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ABSTRACT

Inspired by the success of dimensional analysis in continuum mechanics and nondimensional numbers such as Péclet, Schmidt, Lewis, and
Prandtl, we introduce the study of the Brownian motion nondimensional parameter M = conservativeforce/nonconservativeforce. In
particular, we nondimensionalise the Langevin equation for a Brownian particle of mass m moving in a fluid of viscosity y with diffusivity
coefficient ¢ under the action of a conservative force in the form of a harmonic oscillator of constant k. We identify all the possible
time-scales I, and the associated length-scales L, on the basis of the nondimensional parameter M = m kv‘z. Through this nondimension-
alisation we study the small-parameter limits with respect to M* and we identify five different regimes due to «, in opposition to the three
identified by the standard analysis on the basis of the time-scales:Ty, = m/y, T, = y/m/k, and T; = y/k. Because of the ratio-type definition
of M the leading force is established by the sign of o. For very short time-scales (o > 0), the particle is trapped at its initial condition. For
short times (o = 0), the particle has the same dynamics of a free Brownian particle. That is, the action of the conservative force is negligible.
For intermediate time (—1 < a < 0), the particle diffuses as a Wiener process, that is as a free Brownian particle at large elapsed times. The
over-damped timescale (¢ = —1) is a critical timescale where the dynamics are given by the Smoluchowski-Kramers approximation. For
long times (o < —1), the particle is trapped at the bottom of the potential well.

Published by AIP Publishing. https://doi.org/10.1063/5.0253896

I. INTRODUCTION

The Langevin equation is the most physically based mathematical
model of the Brownian motion. In this respect, it is worthy to remind
that it took indeed a quite large amount of time to achieve it: since the
original observation of the phenomenon in 1827—and the official
announcement in 1828—by Brown' to its explanation in 1905 by
Einstein” and to its mathematical formulation in 1906 by von

motion and its mathematical description go much further, then, the
original physical phenomenon in itself as proved by the pioneering for-
mulation (five years before Einstein) in 1900 by Bachelier” in his thesis
with application in finance, whose foundational role was not recog-
nized neither by his thesis director Poincaré.'’” While nowadays, the
concept of Brownian motion as a practice for including random fluctu-
ations is very well recognized as a successful modeling approach and it
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Smoluchowski’ and in 1908 by Langevin.*” The story of the under-
standing of the Brownian motion experimentally ended definitively
after one hundred years with Nobel prizes in Chemistry to Zsigmondy
(1925) and Svedberg (1926) and in Physics to Perrin (1926).
Historically, such path was not linear but filled of contradictory experi-
mental measurements”’ and slowed down by a lack of proper mathe-
matical tools that were worked out only in the 70s’ of the XIX century
by Boltzmann® within the framework of the kinetic theory of gases.”
As a matter of fact, the philosophical concepts behind the Brownian

is employed to describe a wide range of phenomena, from thermal
fluctuations of microscopic objects,” fluctuations in satellite orbits,'”
the evolution of stock prices,'” and to biological systems.'* More tech-
nically, noisy phenomena are often modeled by stochastic differential
equations (SDEs) in the same fashion of the Langevin equation,
namely by a deterministic ordinary differential equation with an addi-
tional random term.'” Many review papers about the Brownian
motion are available in the literature both technical and
historical.ﬁj’“)‘lh'”
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The Langevin equation originally allows for describing the
motion of a particle immersed in a fluid within the phase-space by tak-
ing into account the whole dynamics: that is by including both random
perturbative forcing and friction in terms of the thermal bath and of
the fluid viscosity, respectively. Forcing and friction are linked in
agreement with the conservation laws through the fluctuation-
dissipation relation.'®'” This description provides—in a whole—the
full phenomenology of the particle’s trajectory embodied by the short-
time correlated motion displaying ballistic movement and by the
uncorrelated large-time motion displaying diffusion. This last diffusive
regime at large elapsed times is sometimes roughly associated with the
Brownian motion itself by compressing the rich phenomenology of the
actual Brownian motion to the paradigm: Gaussian distribution of par-
ticle displacement, linear growth in time of displacement variance,
constant diffusion coefficient and diffusion equation.

This paradigmatic rough Brownian motion describes solely the
particle’s position by neglecting its velocity and it is also observed—in
discrete time and space—in the evolution of standard random walks
and—in continuous time and space—in the evolution of the Wiener
process.”’ The identification of the Brownian motion as described in
the phase-space by the Langevin equation with the Wiener process
referred to the particle’s position is sometimes a source of misunder-
standing between physicists and mathematicians. As a matter of fact,
the reduction of the Brownian motion to the solely diffusive regime is
so frequent that the corresponding asymptotic Langevin equation,
namely the over-damped Langevin equation, calls for a characteriza-
tion of the full Langevin equation as the under-damped Langevin
equation.

Here, we consider the under-damped Langevin equation with a
conservative force F.(x). Specifically, we consider, without loss of gen-
erality, the case of a harmonic oscillator. In this framework, the over-
damped limit is equivalent to the small-mass limit (or large-viscosity
limit) known as the Smoluchowski-Kramers approximation.”"** We
remind that a rigorous small-mass limit for Langevin-like dynamics
differs from the historical-naive approach since—under certain con-
straints—a noise-induced drift term emerges.‘)s’z“ However, there are
many other limits that can be taken. Thus, we present a framework to
analyze all such limits under a unifying nondimensional parameter.
We are still interested in the asymptotic dynamics in a small-
parameter limit, but when such parameter is not the particle’s mass.
By using the Buckingham 7t-theorem”” first we derive the many possi-
ble nondimensionalisations of the Langevin equation and later we dis-
cuss the corresponding asymptotic behaviors. In spite of the fact that
we consider the typical case of a harmonic potential, surprisingly, this
study seems to be still new in the literature.

As a matter of fact, the novelty contained in our study goes fur-
ther than such nondimensionalisation. However, dimensional analysis
is an inestimable tool for understanding fluid dynamics and, in gen-
eral, continuum mechanics. Nondimensional numbers play indeed a
key-role in theoretical studies in these fields because they establish uni-
versal relationships that allow for unveiling specific dynamical regimes
together with their governing laws that actually are not derivable from
first principles. The empirical powerfulness of nondimensional num-
bers lays on the fact that they balance and select among the terms con-
tributing to the process. The prototypical nondimensional number is
the Reynolds number. However, within the continuum mechanics
framework, transport and diffusion are described and explained, and

ARTICLE pubs.aip.org/aip/pof

finally understood, in terms of many other nondimensional numbers:
Péclet, Schmidt, Lewis, and Prandtl numbers. At the best of our knowl-
edge, such kind of successful approach was never adopted for a related
topic as Brownian motion is. In particular, it was never systematized
for studying the rich phenomenology behind a Langevin-type motion
of a test-particle. Here, we introduce the nondimensional parameter
defined by the ratio

conservative force

nonconservative force ’

The effectiveness of this novel formulation allows for studying the
whole rich phenomenology in a unitary framework in opposition to
the existing approach.

We finally refer the reader to classical treatises in statistical phys-
ics for more basic—as well as more high technicalities—that we avoid
to report in this paper.”* '

The outline of the paper is as follows. In Sec. I, we give a short
analysis on three prototypical time-scales: the relaxation time of the
velocity, the period of oscillations due to the harmonic oscillator, and
the relaxation time for the position. We show that rescaling the
Langevin equation according to these three different time-scales results
in three different systems. In Sec. III, first, the nondimensional analysis
is performed by using the Buckingham 7-theorem and all possible
time-scales are found, later, the small-parameter limits are analyzed
for those different time-scales which corresponds to five cases. This is
done by using a heuristic analysis in Sec. III B. Then in Sec. IITC, we
give results using a direct solution of the SDE as well as a brief argu-
ment using the Kolmogorov forward and backward equations (infini-
tesimal generators). In Sec. IV, we give the conclusions.

Il. PRELIMINARIES AND ILLUSTRATIVE EXAMPLES

The Langevin equation essentially is a stochastic formulation of
the Newton’s second law for a spherical particle of mass m and radius
a in a fluid medium with viscosity v, Stokes’ friction y = 67va, and
random fluctuations. All this reads

mi&t = _"/.x[ =+ V 20’17“ (1)

for certain initial conditions xy = y and % = u where x;, X, and X,
stand for particle’s position, velocity and acceleration at time t, #, is
white noise and v/24 is the amplitude of the noise and ¢ is the diffusiv-
ity coefficient. From this starting point, the Langevin equation has
been well studied through the literature.””” Defining i, = v, and re-
writing Langevin Eq. (1) within the more rigorous setting of SDEs, we
have the system

dxt = Ut dt, (Za)
mdv, = F.(x;) dt —y v, dt +2adW,, (2b)

where dW, are the increments of the Wiener process. Therefore, the
motion of the particle is driven by the sum of a conservative force
F,(x) plus the friction force and plus the thermal perturbative forcing.
As a matter of fact, when the sum of these three terms is null then the
particle is in the over-damped regime, that is the small-mass limit
m— 0 (or large-viscosity limit y — oo) considered in the
Smoluchowski-Kramers approximation, and if y and ¢ are constant,
the solution of (2) converges almost surely' " to the solution of
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dxt =

chx‘) dt + @ aw;. 3)

It is worthy to report that, for arbitrary space- or state-dependent 7y
and o, the solution of (3) depends on the interpretation of the stochas-
tic term.”” >

As matter of fact, the small-mass limit and the analog large-
viscosity limit encode the small-time limit with respect to the timescale
m/y. However, this over-damped timescale m/y is not the unique
small-parameter of the problem.”**” As illustrative examples for claryf-
ing the spirit of our study, we show that a small parameter arises in dif-
ferent forms when Langevin Eq. (2) is rescaled according to some
time-scales of physical interest. Thus, when, for example, the conserva-
tive force is the harmonic oscillator, namely,

F.(x) = —kx, 4)

actually, there are three time-scales: the relaxation time of the velocity
(T1), the period of oscillations due to the harmonic oscillator (T3) and
the relaxation time of the position ( T5), " ie.,

m m Y
T, = — T, = - T; =-.
1 y 2 \/;7 3T (5)

By assuming m — 0 for bounded y and k, and y — oo for bounded m
and k, we have the inequalities

T, <T, <Ts. (6)

In a nutshell, in the small-mass or in the large-viscosity limit, the
velocity relaxation time becomes much smaller than the oscillation
period, which in turn is much smaller than the position relaxation
time. Through this analysis the dimensionless parameter

M= @)
can be guessed, being M = (T, /T,)* = (T,/T;)*. Parameter M is
the parameter that we consider in our small-parameter limits, since it
corresponds with the small-mass (large-viscosity) or over-damped limit.

To ease the analysis, Langevin Eq. (2) equipped with (4) is nondi-
mensionalised. For the nondimensionalisation, we introduce the spa-
tial- and temporal- scales L and T, respectively, and we define the
nondimensional variables X = x/L, S=1t/T, and V = Tv/L such
that system (2) turns out to be

dXs = Vs dS, (8a)

kT? yT' 2013
AVs = ——— XgdS — = Vs dS + \| “2— dWs. (8b)
m m m2L2

Note that the Wiener process under a time change has the property
W, = Wrs = VT Ws.

We start from the short timescale, and we set T = T; = m/7y.
Therefore, system (8) is re-written as

dXs = Vs dS, (9a)
dVs = —MXsdS — Vs dS + V2 dWs, (9b)

where we have also defined the corresponding short length-scale

L=1, :1/‘;—':1: \/VEZTIVZ. (10)

pubs.aip.org/aip/pof

Note that since L; is a multiple of T} /2, this is a small length-scale.
Finally, by setting T = T; the nondimensional parameter IV arises
naturally and it appears only in front of the conservative force term.

For the intermediate timescale, we set T =T, = \/m/k.
Therefore, system (8) is re-written as

dXs = Vs dS, (11a)
M2 dvy = —M"2XsdS — Vs dS + V2 dWs, (11b)

where in analogy with (10), we have also defined the corresponding
intermediate length-scale

lom1/? G 1)

Finally, by setting T' = T, the nondimensional parameter M/ arises
naturally and it appears in front of the inertial and the conservative
force terms.

For the long timescale, we set T = T5 = y/k. Therefore, system
(8) is re-written as

dXs = Vs dS, (13a)
MdVs = —XgdS — VgdS + V2 dWs, (13b)

where in analogy with (10) and (12), we have also defined the corre-
sponding large length-scale

a ag 1/2
L=L;=,/—=,/5T5". 14
P\ vk 72’ e

Finally, by setting T = T3 the nondimensional parameter M arises
naturally and it appears in front of the inertial term only. This last is
the classical over-damped limit equation.

Thus, the three different scalings lead to three different resulting
equations and seemingly three different dynamics. Hence, the question
we study in the Sec. III is: can these time-scales be unified under a sin-
gle theory? In the following, we systematically identify all possible
time-scalings and derive their dynamics.

lll. SMALL-PARAMETER LIMITS
A. Nondimensional analysis

We perform a systematic nondimensional analysis of Langevin
Eq. (2) where all time-scales, and associated length-scales, are identi-
fied by using the Buckingham 7t-theorem.”” As in the Sec. I, we con-
sider the case with a harmonic oscillator (4). To apply the Buckingham
n-theorem, we remind that the physical dimensions of the involved
parameters are

[m] = mass, (15a)
7] = mass X time !, (15b)
]
[k] = mass x time 2, (15¢)
o] = mass® x length? x time >, (15d)
gt

where [-] denotes the physical dimension of the parameter. First, the
dimensionless combinations are found. This is done by solving the
equation

[m®’k‘c?] = unitless. (16)
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By using the dimensions from (15), formula (16) becomes

a+b+c+2d —b—2c—3d

[m*?k‘c?] = mass X time x length®.  (17)

A dimensionless constant is obtained if all the exponents are zero. This
corresponds to the matrix equation

S

0 -1 —2 -3 =1o0]. (18)

The null space of this matrix is [a, b, ¢, d] = ¢[1, —2,1,0]. This corre-
sponds to the dimensionless parameter M“ where M is defined in (7).
Looking for the timescale, formula (17) is set dimensionally equal to
time. This corresponds to the matrix equation

—
—
[\S)

S Q
(=)

0 -1 —2 -3 =11]. (19)

(=)
(=)
(=]
[\S)
(=)

Particular  solutions to this problem have the form
[1+4¢,—1 — 2¢,c, 0]. All solutions to the system can be written as

14+¢ 1

—-1-2c -2

= +0 . 0eR, (20)
Cc

QU o

which provides the timescale
T = mi oy~ 1= — % M, c+l0=aecR, (1)

where M is defined in (7). The same solution can be get by setting
¢ = 0 without losing any generality. Then, we characterize all possible
time-scales by " and derive the limits for all cases of o.. Because of the
ratio-type definition of M and of the small-parameter limit, the lead-
ing force is actually established by the sign of o. Note that the three
physical time-scales studied in Sec. II correspond to a« = 0(T)),
o=—1/2(T;),and o« = —1 (T3).

To derive the full dynamics of system (2) with the conservative
force (4), we consider the nondimensional setting (8) where we take as
timescale the general one T stated in (21) and, in analogy with the
illustrative examples of Sec. 11, as length-scale

L= \/%Tl/z, (22)

Moreover, we make the further substitution Vg = M*? Us such that
the nondimensional Langevin equation with a harmonic oscillator (4)
reads

dXs = M*?Us dS, (23a)
dUs = =M% X dS — M*Us dS + M**v/2dWs.  (23b)

Given the dynamical meaning of the nondimensional parameter M,
system (23) results in an interpreting framework for the

pubs.aip.org/aip/pof

phenomenology of the Brownian motion and, more in general, of the
Langevin-like dynamics.

B. Results

Now, we describe in a heuristic way the dynamics behind (23) in
the limit M — 0. We distinguish five cases: « >0, o =0,
—l<a<0,0=-1l,anda < —1.

Case: o > 0 (strong viscous motion)

In system (23) above, all the terms involving IM have positive
exponents. Thus, when M — 0, the dynamics are

dXs =0, (24a)
dUs = 0. (24b)

This means that the timescale is so short that the particle is stuck at the
initial condition. Nothing has happened yet.

Case: o = 0 (motion independent of the conservative force)

The only term lost in the Langevin Eq. (23) when M — 0 is the
one including the conservative force. Thus, the resulting SDE is

dXg = Us dS, (25a)
dUg = —Ug dS + 2 dWs. (25b)

For this short timescale, the particle moves as if there is no conserva-
tive force. Thus, we have the same Langevin dynamics for a free
particle.

In the case o < 0, we expect M2 Us — 0 as M — 0. This
can be proved using methods established in the literature." For neg-
ative o, we rewrite (23). In particular, such two equations can be
combined by multiplying the dUs Eq. (23b) by M~*2, solving for
the UsdS term and, finally, substituting it into the dXs Eq. (23a)
yields the SDE

d(Xs + M™*2Us) = =M™ X5 dS + V2 dWs. (26)

Looking at this last form of the nondimensional Langevin Eq. (26), we
can explore the dynamics in the three cases: —1 < o < 0, o = —1,
and o < —1.

Case: —1 < a < 0 (inviscid motion)

For —1 < a < 0, and intermediate time-scales, the limit SDE is

dx = 2 dws. (27)

Thus, the particle diffuses according to a Wiener process, analogously
to a free Brownian particle in the diffusive regime at large elapsed
times.

Case: o = —1 (motion mildly governed by the conservative
force)

For the critical case o = —1, the particle obeys the classical
over-damped  dynamics  of  the  Smoluchowski-Kramers
approximation

dXs = —Xs dS + V2 dWs. (28)

Case: o < —1 (motion strongly governed by the conservative force)
When o < —1, and long time-scales, the leading order effects are
due to the conservative force. Thus,

X5 =0, (29)
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and the particle is stuck in the potential well.

C. SDE solutions (—1<a < 0) and infinitesimal
generators («>0)

It is worthy to note that when —1 < a < 0 the SDE (26) can be
solved in a manner adopted in similar literature studies’*”” and the
asymptotic behavior can be derived. When o > 0, the infinitesimal
generators can be analyzed to prove the small-parameter limits. Thus,
here we sketch in a heuristic way how the results derived on the basis
of a SDE hold also on the basis of the corresponding partial differential
equation. Technical details are available in the literature.”>**"

In particular, the solution of (26) is

Xs = Xo + M*2(1 — =SM7)y, — MM j [1 — e -OM]x, ge

0

+\/—J[ eSO gw,, —1<a<o, (30)
and the limit as M — 0 can be taken.

For what & > 0 concerns, the infinitesimal generators can be ana-
lyzed to prove limits. The details on the technicalities for a rigorous
proof are established in the following literature.””***” In particular, the
backward Kolmogorov equations are used to analyze the limit. The
starting SDE is Eq. (23). For the analysis of the backward Kolmogorov
equation let g(x', 4/, s'|x,u,s) = g be the probability density of the
distribution of the position and rescaled velocity (x', u') of the particle
at time s given their values at (x, #) and time s < s’. The backward
Kolmogorov equation for (23) is

% = (ML, + MPLy + M2 L4) g, (1)
where
o 0

Li=—uptzm, (322)

0
Ly = 8 (32b)

0
£3 —Xa (32(:)

Since o > 0, then, every term in (31) has a positive exponent of M.

Consider for g the ansatz: g = g + M*2g, + M’g, + ---*** Thus,
to leading order

0,

% =0, = glx,ut)=gx,u). (33)

Thus, since gy (x, u), this is the initial condition for the Brownian par-
ticles’ position and (rescaled) velocity. The next-order equation is

8g1
ot

This is advection and diffusion of the initial condition. Thus, the parti-
cle is initially stuck at its initial condition and is being moved at order
M via advection and diffusion due to the initial velocity and the ran-
dom perturbation. This homogenization approach is not fully rigorous.
To prove a limit theorem more elaborate techniques can be used."”"’

=Lig=—u"+-5. (34)
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IV. CONCLUSION

In this paper, in analogy with the study of transport and diffusion
in continuum mechanics, we propose to study the motion of a
Brownian particle by means of a nondimensional parameter. In partic-
ular, we define it through the ratio between the conservative and non-
conservative forces. More specifically, we analyzed the Langevin
equation for the motion of a Brownian particle under the action of the
conservative external force of a harmonic oscillator, constant friction
and constant noise amplitude. We determined all the possible time-
scales T' (21), and the associated length-scales I (22), on the basis of
the nondimensional parameter IM[* (7) with exponent o € R. We
derived the nondimensionalised Langevin equation encoding all the
possible regimes (23). Through this nondimensionalisation we identi-
fied five different regimes provided by «. They correspond to very
short time-scales o > 0 when the particle slowly advecs according to
its initial velocity, short timescale o = 0 when the particle moves
according to the Langevin equation in the absence of an external con-
servative force as a free Brownian particle, intermediate time-scales
—1 < a < 0 when the particle diffuses as a Wiener process, that is as a
free Brownian particle at large elapsed times, long timescale o0 = —1
when the over-damped limit holds, and very long time-scales o < —1
when the particle is trapped by the conservative external force.

The effectiveness of this novel formulation allows for studying
the whole rich phenomenology in a unitary framework that is con-
trolled by the single parameter o rather than by the introduction of
three different parameters embodying three different time-scales,
namely T, T, and T; as they are defined in (5). A novel result emerg-
ing from our dimensional analysis is that the inviscid regime during
which the particle moves as a (Wiener) diffusive process is not associ-
ated with a timescale (see, T5) but to a continuous spectrum of time-
scales constrained by —1 < o < 0. Moreover, another quantitative
result concerns the fact that from the standard analysis leading to the
three times-scales T;, T,, and Ts three regimes emerge: ballistic
t < Ty; diffusive Ty <t < Ts; confined ¢t > T;. The proposed
approach allows for establishing five regimes. In fact, the very initial
(strong viscous motion) and the very final (strongly affected by the
conservative force) regimes are temporally and spatially quantified by
the two constraints o > 0 and o < —1, respectively. To conclude, not-
withstanding its easy-to-follow derivation, this new scenario paves the
path for the development of a comprehensive analysis of arbitrary
Langevin-type processes through a proper nondimensional number.

In Secs. 111 B and 111 C, we give arguments justifying the limiting
equations of each case. However, the arguments presented are not fully
rigorous. To prove a limit theorem using the solution of the SDE
directly, one must use proper techniques.'”**° To prove a weaker
form of convergence using the infinitesimal operator, like shown in
Sec. 111 C, one must use homogenization techniques.”**"*!

Here, the analysis is done in one dimension and we choose the
harmonic oscillator to allow for simple nondimensional analysis.
However, a similar scaling can be chosen for arbitrary conservative
force” but, if viscosity or noise amplitude are state dependent, i.e.,
y = p(x) or ¢ = a(x), then, the limiting equation will vary. For exam-
ple, if the over-damped timescale T; = m/7 is cosidered together with
varying friction, the limiting equation will include a noise-induced drift
term.”””" Thus, the heuristics presented here are not expected to hold.

Hence, since a noise-induced drift term arises for the overdamped
timescale with & = 0, in future perspective one interesting follow on
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question is: for general state-dependent viscosity and noise amplitude,
what are the limiting SDEs for other regimes provided by o?
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