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Abstract— This study investigates the potential of a statistical-
based, adaptive approach to unwrapping sequences of differential
synthetic aperture radar (SAR) interferograms that cover a
large swath of the terrain. The proposed method adopts a
multiscale decomposition strategy to identify efficiently and
then process sets of coherent points at different spatial scales.
The coherent point selection process is performed considering
the statistical properties of the stack of wrapped multilooked
SAR interferograms generated at various scales. Overall, the
adopted procedure allows automatically recognizing the areas in
large swath interferograms where significant and reliable phase
changes occur while moving from neighboring spatial scales. Over
these regions, multiscale phase unwrapping (PhU) operations
are performed efficiently, with a computational improvement
and without losing significant information. To this aim, the
implementation of a conditioned space-time PhU scheme that
operates sequentially at different spatial grids is detailed. Then,
the unwrapped interferograms are inverted to generate ground
displacement time series through advanced multitemporal inter-
ferometric SAR (MT-InSAR) approaches, recovering information
at different scales (from local to regional/continental). Experi-
mental results have been obtained by applying the developed
scheme to large-swath SAR datasets collected at the C band by
Sentinel-1 sensors. The results demonstrate the feasibility and
soundness of the developed multiscale PhU method.

Index Terms— Circular statistics, ground deformations, inter-
ferometric synthetic aperture radar (InSAR), multiscale, phase
unwrapping (PhU).

I. INTRODUCTION

DIFFERENTIAL synthetic aperture radar interferometry
(DInSAR) [1], [2] presently is a consolidated and reliable

technique that is routinely applied for detecting and studying
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ground surface displacements and monitoring their temporal
modifications. DInSAR has gained increasing consideration
over the last three decades due to its ability to measure
ground surface displacements with a dense grid of measure-
ment points, which is the essential distinguishing feature of
the DInSAR technology with respect to other conventional
approaches (e.g., GPS and leveling measurement campaigns).
This technology has primarily been adopted to study and
analyze distinctive Earth’s surface displacements caused by
natural (e.g., volcanic eruptions [3], [4], earthquakes [5], [6],
coastal erosion phenomena, and sea-level-rise effects [7]) or
anthropic (e.g., over-pumping groundwater and geothermal
fluids [2], underground mining [8], and land reclamations
procedures [9]) sources. Notably, for anthropogenic sources,
DInSAR provides information used to identify, respond to, and
help prevent the inevitable harmful consequences caused by
severe ground displacement (subsidence) phenomena, which
can structurally damage buildings, railways, highways, dikes,
and underground lifeline pipelines.

Several multitemporal differential synthetic aperture radar
(SAR) interferometry methods have been developed to investi-
gate ground displacement signals related to pointwise [10] and
distributed targets [11], [12], [13] on the terrain. Irrespective
of their unique characteristics, the different existing methods
have in common the primary need to identify a reliable set
of coherent points over which the subsequent phase unwrap-
ping (PhU) operations are performed. Historically, efficient
PhU methods, which operate on single interferograms by
considering only spatial constraints, were developed (e.g.,
[14], [15], [16], [17], [18], [19], [20], [21]). Subsequently,
the temporal information among sets of multitemporal SAR
interferograms was exploited by 3-D and hybrid space/time
novel PhU algorithms (e.g., [22], [23], [24], [25]) or error-
correcting algorithms [26], [27].

Present-day and future SAR missions [28], [29] are increas-
ingly making possible the acquisition of SAR images with
enhanced spatial resolutions, extensive spatial coverage, and
short revisiting times. In this context, the generation of
long-term ground deformation time series with dense spatial
grids of the measurements is becoming problematic from the
computational point of view, especially over regions where the
density of coherent points is very high or when the investigated
area is large.

To deal with the processing of large SAR datasets, divide-
and-merging PhU operations [30], [31], [32], [33] are typically
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carried out. They generally consist of 1) splitting the dataset
into small tiles that are; 2) then independently unwrapped; and
3) finally mosaicked to ensure the continuity of the solutions
over the overlapped regions. To obtain reliable unwrapped
results over disconnected and/or incoherent regions, region-
growing methods [15], [19], [34] and constrained network
optimization procedures [12], [35], [36] have also been
implemented. Furthermore, more recently, deep learning and
compressed sensed [34], [37], [38] methods have been used to
solve the twofold problem of automatically identifying regions
with significant deformation signals and unwrapping them
efficiently.

In this study, we present an adaptive, statistical-based seg-
mentation method for the processing of large swath SAR
datasets that relies on a quad-tree decomposition strategy [39]
and yields DInSAR deformation products (e.g., mean dis-
placement velocity maps and relevant time series) at different
resolution scales [19]. The developed method permits adap-
tively changing (i.e., increase/decrease) the density of the
spatial grids at various resolution scales to identify those
regions where significant phase changes occur upon moving
from one resolution scale to another. The method also automat-
ically adjusts the spatial grids of PhU operations to circumvent
problems due to incorrect sampling of the wrapped phase data
at different scales. The developed method is tested on real
SAR datasets, and its implications for the efficient processing
of stacks composed of many large-swath multitemporal SAR
interferograms are explored.

This article is organized as follows. Section II summarizes
the basic rationale of constrained network PhU optimiza-
tion with its implications for processing large swath SAR
interferograms. Section III presents an adaptive, statistical-
based segmentation method for large SAR datasets to reliably
identify regions at different resolution scales on which to
perform the subsequent PhU operations detailed in Section IV.
Experimental results for real SAR datasets in the U.S. and
Italy are shown in Section V. Algorithms performances
are derived in Section VI, and the conclusion is presented
in Section VI.

II. FUNDAMENTALS OF LARGE SWATH PHU

Section II-A first introduces the theoretical framework of
the problem of unwrapping large swath interferograms using
multigrid approaches. Then, Section II-B summarizes the
general formulation of the constrained network PhU problem,
which is at the core of the implemented PhU scheme presented
in Sections III and IV.

A. Multigrid PhU of Large Datasets

PhU [14], [40], [41] constitutes a critical processing step
employed by technologies such as SAR interferometry [42]
to estimate the phase history of recorded signals. If we
consider a (wrapped) interferogram, namely, φ, the solution of
a PhU problem generally involves searching for the (unknown)
2π -integer multiples that must be added to the measured
(wrapped) phases to get the unwrapped (full) interferometric

phases, ψ . Accordingly

ψ(P) = φ(P)+ 2πK (P) (1)

where P refers to a generic point of the 2-D (spatial) discrete
grid V of coherent pixels of the azimuth/range domain.

Over the years, numerous PhU algorithms have been pro-
posed (e.g., [17], [18], [20], [41]) to address the inherent
challenges in the processing of interferometric SAR (InSAR)
data, initially by exploiting exclusively spatial information and
independently unwrapping single interferograms. Recently, the
interest has progressively moved toward the development of
PhU methods that can incorporate spatial and temporal con-
straints (3-D) [22], [23], [24], [25], [43] as well as those that
exploit machine-/deep-learning approaches [34], [36], [37],
[38], [44].

The improved resolutions (spatial and temporal) and spatial
coverage of SAR images collected by current and upcoming
SAR missions [28], [45], [46] have brought about new chal-
lenges related to the need to generate and process long-term
sequences of SAR interferograms covering large areas of
terrain and recover spatially dense maps of ground displace-
ments [4], [10], [11], [47].

In this context, a relevant concern arises from the dimen-
sions of the interferometric input datasets, which often surpass
the limits imposed by hardware constraints or throughput
requirements. The most straightforward PhU solutions in the
literature consist of splitting the problem of unwrapping
large-swath interferograms as a mosaic of PhU solutions
attained on smaller blocks [30], [31], [48], [49]. Generally,
these methods partition an InSAR dataset (i.e., an interfer-
ogram) into a series of small blocks, process each block
independently, and then integrate the resulting blocks into the
result. However, despite the significant reduction in processing
time achieved by these algorithms, the block-division approach
poses challenges in the PhU operation [30], [31], [49]. This
is primarily due to the difficulty of obtaining a global solu-
tion based solely on the local solutions of the processed
blocks.

In this framework, the use of multigrid approaches has
offered a different practical solution to the 2-D (spatial)
PhU [19], [50], [51], [52]. They consist of discretizing the
operation over a set of grid points of the spatial domain and
solving a system of algebraic equations linked to the chosen
grid points with specific boundary conditions.

Examples of multigrid PhU methods can be found in
the literature [28], [62]. An L1 oriented multigrid method,
in particular, was initially proposed in [51]. The algorithm
adopts a tile PhU approach [30], with a recursive quad-tree-
like strategy to overcome tile PhU problems by identifying
homogeneous regions utilizing a bottom-up approach, leverag-
ing the homogeneity of individual pixels. For instance, a 2 ×

2 homogeneous area is constructed by examining the phase
values at the interfaces between the four adjacent regions, with
larger areas scaled up accordingly. The recursion terminates
upon detecting a homogeneous area. Subsequently, tiles at the
same level are recombined by minimizing the L1 norm PhU
error at the interfaces between adjacent regions. The recom-
bination step facilitates avoidance of low-modulation/highly
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noisy areas by employing a phase-weighting matrix to nullify
their contribution to the PhU error (see [51, eqs. (3) and (5)]),
enhancing the unwrapping process. In addition, interface error
checking inherently limits the probability of error propagation.

Multigrid PhU problems that solve least-squares (LSs) opti-
mization problems, which rely on minimizing the discrete
partial differential equations (PDEs) between the wrapped and
unwrapped phase data, have been developed [27], [45], [65].
In this case, the multigrid PhU problem involves transferring
the PhU operation to coarser grids, applying the Gauss-Seidel
relaxation scheme [55], [56], [57], [58], and then transferring
the intermediate solutions back to the finer grids. The full
multigrid (FMG) approach proposed by Lisano et al. [28]
belongs to this class. The algorithm’s core concept involves
storing phase partial derivatives in separate arrays and cor-
recting them at the coarser grid boundaries using an L2 norm
minimization. A notable feature of the FMG method is that
the lower sampling rates of the phase signal on coarser grids
magnify the spatial frequencies of the residual error, facil-
itating the transfer of low-frequency information from finer
to coarser grids. As a result, global solutions at finer levels
contribute to local solutions at coarser levels, thus simplifying
the solving process and enhancing the overall effectiveness
of the Gauss-Seidel relaxation scheme. Overall, numerical
experiments have shown that multigrid PhU algorithms are fast
and robust, especially in areas with medium to high signal-to-
noise ratios (SNRs) [19], [51].

B. Rationale of Constrained PhU Operations

The developed multiscale PhU scheme, detailed in Sec-
tions III and IV, implements a series of constrained network
optimization problems. In this section, we concisely summa-
rize the fundamental rationale of the (weighted) minimum L p

norm-constrained PhU problem [52], [54], which was initially
presented in [35] and adapted in [12], [59], [60], and [61] to
solve spatial and temporal PhU problems.

A constrained PhU problem allows computation of
unwrapped phases, ψ(P),∀P ∈ V , over a discrete sparse
grid of points, v, subject to the additional constraint that the
unwrapped phases related to a subset of coherent radar pixels,
V ′

⊆ V , are a priori known, namely, ψ(Q) = ψ ′(Q)∀Q ∈

V ′, where ψ ′ is the field of previously recovered (known)
unwrapped phases. To solve this problem, a “primary” planar-
connected graph, G ′

= {V ′, E ′
}, is first constructed from the

set of constrained (bounded) points of the azimuth/range spa-
tial domain, V ′, where E ′ is the set of edges (connecting arcs)
of the planar graph, G ′, which, for instance, can be obtained
by computing a (Delaunay) triangulation in the azimuth/range
domain. Subsequently, we consider a “secondary” connected
constrained planar graph, G = {V, E}, that involves all
coherent radar pixels, V , and contains all the edges of the
primary grid (i.e., E ⊇ E ′ ). This secondary graph can be
retrieved using a constrained Delaunay triangulation (CDT)
[12], [35].

An example of a CDT is sketched in Fig. 1. In particular,
Fig. 1(a) shows the discrete set of points (blue) over which the
constrained arcs of a CDT (black lines) are identified. Fig. 1(b)

shows a zoomed-in view of the generated CDT related to
the constrained arcs of the “primary” triangulation that are
highlighted in red in Fig. 1(a).

The constrained L p optimization problem to be solved is
the following:

ψ =argmin

 NE∑
q=1

wq |1ψq −1φq |
p

 (2a)

subject toψ(P) = ψ ′(P) ∀P ∈ V ′ (2b)

where 1ψq = ψ(Aq) − ψ(Bq) and 1φq = ⟨φ(Aq) −

φ(Bq)⟩−π,π are the set of unwrapped and wrapped phase
gradients computed over the selected qth edge of the graph
G = {V, E}, respectively; ⟨·⟩−π,π is the wrapping operation
and eq = (Aq , Bq) are the vertices of the generic q th edge; NE

is the number of edges and wq are the weights associated with
the graph edges. It has already been shown that the problem
in (2) is equivalent to the following [12], [35]:

ψ = argmin

 NE∑
q=1

µq
∣∣1ψq −1ζq

∣∣p (3a)

with

µq =

{
wq , eq /∈ E ′

L , eq ∈ E ′,
1ζq =

{
1φq , eq /∈ E ′

1ψ ′
q , eq ∈ E ′

(3b)

where wq is the weight of the q th edge of the computed
CDT, L is a large number (representing the infinite value),
and 1ζq includes the known unwrapped phase gradients over
the constrained edges, E ′

⊆ E , of the secondary graph G =

{V, E}.
Note that the problem in (3) with p = 1 can be solved with

minimum cost flow (MCF) networks [62], [63], [64] using
efficient network programming codes, as with the RELAX IV
solver [65].

A few additional remarks on the solution of the constrained
PhU problem in (3a) and (3b) are now in order. For the
sake of ease, let us consider again the primary and secondary
graphs of the example shown in Fig. 1. It is worth noting
that while solving the MCF problem corresponding to the
secondary graph, the phase residuals (i.e., the curl of the
phase gradients calculated over every closed triangular loop)
for every triangle of the computed CDT must be evaluated.
Considering the generic triangle of the CDT, whose arcs are
labeled α, β, and γ , the phase residuals are computed as
follows: rαβγ = 1ζα +1ζβ +1ζγ . However, since the costs
of the constrained arcs [i.e., those labeled in red in Fig. 1(b)]
are large and the phase gradients of the constrained ares are
computed from a set of a priori known unwrapped phases
[see the constraints (3b)], the following critical conditions are
verified.

1) The net phase residuals inside any convex envelope of
the primary graph (e.g., the hth triangle Trh of the primary
graph) is equal to zero, namely,

∑
Trh

rαβγ = 0.
2) While the relevant MCF network problem (3a) and (3b)

is solved, the equivalent fluxes that are generated to com-
pensate for the negative and positive residuals into these
triangular-shaped envelopes remain confined to these regions.
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Fig. 1. Example of a CDT. (a) Constrained arcs and (b) triangle of the CDT [red in (a)] at the next finer resolution scale, relevant to a set of points portrayed
in green.

Fig. 2. Multiscale resolution scheme. The resolution decreases by half in
each layer from finest (h = 1) to coarsest (h = H).

Accordingly, there is no possibility that additional corrections
of the unwrapped phase gradients over the bounded arcs of the
CDT could be found (indeed, any equivalent flux that crosses
a bounded arc would be associated with a large cost value).

3) Any triangular (convex) envelope of the primary graph
can be seen as a separate tile that could ideally be processed
independently. As a consequence, the final unwrapped solu-
tions computed on the whole set of point, V , has no phase
discontinuities, as happens for the constrained PhU global
solution. As detailed in Section IV, the latter property is
paramount for unwrapping large swath interferograms.

III. ADAPTIVE, STATISTICAL-BASED MULTISCALE
SEGMENTATION APPROACH

To describe the method proposed for the unwrapping of
large swath interferograms and the subsequent generation
of multiscale ground deformation products, let us con-
sider a group of N SAR images collected at the ordered
times, collected at the ordered times, t = [t0, t1, . . . , tN−1],
which are preliminarily co-registered to a common ref-
erence image. Starting from this dataset, a series of M
InSAR data pairs are selected. Let [1t1,1t2, . . . ,1tM ] and

[1b⊥1,1b⊥2, . . . ,1b⊥M ] be the vectors of the temporal and
perpendicular baseline associated with the selected InSAR data
pairs.

The adopted multiscale PhU approach requires generating
some sequences of M multilooked differential SAR interfero-
grams at H distinctive resolution scales. Specifically, let

8(h)
=

[
φ
(h)
0 , φ

(h)
1 , . . . , φ

(h)
M−1

]
h = 1, 2, . . . , H (4a)

and

9(h)
=

[
ψ
(h)
0 , ψ

(h)
1 , . . . , ψ

(h)
M−1

]
h = 1, 2, . . . , H (4b)

be the (known) wrapped and (unknown) unwrapped multi-
looked SAR interferograms at the considered resolution scales,
respectively, where Naz

(h) and Nrg
(h) are the azimuth and

range multilook factors adopted for the hth generic scale.
For the sake of simplicity, we also assume that the azimuth
(range) looks double moving from adjacent scales: Naz

(h)
=

2Naz
(h−1)(Nrg

(h)
= 2Nrg

(h−1)), and the h = 1 grid has the finest
spatial spacing (see Fig. 1). It is worth remarking that the latter
grid does not necessarily correspond with the single-look scale.
We also assume that PhU operations can be straightforwardly
carried out at the h = H scale, with no need to further reiterate
the developed PhU procedure to coarser scales, the number of
detectable coherent SAR pixels at that scale being less than a
critical value (i.e., the maximum number of pixels that must be
processed considering the temporal extent of the SAR datasets
and the available hardware capabilities).

In this section, we preliminarily focus on the problem
of identifying a reliable set of SAR pixels at the different
resolution scales over which the proposed network-constrained
multiscale PhU technique (see Section IV) is subsequently
applied. To this aim, a statistical, multigrid segmentation
algorithm is fully detailed. The algorithm exploits circular
variance statistics [66]; it is implemented to identify, at the
generic hth scale, a group of reliable, coherent SAR pixels,
denoted as �(h), over which the gradient of the (wrapped)
phase signal from the h + 1th to the hth scale is appreciable.
This way, the PhU procedure is implemented at the coarser
resolution scales only on a reduced number of points, which
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Fig. 3. Interpolation operation from the coarser grid h + 1th to the finer
hth grid.

are, however, sufficient to retrieve and follow the spatial
dynamic of the (global) “true” signals inherent to every single
spatial scale.

The implemented procedure recursively moves from the
coarsest ( h = H ) to the finest (h = 1 ) scale. Considering
the generic hth scale, it consists of the following steps.

1) First, a set of coherent SAR pixels is determined at the
hth scale by exploiting the phase triangulation property of
multilooked SAR interferograms and calculating the triangular
coherence factor as follows [35], [67]:

γ (h) =
1
Tr

∣∣∣∣∣
Tr∑

k=1

exp
[

jφ(h)Tr,k

]∣∣∣∣∣ ∈ [0, 1] (5)

where Tr is the number of triplets that can be computed
considering the M interferograms generated at the generic
scale h, φ(h)Tr,k is the curl of the wrapped multilooked phases
over the kth triangle, and j =

√
−1 is the imaginary unit.

2) The second step concerns the estimation of the low-pass
(LP) phase stack at the scale h based on the phase values at
the h + 1 scale as follows:

φ
(h)
LP,k = arctan

 I (h)(h+1)

(
sin
(
φ
(h+1)
k

))
I (h)(h+1)

(
cos
(
φ
(h+1)
k

))
k = 1, . . . ,M (6)

where I (h)(h+1) is the operator that interpolates the signal from
the coarser h + 1th grid to the finer hth grid (see Fig. 3).

3) The third step concerns the determination of the fol-
lowing interscale high-pass (HP) phase components, which is
mostly insensitive to atmospheric phase artifacts:

φ
(h)
HP,k = ⟨φ

(h)
k − φ

(h)
LP,k⟩−π,π , k = 1, . . . ,M. (7)

4) The circular variance [66] of the HP phase components
is thus computed

Var(h) = 1 −
1
M

∣∣∣∣∣
M−1∑
k=0

e j
(
φ
(h)
HP

)∣∣∣∣∣. (8)

5) Finally, only SAR pixels characterized by a signifi-
cant HP phase component, selected as those with a circular
variance, Var(h), exceeding a fixed threshold, t1, and with a
triangular coherence, γ (h), greater than a threshold, t2, are
selected to form the set of reliable, coherent SAR pixels,
�(h) = {P : Var(h) ≥ th1} ∩ {P : γ (h) ≥ th2}, over which
the subsequent PhU operations are performed (see Section IV
for more details). To further reduce the number of SAR pixels
to be processed at the hth scale, a quadtree segmentation
process [51], [68], [69], [70] is also implemented. In this case,

the set of reliable, coherent pixels characterized by significant
HP phase residuals is iteratively computed as follows:

�(h)=
{

P : Var(h)≥ th1
}

∩
{

P : γ (h)≥ th2
}
∩ I (h)(h+1)

(
�(h+1)).

Concerning the coarser scale, i.e., with h = H , the coherent
SAR pixels at this scale are straightforwardly selected using
only the triangular coherence: �(H) = {P : γ (H) ≥ th2} and
the cardinality of this dataset is assumed less than the maxi-
mum number of points that must be processed considering the
hardware capabilities constraints and the adopted thresholds.

Finally, at the finest grid, i.e., with h = 1, the set of coherent
points is determined as �(1) = {P : Var(1) ≥ th1}∩{P : γ (1) ≥

th2} ∪ {P : γ (1) ≥ th3} where {P : γ (1) ≥ th3} is introduced to
preserve the very coherent targets (with th3 ≫ th2 ) that can
be analyzed at the finest grid.1

IV. MULTISCALE PHU OF LARGE-SWATH SAR
INTERFEROGRAMS

This section describes the main steps of an efficient PhU
strategy for large swath datasets that combines multiscale
global and local solutions in a unique framework, guaranteeing
a good balance between computational burden and algorithm
efficiency.

The final goal is to unwrap the interferograms at the finest
scale, using the (global) unwrapped solutions obtained at
the different spatial resolution scales. Indeed, at the finest
resolution scale, the number of detected coherent pixels can
exceed the maximum number of points that PhU solvers can
simultaneously process, considering the spatial extent of the
processed swaths, the hardware limitation, and the overall
computation time. To circumvent these problems, a multiscale
PhU scheme, which iteratively operates at different H scales,
is proposed. The number of resolution scales, H , depends
on the spatial extent of the imaged swaths (from local to
regional/continental) as well as on the number of threats/cores
that could be occupied once dynamic programming algo-
rithms [71] are used to solve the PhU problem.

To this aim, a constrained PhU optimization (see
Section II-B for details) is implemented at the generic hth
scale.

A. Constrained Primary-Graph PhU

The primary graph of the constrained PhU procedure,
G ′(h)

= {�′(h), E ′(h)}, is built upon a set of very coherent
points, �′(h), whose unwrapped phases are known, having
been recovered from the (global) PhU solutions computed at
the h + 1 higher scale, ψ (h+1)

i . In particular, the unwrapped
phases of the (bounded) constrained points, ψ (h)

i (�′(h)), are
obtained by first spatially interpolating the PhU solution,
ψi

(h+1), on the grid of coherent points at the hth scale �′(h),
thus obtaining the signal ψ̂ (h)

i (�′(h)) = I (h)(h+1)(ψ
(h+1)
i )(�′(h)),

and then using the following mathematical relation:

ψ
(h)
i

(
�′(h))

= ψ̂
(h)
i

(
�′(h))

+ ⟨φ
(h)
i

(
�′(h))

− ψ̂
(h)
i

(
�′(h))

⟩−π,+π

i = 1, . . . ,M. (9)

1If the finest resolution grid corresponds to the single-look scale, the
triangular coherence cannot be calculated, and it can be substituted, for
instance, by the spectral diversity factor defined by Equation 2 of [67].
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Equation (9) relates the unwrapped phase of the i th inter-
ferogram at the hth scale, ψi

(h)(�′(h)), with the interpolated
(global) unwrapped solution obtained at the higher h +1 scale
ψ̂
(h)
i (�′(h)), where the second terms on the right-hand side

of (9) is mandatory to have unwrapped phases that differ from
the wrapped ones by integer multiples of 2π .

The set of very coherent points for which the phase is
well-constrained by PhU at higher scales, �′(h), is identified
as follows. At the h th scale, the points �′(h) do not belong
to �(h) and are selected among those very coherent, i.e.,
{P : γ (h)(P) ≥ th2}, for which the relevant HP phase residuals
between the neighboring h + 1 and h scales [see (7)] are
minimal to reliably assume that they do not require further
unwrapping. Similar to what was done in Section III, the cir-
cular variance of the HP phase residuals, Var(h), is considered
[see (8)]. However, in this case, the pixels to be selected
are those with small values of the HP circular variance.
A preliminary set of candidate SAR pixels over which to
retrieve the (bounded) PhU values through (9) is selected based
on a “first guess” at the circular variance threshold, ε ≪ th1,
applying the criteria

�(h)ε ≡
{

P : Var(h)(P) ≤ ε
}

∩
{

P : γ (h)(P) ≥ th2
}
. (10)

The set is also refined by applying an additional test
to verify the correctness of the unwrapped phases ψ (h)

i at
the coherent candidate points location, �(h)ε , computing their
temporal coherence, ρ [see 34]. To this aim, the following LSs
problem2 is solved:

A ·8(h)
= ψ (h) (11)

where 8(h) is the phase vector associated with the SAR
acquisitions. Then, starting from 8(h), the vector of phase
residuals

r(h) = A ·8(h)
− ψ (h) (12)

is computed. Hence, the temporal coherence factor ρ is finally
calculated as follows:

ρ =

∣∣∣∑M−1
k=0 e jr (h)k

∣∣∣
M

. (13)

Only those pixels belonging to �(h)ε that are characterized by
very high values of the temporal coherence (e.g., higher than
0.9 ) are selected as the bounded points for the constrained
PhU optimizations performed at the h th scale, i.e.,

�′(h)
≡ �(h)ε

⋂{
P : ρ(h)(P) ≥ 0.9

}
. (14)

B. Constrained Secondary-Graph PhU

The secondary graph, G(h)
= {�(h), E (h)

}, refers to a set
of coherent points, �(h), identified at the given h scale (see
Section III) for which the phase solution must be refined, i.e.,
those with large values of the HP circular variance. Over these
points, the (local) PhU solutions are computed by solving
constrained PhU optimizations on V = �(h) ∪ �′(h) set of
coherent points [see (2) and (3)]. To facilitate PhU procedures

2Generally, SBAS [11] or any other temporal InSAR methodology [10],
[47] can be used to compute the phase vector 8(h).

Fig. 4. Pictorial representation of tiles decomposition adopted by the
developed multiscale PhU approach. (a) Map of coherent pixels retrieved at
the 2 × 10 (azimuth × range) scale by processing the Sentinel-1 SAR dataset
relevant to Sicily Island, Italy. (b) Three subtriangulations were computed
from three sets (i.e., Z = 3) of nonoverlapped pixels that are represented in
blue, yellow, and white, respectively.

and reduce PhU errors, the local networks are calculated by
first computing a CDT over the points of the second graph.
The bounded arcs are those of the primary network. The
spatial arcs of the secondary network, representing a spatial
triangulation in the azimuth/range domain pertaining to �′(h),
can be straightforwardly identified by building up a Delaunay
triangulation. A more sophisticated approach could also be
applied, improving results in reduced PhU errors and solution
reliability at the expense of increased computation time (see
Appendix).

C. Further Remarks on the Algorithm Implementation

A few additional remarks concerning the implementation
of the developed PhU scheme are now in order. First, it is
worth highlighting that every triangle of the primary graph
determines a convex envelope whose relevant points can
be independently unwrapped (as detailed in Section II-B).
Accordingly, in the case that the number of points to be
processed at the hth scale �(h) exceeds a given threshold
value (e.g., a few million), the secondary graph can be easily
split into a series of Z subnetworks (e.g., tiles) made of
several triangles of the primary graph that can independently
be processed, exploiting high-performance computing (HPC)
[72] and dynamic processing algorithms (e.g., [71]), as in the
pictorial representation shown in Fig. 4.

Furthermore, it is interesting to note that, in a limiting con-
dition, every triangle of the primary graph could be processed
independently. Indeed, in contrast to other PhU methods for
unwrapping large swath interferograms that are based on
splitting and reassembling the PhU solutions using spatially
overlapped tiles that are not generally spatially consistent,
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Fig. 5. Flowchart of the proposed adaptive multigrid PhU approach.

in our case a global PhU solution is available and guides
PhU operations performed locally. In view of this, the adopted
segmentation and network-constrained PhU scheme does not
require the application of sophisticated operations to make the
different tiles consistent when mosaicked.

Accordingly, the proposed method is intrinsically applicable
for parallel PhU computing, generating local (high resolution
and low spatial coverage) and regional/continental (shallow
resolution and very extended spatial coverage) ground defor-
mation maps and relevant products.

The block diagram of the developed multiscale PhU scheme
for processing large swath multitemporal differential SAR
interferograms is shown in Fig. 5. The adopted scheme
assumes that the operations performed at the finest grid (i.e.,
h = 1) require the preliminary (global) PhU solutions com-
puted at all coarser grids up to the coarsest (H -th) resolution
scale. This process resembles the ascent visiting order of the
V -cycles discussed in the work of Pritt [19]. At the highest
scale (coarsest and low spatial sampling), a standard MCF
PhU problem is solved (or generally, any other equivalent L p

PhU method could be solved, also including space-time 3-D
or hybrid 2-D + 2-D PhU technique). Subsequently, the V -
cycle is visited in descending order, from the highest (coarsest,
low spatial sampling) to the lowest (finest and high spatial
sampling) grid, and the PhU solutions at higher grids (global
solutions) are mapped into lower grids (local grids) until the
first scale is processed. We finally remark that the developed
PhU scheme is modular and, therefore, it can be used to
unwrap even a subset of the whole coherent points identified at
the distinctive scales and focus on specific regions of interest
with no need to unwrap the whole set of coherent points at
the finer scales.

Fig. 6. Selected short baseline data pairs (red arcs) generated from Sentinel-1
SAR data (black triangles) related to the Central Valley test area.

V. EXPERIMENTAL RESULTS

In this section, we apply the developed multiscale PhU
method to two SAR datasets in the U.S. and Italy, and we
test experimentally the efficiency of the segmentation and
unwrapping procedures.

A. Central Valley Case Study

The first dataset consists of 92 SAR images of the Central
Valley of California, U.S., collected by the European Coper-
nicus Sentinel-1A/B SAR sensors from January 14, 2016 to
December 23, 2018 (ascend ing orbits, Path 137). Three
sequences of 1056 short baseline differential SAR multilooked
SAR interferograms were generated from this set of SAR
images, selected by imposing a maximum temporal baseline
of 144 days. We considered three distinctive spatial scales
with 4 × 20, 8 × 40, and 16 × 80 looks (azimuth × range),
respectively. The distribution of the used SAR images in the
temporal/perpendicular baseline plane as well as the identified
network of short baseline InSAR data pairs are shown in
Fig. 6. For the interferogram generation [41], [42], precise
satellite orbit information and the one-arc-second shuttle radar
topography mission (SRTM) digital elevation model (DEM) of
the region were used to remove the topographic phase contri-
butions from the interferograms. To illustrate the effectiveness
of the developed multiscale PhU method, we first applied
the adaptive, statistical segmentation approach described in
Sections III and IV and identified, at the three selected scales,
the relevant group of coherent SAR pixels, where the devel-
oped constrained network PhU optimization procedure was
subsequently applied. Fig. 7 portrays the masks of coherent
SAR pixels at the scales (a) 16 × 80, (b) 8 × 40, and (c) 4 ×

20, highlighting those of the primary and secondary graphs of
the constrained-network-based PhU strategy.

The number of coherent SAR points at the given scales is
also pictorially represented through the histograms shown in
Fig. 8. The two higher spatial resolution sets (8 × 40 and 4 ×

20 scales) of multitemporal, multilooked SAR interferograms
have sequentially been unwrapped by the method detailed in
Sections III and IV.3 The mean ground deformation velocity

3To increase the number of detectable points, the interferograms are
first unwrapped on sparse grids of coherent SAR points and then spatially
interpolated to get the unwrapped phases in correspondence with all pixels of
the imaged scene.
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Fig. 7. Coherent SAR pixels at scales at (a) 16 × 80, (b) 8 × 40, and (c) 4 × 20, highlighting primary and secondary points in black and red, respectively,
in (b) and (c). The mask at the 4 × 20 scale zoomed-in view on an area in the central part of the Central Valley. The blue points are those of the very
coherent set of points for which the phase is well constrained by the PhU at higher scales.

maps and the time series of ground deformations were com-
puted at the three inherent scales by processing the sequences
of unwrapped multilooked SAR interferograms with the small
baseline subset (SBAS) [11] technique.4

Fig. 9(a) shows the velocity ground deformation map at the
coarser scale (16 × 80), where only the coherent points that
exhibit a temporal coherence value larger than 0.7 are depicted
on the map. Specifically, to appreciate the benefits of the
improved spatial resolution at this scale, in Fig. 9(b), we focus
on the patch at 4 × 20 scale highlighted by the rectangular
box overlaid on the map of Fig. 9(a). Time series plots for
two points in Fig. 9(b) are shown. Significant subsidence
at II has been identified previously using L-band UAVSAR
data [75]. We also show in Fig. 9(c) and (d) the maps of the
ground deformation velocity differences between the scales
16 × 80–8 × 40 and 8 × 40–4 × 20. We further remark
that the adopted multiscale PhU method is paramount since it

4The atmospheric phase screen (APS) contributions have properly been
estimated and compensated for using the method implemented in SBAS,
also complemented with the approach proposed in [73]. The (wrapped)
interferograms were also preliminarily processed to correct the systematic bias
components evidenced in [74] which however were rather limited since we
selected and exploited interferograms with a relatively high temporal baseline
(e.g., we imposed a maximum temporal baseline of 144 days).

allows not only unwrapping large swath interferograms effi-
ciently, as further confirmed by the analysis of the algorithm
computational burden detailed in Section VI, but also to
automatically discovering and highlighting specific ground
deformation signals that are characteristic of a determined
spatial scale. This kind of analysis can be definitely improved,
and help identify and recover “hidden” signals in multiscale
sequences of deformation time series, for instance, with tools
based on machine learning (ML) for anomaly detection with
multiple time series [76], [77], [78], [79], [80].

B. Italy Case Study

We also applied the developed PhU multiscale scheme to
a time series of 34 C-band SAR images acquired by the
Sentinel-1A instrument from January 6, 2023 to February 6,
2024, with ascending passes (Path 44). The investigated area
extends for approximately 1000 × 300 km and covers most
of the Peninsula of Italy, from Sicily to the Alps. Fig. 10
shows the distribution of the used SAR data in the tem-
poral/perpendicular baseline plane and the set of M = 330
InSAR data pairs selected by imposing a maximum interfero-
metric temporal baseline of 144 days.
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Fig. 8. Histograms of number of points identified at (a) 8 × 40 and (b) 4 × 20 scales, respectively. The histograms in gray account for the number of
coherent points satisfying {P : γ (h)(P) ≥ 0.7}, whereas those in red and blue for the groups of ω′ and ω′. The reduction improvement is given by the decrease
percentage of the coherent points between histograms in blue and gray.

Fig. 9. (a) Mean ground deformation velocity map at 16 × 80 scale for Central Valley area. (b) Zoomed-in view at 4 × 20 scale of the area highlighted
by the white box in (a). (c) and (d) Mean ground deformation velocity difference between the (16 × 80 and 8 × 40) and (8 × 40 and 4 × 20) scales,
respectively. (I) and (II) Time series of ground deformation of two selected pixels in the zoomed-in view area (b). 4 × 20, 8 × 40, and 16 × 80 correspond
to 3292 × 3388, 1646 × 1694, and 823 × 847 pixels in azimuth and range, respectively.

Four sets of multiscale, multilooked differential SAR inter-
ferograms were generated considering the multilook factors of
(azimuth × range) 16 × 80, 8 × 40, 4 × 20, and 2 × 10. As an
example, we show in Fig. 11(a), a selection of three differential

SAR interferograms of the area with temporal baselines of
(a) 12 days, (b) 48 days, and (c) 144 days.

By applying the PhU methods described in Sections III
and IV, we processed the relevant four stacks of interfero-
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Fig. 10. Selected short baseline data pairs (red arcs) generated from
Sentinel-1A SAR data (black triangles) related to the Italy test area.

grams. The number of coherent SAR pixels involved in the
PhU operations at the four distinctive resolution scales is
displayed through the histograms in Fig. 12.

The generated stacks of unwrapped interferograms were
then inverted through the SBAS approach [11], [35] to retrieve
the mean ground deformation velocity map of Italy at the
different scales. Fig. 13(a) shows the ground deformation
velocity map related to the coarser scale (i.e., 16 × 80)
superimposed on an amplitude map of the area. Only SAR
pixels characterized by a temporal coherence greater than
0.7 are displayed in this map. The map of the temporal
coherence at the 16 × 80 scale is shown in Fig. 13(b). Note
that the PhU operations have exclusively been performed at the
coarser scale by applying the extended MCF (E) approach,
followed by the PhU correcting step described in [27]. The
subsequent PhU operations at the remaining scales have then
been performed as detailed in Sections II and III. Specifically,
Fig. 13(c) shows the map of the circular variance between
the 16 × 80 and 8 × 40 wrapped phases. The pixels in
red highlight the coherent zones where the phase circular
variance is low. This map is used to adaptatively identify the
pixels at the 8 × 40 scale where constrained PhU operations
(considering both the constrained and unconstrained points)
are subsequently performed. Several spot areas characterized
by significant deformation patterns can be seen at the national
scale, and especially the areas nearby Mt. Etna, Sicily Island,
and the zone of the Phlegraean fields caldera along the
Southern coast of Italy in the vicinity of the city of Naples.
These areas are known to be currently affected by ground
deformation episodes linked to the Mt. Etna eruptions in
Sicily and the on-going phenomenon of bradyseism in the
Phlegraean Fields caldera. To make evident the deformation
signals at the finer scale, we show in Fig. 14(a) the map of
the mean ground deformation velocity of the Phlegraean Fields
caldera and surrounding area, respectively. We also show in
Fig. 15 the map of the ground deformation difference between
the 8 × 40 and 4 × 20 scales to highlight the areas where
local anomalies are present. We observe that 9.41% of the
coherent pixels identified at the 4 × 20 scale considering the
circular variance metrics are effectively located in areas where
the ground deformation difference between the neighboring
scales 8 × 40 and 4 × 20 is larger than 10 mm/year. Finally,
as representative of the deformation pattern of the entire area,
we plot the ground deformation time series of three selected
points located in the caldera region, see Fig. 14(I)–(IV). The
geological analyses of these ground deformation products as

well as their implications for the management of the risk
conditions in the area are in progress and, however, are outside
the scope of the study reported here.

VI. ALGORITHM PERFORMANCE ANALYSIS

Section VI provides readers with some observations related
to the computational burden of the developed multiscale PhU
method. In particular, the analysis of the computational cost
of the PhU scheme is provided considering the three different
(macro) processing steps that compose the method detailed in
Sections III and IV and outlined in Fig. 5.

A. Multiscale Segmentation Procedure

The implemented procedure recursively moves from the
coarsest (h = H ) to the finest (h = 1) scale. The workload
during each recursion on every grid directly correlates with
the total number of (coherent) SAR points at the finest scale,
namely, q , as it applies to each subprocess: 1) interpolation;
2) triangular coherence determination; and 3) circular vari-
ance estimation. Since the number of points at each grid is
approximately a constant fraction of that of the next finer grid
(one-fourth), it can be demonstrated that the computational
complexity of the implemented multiscale segmentation (quad-
tree-like) is as follows:

CMS = O

(
H∑

h=1

2M ·
q

22(h−1)

)
∼= O

(
M · q

6
·
(
1 − 2−2H)).

(15)

Indeed, most of the computational cost of the segmentation
algorithm is linked to the interpolation processes of the M-
wrapped interferograms performed whilst moving between
neighboring scales (e.g., from h + 1 to h), see (6). This
cost strictly depends on the number of points, namely, qh =

(q/22(h−1)), at the generic h th scale, and for a bilinear
interpolator [81] is of about O(2M · qh), where the factor
2 is due to the fact that the sine and cosine components of the
complex signal exp( jφ(h+1)

k ) must be separately interpolated.
Hence, (15) is derived by summing up the costs for the
interpolation procedures performed at the different resolution
scales, considering globally negligible costs for the calculation
of the maps of circular variance and triangular coherence,
which permit identifying the coherent points at every scale.

B. Spatial Triangulations and CDT Generation

The investigation of optimal triangulations for a set of
points q in a plane was the subject of extensive research in
computational geometry [82]. It is one of the most longstand-
ing open problems in the literature on the subject [83], and
various optimality criteria have been explored, among which
the weight (e.g., Euclidean distance) of each arc stands out as
one of the most prominent [84], [85].

Considering the weights defined by (14), in this work,
we applied a solution based on a CDT [86], whose computa-
tional cost is

CTR = O(m log(m)) (16)
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Fig. 11. Selection of three differential interferograms of the Italy area relevant to the SAR data pairs collected on (a) January 1, 2024 and January 13, 2024
(12 days), (b) December 20, 2023 and February 1, 2024 (48 days), and (c) September 15, 2023 and February 6, 2024 (144 days). The interferograms scale
is 16 × 80, which corresponds to 6023 × 867 pixels in azimuth and range.

Fig. 12. Histograms of number of points identified at (a) 8 × 40, (b) 4 × 20, and (c) 2 × 10 scales, respectively. The histograms in gray account for the
number of coherent points satisfying {P : γ (h)(P) ≥ 0.7}, whereas those in red and blue for the groups of ω′ and ω′. The reduction improvement is given
by the decreased percentage of the coherent points between histograms in blue and gray.

where m indicates the set of potential nonintersecting spatial
arcs that must be scanned while the minimum weight triangu-
lation is computed using a Greedy approach.

C. Multiscale PhU Operations

As described in Section IV, the developed multiscale
optimization consists of different constrained network PhU
operations performed at the primary and secondary graph

levels. Let us consider the finest resolution scale and let q
be the number of coherent points identified at this scale. The
spatial (optimal) triangulation computed starting from these
q points is composed (worst case) of q − 2 triangles and
(3q − 6/2) nonintersecting connecting arcs. Assuming the
PhU operations of the selected M differential SAR interfero-
grams are performed using MCF-oriented solvers, the required
computational cost can be inferred considering that the MCF
solution relies on a relaxation approach and, in the worst case,
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Fig. 13. (a) Mean ground deformation velocity map at the 16 × 80 scale superimposed to an amplitude map of the area. (b) Temporal coherence map and
(c) circular variance map between 16 × 80 and 8 × 40 scales. The 16 × 80 scale corresponds to 6023 × 867 pixels in azimuth and range.

Fig. 14. (a) Mean ground deformation velocity map at 2 × 10 scale. (b) Zoomed-in view of the region highlighted by the white box in (a). (I)–(IV) Time
series of ground deformation for the points labeled as (I)–(IV) in (b). The 2 × 10 scale corresponds to 48 188 × 6942 pixels in azimuth and range.

the cost of relaxations is given by [63] and [65]

CM = O
(

Mnm2CU 2) ∼= O
(
9q3 MCU 2) (17)

where n = q −1 and m = 3q −6 are the number of nodes and
arcs of the equivalent networks, U is the MCF network arcs
capacity, and C is the maximum cost of the MCF network
arcs.

Splitting the PhU operations over the (primary) graph into
a series of Z independent operations performed on corre-
sponding nonoverlapping Z tiles (e.g., see Fig. 4), which are

composed of (q/Z) − 1 triangles and 3(q/Z) − 6 arcs, the
computational cost of the PhU operations5 performed over M
SAR interferograms is

CM,Z = O
(

Z M
( q

Z
− 1
)(

3
q
Z

− 6
)2

CU 2
)
. (18)

5For the sake of simplicity, we assume that MCF operations are performed
independently using 2-D approaches. However, an additional cost has to be
considered when 3-D [22] or hybrid 2-D+2-D [23], [24] PhU approaches are
used.
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Fig. 15. Map of the ground deformation difference between the 8 × 40
and 4 × 20 scales for the area highlighted with the white box in Fig. 14(a).
8 × 40 and 4 × 20 scales correspond to 12 047 × 1735 and 24 094 × 3471
pixels in azimuth and range, respectively.

However, the adopted network-constrained PhU solution
also requires knowledge of the unwrapped phases relevant to
the primary graph points derived from the neighbor (coarser)
spatial resolution grid. This operation has an additional com-
putational cost. Considering that neighbor scales have (in our
worst case) one-fourth of the coherent points, this cost is

CM,V = O
(

M
(q

4
− 1
)(

3
q
4

− 6
)2

CU 2
)
. (19)

Our adopted PhU scheme consists of the solution of an
MCF problem at the coarsest spatial grid, i.e., h = H ,
followed by a series of constrained network optimizations
over the remaining H−1 spatial resolution scales. Considering
the implementation of an MCF-oriented PhU optimization
described in Section II, the adopted strategy consists of solving
the problem by generating a CDT and simply imposing that
the cost of constrained arcsµc = L are much larger than the
cost of the unconstrained arcs µu = wq = w,∀q [see (3a)]
where wq is the weight of the q th edge of the computed
CDT. Considering this implementation of the problem, the
total computational cost of the method is

Ctotal =

H∑
h=1

Ch
M,V

= O

(
H−1∑
h=1

M Z(qh − 1)
(

3
2
(qh − 2)

)2
µc

µu
CU 2

)

+ O
(

9
4

MqH Z(qH Z − 2)2CU 2
)

(20)

where qh = (q/z · 22(h−1)) is the total number of SAR pixels
in a tile of the hth spatial resolution scale.

Note that the PhU operations related to the coarser res-
olution scale are directly performed on the total number of
points at the H -scale (i.e., (q/22(h−1)) = Z · qH ), with
no tiling operations, and accordingly, the last term of (20)
accounts for the computational cost of these operations. After
some trivial mathematic manipulations and considering qh =

(q/Z · 22(h−1)) >> 1, h = 1, . . . , H , (20) simplifies as
follows:

Ctotal = O
{

9M ·
µc

µu

q3

Z2 CU 2
[

2−6
− 2−6H

1 − 2−6

]}
+ O

(
9M ·

q3

26H
CU 2

)
. (21)

As a further remark, we observe that as the number of
scales increases, the computational cost of the MCF operations
performed at the coarsest resolution scale becomes rapidly
irrelevant; accordingly, the total computational cost of the
algorithm can be approximated as follows:

Ctotal = O
{

9M ·
µc

µu
·

q3

Z2 · 26 CU 2
}

= O
{

9q3 MCU 2
(

1
Z2 ·

µc

µu
· 2−6

)}
=

(
µc

µu
·

2−6

Z2

)
CM . (22)

Equation (22) demonstrates that the total computational cost
does not depend significantly on the number of resolution
scales, H , even though the coarser scales are fundamental to
recovering reliable global PhU solutions and avoiding the tile
recombination problems of the alternative solutions to solve
the problem of unwrapping large swath interferograms [35],
[49].

Fig. 16(a) and (b) shows the trends of the computational
costs for the PhU using MCF [see (17)] and the multitile
solution [see (18)]. Fig. 16(a) shows the dependence of the
MCF cost with q3. Using a tiling approach, the trend becomes
proportional to Z2 as shown in Fig. 16(b).

More importantly, (22) shows that the multiscale PhU
method efficiency (worst case) is equal to

ε =
CM

Ctotal
= 26

· Z2
·
µu

µc
(23)

which is plotted in Fig. 16(c) where we considered a value of
µc/µu = 102, which has been shown experimentally to be suf-
ficient to guarantee reliable (constrained) unwrapped results.
Note that in the case that the constrained PhU problems were
solved with selected slice numbers equal to Z = 2r , r =

0, 1, 2, . . . the algorithm efficiency would be ε = 0.01 ·2(2r+6).
Finally, it is worth remembering that (23) refers to a

sequential implementation of the developed multiscale PhU
method, and, as expected, the efficiency is higher if more
tiles are used [see Fig. 16(c)]. However, the developed PhU
scheme can automatically and straightforwardly be imple-
mented considering dynamic processing adaptations. Indeed,
every single tile at each resolution scale can independently
be processed in parallel on different machines, except for the
solution of the MCF problem at the coarsest scale [which,
however, has a reduced cost because the number of pixels
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Fig. 16. PhU computational cost using (a) MCF relaxation-based approach and (b) multiscale. (c) Efficiency of the proposed method. Note that, q and z are
the number of coherent points identified and the number of nonoverlapping tiles at each scale.

at that scale is in the order of q/2(H−1) ]. Accordingly,
the efficiency of the implementation of our developed PhU
scheme on multicore/multithread architectures is expected to
dramatically increase. This is a matter for further extended
investigations.

VII. CONCLUSION

In this work, we have proposed a solution for process-
ing large-swath SAR interferograms. By leveraging statistical
properties and multiscale decomposition, the presented method
provides an efficient and reliable strategy to efficiently unwrap
sequences of SAR interferograms that cover vast terrain areas
with a dense grid of points. The proposed method proved
crucial in efficiently processing large swaths of InSAR data,
as validated by the computational cost analysis provided in
Section VI as well as by the experiments shown in Section V.
The method is also capable of identifying and highlighting
distinctive ground deformation patterns that occur at specific
spatial scales. This PhU scheme is particularly attractive given
the prospect of new sensors such as the L-band NASA-ISRO
SAR (NISAR) that will enable the monitoring of vast areas of
the Earth’s surface, with an enhanced number of measurement
points corresponding to detectable targets on the ground,
with global and rapid coverage, and providing unprecedented
opportunities for disaster response, and damage mitigation and
assessment.

In this context, the approach proposed in this article may
be very relevant for developing advanced, rapid, and efficient
interferometric processing approaches, thereby playing a piv-
otal role in tracking individual physical processes responsible
for deformation and providing a new effective operational
strategy for managing and mitigating risks using InSAR.

APPENDIX

This Appendix deals with the description of a sophisticated
approach for the generation of a CDT to be used during
multiscale PhU operations presented in Section IV. It consists
of searching for a spatial triangulation whose arcs satisfy
the following conditions: 1) the vector of phase gradients
computed over the arcs is less dispersed than its average
value and 2) the estimated ground deformation rates and
residual topography over the spatial triangulation arcs are
minimal. By referring to the generic spatial arc that connects
the pixels labeled as A and B, the condition 1) is determined
by computing the circular variance of the wrapped phase
gradients

VarAB = 1 −
1
Tr

∣∣∣∣∣
Tr∑

k=1

exp
[

j
(
φ
(h)
Tr,k(B)− φ

(h)
Tr,k(A)

)]∣∣∣∣∣
× (1vAB,1z AB) (A.1.1)

that maximize the value of 0AB

(1vAB,1z AB)

= argmax

×

{
0AB =

1
M

∣∣∣∣M
k=1

exp
[

j
(
1φ

(h)
k,AB −

4π
λ

·1tk ·1vAB

−
4π
λ

·
1bk

R · sinϑ
1z AB

)]}
(A.1.2)

where 1φ(h)k,AB = φ
(h)
k (B)− φ

(h)
k (A),1vAB and 1z AB are the

deformation rate and the topography over the arc connecting
the points A and B, λ is the sensor operational wavelength,
R is the sensor-to-target (slant range) distance, and ϑ is the
incidence angle of the transmitted electromagnetic waves on
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the ground. The triangulation of the secondary network is
eventually achieved by considering the set of spatial arcs that
satisfy the condition ς = {AB : 0AB ≥ η ∩ 3AB ≤ µ},
with (η, µ) selected thresholds, and searching for the greedy
triangulation [83], [84], [85] that minimizes the following
metric:

Tr = argmin

{∑
ε

(
|1vAB |

|1vmax|
+

|1z AB |

|1zmax|

)
+3AB(1 − 0AB)

}
.

(A.1.3)

The problem described by (14) is a classical problem of
searching for a minimum weighted triangulation (MWT) for
which sequential and efficient parallel implementations are
available in the literature [83], [84], [85].
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