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ON THE FAST SYNCHRONIZATION OF TREE CONNECTED NETWORKS

Francesco Romani

ABSTRACT

In extending the Firing Squad Synchronization prdblem to the

case of tree connected networks and applying the controlled

synchronization of linear arrays we obtein the optimal time for

of

rees with a

and show how

bounded number of nodes,
investigate methods for synchronizing general trees

to apely them tc networks arbitrarily connectecd.



1. INTRODUCTION

In a previous paper [7] it is shown how tree synchronization
is relevantk in obtaining easy and fast synchronizaticn of
networks however cénnectedgyln this paper we study cptimal tree
synchronizatian technigques,

Let wus outline how the network synchronization problem is
stated [4-7].

We consider a set of n identical finite state machines: at
time t each of them enters a new state that depends on the
states at time t~3vboth of the automaton itself and of a finite
number of some other automata called its neighbours, arbitrarily
chosen, The neighbourhomd reiatian is supposed symmetrical.

We wish to . define the single automaton structure so that the
network will behave as follows: at time t=0 all the automata are
in a guiescent state & called Soldier, except one that is in an
active state 0 called General., After a sequence of transitions,
at time t=f &ll  the automata enter, for the‘f‘irst'timev the
state F called Fire. |

In [7] we have shaown that, by using tree synchrohizatiﬁn
technigues, it dis possible to synchronize networks however
connected, and that the optimal synchronization time for trees
is d+r where d stands for the diameter (i.e. the maximal
distance between two automata in the network) and r for the
radius (i.e. the maximal distance between the GBeneral and
another sutomaton in the network),

On  the other hand our methods for tree synchronization have

obtained computation times of 2n-2 and p+g . where n is the



number of automata din the tree, p and g are respectively the
sizes of the largest and second largest subtrees departing frow
the General.

These times are not optimal and for particular trees they
are much larger than d+r, E.g. in the binary tree of fig.1 the
radius is r, the diameter is 2r and the number of automata is
2 (r+1)-1,

We describe in section 2 the controlled synchronization aof
linear arrays and star graphs by using the results  of
Rosenstiehl and ‘Waksman: in section 3 the technigues to find
radial and diametral paths in a tree: in section 4 an optimal
synchronization method For trees with two nodes (we call node an
automataon wiﬁh more than two neighbours); finally, in section 5,
the optimal synchronization for any tree and the applications of

such technigues to networks however connected,

<. THE CONTROLLED SYNCHRONIZATION OF LINEAR ARRBAYS AND IT8

APPLICATION TO STAR GRAPHS,

In fig.2 we see an example of the Waksman synchronization
method faor ilinear arrays [1]; this method is optimal (i.e. it
regaches the firing status in 2n-2 steps).

Fur%hermére the PRosensitiehl Freezingmunfreézing technigue
167

)

can be used to delay the synchronization of a linear array
by an arbitrary interval (see fig.3).

One af the wmajor problems in star graphs and tree
synchronization 1is how to find the exact instant to unfres-s a

2.

Frozen ray., Our sclution 1s a slightly modified version of



Rosenstiehl’s method,

In Ffig.4 wé see how to divide & linesr array into two eguel
rays, Thus it is npossible to synchronize optimally & linear
array with the General in any position {(fig.5), We use two
Firing Squads AH and HB: HB is synchronized in the Waksman mode,
AH is frozen and unfrozen by the synchronism signals,

im Fig.%-a we see  how to .fraaze and unfreeze also z
secondary ray, by  using a slow signal {v=1/3), a marker {v=0)
and a fast signal (v=1). This method slsc operates for secondary
rays not departing from the General (fig.6-b),

In fig.7 we see an example of star graph synchronization
useful to familiarize ocurselves with fast tree synchronization
technigques. We note that the diametral path (i.e., the two
longest rays) is synchronized in an optimel way, and
simul%aneously a set of synchronism signals is used to delay the
sgcondary rey synchronization by the intervals reguired,

Our method te synchronize a tree is based on & similer
principle: to synchronize in an optimal way the diametral path
and to freeze and unfreeze all the secondary rays in order to
obtain the firing state at the same time in sach automaton,

For  this purpocse we have developed methods to search for

diametral and radial paths in & tree connected network,
3., HADTAL AND DIAMETRAL PATHS IN A TREE CONNECTED NETWORK
We call redial path =& minimal path of length r departing

from the Ceneral: diametral path & minimal path of length d.

Now we describe & method for finding a radial path in a tree

I
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connected network of finite automata: though this method is rot
used in the tree synchronization, it is useful to understand the
subsequent %echniques deeling with trees,

The Géneral sends fast signals (velocity = 1) into each
subtree deperting from it, These signals go towérd the ends of
the tree, duplicating themselves at nodes, thus entering esach
ray of the tree. When a signal resches an end it is reflscted
and comes back toward the General at the same unitary velocity.
At every node only the last expected signal proceeds toward the
General and sets a switch to record the ray it came from while
the other signals are suppressed. Note that an asutomaton in a
nocde  is cépable to count the expected signals., In fact in a
network of finite automata, the number of neighbours of each
automatan is bounded a priori,

The last signal reaches the General after being reflected at
the farthest end, thus passing through a8 radial path: then is
again reflected by the Beneral and can mark the radiai path by
using the set switches (see fig.8).

The second problem we consider is how to find a diametral
path 4in =a tree, We use a preliminary theorem whosé proof is
given in appendix 1: |
"For a tree T, a diametral path is contained in the following
subgraoh
1) the radiasl path BA:

2} the second radial path GB (i.e. the radial path of the tree
obtained by suppressing the subtree which contains A);
3} svery radial path of the subtrees departing from BGA (taking

as radix the node automaton).”



Therefore we can consider a reduced figure (fig.9). Suppose
~that at time t=0 - the General sends everywhere a Fast signal
(v=1) whigh is duplicated at each node and reflected at the ends
as for the previous algorithm, Thus the return signals at the

nodes have the following transit times.,

from B to 0 t=2'068"1
from A to H t=!BA s 1AH!

from C to H t=1GCi+iCH! etc..
Let wus suppose elso that the returnf%ighglyfrom B8 ié suppressed
when reaching 6 and a slow sighai kvzd/B) is generated toward‘K ‘
and H. Therefore the arrival time from DM£D K is |G6D1+1DK| and
that from O tD K‘iS 23882+3:GK§? Whéﬁce

tDK>£BK => [GDI+iDK!>2!6B!+316K! =>

= %éKi%éﬁDK§>2§GS{+3§GK§ =3 2iDK{>2(iBBI+{BK}{) => |AD}{>{AB]
=> [DK! > {BBl+|GK! => IAK!+!KD! > !AK!+!KG!+!GB!
th@refe?é AB isknof aﬁdiémetral path,

Obviously 1if tDK<tBK then IAD!<!AB! and AD is not a
diametral path. In case EAB§<§AD§;ih order to test in a similar
way whether §Aé§;;AD§ it.isysuitabye t@ suppress the slow signal
and uriginate;aﬁatﬁa; slow éignél when‘the retqgﬁ from D reaches
the n@deva;  Ana1ogoué1y in the second case in order to test
whether IACI<|AB{ it is suitable to make the slow signal pass
along the Hvafanaha‘ |

waj we cém Qiﬁaf%ha élgcrithm‘tc find a diametral path in a
tree, ‘The General Sénds‘ évarywhere a fast signal thch is
propagated  and  reflected  as in the radial path algorithm. At
sach node Dnly‘ the lést expecfed signal passes toward the

General and sets a switch.




The last but one signal that reaches the General is changed
into a slow signal which is sent along the ray whence thaulast
return is expected.

When the slow signal reaches a node two cases may arise:

1) that nods was reached gy all but one of its return signals
then the slow signal proceeds along the ray whence we gexpect the

o
ok

st return and sets the switch:

m

2 that node is waiting for more than one signal, then the slow

signal is suppressed and the last but one signal, when arriving,
is changed in a slgw signal that sets the switch and goes along
the ray whence we expect the last return.,

#nen the slow signal and a return signal meet in a ray they

i3

re suppressed while two fast signals are generated in either
way to mark the automata of the diametral path by following the
previously set switches., An example of how this method operates
is seen in Fig., 10,

If two signals meet at a node then two paths have the same
length and either one can he selected arbitrarily (éog°
sceording  to priority) thus selecting one of the possible
diametral peaths, Analogously for more than two simultanecus

signals at a node,

4, OPTIMAL SYNCHRONIZATION OF TWO-NODE TREES

n fig,11-a we sege & two-~node tree (2N for short) with the
General at one node., 2N trees differ from star graphs only in
having one more node in a ray.,.

To synchronize such a network optimally it is necessary



1) to find a diametral path:

2) to freeze the secondary rays:

L)

) tc synchronize the diametral peth optimally and to unfreeze
the secondary rays at the exact instants,

Note that searching for a diametral path has to be embescdded
in the synchronization process in order to sbtain a minimal time
algorithm,

The process begins with the General sending fast signals
toward the ends as in the previous algorithms, When these
signals reach an end they stert thé Waksman synchronization
process of that ray and are reflected toward the Genersl.,

At  the General and at the other node each return signal

o

o

u

the last cne causes the generaticn of the appropriate

o]

synchronism signsl and the freezing of the corresponding ray
which is a secondary one and does not belong to the diametral
path, |

For the remaining part of the tree (fig.11-b), now our
problem 1is to select in real time the diametral path: is it ANB
or ANGC?, This decision is to be taken by the N automaton. o

The General, when receiving the return signal from C sends a
slow signal (v=3}3) toward N,

s

ir th return signal from NB arrives before the slow signal

©

from B th

G

n NB does not belong to & diametral path and it can be
ffazano Utherwise if the ret&rn signal from B arrives after the
zlow  signal then NB bhelongs to the diametral path and NGC is to
be frozen, But the freezing of NGC is to be initiated when the
fast synohronization signal from 6 reaches N, that is before the

slow signal arrives,



To solve this problem we use a more complex synchronization

automaton composed of one control automaton C and two Waksman
synchronization automata W1,%2 (as known it is possible to build
a finite state machine capable of simulating a bounded number af
finite state machines), We define as firing state of the
composite automaton any state where at least one Waksman
automaton is in the firing state.

The synchronization proceeds as long as passible in both the
Waksman automata, when the fast synchronization signal from the
General reaches the node N the W1 Firing Squad is frozen and N
becomes a virtual end for it also the synchronism signals are
genarated while the W2 ' Firing Squad proceeds in  its
synchronization,

When the slow signal from G reaches N it is possible to
decide which of either Firing Sqguad is suitably active in gorder
to deactivate the wrong synchronization process, thus the entire
synchronization will terminate on the other set of Waksman
automata. In fact the diametral path thus found is synchronized
with the Rosenstiehl method (slightly modified), and the other

rays are unfrozen at the exact instants {(for an example see

Let us now prove that this synchronization algorithm is
optimal (i.e. it reaches the firing state with d+r steps). We
distinguish two cases: if the General is on akdiametral path
{say AC as in fig,11.b) d+r is the minimal time reguired to
synchronize AL and the diametral path searching process causes
no delay, Otherwise 1r° steps are reguired to start the

synchronization nrocess of the diametral path, where r’ is the



distance between the General and the nearest automaton on the
diametral path. Then the diametral path is synchronized in d+r”
steps, where r" is the distance from N to the farthest end of
the diametral path, Therefore the overall synchrmniZation
process requires d+r”+r° steps, but is easy to see that r +r =r

and alsg in this case d+r is the syncronization time for the

tree.,

5. FAST SYNCHRONIZATION OF GENERAL TREES AND APPLICATION TO

CONNECTED NETWORK SYNCHRONIZATICN

Our optimal synchronization method was describasd in the case
of 2N trees for simplicity sake. It is possible to extend it
method to n-node trees but n has tc be known when designing the
single automaton.

In fact the synchronization of each frozen ray is controlled
by synchronism signals that travel in & longer ray, then in the
diametral path there merge all the synchronism signals from the
rays terminating in it, therefore the number of states has to be
great enough to distinguish esach signal, so that it is possible
to single out bath the node and the rey from which the signal
came. To avoid ambiguities the number of states in the single
automaton has to depend on the number of nodes.

For any n the method of ocptimal synchronization appears to
he just an extension of the 2N case, and we think more
interesting to investigate a fast synchronization method for any
tree by applying a n-node method,

The synchronization method now described for any tree is

10
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faster than other general tecnigues for tree synchronization
(e.g. circular paths or flower graph methods [7]).

Assume an automaton Z capable of synchrﬁnizing a n—-node tree
in optimal time: we combine v automata of the Z type and one
control automaton (v is the wupper bound for the number of
nelghbours in the tree).

It 1s egasy to prove that, if we put a bound on *the number s
of nodes in a ray then the total number of nodes is aisa
bounded, Therefore for any pair n,v it is possible to find s
such that the number of nodes in the tree is lower than n.

To start the process the General sends everywhere fast
synchronization signals by using ane only of the Z automata. In
gach cell the control automaton éounts the number of nodes on
that ray and, as long as this number is less than s, forwards
the process on‘one Z automaton only (we remark that the method
is alsoc optimal when the tree is small encugh). Otherwise at the
{s+1Y~th node the contrcl automaton starts a ring reduction
process of the subtree departing from it, by using as many 7
automata as necessary. In this case the synchronization éignals
meet at the center of the ring and divide it into two linear
arrays of the same length which are synchronized simultaneously
as an extension of the ray they depart from (see fig.13).

This method is & generalization both of the circular path
method which useé the synchronization of linear arrays (i.e.
UO-node trees) and of the flower graph method which uses that of
star graphs (i.e. 1N trees).

The synchronization time is d’+r’, where d’ and r’° are the

diameter and the radius of the k-node tree (k < n) obtained in

11



the reduction process. We have dgd’ and rgr’,

Now we see how this technigue is applicable to the praoblem
of synchronizing networks arbitrarily connected,

We use a reduction process similar to those explained in

[7], the only difference being that now we want to reduce the

graph to =& n-node tree: the Beneral starts a trse reduction
process of the network, on each ray a control automaton cowibs
the nodes and, when the (s+1)-th node is counted, this cell

starts & ring reduction process of the virtual subtree departing
from 1t (see fig.14). The synchronization can start two steps
after the reduction process.

In this case the synchronization time is d"+r”"+2 where d”
and r"” are the diameter and the radius of the tree obtained from
the reduction oprocess. The two step delay is due to the tree
reduction process if this is performed according to [7].

Calling d‘and r° +the diameter and the radius of the tree

obtained without putting bounds it is easy to prove that r° < r"

i

and d’ < d", where the equal sign holds when the maximum number

{

of nodes in a ray of the standard tree is less than s.

On the other hand if d and r are the diameter and the radius
cf the network to be synchronized then r=r’° and d < d':
therefore d"+r"+2 > d +r° » d+r,

The difference between d"+r"” and d°4+r° . decreases by
increasing n and vanishes for n large encugh {(n is the upper
hound to the number of nodes in the tree): furthermore the

difference between d’+r and d+r depends on the reduction

process and the neighbourhood of the original network [7].

g2




6., CONCLUSION

We have shaown that the controlled synchronization of linear
errays 1s applicable to synchronize optimally & tree with a
bounded number of nodes, and that these results can be used to
synchronize any tree though in this case the synchronization
time is not optimal in general.

Now we conjecture that it is possible to synchronize
optimally any tree by using as nodes more powerful automata like
push-down automatea or multi-push-down automata.

Moreover all the results concerning tree synchronization are
applicakle to the synchronization of networks arbitrarily

connected.

APPENDIX 1

We prove the theorem:
For & tree T, a diametral path is contained in the following
subigraph
1) the radial path GA;
2) the second radial path GB (i.e. the redial path of the tree
obtained by suppressing the subtree which contains GA);
3) every radiasl path of the subtrees departing from GA {taking
as radix the node automaton).
PROOCF ¢ assuming the General to be on & diametral path this path
consists of the two longest minimael paths departing from the
Ceneral: the radial path and the second radial path.

Otherwise if the Beneral is not on a diametral path then the

13



end of the radial path is alsc an end of a diametral path: in
fact (see fig.15) assuming BC to be the diametral path and A not
toc be en end of a diametral path then we have (putting
{HCI>iHB!)

1GAT > [BHI+{HG{ > IBH| => IHG!+!GA} > |8H| =>

=> (CH{+{HGI+IBA} > ICH!+!HB! and BC is not a diametral path.

Thus AF is a diametral.path, where F is an end belonging to the
same subtree of BGA; then F belongs to crme of the radial paths of
the subtrees departing from GA,

Therefore the subgraph of the hypothesis in either case

cantains & diametral path.
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Fig.1 A binary tree.



f=n-1

3

Fig.2 The Waksman method to synchronize a linear array with the:
GCeneral at one end, ?
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LFig.3 The delayed “aksman synchronization: f: freezing signal,
u: unfreezing signal, m: marker (v=C),
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Fig.4 How to split a linear array into two equal parts:

f: fast
signal, s: slow signal (v=1/3). Cne has: [AH!=!HB|.



£t

FIRE

i

Fig.5 The Rosenstiehl synchronization of a linear array with the;\
General anywhere; a: activating signal, s: slow signal (v=1/3), .
F freezing signal, us unfreezing signal,w: wall (val): the -
nther signals are the Waksman synchronization signals of the two
sub-arrays AH and HB. ’



- e o

b

‘Fig.6 The set of synchronism signals for a sscondary ray
ideparting from the Ceneral (a) and from another node (b): s:

rslow signal, m: wmarker, a: activating sigral, f: freszing
csignel, u: unfreezing signal.
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'Fig.? An  example of star graph synchronization: a: activating

isignal, s: slow signal (v=1/3), m: marker (v=0), f: freezing
' signal, u: unfreezing signal, w: wall (v=C).
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"Fig.B Sedial path search; f: fast signal, m: marking signal.
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Fig.9 (a) A tree:

{(b) the reduced figure containing a diametral
ipath,
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Fig.10 Two examples of diametral path search: f: fast asignal, s:
slow sigrnal (v=1/3), m: marking signal (v=0).
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Fig.11 (a) A 2M tree: (b) the reduced tree containing a
diametral nath.
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Fig.12 An example of 2N tree optimal synchronization: a:
activeting signal, ¥: Firing Sguad activity, s: slow signal
(ve1/3), F: . freezing signal, w: wall (v=0), m: marker {(v=0):
subscripts indicate the Corresponding set of Waksman automata.
-Comment: the states of the single automaton do noct correspond
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Fig.14 Some steps of the reduction process from connec ted
network to n=-node tree,
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path and BC
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tree according to the conjec ture:
is the diametral path,
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GA is the radisl





