑛), we first transform the parameters

of interest as x = [𝐴 cos(𝜃) 𝐴 sin(𝜃)]𝑇 . Comparing (40) with (23), we easily deduce that:

A =

⎡
⎣sin(𝜔) ⋅ ⋅ ⋅ sin(𝑁𝜔)

cos(𝜔) ⋅ ⋅ ⋅ cos(𝑁𝜔)

⎤
⎦
𝑇

. (41)

The C(x̂) can be computed using (27)–(34) for different noise models. Subsequently, the variances of

𝐴 and 𝜃 are calculated as [21]:

var(𝐴) ≈ cos2(𝜃)𝑐1,1 + sin2(𝜃)𝑐2,2 + 2 sin(𝜃) cos(𝜃)𝑐1,2, (42)

var(𝜃) ≈ 𝐴2
(
sin2(𝜃)𝑐1,1 + cos2(𝜃)𝑐2,2 − 2 sin(𝜃) cos(𝜃)𝑐1,2

)
. (43)

where 𝑐𝑘,𝑙 denotes the (𝑘, 𝑙) entry of C(x̂) with 𝑘, 𝑙 = 1, 2.
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5. Nonlinear Model

We now consider the general model of (1) as a nonlinear one and the ℓ𝑝-norm minimizer has been

given in (8).

To compute the covariance matrix, we need the first-order and second-order derivatives of 𝐽(x).

Their expected values are:

𝐸
{∇(𝐽(x))∇𝑇 (𝐽(x))

}
= 𝑝2

(∇𝑇 (g(x))
)
V (∇(g(x))) , (44)

𝐸 {H(𝐽(x))} = 𝑝(𝑝− 1)
(∇𝑇 (g(x))

)
W (∇(g(x))) , (45)

where V = diag(𝐸{∣𝑒1∣2𝑝−2 ⋅ ⋅ ⋅ 𝐸{∣𝑒𝑁 ∣2𝑝−2}) and W = diag(𝐸{∣𝑒1∣𝑝−2} ⋅ ⋅ ⋅ 𝐸{∣𝑒𝑁 ∣𝑝−2}) with 𝑒𝑛 =

𝑦𝑛 − 𝑔𝑛(x).

As the exact expressions depend on g(x), we illustrate the variance formula using a sinusoidal

parameter estimation model as follows.

Example 3

The data model is identical to (40) but now 𝐴 is known while 𝜔 and 𝜃 are the unknown parameters

to be estimated. Here we have x = [𝜔 𝜃]𝑇 .

First, we examine the case when q is 𝛼-stable distributed. According to (6) and with the use of

(11) and (13), (27)–(28) as well as (44)–(45), the corresponding covariance of x, namely, C𝛼(x̂), is

C𝛼(x̂) =

⎧⎨
⎩

2𝛼
√
𝜋Γ2(− 𝑝−2

2
)Γ( 2𝑝−1

2
)Γ(1− 2𝑝−2

𝛼
)

(𝑝−1)2Γ2(𝑝−1
2

)Γ2(− 𝑝−2
𝛼

)Γ(1−𝑝)
𝛾

2
𝛼S−1 𝑝 > 1,

𝜋2

4Γ2(1+ 1
𝛼
)
𝛾

2
𝛼S−1 𝑝 = 1.

(46)

where

S = 𝐴2

⎡
⎣∑𝑁

𝑛=1 𝑛
2 cos2(𝜔𝑛+ 𝜃)

∑𝑁
𝑛=1 𝑛 cos2(𝜔𝑛+ 𝜃)∑𝑁

𝑛=1 𝑛 cos2(𝜔𝑛+ 𝜃)
∑𝑁

𝑛=1 cos
2(𝜔𝑛+ 𝜃)

⎤
⎦ . (47)

In a similar manner, the covariance expressions for GG, Student’s 𝑡 and GM noise models are evaluated

as:

CGG(x̂) =

⎧⎨
⎩

Γ( 2𝑝−1
𝛽

)Γ( 1
𝛽
)

(𝑝−1)2Γ2(𝑝−1
𝛽

)
𝜅2S−1 𝑝 > 1,

Γ2(1 + 1
𝛽 )𝜅

2S−1 𝑝 = 1,

(48)

C𝑡(x̂) =

⎧⎨
⎩

𝜈
√
𝜋Γ( 𝜈

2
)Γ( 2𝑝−1

2
)Γ( 𝜈−2𝑝+2

2
)

(𝑝−1)2Γ2(𝑝−1
2

)Γ2( 𝜈−𝑝+2
2

)
𝜂2S−1 𝑝 > 1,

𝜈𝜋Γ2( 𝜈
2
)

4Γ2( 𝜈+1
2

)
𝜂2S−1 𝑝 = 1,

(49)

and

CGM(x̂) =

⎧⎨
⎩

2
√
𝜋Γ( 2𝑝−1

2
)((1−𝜖)+𝜖𝜏𝑝−1)

(𝑝−1)2Γ2(𝑝−1
2

)

(
(1−𝜖)+𝜖𝜏

𝑝−2
2

)2𝜎
2S−1 𝑝 > 1,

𝜋

2
(
(1−𝜖)+𝜖𝜏−

1
2

)2𝜎
2S−1 𝑝 = 1.

(50)
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6. Choice of 𝒑

It is apparent that the choice of 𝑝 is important because it affects the performance of the ℓ𝑝-norm

estimator. In the literature, [19] and [22]–[25] have mentioned that 𝑝 can be chosen according to its

empirical relationship with the residual kurtosis. However, these suggestions cannot be applied if the

kurtosis does not exist, such as in the S𝛼S and Student’s 𝑡 processes with 𝜈 ≤ 4. The work of [25]

overviews the three 𝑎𝑑 ℎ𝑜𝑐 schemes in [22]–[24] and designs an adaptive algorithm for determining 𝑝,

but the simulation results indicate that the optimum 𝑝 cannot be obtained in all these methods. For

S𝛼S distribution with 1 < 𝛼 < 2, [26] suggests 𝑝 = 𝛼− 𝑜 with 𝑜 ≪ 𝛼 being a user-defined parameter.

Nevertheless, this criterion cannot guarantee the minimum MSE because its design motivation is to

increase the convergence speed of the IRLS instead of minimizing the variance. Furthermore, [19]

and [27] propose selecting 𝑝 by finding the minimum variance expression, but only numerical results

are provided. In this section, we determine the optimal value of 𝑝, which is achieved by minimizing

the variance in an analytic manner. Our method is able to find the best 𝑝 and is not dependent on

the kurtosis of the noise distributions. Moreover, the global optimality and sensitivity analysis are

included.

6.1. 𝛼-Stable Process

6.1.1. Optimum of 𝑝

We first study least ℓ𝑝-norm estimation in the presence of S𝛼S noise. For the covariance matrices

of (27) and (46), the scalar term characterized by 𝑝, denoted by Φ𝛼(𝑝), is:

Φ𝛼(𝑝) =
2𝛼

√
𝜋Γ2(−𝑝−2

2 )Γ(2𝑝−1
2 )Γ(−2𝑝−2

𝛼 )

(𝑝 − 1)2Γ2(𝑝−1
2 )Γ2(−𝑝−2

𝛼 )Γ(1− 𝑝)

=

√
𝜋Γ2(1− 𝑝−2

2 )Γ(2𝑝−1
2 )Γ(1 − 2𝑝−2

𝛼 )

Γ2(𝑝+1
2 )Γ2(1− 𝑝−2

𝛼 )Γ(2− 𝑝)
. (51)

To find the value of 𝑝 which minimizes Φ𝛼(𝑝), a standard technique is to set its derivative, namely,

Φ
′
𝛼(𝑝), to zero. To solve the problem in an efficient manner, here we express Φ

′
𝛼(𝑝) as:

Φ
′
𝛼(𝑝) = Φ𝛼(𝑝)ℎ𝛼(𝑝), (52)

where

ℎ𝛼(𝑝) =𝜓 (2− 𝑝)− 𝜓
(
2− 𝑝

2

)
+ 𝜓

(
𝑝− 1

2

)
− 𝜓

(
𝑝+ 1

2

)
+

2

𝛼

(
𝜓

(
1− 𝑝− 2

𝛼

)
− 𝜓

(
1− 2𝑝− 2

𝛼

))

(53)

with 𝜓(⋅) being the digamma function [28] which is defined as 𝜓(⋅) = Γ
′
(⋅)

Γ(⋅) . Since Φ𝛼(𝑝) > 0, we

only need to solve the root of ℎ𝛼(𝑝) = 0. Employing TSE on (53) and using the property that
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𝜓(𝑥) = −𝑎 +
∑∞

𝑛=0

(
1

𝑛+1 − 1
𝑛+1+𝑥

)
where 𝑎 is the Euler-Mascheroni constant, ℎ𝛼(𝑝) can be written

as

ℎ𝛼(𝑝) =

∞∑
𝑘=0

(
𝑎𝑘𝑝

𝑘 + 𝑏𝑘𝑝
−𝑘−1

)
, (54)

where

𝑎𝑘 =
(−1)𝑘

𝑘!

[
2− 2𝑘+1

𝛼𝑘+1
𝜓(𝑘)

(
2 + 𝛼

𝛼

)
+

2𝑘 − 1

2𝑘
𝜓(𝑘) (2)−

((
−1

2

)𝑘

− (−1)𝑘

)
𝜓(𝑘)

(
3

2

)]
, (55)

𝑏𝑘 =2(−1)𝑘 − (−1)𝑘 + 1

2𝑘
, (56)

with 𝜓(𝑘)(⋅) being the polygamma function [28] and 𝑘! denoting factorial of 𝑘. For S𝛼S noise, the

admissible value of 𝑝 is in [1, 𝛼). To determine its optimal value practically, we can solve
∑𝐾

𝑘=0(𝑎𝑘𝑝
𝑘+

𝑏𝑘𝑝
−𝑘−1) = 0 where 𝐾 is chosen sufficiently large, using a numerical method with the initial value of

𝑝 = 𝛼+1
2 . It is because according to extensive simulation results, the variance expressions based on

𝑝 = 𝛼+1
2 are indeed very close to those with the optimal 𝑝.

6.1.2. Global Optimality Analysis

Let 𝑝★ be the root of ℎ(𝑝) = 0 when 𝑝 ∈ [1, 𝛼). To prove that 𝑝★ is the global optimal value,

two conditions should be satisfied simultaneously: ℎ𝛼(𝑝) is a monotonically function concerning 𝑝 and

ℎ𝛼(1)ℎ𝛼(𝛼) < 0. Note that if ℎ𝛼(𝑝) is differentiable, the monotonicity of ℎ𝛼(𝑝) is determined by the

sign of its first-order derivative, denoted by ℎ
′
𝛼(𝑝).

If 𝛼 is fixed, then according to (53), ℎ
′
𝛼(𝑝) has the form of

ℎ
′
𝛼(𝑝) =

4

𝛼2

(
𝜓(1)

(
1− 2𝑝− 2

𝛼

)
− 1

2
𝜓(1)

(
1− 𝑝− 2

𝛼

))
+

1

2
𝜓(1)

(
2− 𝑝

2

)

− 𝜓(1) (2− 𝑝) + 𝜓(1)

(
𝑝− 1

2

)
− 1

2
𝜓(1)

(
𝑝+ 1

2

)
, 𝑝 ∈ [1, 𝛼). (57)

Since 𝜓(1)(⋅) is decreasing, we know that 𝜓(1)
(
1− 2𝑝−2

𝛼

)
− 1

2𝜓
(1)
(
1− 𝑝−2

𝛼

)
> 0, and (57) becomes

ℎ
′
𝛼(𝑝) >

1

2
𝜓(1)

(
2− 𝑝

2

)
− 𝜓(1) (2− 𝑝) + 𝜓(1)

(
𝑝− 1

2

)
− 1

2
𝜓(1)

(
𝑝+ 1

2

)

=𝜓(1)

(
𝑝− 1

2

)
− 1

2
𝜓(1)

(
𝑝+ 1

2

)
> 0. (58)

Accordingly, with a fixed 𝛼, ℎ𝛼(𝑝) is monotonically increasing.

On the other hand, if 𝑝 equals 1 or 𝛼, ℎ𝛼(1) and ℎ𝛼(𝛼) are expressed as:

ℎ𝛼(1) =
2

𝛼

(
𝜓

(
1

𝛼

)
− 𝜓(1)

)
< 0, (59)

ℎ𝛼(𝛼) = 𝜓(2 − 𝛼)− 𝜓
(
1− 𝛼

2

)
+ 𝜓

(
𝛼− 1

2

)
− 𝜓

(
𝛼+ 1

2

)
. (60)
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To see if ℎ𝛼(1)ℎ𝛼(𝛼) < 0, we investigate the sign of ℎ𝛼(𝛼) in (60). Let 𝑙(𝛼) = ℎ𝛼(𝛼) be a function of

𝛼 ∈ (1, 2) and employing the multiplication theorem [28] of 𝜓(1)(⋅), the first-order derivative of 𝑙(𝛼) is

computed as

𝑙
′
(𝛼) =

1

4

(
𝜓(1)

(
1− 𝛼

2

)
− 𝜓(1)

(
3− 𝛼

2

))
+

1

2
𝜓(1)

(
𝛼− 1

2

)
+

1

2

(
𝜓(1)

(
𝛼− 1

2

)
− 𝜓(1)

(
𝛼+ 1

2

))

>0. (61)

Then 𝑙(𝛼) is proved to be an increasing function, and the lower bound of ℎ𝛼(𝛼) is

ℎ𝛼(𝛼) > 𝑙(1) = 𝜓(1) − 𝜓

(
1

2

)
+ 𝜓

(
1

2

)
− 𝜓(1) = 0. (62)

Combining (58), (59) and (62), it is easy to show that 𝑝★ results in the global optimum.

6.1.3. Sensitivity Analysis

We now investigate how the variation on 𝑝★ affects Φ(𝑝). Let Δ𝑝 be the deviation from 𝑝★, the

sensitivity is measured by the difference quotient:

𝑠𝛼(Δ𝑝) =
Φ𝛼(𝑝

★ + Δ𝑝)− Φ𝛼(𝑝
★)

Δ𝑝
, (63)

where 1 ≤ 𝑝★ + Δ𝑝 < 𝛼.

Employing the TSE, we expand Φ𝛼(𝑝
★ + Δ𝑝) around 𝑝★:

Φ𝛼(𝑝
★ + Δ𝑝) ≈ Φ𝛼(𝑝

★) + Φ
′
𝛼(𝑝

★)Δ𝑝+
1

2
Φ

′′
𝛼(𝑝

★)(Δ𝑝)2, (64)

Since Φ
′
𝛼(𝑝

★) = 0, we obtain from (63)–(64):

𝑠𝛼(Δ𝑝) ≈ 1

2
Φ

′′
𝛼(𝑝

★)Δ𝑝, (65)

where Φ
′′
𝛼(𝑝

★) = ℎ
′
𝛼(𝑝

★)Φ𝛼(𝑝
★). Equation (65) indicates that the variance sensitivity is a function of

𝛼.

To investigate the relationship between the variance formula and 𝛼, we employ the approximation

of 𝑝★ ≈ 1+𝛼
2 . Let Υ𝛼(𝛼) = ℎ

′
𝛼(𝑝

★) which has the form of:

Υ𝛼(𝛼) =
1

2
𝜓(1)

(
7− 𝛼

4

)
− 𝜓(1)

(
3− 𝛼

2

)
− 1

2
𝜓(1)

(
3 + 𝛼

4

)
+ 𝜓(1)

(𝛼
2

)

+
4

𝛼2

(
𝜓(1)

(
1

𝛼

)
− 1

2
𝜓(1)

(
𝛼+ 3

4

))
. (66)

Utilizing the multiplication theorem of 𝜓(1)(⋅), the first-order derivative of (66) is

Υ
′
𝛼(𝛼) =

1

16
𝜓(2)

(
3− 𝛼

4

)
− 1

8
𝜓(2)

(
7− 𝛼

4

)
+

1

16
𝜓(2)

(𝛼
4

)
+

1

16
𝜓(2)

(
5− 𝛼

4

)
+

1

16
𝜓(2)

(
𝛼+ 2

4

)

− 1

8
𝜓(2)

(
3 + 𝛼

4

)
+

4

𝛼4

(
𝜓(2)

(
𝛼+ 3

4

)
− 𝜓(2)

(
1

𝛼

))
− 8

𝛼3

(
𝜓(1)

(
1

𝛼

)
− 1

2
𝜓(1)

(
𝛼+ 3

4

))
.

(67)

Employing the series representation of 𝜓(1)(⋅), it is easy to prove that Υ
′
𝛼(𝛼) < 0. Then we know

that Φ
′′
𝛼(𝑝

★) is larger for smaller 𝛼. This indicates that the variance formula is more sensitive to the

variation of 𝑝★ if 𝛼 is smaller.
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6.2. Generalized Gaussian Process

For GG noise, the corresponding scalar term, denoted by ΦGG(𝑝), is extracted from (29) or (48)

as

ΦGG(𝑝) =
Γ(2𝑝−1

𝛽 )

(𝑝 − 1)2Γ2(𝑝−1
𝛽 )

=
Γ(2𝑝−1

𝛽 )

𝛽2Γ2(𝑝−1
𝛽 + 1)

. (68)

As in (52), the derivative of ΦGG(𝑝), namely, Φ
′
GG(𝑝), can also be factorized as:

Φ
′
GG(𝑝) = ΦGG(𝑝)ℎGG(𝑝), ΦGG(𝑝) > 0, (69)

where

ℎGG(𝑝) =
2

𝛽

(
𝜓

(
2𝑝 − 1

𝛽

)
− 𝜓

(
𝑝− 1

𝛽
+ 1

))
. (70)

Since 𝜓(𝑥) is monotonically increasing for 𝑥 > 0, it is easily deduced that ℎGG(𝑝) = 0 if and only if

𝑝 = 𝛽. Note that this is not surprising since the ML estimator is the ℓ𝛽-norm minimizer.

Similar to the 𝛼-stable distribution, it is easy to prove that 𝑝★ = 𝛽 is the global optimum. While

for the sensitivity analysis, if 𝛽 is smaller, ΦGG(𝑝) is more sensitive to the deviation from 𝑝★.

6.3. Student’s 𝑡 Process

From (31) or (49), the scalar term with Student’s 𝑡 noise, denoted by Φ𝑡(𝑝), is

Φ𝑡(𝑝) =

√
𝜋Γ(𝜈2 )Γ(

2𝑝−1
2 )Γ(𝜈−2𝑝+2

2 )

4Γ2(𝑝+1
2 )Γ2(𝜈−𝑝+2

2 )
. (71)

The derivative of Φ𝑡(𝑝) can be expressed as

Φ
′
𝑡(𝑝) = Φ𝑡(𝑝)ℎ𝑡(𝑝), Φ𝑡(𝑝) > 0, (72)

where

ℎ𝑡(𝑝) =𝜓

(
𝑝− 1

2

)
− 𝜓

(
𝑝+ 1

2

)
+ 𝜓

(
𝜈 + 2− 𝑝

2

)
− 𝜓

(
𝜈 + 2

2
− 𝑝

)
. (73)

Applying TSE on (73) yields the same expression as in (54) except that 𝑎𝑘 and 𝑏𝑘 are

𝑎𝑘 =
(−1)𝑘

𝑘!

[(
(−1)𝑘 −

(−1

2

)𝑘
)
𝜓(𝑘)

(
3

2

)
+

((
1

2

)𝑘

− 1

)
𝜓(𝑘)

(
1 +

𝜈

2

)]
, (74)

𝑏𝑘 =2(−1)𝑘 +
(−1)𝑘+1 − 1

2𝑘
. (75)

with 1 ≤ 𝑝 < 𝜈.

To determine the optimum value of 𝑝, we follow the same procedure as in the case of 𝛼-stable

process. Nevertheless, the variance expressions based on 𝑝 = 𝜈+4
5 are very close to those with the best

𝑝 according to our simulation results.
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Assume 𝑝★ is the solution of ℎ𝑡(𝑝) = 0 when 𝑝 ∈ [1, 𝜈). Similarly to the S𝛼S distribution, it is easy

to show that 𝑝★ is the globally optimal value, while Φ𝑡(𝑝) is more sensitive to Δ𝑝 for the smaller 𝜈.

6.4. Gaussian Mixture Process

For GM noise, the corresponding scalar term, denoted by ΦGM(𝑝), is extracted from (33) or (50)

as

ΦGM(𝑝) =

√
𝜋Γ(2𝑝−1

2 )
(
(1− 𝜖) + 𝜖𝜏𝑝−1

)
2Γ2(𝑝+1

2 )
(
(1− 𝜖) + 𝜖𝜏

𝑝−2
2

)2 . (76)

The derivative of ΦGM(𝑝) is factorized as:

Φ
′
GM(𝑝) = ΦGM(𝑝)ℎGM(𝑝), ΦGM(𝑝) > 0, (77)

where

ℎGM(𝑝) = 𝜓

(
𝑝− 1

2

)
− 𝜓

(
𝑝+ 1

2

)
− (1− 𝜖) ln(𝜏)

(1− 𝜖) + 𝜖𝜏𝑝−1
+

(1− 𝜖) ln(𝜏)

(1− 𝜖) + 𝜖𝜏
𝑝
2
−1
. (78)

To solve ℎGM(𝑝) = 0, we apply TSE on (78) as in the case of S𝛼S process, which is identical to (54)

except that 𝑎𝑘 and 𝑏𝑘 are now

𝑎𝑘 =
ln(𝜏)

𝑘!

[
𝐼(𝑘)

(
𝜖
√
𝜏

(1− 𝜖)
,
√
𝜏

)
− 𝐼(𝑘)

(
𝜖

(1− 𝜖)
, 𝜏

)]
+

(−1)𝑘

𝑘!

[(
(−1)𝑘 −

(−1

2

)𝑘
)
𝜓(𝑘)

(
3

2

)]
, (79)

𝑏𝑘 =2(−1)𝑘 − (−1)𝑘 + 1

2𝑘
, (80)

where 1 ≤ 𝑝 < 2 and 𝐼(𝑘)(𝑐, 𝑥) denotes 𝑘th-order derivative of 1
1+𝑐𝑥𝑝−1 with respect to 𝑝 when 𝑝 = 0.

Assuming that 𝜏 is large enough, say, 𝜏 > 100, which corresponds to an impulsive noise, ℎGM(𝑝)

is a monotonically increasing function, that is,

ℎGM(𝑝) > ℎGM(1) =− 2 ln(2) − (1− 𝜖) ln(𝜏) +
(1− 𝜖) ln(𝜏)

1− 𝜖+ 𝜖𝜏−
1
2

. (81)

As a rule of thumb, for 𝜖 ≥ 0.35, ℎGM(𝑝) > 0 and we will choose 𝑝 = 1 as the optimal value because

of monotonicity of ℎGM(𝑝). While for 0 < 𝜖 < 0.35, the empirically optimum value is 𝑝 = 1 + 2
100𝜖+3 .

Let 𝑝★ be the root of ℎGM(𝑝) = 0 among 𝑝 ∈ [1, 2). The 𝑝★ can be proved to be the global

optimum in a similar way to the analysis of S𝛼S process. Furthermore, from the monotonicity study

of ΦGM(𝑝★ +Δ𝑝), we can know that if 𝜖 and 𝜏 are large, ΦGM(𝑝) is more sensitive to the variation on

𝑝★.

Our analysis for sensitivity under four distributions has been verified in Figure 1. Analogous

to Υ𝛼(𝛼) in (66), we define ΥGG(𝛽), Υ𝑡(𝜈) and ΥGM(𝜖, 𝜏) to measure sensitivity for other three

distributions. In GM process, to show the variation of ΥGM(𝜖, 𝜏) for different 𝜖, we fix 𝜏 = 100 while

in varying 𝜏 , 𝜖 = 0.05 is selected. It is shown that when the density parameter increases, the sensitivity

decreases for S𝛼S, GG and Student’s 𝑡 processes while it increases for GM distribution.
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7. Simulation Results

Computer simulations have been carried out to corroborate the derived variance formulas for least

ℓ𝑝-norm estimation under four zero-mean IID symmetric non-Gaussian noise models. The density

parameters are chosen as 𝛼 = 𝜈 = 1.8, 𝛽 = 1.5, 𝜖 = 0.05 and 𝜏 = 100. According to Section 6, the

nearly optimum values are 𝑝 = 1.4, 𝑝 = 1.16 and 𝑝 = 1.25 for the S𝛼S, Student’s 𝑡 and GM models,

respectively. It is found that 𝐾 = 65 is sufficiently large to compute the corresponding 𝑝★, which are

1.43, 1.14 and 1.27, and they are very close to their empirical counterparts. While it is apparent that

𝑝★ = 1.5 for the GG disturbance. We scale the noise sequences to produce different signal-to-noise

ratio (SNR) conditions. It is worth noting that second-order power diverges for the 𝛼-stable and

Student’s 𝑡 models with 𝜈 ≤ 2, and hence the geometric power is employed instead, corresponding to

the geometric SNR (GSNR) [29]. The CRLB [30] is included as the benchmark while the results of

classical approaches, namely, the ℓ1-norm and ℓ2-norm estimators, are also provided for comparison.

Here, the ℓ1-norm estimator is realized by the subgradient method with 200 iterations [10]. The signal

models in Examples 1 to 3 are studied. The ℓ𝑝-norm minimization with 1 < 𝑝 < 2 in the linear

estimation problem is realized by the IRLS approach while the nonlinear estimation problem is solved

by the LM algorithm [9]. Unless stated otherwise, the data length is 𝑁 = 50. All results are based on

1000 independent runs.

First, linear estimation of a scalar is investigated, which corresponds to Example 1. The signal

is generated according to (35) where 𝑐 = 1. Figure 2 shows the MSE of 𝑐 versus SNR/GSNR. It is

observed that the variance formulas align with the simulation results for all noise models and the ℓ𝑝-

norm estimator is superior to the ℓ1-norm and ℓ2-norm minimizers. In all cases, there is no threshold

performance because the parameter of interest is linear in the observations. The ℓ𝑝-norm estimator

provides the optimum performance for GG process when 𝑝 = 𝛽, since its variance can attain CRLB.

Moreover, the MSE performance is nearly optimum for the S𝛼S, Student’s 𝑡 and GM disturbances.

The validity of (36), (37) and (39) versus 𝑁 is studied in Figure 3. It is seen that the variance

formulas may not be valid for a very short data length, say, 𝑁 ≤ 3. Moreover, when 𝑁 increases, the

corresponding MSE decreases.

Second, we follow Examples 2 and 3 to investigate the sinusoidal parameter estimation perfor-

mance. The signal is generated according to (40) and the sinusoidal parameters are 𝐴 = 1, 𝜔 = 1.25

and 𝜃 = 0.5. Figures 4 and 5 show the MSE performance versus SNR/GSNR for the linear and non-

linear estimation scenarios, respectively. In both figures, we see the optimality of the least ℓ𝑝-norm

estimator in the GG noise model and its suboptimal performance in the S𝛼S, Student’s 𝑡 and GM

disturbance. Most importantly, the variance formulas align with the simulation results for all cases

16



when the SNR or GSNR is sufficiently high. Note that threshold effect occurs when the noise power

is large enough because the sinusoidal phase and frequency are nonlinear in nature, although for the

former, parameter transformation is utilized in linearization.

In summary, the MSE decreases with the number of samples and (6) may not be accurate for a very

small value of 𝑁 . For linear parameter estimation, the derived variance formulas are corroborated for

all SNR conditions while they may be invalid for nonlinear estimators when there are large estimation

errors. When the PDF or CF of the noise is exactly known, we have shown that the optimum value

of 𝑝 depends on the density parameters via studying the 𝛼-stable, GG, Student’s 𝑡 and GM processes.

Note that 𝑝 = 1 is an appropriate choice for a heavier-tailed distribution particularly when the density

parameters are unknown. It is already indicated in Figures 2 to 5 that accurate parameter estimation

can be achieved with 𝑝 = 1 for the 𝛼-stable, Student’s 𝑡 and GM processes. On the other hand, we

also demonstrate that the performance of the ℓ1-norm estimator is inferior to that with 𝑝 = 2 for a less

impulsive process, namely, the GG noise. For a heavier-tailed 𝛼-stable noise with 𝛼 = 1, the nearly

optimal value of 𝑝 is (𝛼+1)/2 = 1, which also supports the use of the ℓ1-norm minimizer. Nevertheless,

when the 𝛼-stable noise is more impulsive with 𝛼 < 1, we may need 𝑝 < 1, which corresponds to an

interesting and challenging future research.

8. Conclusion

In this work, we focus on parameter estimation in the presence of non-Gaussian impulsive noise.

Variance of robust estimator based on the least ℓ𝑝-norm technique with 1 ≤ 𝑝 < 2 in four represen-

tative disturbances has been analyzed. The accuracy of the derived variance formulas is validated

using linear and nonlinear estimation examples. It is demonstrated when an appropriate value of 𝑝

is chosen, the variances of the least ℓ𝑝-norm estimator for S𝛼S, Student’s 𝑡 and GM noise models

can be close to corresponding CRLB while optimality is achieved for the GG process. Moreover, it is

worth mentioning that the bias and MSE analysis can also be employed for constrained optimization

problems. For example, the time-of-arrival based localization problem is formulated as minimizing an

objective function subject to a quadratic constraint in [31]. To apply (5)-(6), this constrained problem

is converted to an unconstrained one by substituting the constraint into the objective function. Nev-

ertheless, its extension to general constrained optimization problems, which include ridge regression

[32] and ℓ1-regularization [33], will be one of our future works.
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Figure 1: Sensitivity of variance to 𝑝 versus density parameters. Top left: 𝛼-stable noise. Top right:

GG noise. Bottom left: Student’s 𝑡 noise. Bottom right: GM noise.
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Figure 2: MSE of scalar versus SNR/GSNR. Top left: 𝛼-stable noise. Top right: GG noise. Bottom

left: Student’s 𝑡 noise. Bottom right: GM noise.
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Figure 3: MSE of scalar versus 𝑁 . Top left: 𝛼-stable noise. Top right: GG noise. Bottom left:

Student’s 𝑡 noise. Bottom right: GM noise.
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Figure 4: MSE of sinusoidal amplitude and phase versus SNR/GSNR. Top left: 𝛼-stable noise. Top

right: GG noise. Bottom left: Student’s 𝑡 noise. Bottom right: GM noise.
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Figure 5: MSE of sinusoidal frequency and phase versus SNR/GSNR. Top left: 𝛼-stable noise. Top

right: GG noise. Bottom left: Student’s 𝑡 noise. Bottom right: GM noise.
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