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SYNOPSIS Large amplitude vibrations are considered in shafts rotating on lubricated bearings, for a

cer-

tain claés of lubricant response; the behaviour of the shaft is described in different ranges of speed
of rotation. It is shown finally that the amalysis applies partly also to more general cases of lubricant
response ( c. g., short bearings with cavitating oil film ).

1. 1NTRUDUCTION
The aim of this paper ( as that of paper in Ref.
1) is a qualitative appreciation of processes lea-
ding to unstable behaviour of shafts rotating on
lubricated bearings. The analysis of Ref.l is pur-
sued to cover the study of large amplitude vibrat-
ions ( see Sect.5 of Ref.l, in particular). Becau-
se of the difficulty of the matter, the analysis
is restricted to the case of rotors with constant
cross-section, running on bearings whose response
belongs to a certain class specified below. Nota-
tion is standard and, in particular, consistent
with the usage of Ref.l : the nad—i?"and txansver-
se components of the lubricant’ fofc€ - F - acting
on a rotating journal will be called “F, F

: n
with £

Fe = H fe(a)al)'\f),vl\ ’ Fn = H fn(a,a','y’l,"’l’\,
(1.1
H = Rb3(')u. C-z 3
where
R,b,c are radius, width, radial clearance of the
bearing,
W is the rotors speed (insraeians-per+unit

time) and

u is the viscosity of the lubricant;
fe, £, are non-dimensional funetions of journals
eccentricity ratio a (true eccentricity ca), of
the derivative a’ of a with respect to mon-di-
mensional timeqe¢ol, of the attitude angle ¥
of the journal evaluated with refefence to a fixed
direction and of the derivative ¥' .

We will consider the case where the response of
the lubricant film on the journal is such that,

when a~1 ,
£ =-h __a° {1+0f (1-3)515 2
—_— i
(L=a) (1.2)
£ = n 129 il+of@-a)f];
: A
here h , h , & are positive constants and A is
withinethe open interval (1,2); o(e) indicates

of course a quantity which tends to zero more ra-
pidly than € 1im o(e)/s = O.

Expressions (l.2) are suggested by well-known
cases ( for instance, in the so-called Sommerfeld
case o = 3/2, & = 1 ); they summarize properties
which are essential for the validity of the analy-
sis which follows. The analysis itself goes aleng
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lines similar to -those of Ref.2 and 3, but is more
general and much simpler, thus facilitating ine
sight. Its first step consists in the remark that
there exist paths of the journals centre along
which, when a is nearly 1,
fn = ﬁ;z: s

fox - K s (1.3
here % and P are constants, the first one ros;
tive; later K =xHc Lt will be interpreted

as an equivalent rigidity of the oil film. The
paths in question are given by the asymptotic for-

mulae ;

he =i -4
A [mcj (4
and
hg P
L § el e .S\
PpEplg with 4 = 5 hn(d—1‘1(. (15

It is easy to check by gubstitution in (1.2}
that, with the choice (1.4% for a and (1.5) for
~p! , relations (1.3) are satisfied to within

[

terms of order o(tz__“\’

2. SHAFT DYNAMICS
The indefinite equations of rotor whirl around

a state of uniform rotation with speed @ are
S 2 2
b o9 V%, T S
: El——" = 2.1y
pAL.@ ,2_53_4'1;1(1?;2_ 0 (

if we choose the z-axis ( of unit vector k A
through the points occupied by the centres of the

journals in the steady state, put z = L& , call
cu(& ,T " the dispacement vector, fA the mass
per unit length, EI the flexural rigidity and L

the length of the shaft.

1f we assume that the shaft rests on two identi-
cal bearings without overhangs, then the boundary
conditions are

L

g;ﬁ =0 , for ;=O,1 . 2.
«“

32:, %ﬁlif fg’a) =+ EM (2.3

but with alternate sign;

again for & = 0, & =1 s
of components ( Fg,s Fy )

in (2.3 F |is the vector
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with a specifled as | u(o0, I.)( or | u(1,v)
and @p/ as I_J Ezg xu)' k again for

5 =0,1.

To keep the notation simple and make develop-
ments shorter we consider here only the case of a
uniform shaft ( A and I constant ) and we res-
trict also our attention to ''symmetric' solutions
( i.e., solutions such that u(&,x®)=u(l-&,7)),
thus needing to consider only boundary conditions
at 2; = 0. With a certain caution, however, most
results canbe extended to the general case; in
particular no difficulty arises, except formal, in
considering "antisymmetric'' modes.

For later purposes we need to introduce a nota-

tion for some special solutions of (2.1), ij.e.
solutions of the type
u(g,%) = U(5) tye)

(2.4)

=U(&) (icosye + jsinyr ) ,

where i, j are mutually orthogonal unit vectors,
normal to k . U(&) must satisfy the equa-
tion
4 G462 5D,

d AL ® y

- galLe U (2.5)

dg E I .
there are, of course, a great many U . We call
v EsB)Cx om0 - ehe solstion of (2.5) . whiel sas
tisfies the boundary conditions ( at & =
involving the derivatives of order r and s

( r,s = Oy132)3 )
ly to B and ¢ .

which are put equal respective-

2

2
Remember that, if B"+C~ # O , there is one and

only one U(r’s)(a;B,C) , provided yo differs

(r,s)
&% n+l

to our
symmetric solutions);

BZ+C2# 0

from all values of a critical sequence

(n=20,1,2,..; the odd index is related
proposal to consider only

U(r’s)((; :B,C)

(r,s)
¥ = a)2n+1

relation to C ,
unique.

U(ras)

exists also for and

provided B bears an appropriate

but then U(r’S)(C;B,C) is not

. (r,s)
(550,0) @ il

and then we will consider it uniquely defined
;s
(29 (%:0,0)

With some caution the notation just introduced
can be used recursively for instance

2,3
U( i )(c;;O,— U(0)) 1is one of the modes of vi-
bration of the shaft on elastic supports of rigi-

exists only if yw =

requiring that max U

dity K = H%/ ¢ and exists only if @y co-
incides with one of the critical speeds ghll 3
‘then we will use for it the'notation éKll(Ci
- () 052
Notice that Us4j 18 ome of plY )(é :0,0) ,
and that 9 9
&)(O 2) L (60) (2n+1) “ 7" ( 1 /2
Shes = e ==
2n+1 2n+1 LZ PA ¢
(po) . -
v sin (2n+l)n &

We need also later the solution of the follow-
ing problem
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d'v 2 5 = 2.
ah (w“"' vV =eUfg) =esinng (2.0
v(0) v''(0) (2.7)
For this solution to exist when e#0 , @y
00
must coincide with ao( ) s then
V(G =~ (%—- & ) cos g +
4L e
0,2 e Te-y
+ ¢ )(5;8x5+1, S

But we have already remarked that, under the
50,2

with non-null parame-
ters does not exist in general; for existence, the
parameters must be appropriately chosen. This bears
upon e , which simple calculations show must be

4R (260,

E)

present conditions

taken equal to if solutions of

(2.7) have to exist, so that, when all conditions
are met, the solution is
: ; 2
1 . (052) PO
V(g) =(35-8&) cosxy +U " (5555 );
(2.8)
or explicitly
~ 1 “1-coshx - .
V(&) =V(g) =d sinng +-2' m sinh x& +
Ik 5 1: . o
+-2-cosh7tl'> + (-Z--G) cos ”& (2.9)

we remark that © V contains still the indetermined
parameter d i
There is an dnterest also in the solution W(&) '

of the problem (2.6), (2.7) when e =0 , but
Wy # CO{UO) 3 then, of course, the solution is
-8
0,2)
W(Z;) U &S0 (2.10) ‘

or., explicitlxﬁh

~ 1 - cos A\ :
il G
1 - cosh )\ 1
L Lok e = D) +
ik o 51?h P-4 4—2 ( cos g

+ cosh-xg VeI A= (2..11)

lkl

( w‘p) N

We examine in the following sections the full
dynamic problem; we must remark though that, even
with-in all restrictions accepted so far on the
response of the lubricant and on the aspect of
the shaft, the non-linear problem obtained by in-
troducing in (2.3) for F explicit expressions
for the forces generated by the lubricant is still
in general a formidable one. However, some defini-
te conclusions canbe reached through an analysis
of the asymptotic behaviour under conditions when
a 1is nearly 1 ( i.e., when -the amplitude of vi-
bration in the bearings is nearly equal to the
clearance ) and the asymptotic behaviour of B
is adequately described by formulae (1,2).

3. LARGE AMPLITUDE VIBRATIONS

Under a variety of choices for the radial and
transverse component of F ( for instance, when
formulae due to Sommerfeld or to Ocvirk are used,
which refer to the case of fully lubricated full
cylindrical bearings ) a steady rotation of the



shaft is found to be linearly unstable. The analy-
sis below tries to follow up such a case of 1li -
nearly unstable behaviour and assumes that a

has reached already a value near 1 Briefly the
idea is that of constructing a function u which
satisfies asymptotically eqn (2.1) and the bounda-
ry condition (2.2) and has the following proper-
ries : (i) at é =0, |ujy behaves as a in

(1.4); (ii) the vector u rotates with a speed
which, at & =0 , approximates wy’ as given
by (1.5 1f the construction is successful we
need only to specify parameters so that

3

u .
éng has radial and transverse components pro-
28 _
portional to ~X and &= respectively, as

required by formulae (1.3). It is within the spi-
rit of the whole paper to aim at an asymptotic e-
valustion valid for large T

We must distinguish two cases

w20 L w< 26

Tn the first case the appropriate asymptotic ex-
pression for u 1is as follows i

(00)" &7
o=-2% Lo [(:ze-l)xt] 1[:2 _EJ *
= r /3]

x"‘csin‘j{,% kxzt +

3.0

~ ¢ he
+ V(&) ,Ll [(a 1)1¢CJ 3_

where V(Z;) is given by formula (2.9 and ¥

is the rotating unit vector already defined,
Substitution in (2.1) shows that in fact that

equation is satisfied apart from terms which are

of orderxr O(~l~) ; the boundary condition (2.2)
{s also satisfied, of course, and so are condi -
tions )
23(0)1= a, e
-2 \ . (G.2)
ful <;~— suy k=Y
%

;
with a and W'
spectively, apart

given by (1.4) and (1.5 re-
2yom terms which are again of
order 0( 4 -

Condition (2.3) remains to be satisfied; in
view of the fact that a and ;! are ( approx-
imately) given by (1.4), (1.3) we can take simply

<35
3:;”(?_: Y —pm o= -oxr +gTkrr O
1.3 L2 lz=o
2
3 u nas the following compenents
But =
CL L " ! )
NS O ST LS
0. S B R flodiat-3 5 S N
3 e g., (- RT Yot -2 S
( r e }5f‘ (_fcosxxﬁl P A
U lr el (s T

where, we remember, 4 is the parameter left un-
yecifi i v £ conditi 2.3) ¢
specified in V Therefore condition (2. ) can
be satisfied, up to terms of order
5

o

Loy
0( =

by taking 3
g = 1 l-cosh ™ HL X
T2 sinh 7o Elc x?

(3.4)
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Hence in this case f is positive; this

means y < 1/2 But on the other hand
(w) . i
Y = éul /o , because otherwise V(D

would not exist; hence the sclution (3.1) applies

for w > 2 50 (oo) . In conclusion:

1. If 173 - 2LD§ ), an asymptotlp solution
of our problem exists where the mode cf f vibration
is approx1mat ly the first mode on rlgld Supperts,

the speed of the whirl is é)l" independently

amplitude of viira-
the clearance, the

tion at the ?earlngs tevc'
amplltude e of Tyihration at at
increases indefinitely in t the

ment at the cantya is Odt 3§ phase w1rh‘
placement at " the huarlngs by the angle

et us consider now the alternative case

o < 2 Udgwb) then the appropriate expression

>

of u is

h } ey
1 - f ° ;}; , 3.9
SR B 3

(o -1 & CJ

n
u=Wie)

i

where %’(?,;\ is given My (2.11). Substitution
in (2.1) shows that the equation is satisfied to
within terms of ovrder o(1l/ & ) ; houndary condi-
tion (2.2) is satisfied exactly and so are the re-
lations (3.2).

The houndary condition (2.3) can again be
written in the form (3.3) but now with & = G
411 is required to obtain matching,up to terms

Py
o((1/T)* ") ,is that K be chosen as follows

X = Elc \3 (1-cos))sinh)-(l-coshN) sink
T 2HL sinx sinh)
() (3.6
cw (w20, Y
it iseasy to show that the function of » in the

right-hand side of this formula is positive when
\  is in the interval (¢ 0, 7€ ) and incyeases mo

notonically in that irterval from C to + oe
therefore (3.6) is compatible if
(=)

w o< 2wy

Tt is 2lso obvious :1on eqn (3.6) and the explicit
expression (2,113 for ﬂ &Y  that, for e DO,
the path of each point of the shaft approaches a

circumference. Tn particular, when &3 is neay
(eq)

o,
for* (G # 0 then the amplitude of vibration in
the middle of the shaft can be estimated with ths

formula

the leading term in (2.11) is the ftirsg,

1 ¥ \

£

/>
1 - COSTC(T‘;“))F“\/
£

@ /2
2 sin 7 {(————
(zwg“’ )

S0 we conclude that:
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2. When gy <2 a)gm) » an asymptotic solution

of our problem exists where the mode of vilration
I;,aﬁ;roximately the first mode on supports of ap-
;;osriate rigidit§—zncreasing from 0 to +0o
as the speed of rotation increases from 0 to

S e
2 %),

the rotational speed; the amplitude of vilration

1s specified Ey‘the condition to be equal to the

bearings clearance at the ends ( hence the whirl
is not a severe one although the amplitude is the

larger, the nearer & is to ZJD§°°) ) : the

- phase of vibration is approximately the same all
along the shaft.

4. EXTENSIONS; FINAL REMARKS
Is it possible to confirm the validity of our

results beyond the rather narrow confines of the
hypotheses expressed by formulaes (1.2} ? ‘the
statement 2 underlined in Sect.3 cap be easily
shown to have wider applicabilicy: in fact, if
one follows the analysis again, one can check
that it applies simply if & 4s larger than 1.
Thus the case of fully lubricated short eylindri-
cal bearings ( sometimes called the Ocvirk case)
can be accomodated: in that case & = 5/2, & = 1.
But one can go beyond:

Formulae (1.2) need not even be assumed at
all, provided only the lubricant forces satisfy
(1.3), whenever a_—_igg 4’ behave as required
by (1.4), (1.5) perhaps within terms of appropria-
te order, say o(E T“’_ﬂ ).

One such case is quoted in Sect.4 of Ref. &4
it is the case of very short bearings with cavita-
tion. The case is particularly interesting because
it is the only one for which explicit formulae for
the lubricant forces are known, when the hypothe-
sis of full lubrication is abandoned ( a hypothe~
sis, needless to say, which fails usually in prac-
tice ). The situarion is complex, naturally, be-
cause a new variable is involved the angle &
which specifies the attitude of the lubricated
portion of the clearance ( from & to g+ = |
measuring

2a’
8 = arcran ———
(1-29) a
from the radius which points towards the maximum

of the clearance ).
Thenone has

1 ot
fe = 5 " ‘P" a gl(a,g”} ~ Za gz(a,G) s
f 1 it 8 /
= (g - a g, (2, 0y - 2a gl(a,g Yo,
where Bys By 84 have complicated expressions

in terms of the variables a
lae (4.3) of Ref.4) Now again the appropriate
exponent in (1.4) is obtained by taking @ = 5/2;
but terms of higher order must be specified in
formula (1.5}

pl e 122 g

The choice of ¢ 1influences the phase of the
attitude angie of the cavitating zone during vi-
bration. However, in any case , f tends to a

’ e

and & (see formu-

c» 0

constant different from zeroc and f tends to
n
zero; the attendand compatibility conditions

(©) IMechE 1976

with equations (2.1), (2.2), (2.3) lead agqin,

for W= 2 k:§°°) , to statement 2.

Another interesting case is that of a heavy
shaft, when it must be inquired if trajectories of
the journals exist such that along them

fo ¥ - - wcos¥ s

o
fn w sinqp N

load

where w is the ratio W/H , with W

on the bearing

1
W= 5 pgALl .

Under hypotheses (1.2) these trajectories can
be found "
I )""1__21”_.8}_!1(,___1‘/2_)_
- ((a—l)-xt L (a-Dx=T

1/= i/2 - gﬁ__ w sin(¢/2)

(A-DT

E

Because .of the properties of the sine-integral
function, Y’ grows in time as T/2 , apart
from terms of order O(l/%) . All we need in
our analysis is to change formula (3.5) into

.
- - (; he \u-ll
w=W Y -] -

23 sIn(Z/D [} (1 cosyp + j sinp ) ,

(X-D) T ~
to prove again statement 2.

The generalization of statement 1 is not so
easy; it needs be gqualified anyway. The statement
underlined above in this Section is still applica-
ble but the restriction &< 2 remains heavy.
Fomula (3.1) must be modified considerably to co-
ver new cases, such as those we have just mentio-
ned, and the andysis becomes altogether unpleasant-
ly complex.
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