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DFT TRANSFORMERS FOR THE EVALUATION OF
SUCCESSIVE PERIODOGRAMS

Paolo Corsini* and Graziano Frosini¥¥

Two DFT transformers for evaluating in real time modified periodograms
partially overlapped segments of a sampled signal are presented. The first
transformer works whatever may be the data window for which every segment is
multiplied, while the second transformer, which has a reduced complexity,
requires that the data window is rectangular.

1. Introduction

In many applications it may be of interest to process a sequence of over—
lapped segments of a sampled signal, each segment having a length N and the
starting points of these segments being Q units apart.(Q divides N). Such
processing consists in multiplying each segment for a data window and in eval-
uating the Discrete Fourier Transform (DIT) of the segments somodified (.
Commonly used data windows are the Hanning window, the Parzen window, the
cosine-bell window, and in particular cases the rectangular window. The suc-

cessive DFTs of the segments so modified (modified periodograms) can be used

in order to estimate the power spectrum of the sampled signal 2] «

If the successive periodograms are to be evaluated in real time, we must
perform one DFT of N elements every time a new set of Q elements arrives.
Then a DFT transformer that evaluates P=N/Q DFT coefficients at the arrival
of every sample is needed.

In this work the most important results of a general study carried out by
the authors [3—5] are rgported. More precisely two DFT transformers working
in real time are described. Each transformer has a degree of parallelism P
in the sense that at every step each computational clement of the transform-
er (multiplier, adder) performs an operation and P DFT coefficients are gen-
erated. The first transformer refers to an arbitrary data window, while the

second refers to a rectangular data window and it has a very reduced com~
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the next Section.

el

2. A two-dimensicnal procedure for evaluating the DFT

Let us consider the set A constituted by N=PQ complex numbers (alements):

A= {f,, w=0,1,...,8~1}.

The DFT of the set A is the other set

nk . o
W, k=0,1,...,8-1}

P
L}
3

d

n
n=0

where W-exp(~2ﬁ/-1/N).If we express subscripis n and k as

4= Qptgq
k=3s+Pr

where p,s=0,1,...,P~1 and q,r=0,1,...,0-1, we obtain for the k~th

cient Fit
-1 p-1 N
F = F - QZ I w(@p+q) (s+Px)
+P + M
S 20 peo Qp+q

(Qp+q) (s+Pr)

By expanding W and by observing that wPQprngpr'l,

rearrange (2) in the following way:

-3
7 - QZ 7 Tq(r+s/P)
s+Pr =0 Qs+q

where

P-1 bs
fgs+q EPZO Eapeq”
and YEVPY V=WQ.

The quantities pr+q’ HQs+q’ F

erements of the matrices:

Ma = (fp,qﬂpr+q, p=0,1,...,P-1, q=0,1,...,Q-1}

Mh = {Hs,qusm, §=0,1,...,P~1, q=0,1,...,0-1}

Mb = Fo y=Faupps 5%0,1,0..,P=1, r=0,1,...,0-1}

For every fixed q, the cuantity HQs+q in relation (4) can be regarded as

&

L

can

s+py 80 be regarded, respectively, as
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the s-th coefficient of the DFT of the q-th column of Ma. For every {ixed s,

the quantity Foupye in relation (3) can be regarded as the r-th coefficient

of another kind of transform of the s~th row of Mb. This transform is called

Generalized in Frequency Discrete Fourier Transform with frequency parameter

: S/ P S e :
s/?, and it 1s denoted by GF or simpiy by GF, where the specification ol

the parameter is not necessary. The GF is a particular case of the general-~
ized disecrete Fourier transform (GFT) introduced in [6].
By taking into account relations (4) and (3), the following two-dimensional

procedure for obtaining the coefficients ¥y is deduced:

1) evaluate a DFT of the q-th column of Ma, for ¢=0,l,...,Q-1, so obtaiuing
a new matrix Mh

/

5 . . .
2) evaluate a GF of the s=th row of Mh, for ==2,1,...,P-1, so obtaining

the final matrix of coefficients.

In the next Section a fast algorithm and a pipeline structure for evaluating

a GF of a set H of Q elements are briefly recalled,Q being a power ot two.

3. Fast GF computation.

It is well known that a DFT can be evaluated by mesns of fast alporithms
(FFT algovithms). It can be easily verified that also for evaluating the GF
there exists a fast algorithm (FGF algorithm) similar to the FFT algorithm
based on "decimation in time" [7]. In fact, if H is a set of O elements,

the coefficients G.,r=0,1,...,Q0-1, of the GFY of H can be expressed as

{

| G fT(r‘+t)Y

et = Xy r

£'=0,1,...,0Q/2~1
o (eTee)
erQ/z X T Y.

where X,» and Y. are the coefficients of the Grt of the blocks conmstituted
by the elements of H having even and odd indices,respe: “ively. This relation,
if iterated, leads to the FGF algorithm. Observe that at the z-th iteration,
z=1,2,...,l0g7Q, the expcenents of T can be obtained from those velative to
the DFT by adding ZZ—lt. The complexity of an FGF algorithm on Q elements is
equal to the complexity of an FFT algorithm on Q elements.

In order to compute the GF in a fast manner, a radix-2 pipeline structure

similar to that introduced for the DFT [8] can be utilized. More precisely,
a radix~2 pipeline structure is able to perform a GF with frequency param-
eter ty of the set whose elements arrive sequentially at its upper input, and

a GF with frequency parameter £ of the set whose elements arrive sequen-

5
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tially at its lower input. The z-th stage {z~1,2,...,l0p,Q Ivom oL S Twe
p:
side to the input side) is illlustvated in Fig. 1. The commulaler Coniio. i
ERY:
Urmmut ade
Hod
di
e
iy
23
)
Fig. 1. The z-th stageof aradix-2 pipeline structure
) z-1 e
switthes every 2 steps. The multiplicative factors to be presented the 50
- 7
multiplier can be obtained from those relative to the DFT by adding to the

exponent of T the quantity 257

v, for Q/2 steps (while the stage works on
1 £ &
5 1 . z-1 - e .
the GF '), and the quantity 2 t, for the next /2 steps (while :he stsge
2

CZ)_

works on the GF Then we have the two successive ordeved sets of

plicative factors

| z~1 . }
i T<2 ) (sz¥ }), Z=O,1,...,§%—~l in bit reversed orvder |
}

2" (s,4t)) q !

T §z27%2 B sZ=O,1,...,—~ -1 in bit reversed orderi

The first set is repeated 22“1 times, then the secoud set is repeated 2°
times,and so on.

Let us evaluate the arithmetic and memory requirements of a rvadix-Z
pipeline structure. As the z—th stage needs 1 wultiplier, 2 adders, and 2
memory elements, the total numbers of multipliers, adders,and memory ele-

ments are resepctively log,Q, 2log,Q and 2(Q-1).

ot
an
4., First transformer
Let «oe, sy oy %o qa%gyees be a sampled signal, and let N, P and Q be three 7
| . u-2 _u-1 ,u -
powers of two, such that N=PQ. Let ...,X s K 1,X ,+ee be a sequence of
segments, each of N elements, such that DE
X3 = {x = 0=0,1,...,N=1} - j=...,u=2,u~1,u,... (5) by

n T g’
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coy e outnout Two successive segments XJ‘I and XJ are said to be

. . - oLi-1 : . I . o e
catoy control in the sense that the last N-Q elements of %3 coincide with the fivst N-Q

; ) ;
elements of . In fact, from (5) it follows that x’=x.. ,
ERR T

and then that

o o= - N-0-1
X , m=0,1,...,N-Q-1

Note that two successive segments are staggered of 1 element fovr Q=1, are

disjoined for Q=N, and are staggered of 2,4,...,N/2 elements in the inter-—

HE

Let us consider the processing consisting in:

- . . : . :

1) multiplying every segment J for a data window R*‘po’pl"”‘ON—i
- c u-Z L u-1 ,u

obtaining a new sequence of segments ...,A WA .

2) evaluating the DFT of every segment A°, so obtaining a final sequence
g ¥ g ® =3 1

L

e s

A transformer that performs the operations involved in the previous

points 1) and 2) in real time is depicted in Fig. 2. The transforwmer is based

s on
¢l e AT, U]
ite the stage g i I -
Radix-Z Pipelinge o
of multi- ,
of multc f‘fﬁ ,,'/1 g
ooar o, b ;
R : P U
g GR N RISWERLT L
0, : " .
.o fpaag on P CR/2-1
Clements
. P-2)Qes
.ozl .
repeated 2 o !
i g Hpolg
jgeti-g og ”
o radix-2
5 radi o100
‘s L%
addovs, and
4 mewmory ele-— Fig. 2. The first transformer
on the two—dimensional procedure for evaluating a DFT recalled in Section 2,
and consists of four main parts.
The first part is constituted by & shift register of N-Q elements having
T and Q be chree ' P intermediate outputs.When the samples X4Q+N‘Q+q’ G=0,1,...,0~1, arrive
3Q#
aquence of sequentially at the input of the transformer, :the P outputs of the first
part give sequentially the Q columns of a PxQ matrix
() wd = (- x =0,1,...,P-1, q=0,1,...,0-1} (6)
5,4 50+ +q > PTO b BTE 70,1, (
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% ;
arranged.
b £ e T ety - JER PO B R RN . .
transformer is constitutea by 7 wmuilipliers, whose

M s} i Is}
T og=0,1,.. 0,4

Ao gk

forwer give at every step P coefficients of

Let us evaluate the avithmetic and memory rvequire
described in this Section. The firs
ly, N-Q memory elements and P multi

FFT structure on P elements, needs

be determined by observing that in decima

P clements is expressed in terms of two DFTs of P/2 elements and 2) one mul-
tinlication for 1 and onemultiplication for - introduced,among other

multiplications and additions. Moreover,

multiplication required is for 1. Then Y(P) is the unique solution of the

equation Y(P)=2: (¥/2)+2 , with the conscraint

Y(Py=(3/2)P-2. Therefore, the number of effective multipiiers for

FFT structure on P elements is (P/2)log,{(P/8)+2. Since the iourih part 1s
consctitucted by P/2 radix-2 pipeline structures, it requives (P/2] 3 omul-

tipiiers, Plog,Q adders and N-P memor;
.

- U Iy
Thus, frhe aumbers MU (N,P), AD (N,
T

and wewory elements, respectively, required by the transformer ave:

e8]



Je, Tespective-

: the complete

+
I

Q

[

rsini, T ini ~ 7 o s e

g ADI(N,P} = P log,N

( MLI<N,P) =

5. Second iy

1

Let us consid in which the data window is rectan—

gular, i.e.

can be obtained by properly simplifying the portion of
P 13 I3 & k

preceeding the rad pipeline structures.

An obvious simplification consists in eliminating the 7P
the iunputs of the complete FFT structure (see Fig. 3
More consistent simplifications canbe obtained by taking

Y X . o
fact that the segments AJ=KJ, I=...,u~Z2,u-l,u,... are pari:

Let us apply the decimation in time algovithm for the computation of the
-

h columm of Mat=Mx?. It results that

(=]
h
T
=1
6]
Na)

P/2-1 i,
L E P N SR (vhP's
] » G p‘=O P 9
{
J . P/2-1 .
; 13 2.p's’
uf2}° = ) (ve)yP
( [JS',Q bt=0 2p'+l,q

are the coefficients of the DFTs of the two sets

by the elements of the ¢q-tb column of Mx’ having
from (6) it results that

)(j:“1
2p'+l,q

h]
A
2p',q

we have that

Then from (7} and (8) it results that
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have a degvee of pavalielism P, On the othexr hand, obs rve .na”

transformers requ N is a power of P, while the trans...ix

1

in this paper work on the hypothesis that P divides N.
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