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Abstract

A PDE system consisting of the momentum balance, mass balance, and energy balance
equations for displacement, capillary pressure, and temperature as a model for unsatu-
rated fluid flow in a porous viscoelastoplastic solid is shown to admit a solution under
appropriate assumptions on the constitutive behavior. The problem involves two hystere-
sis operators accounting for plastic and capillary hysteresis.

Introduction

In a deformable porous solid filled with two immiscible fluids (water and air, say), two sources
of hysteresis are observed: the solid itself is subject to irreversible plastic deformations, and the
fluid flow exhibits capillary hysteresis which is often explained by the surface tension on the
interfaces between the two fluids. A lot of works have been devoted to this phenomenon, see,
e.g., [, 2, B, 4, 10} [T, 13]. Mathematical analysis of various mechanical porous media models
with capillary hysteresis and without temperature effects has been carried out in [6] [7], 22], 23].
A PDE system for elastoplastic porous media flow with thermal interaction was derived in [5],
but the existence of solutions was only proved for the isothermal case.

Here, we focus on the qualitative analysis of the model derived in [5], assuming in addition that
the heat conductivity depends in a controlled way on the temperature similarly as in the phase
transition model considered in [2I]. Indeed, we borrow here some techniques employed in [2]]
and [5] in order to prove existence of a weak solution for the initial boundary value problem
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associated with the PDE system coupling the momentum balance (cf. (L4])), featuring, in
particular, a thermal expansion term depending on the temperature field, with a mass balance
(cf. (L)) ruling the evolution of the capillary pressure, and an energy balance (cf. (LG))
displaying, in particular, quadratic dissipative terms on the right hand side.

The main mathematical difficulties are related to the low regularity of the temperature field
mainly due to the presence of the high order dissipative terms in the internal energy balance.
This is the reason why we need to employ here a key-estimate (cf. (.3])), already exploited in [9]
and more recently in [21] for the analysis of non-isothermal phase transition models. Roughly
speaking, since the test of the internal energy balance by the temperature 6 is not allowed, we
test by a suitable negative power of it and use the growth condition of the heat conductivity
k in Hypothesis 3] (ii). Another key point in our proof is the L estimate we get on the
pressure which entails a bound in a proper negative Sobolev space for the time derivative of
the absolute temperature, which turns out to be another fundamental ingredient in order to
pass to the limit in our approximation scheme.

The structure of the paper is as follows. The model from [5] is briefly summarized in Section [
In Section 2] we recall the definitions and main results of the theory of hysteresis operators that
are used here. Section [3 contains the mathematical hypotheses and statements of the main
results. In Section [ we regularize the problem by adding a small parameter § accounting for
“micro-movements” and a large cut-off parameter R to control the nonlinearities, and solve
the regularized problem by the standard Faedo-Galerkin method. In Section [§ we let § tend
to 0 and R to oo and prove that in the limit, we obtain a solution to the original problem.

1 The model

Consider a domain Q C R? filled with a deformable solid matrix material with pores containing
a mixture of liquid and gas. We state the balance laws in referential (Lagrangian) coordinates,
assume the deformations small, and denote for x € Q and time ¢t € [0, 7]

u(x,t) ... displacement vector of the referential particle z at time ¢;

e(x,t) = Vyu(z,t) ... linear strain tensor, (Vyu);; := 1 <ng + ?)Zj) ;

o(x,t) ... stress tensor;
p(z,t) ... capillary pressure;
O(x,t) ... absolute temperature;

A(z,t) ... relative gas content.

For the stress o and gas content A we assume the empirical constitutive relations

o = Be+Ple]+(p—p(0—6.))1, (1.1)
A = Glpl,



where P is a hysteresis operator describing the elastoplastic response of the solid, see Subsection
2.1 B is a constant symmetric positive definite fourth order viscosity tensor, S € R is the
relative solid-liquid thermal expansion coefficient, 6. > 0 is a fixed referential temperature, 1 is
the Kronecker tensor, and G is a hysteresis operator as on Figure[Il see Subsection 2.2l We will
see that both hysteresis operators P and G admit hysteresis potentials Vp (clockwise) and Vg
(counterclockwise) and dissipation operators Dp, D¢ such that for all absolutely continuous
inputs €, p, the inequalities

Ple] - &, — Vplele = [|Dplelell . Glpler = Velple = |Dalple| (1.3)
hold almost everywhere, where || - |, is a seminorm in R3%3.
AJ\
1
A= Glp)
— >
0 p

Figure 1: Pressure-saturation hysteresis diagram

We assume the heat conductivity x(0) depending on 6, and as in [5], we obtain the system of
momentum balance (L4]), mass balance (L)), and energy balance equations (L) in the form

psuy = div(BVsu, + P[Vsu]) + Vp — VO + g, (1.4)
: I
Glply = divu, + oL div (u(p)Vp), (1.5)

. 1
cobh = div (k(0)VO) + | Dp[Vsulsll + [Dalpli| + BVuy - Veue + p—LM(P)\VP\Q
—69 div Uyt (16)

where ¢y > 0 is a constant specific heat, pg, p;, are the mass densities of the solid and liquid,
respectively, B is a positive definite viscosity matrix, § € R is the relative thermal expansion
coefficient, and ¢ is a given volume force (gravity, e.g.).

We complement the system with initial conditions
u(z,0) =u’(z), wu(z,0)=u'(z), pz,0)=p"(z), 6O(z,0)=06), (1.7)
and boundary conditions

u = 0

w(p)Vp-n Yp(z)(p* —p) pon 09, (1.8)
KOV -n = ()0 —0)

where 7,79 : 02 — [0, 00) are given smooth functions.
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2 Hysteresis operators

We recall here the basic concepts of the theory of hysteresis operators that are needed in the
sequel.

2.1 The operator P

In (1)), P stands for the elastoplastic part o of the stress tensor o. We proceed as in [I§]
and assume that ¢’ can be represented as the sum ¢ = ¢° + o of an elastic component o°
and plastic component o?. While ¢¢ obeys the classical linear elasticity law

o= A’ (2.1)

with a constant symmetric positive definite fourth order elasticity tensor A€, for the description
of the behavior of o, we split also the strain tensor ¢ into the sum ¢ = €® 4 P of the elastic
strain £° and plastic strain €”, and assume

o7 = APe° (2.2)

again with a constant symmetric positive definite fourth order elasticity tensor AP, and for a
given time evolution £(t) of the strain tensor, ¢ € [0, 7], we require o to satisfy the constraint

oP(t) € Z Wtel0,T], (2.3)

where Z C ngxnzf is the domain of admissible plastic stress components. We assume that it has
the form
Z = Zy @ Lin{1}, (2.4)

where Lin{1} is the 1D space spanned by the Kronecker tensor 1 and Z; is a bounded convex
closed subset with 0 in its interior of the orthogonal complement Lin{1}+ of Lin{1} (the
deviatoric space). The boundary 0Z of Z is the yield surface. The time evolution of &P is
governed by the flow rule

el (o?—-06)>0 VoeZ, (2.5)

which implies that
el 0P = My (e)), (2.6)

where My« is the Minkowski functional of the polar set Z* to Z. The physical interpretation
of [2Z3) is the mazimal dissipation principle. Geometrically, it states that the plastic strain
rate e points in the outward normal direction to the yield surface at the point o”. Indeed, if
o? is in the interior of Z, then & = 0.

It follows from (2.4)) that there exist o} € Z, (plastic stress deviator) and ¢ € R (pressure) such
that o = of — c¢1. On the other hand, putting in ([Z5) ¢ = of — p1 for an arbitrary p € R,
we obtain £} : 1 = 0 (in other words, no volume changes occur during plastic deformation), so
that

My (e}) = €] : of < diam(Zp)|e7|. (2.7)



We can eliminate the internal variables ¢, P and write (Z3]) in the form
(e — (AP)1oP) i (0P —5) >0 Vo€ Z. (2.8)

We now define a new scalar product (-,-),, in R3S by the formula (€,7),, = (A?)7'¢ 1y for
generic tensors £, 7, and rewrite (28] as

(APey — 0}, 0P —0)\, >0 Vo€ Z. (2.9)
We prescribe a canonical initial condition for o?, namely

a?(0) = Proj,(APe(0)), (2.10)

where Proj, is the orthogonal projection ]Rg;j; — Z with respect to the scalar product (-,-),,

and is characterized by the variational inequality
r=Proj,(u) <= z€Z, (u—x,x—y),, >0 YyeZ. (2.11)

We list here some properties of the variational problem (Z3]), (29), (2I0). The proof can be
found in [I5, Chapter I].

Proposition 2.1. For every ¢ € Wh(0, T; R3X3) there exists a unique o € WH(0, T; R3X3)

Sym sym

satisfying 23), (23), @I0). The solution mapping
Py : WHY0, T3 RES) — WHH0, T3 RS - e = o”

sym Sym

has the following properties.

(i) For all ¢ € WHH0,T;R3%3) we have |Pylel] < |ef| a.e., Py : WHH 0, T;R3%3) —

Sym sSym
Wl’l(O,T;RSng) 1s strongly continuous, and admits an extension to a strongly contin-
uous mapping C([0, T];REYT) — C([0, T RGD) .

(i) There exists a constant C' > 0 such that for every 1,60 € WHH(0, T RESS) and every
t €10,T] we have

|Po[€1](t)—Po[€2](t)|SC(|€1(0)—52(0)|+ / |<el>t<f>—<52>t<r>|dr). (2.12)

(iii) For all ¢ € WH(0, T;R3X3) | the energy balance equation

Sym
1

Pyle] : e — 3 ((A")'Pyle] = Pole]), = Mz~ ((e — (AP) "' Ry[e])s) (2.13)

is satisfied almost everywhere in (0,T), where My« is the Minkowski functional of the
polar set Z* to Z .

It follows from Proposition 2] that the operator P in (LIl can be represented in the form

Ple] = A% + Ryle], (2.14)
and the first energy identity in (L3]) holds with the choice
1 1
Vel = SA% e+ L(ANRE Rl Dol =c— (AR Il = Mpe(). (215



2.2 The operator G

Similarly as in (214]), the operator G is considered as a sum

Glp] = f(p) + Golp] . (2.16)

where f is a monotone function satisfying Hypothesis BIl(iii) below, and Gy is a Preisach
operator that we briefly describe here.

The construction of the Preisach operator Gy is also based on a variational inequality of the
type (Z9). More precisely, for a given input function p € W1(0,T) and a memory parameter
r > 0, we define the function &.(¢) as the solution of the variational inequality

p(t) = &) < vt € [0,T],
{ (& )e(p(t) —&(t) —2) >0 a. e Vze[—rr], (2.17)

with a prescribed initial condition &,(0) € [p(0) — 7, p(0) + r].

This is indeed a scalar version of (29) with Z replaced by the interval [—r,r], € replaced by
p, and o replaced by p — &.. Here, we consider the whole continuous family of variational
inequalities (ZI7) parameterized by r > 0. We introduce the memory state space

A={\eWh®(0,00): |N(r)] <1a. e}, (2.18)
and its subspace
Ag={AeA:Xr)=0forr>K}. (2.19)
We fix K > 0 and an initial state A_; € A\, and choose the initial condition as
&-(0) = max{p(0) — r,min{A_(r), p(0) +r}}. (2.20)

We have indeed for all » > 0 the natural bound

16 (0)] < max{[p(0)[, K} . (2.21)

The mapping p, : WH(0,7) — WH(0,T) which with each p € W'(0,T) associates the
solution &, = p,[p] € WH(0,T) of 2IT), (220) is called the play. This concept goes back to
[T4], and the proof of the following statements can be found, e. g., in [I5, Chapter II].

Proposition 2.2. For each r > 0, the mapping p, : WH(0,T) — WLY0,T) is Lipschitz
continuous and admits a Lipschitz continuous extension to p, : C[0,T] — C[0,T] in the sense
that for every py,ps € C[0,T] and every t € [0,T] we have

e [p1](8) = prlpa] (1)] < max |py(7) — pa(7)] - (2.22)

7€0,1]

Moreover, for each p € WHH(0,T), the energy balance equation

bl — 5 (9217, = b ol (223)

and the identity
polplepe = (pr[pl:)” (2.24)

hold almost everywhere in (0,T).



Proposition 2.3. Let A\ € Ag be given, and let {p, : 7 > 0} be the family of play operators.
Then for every p € C[0,T] and every t € [0,T] we have

(1) pelpl(t) = 0 for r = K*(t) := max{K, max-cpq [p(7)[},
(ii) The function r — p,[p|(t) belongs to A~ .

Given a nonnegative function p € L*((0,00) xR) (the Preisach density), we define the Preisach
operator GGy as a mapping that with each p € C[0,T] associates the integral

/ /pr p(r,0) dvdr. (2.25)

For our purposes, we adopt the following hypothesis on the Preisach density.

Hypothesis 2.4. There exists a function p* € L'(0,00) such that for a. e. v € R we have
0 < p(r,v) < p*(r), and we put

:/Om/ip(r,v)dvdr, C;:/Ooop*(r)dr. (2.26)

For the reader who is more familiar with the original Preisach construction in [20] based on
non-ideal relays, let us just point out that for integrable densities, the variational setting in

[229) is equivalent, as shown in [16].
From ([223), (224]), and (Z25) we immediately deduce the Preisach energy identity

Golplip — Volpl: = | Do[pli| a. e. (2.27)
provided we define the Preisach potential V;, and the dissipation operator Dy by the integrals

Pr[p](t Pr[p](t
/ / p(r,v)dvdr, Dylp] / / p(r,v)dvdr. (2.28)

The second identity in (L3) then holds with the choice

Valpl = pf(p) — / "F2)dz + Vo), Daly) = Dol (2.20)

A straightforward computation shows that Gy (and, consequently, GG) are Lipschitz continuous
in C[0,T]. Indeed, using ([2.22)) and Hypothesis[2.4] we obtain for p;,p, € C[0,T] and ¢ € [0, T
that

Pr[p2
p(v,r)dvdr

|Golp2)(t) — Golpa](2)] = < C, max [po(7) — pi(7)] . (2.30)

TEOt

prl

We similarly get, using (Z21]), bounds for the initial time ¢ = 0, namely

oo rpr[p](0)
Golpl(0)] = / / o, 7) dvdr
oo rpr[p](0)
Volpl(0)] = / / op(v.r) dv dr

7

< min{C), C; max{|p(0)|, K}}, (2.31)

< C,max{|p(0)|, K'}. (2.32)




The Preisach operator admits also a family of “nonlinear” energies. As a consequence of (2.23)),
we have for a. e. t the inequality

pr[p]t(p - pr[p]) > Oa (233)

hence
pr[ple(h(p) — h(p[p])) = 0 (2.34)

for every nondecreasing function h : R — R. Hence, for every absolutely continuous input p,
a counterpart of (2.27)) in the form

Golplth(p) — Valple > 0 a. e. (2.35)

oo rpr(p](t)
= / / h(v)p(r,v)dvdr. (2.36)
o Jo

This is related to the fact that for every absolutely continuous nondecreasing function h:R—
R, the mapping G}, := Gy o h is also a Preisach operator, see [17].

holds with a modified potential

3 Main results

We denote
={p e WH(QR?) : ¢|,, =0}, X =W"Q), X,=W"(Q) (3.1)

for ¢ > 1, and reformulate Problem (L4)—(L6) in variational form for all test functions ¢ € X,
Y € X, and ¢ € X+ for a suitable ¢* > 2 as follows:

[ s+ BTt PIV.d) s Vot p = ) divoyds = [ g-0a, (3.2)
[ (Gl — divu)i+ ) Vve)de = [ 5ye) - p)ids(o), (33
Q PL o0
/Q ((cobe — [|Dp[Vulell. — [Dalpli)¢ + £(0)VO - V() da
—/(Bvsut : Vuy + i,u(p)|Vp|2 — BOdivu,)¢de = / Yo(x)(0F — 0)Cds(x) . (3.4)
Q PL o0

Hypothesis 3.1. We assume that Q is a bounded domain with CY' boundary. We fix an
arbitrary final time T > 0, a constant 6 > 0, and functions p* € Wh>(02 x (0,T)), 0* €
L>®(002 x (0,T)) such that 0*(x,t) > 0, g € L*(Q x (0,T)), 79 € L=(09Q), ~, € WH>(09),
Y >0, v >0 a e, fo faﬂfyp Yds(z) >0, B € R, ¢g > 0. The coeﬁiczents ps, PL are
constant and positive, and B s the isotropic symmetric positive definite fourth order tensor of
the form

Biji = 210,051 + w0105 (3.5)
with constants n > 0, w > 0. The nonlinearities in (B2)—B4) satisfy the following conditions
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(i) p:R = [po, p1] s a CY function, 0 < g < py are fized constants, and we set
P / /
M(p) =/ p(p') dp'. (3.6)
0

(i) ®:R = (0,00) is a C* function, k(0) > 0, and there exist constants 0 < a < b < Z+2a

such that ) 0)
. ..ok . K
hgglogfﬁ >0, hgri)soljpm < 00.

(i) G[p] = f(p)+Golp|, where Gy is the Preisach operator from Subsection[Z2 with an initial
memory state \_1 € Ag for some K > sup |p*|. The dissipation operator D¢g associated
with G 1is defined in (228)-229), and f: R — (0, f1) for some f; >0 is a C* function
such that there exist 0 < fo < f3 with the property

L<f)A+p’)<f; VpeR. (3.7)

(iv) Let Rg’;n?i denote the space of symmetric 3 x 3 tensors. We assume that the operator

P:C(0,T);R33) — C([0, T); R3%3) has the form ZI4) with Py defined in Proposition

sym sym

21, and with dissipation operator Dp defined in (ZIH).

We prescribe initial conditions ([LT) with u® € Xo N W>?(;R?), u' € Xo, p° € L™®(Q) N
Wh2(Q), [p°z)| < K a. e, 8°€ L®(Q), °(x) >0 a. e

Condition (ii) in Hypothesis Bl is a slight generalization of Hypothesis (I) of [21]. We will see
the role that it plays in the existence proof.

The main result of this paper reads as follows.

Theorem 3.2. Let Hypotheses[2.4), [31 hold. Then there exists ¢* depending on a and b and a
solution (u,p,0) to B2A)-B4), and [LT) with the properties u; € L*(0,T; Xo N W32(Q; R?)),
ug € LA2(Q x (0,7)), p € L*(Q x (0,7)), M(p) € L*0,T;W?%Q)) with M(p) given by
Ba), pr € L2 x (0,7)), 6 € L*(2 x (0,T)) for every z < 8+ 3a, VO € L*(Q x (0,T)),
0, € L*>(0,T; W=L4(Q)) for some ¢* > 2.

We first regularize the problem, prove the existence of a solution for the regularized system,
derive estimates independent of the regularization parameters, and pass to the limit.

4 Regularization

We choose regularizing parameters R > K with K from Hypothesis 24 and § > 0 with the
intention to let R — oo and 6 — 0, and define mappings Qg : R — [0, R] and Kz : R — R
by the formulas

Qr(z) = max{0,min{z, R}}, Kg(z)=max{z — R,min{0,z+ R}} for z € R. (4.1)



Let B: W*2(Q;R?) N Xy — L*(€;R3) denote the mapping
Bv = —divBVv (4.2)

It follows from a vector counterpart of [12] Lemma 9.17], cf. also the methods proposed in [19]
Lemma 3.2, p. 260], that |Bv|, is an equivalent norm for v in W22(Q)N X, that is, there exist
positive constants C; < Cy such that for every v € W2(Q; R3) N X, we have

Cl”UHWQ,Q(Q) S |BU‘2 S CQHU”W2,2(Q) . (43)
We replace ([B.2)-(B4]) by the system
/ (pstiss - &+ 0Bus - Bé + (BY supt P[Va]) : Vo) da
Q
+ [ o= sQue)dvods = [ g-oa, (1.4)
J (o) + G~ divui+—ue)VpV) A = [ ()" - p)udsto), (45)
Q PL 80
| (b = IDoIV . = Delplc + (6)V0 - ¥) d
- / (BY eV it — () Qa(| V)~ BQr(0) divu)( dx = / 20(2)(0" — B)Cds(z) (4.6)
Q PL o0

with test functions ¢ € W*2(Q;R3) N X, ¢,¢ € X and initial conditions (L7)).

Proposition 4.1. In addition to Hypotheses[2.4), [31, assume that u' € XoNW2>2(Q;R?). Then
there exists a solution (u,p,0) to ([EZ)-EG) with the properties uy € L*(0,T; W*2(Q;R?) N
Xo), pe L*(0,T;Wh2(Q)), M(p) € L*(0,T; W>2(Q)) with M(p) given by B.8), p; € L*(Q x
(0,7)), 0 € L>(Q x (0,T)), VO € L*(2 x (0,7T)), 6; € L*(0,T; X*), where X* is the dual of
X.

System (£.4)—-(46]) for each fixed R > 0 and ¢ > 0 will be solved by Faedo-Galerkin approx-
imations. We choose & = {ex;k = 1,2,...} in L*(R?) and W = {w;;5 = 0,1,2,...} in
L?(2) to be the complete orthonormal systems of eigenfunctions defined by

Bey, = \iep, in €, ek}aﬂ =0, —Aw;=pw; in Q, Vw,- n’aﬂ =0, (4.7)
with po =0, Ay > 0,p; >0 for j,k > 1, and put for n € N
ul (@, ) =Y up(t)en(z), 0" (x,t) = 0;(t)w;(x) (4.8)
k=1 Jj=0

with coefficients uy : [0,7] — R, 6, : [0,7] — R which will be determined as the solution of
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the system

(ps+Aet+A3 )iy, + / PVau'™]: Ve, dz

Q
+/Q(p(") —BQR(Q(")))divekdx = /Qg-e/zC dux, (4.9)
/ (Kr(@™) + Gp™]); — divu”)y de
Q
L ) g de = / (@) (" — p™)ds(x), (4.10)
PL Ja 9

cob); Jr/ (_|DG[P(")]t|wj+/£(0("))VQ(") - Vw;) dz
Q
+/ (BQR(O™) div ™ — || Dp[Vau ||y de
Q
n n 1 n n * n
—/(Bvsut "V +—p(p™)Qr(IVP" P)w; dr = / Yo(a) (6" — 0")w; ds(x) (4.11)
Q PL 0
for k=1,....,nand j=0,1,...,n, and for all » € X. We prescribe initial conditions
ur(0) = / u(z) - ep(x)dr,  ux(0) = / u(z) - ep(x) dr, (4.12)
Q Q
6,(0) = / 0°(x)w;(x)dz,  p™(x,0) = p°(x). (4.13)
Q

This is an ODE system (£.9), (A1) coupled with a standard PDE with hysteresis (£10), which
has a strong solution in a maximal interval of existence, which coincides with the whole interval
[0, T] provided we prove that the solution remains bounded in the maximal interval of existence.

Put &, = {ex;k = 1,2,...,n} and W, = {w;;j = 0,1,2,...,n}. Then [@9)-(EII) can be

equivalently written as
/ (psut” - &+ BV +P[Vau™]) : V) da
Q
+6 / Bu\Y - Bedx + / (™ = BQR(O™)) divpdr = / g ¢dz, (4.14)
Q Q Q
[ (r™) + Gl — divad i da
Q
1
b [ OV = [ @) - ) ds(a), (119
Q PL o0
[ (@bl = IDalp™11)¢ + 5(6™) V6™ - 9¢) da
Q

+/ (BQR(O™) divu™ — || Dp[Vu™]||.)¢ dz
Q

n n 1 * n
- [ BVl ¢ )|V dr = [ @ = o™ dsta) - (416)
Q o9
with test functions ¢ € Span &,, ( € Span W,,, and ¢ € X .

11



We now derive a series of estimates. By C we denote any positive constant depending only
on the data, by Cr any constant depending on the data and on R, and by Cr;s any constant
depending on the data, on R, and on ¢, all independent of the dimension n of the Galerkin
approximation.

To simplify the presentation, we introduce from now on the notation |-|, for the norm in L9(€2),
and by | - ||, the norm in L(Q2 x (0,7")). We will systematically use the Gagliardo-Nirenberg
inequality in the form

11
wly < C(lwls + w7 Vw]?), v=1"7" (4.17)

Wl
W =
=3 =

which holds for every w € W' () and every + > % > 1 — & For the proof, see, e.g., [8, §15].

4.1 Estimate 1
We test (LI4) with ¢ = ugn) and ([EI5) with ¢ = p™ and sum up the results to obtain
/Q <pgu§f) Al 4 6Bu - Bu™ + BV + PVu™]) : Vol
+(Knlp™) + G )™ + ) F5" ) o

N / (BQrOO™) divuf™ + g uy”) da + / W(@)p™ (p* —p™)ds(x).  (4.18)
Q o0

Integrating in time from 0 to ¢ and using the energy identities (L3]) we obtain for all ¢ € (0,7)
the estimate

a3 + 3B (O + [V, ()3 + Va3

T
OB+ I+ [ @l R ste)de < C. (119
0

4.2 Estimate 2

We choose in ([{I5) v = M(p™), with M given by ([B.6). By Proposition and formula
@Z), we have Golp™]M(p™), = Go[p™],pi" u(p™) > 0. By Hypothesis BI(i), (iii), we

thus have

(Kr(p™) + Gp™]) M (p™), > o min {1, ; IQRQ } "

and we obtain for all ¢ € (0,7 the estimate

Ipt™ 13 + V™ ()13 + /BQ (@) [p™ (1) ds(z) < Cp. (4.20)
By comparison in Eq. (£I3]), we see that

||M(p(n))”L?(O,T;W?v?(ﬂ)) <Ckr. (4.21)
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4.3 Estimate 3
Choosing in (A1) ¢ = ugl ) yields
n n n n 0 n n
/Q <p5|u§t)|2 + 5|Bu§t)\2 + BV, u, ) Vsugt) + E(P[Vsu( UK Vsug ))> dx
= / (PIV.u]i s T + (5Qr(6O™) — p™) divul’ +g-ulf) . (4.22)
Q

We now integrate in time again and use Proposition [2T], estimate ([{.20), as well as the Gronwall
argument, to conclude for all ¢ € (0,7 that

i3+ 6] Bug” |2 + |V ()3 < Crs . (4.23)

4.4 Estimate 4
We choose in [{I6) ¢ = 6™ . The only superlinear term in (ZI0) is BV,u!™ : V,u!™ which
has to be estimated in the norm of L*(Q2 x (0,7)), that is, vsu§"> has to be estimated in
LA(2x (0,T)). This will be done using the Gagliardo-Nirenberg inequality (EIT), which yields
for every ¢t € (0,7") that
Vo (8)]s < CUVau™ 1))z + Vo (O [Bui” (D)) < Crs (4.24)

by virtue of (1Y) and ([L3)). Note also that we have the pointwise inequalities

Da[p™)] < O], IDp[Vu™] |l < OV ul™

[Dalp™]i] < Clp, |, [1Dp[Vau™ ]l < CVu™|

which follow from (228), (224), (213), ([Z7), and Proposition 2I](i). We thus obtain

T
8@ + (VO™ + / / 70(2) |8 ds(z) dt < Crys (4.25)
0 o0

for all ¢t € (0,7). Finally, let ¢ € L*(0,T; X) be arbitrary, ((z,t) = >272 ¢;(t)w;(x). We test
({I6) with ¢ = (;(t) and obtain using the previous estimates that

T
| [oocarar < cuslclions. (4.26)
0 Q

or, in other words,
”ezgn)”LQ(O,T;X*) < Crgs- (4.27)

4.5 Passage to the limit as n — oo

We keep for the moment the regularization parameters R and ¢ fixed, and let n tend to
oo. By a standard argument based on compact anisotropic embeddings, see [§], we infer,

13



passing to a subsequence, if necessary, that there exist functions (u, p, @) such that the following

convergences take place:

ugl) — Uy weakly in  L?(0, T; W*2(Q; R3) N X,
val = Y, strongly in - L*(; C((0, T|; RY:))
vV.au™ = V. strongly in  L*(€; C([0, T|; R:3))

PVu™] — PV strongly in  L*(Q; C([0, T]; R%:2))
IDeVa®l . — DVl strongly in  L*Q:C[0, 7))
W = p strongly in  L*(Q; C[0,T1]),
M, weakly in  L*(Q x (0,7)),
Kr(p™), — Kgrp) weakly in  L?(Q x (0,7)),
Gp™), — G[pl, weakly in  L?(Q x (0,7)),
Dalp™],| = |Delpl weakly in - L2(2 x (0,1)),
vp  — Vp strongly in ~ L?(Q2 x (0,T); R3),
Qr(IVP™[) = Qr(IVp)  stronglyin L*(2x (0,7)),
p™ = strongly in  L*(0Q x [0,T7),

oM 5 g strongly in  L*(Q x (0,7)),

9§N) = 0, weakly in LQ(O, T; X*),

v s Ve weakly in  L2(Q x (0,7);R?),
0™ =~y strongly in ~ L%(9Q x [0,T1])

The convergences of the hysteresis terms P[V,u™], G[p™],, ||Dp[Vsu™]||., |Dalp™];| follow

indeed from 2.14)), (212), 2.16]), (230), and ([L3]). We can therefore let n tend to oo in (L4)—

(£8) and conclude that the limit (u,p,d) satisfies the conditions of Proposition A1l

5 Proof of Theorem

In this section, we show that a sequence of solutions to ([L4)—([L0) converges to a solution to
B2)-B4) as R — oo and § — 0. To this end, we fix sequences {R;}, {d;} for i € N such that

lim R; =00, limdJ; =0, (5.1)
1—r 00 1—00
and choose a sequence {u;} of initial conditions in Xy N W32(Q; R?) such that
tim flud — iy, = 0, lim 6t Bz = 0. 62)

We further denote by (u®,p®, 6@) solutions (u, p,6) to Problem (&) (&8) corresponding to
the choice R = R;, 6 = 0;, u! = u}. The next step is to derive some properties of the sequence
(u®, p® #@)) independent of i.

14



5.1 Positivity of temperature

We first observe that there exists a constant C' > 0 such that for every nonnegative test function
¢ € X we have by virtue of (A6]) that

/ (¢ + K(O)VOD - V() da > —C / Qr,(0)2¢ dx + / Yo(2)(0F — 0D ds(z).  (5.3)
Q 0 o9
Let v(t) be the solution of the ODE

cov(t) = —Cv3(t), v(0) =40, (5.4)

that is,
C 1

u(t) = (C—Ot + 5)1 . (5.5)

For every nonnegative test function { € X we have in particular

/(covtc + K(0D)Vu - V() dr < —C/
0

Q

v dx + /BQ ~o(x) (0" —v)C ds(z). (5.6)

Subtracting (B.3]) from (B.6]) we obtain

/ (co(v—09)C+(09)V (v—00)-V ) da < C / (@2, (0)—?) dat / 20(2) (09 —v)( ds(x).
Q Q Io

Q
(5.7)
We now choose any smooth convex function F' : R — R such that F(s) = 0 for s < 0,
F(s) >0 for s >0, and test (5.7) by ¢ = F'(v — 6%). We have in all cases

(Q%.(89) — o) F'(v— D) <0 ace.
hence .
Co—; / Flv—60%)dz <0, (5.8)
dt Jq
and we conclude for every ¢ € N that

09 (z,t) > v(t) a.e. (5.9)

We now pass to a series of estimates independent of i. To simplify the presentation, we
occasionally omit the indices {} in the computations in Subsections below, and write
simply (u, p, ) instead of (u®, p #@)) whenever there is no risk of confusion. The symbol C
denotes as before any constant independent of 7.
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5.2 Estimate 5

Test (44]) by ¢ = u; = ut , (E3) by ¢ = p=p?, and ([EB) by ¢ = 1. Summing up the three
resulting equations we obtain by virtue of (L3)) that

% g (c00 + %|ut|2 - %|But|2 + Vp[Vsu] + Vglp] + [A{Ri(p)) dz
+— / V(IVD|*=Qr,(IVp?)) dz
= /g upda +/ (Vp(z)(p" = p)p + Y0(2) (0" — 0)) ds(x), (5.10)
Q o0

where we set KR fo Ki(pp dp' for p € R and R; > 0. Integrating in time and using
RI13) and (B2), we get for every t € (0,7) the estimate

(0941 + 9.0 xtdx+// 20(2)69) + 7 ()P ) (2, ) ds(z) dt < C.
Q o0
(5.11)

5.3 Estimate 6
We test ([@8) by ¢ =60~ = (/9)~® with a from Hypothesis B.1I(ii), and observe that
1
[ o (10eI¥.ll + 16l + BY.¥o + ) Qn (951 o
Q
+a//{(0)0_1_“|V0|2dx
Q

. —a 7 _ —a(pn* __ o d
- 5/9@1%(9)9 div uy da /mw(x)@ (0" = 0)ds(z) +

1—adt

91 “dz. (5.12)
Integrating in time and using (5.9), (5.I1]), and Hypothesis B.I(ii), we obtain in particular

T T
/ /(ea| divug|® + |VO*) dzdt < C <1 +/ / 01| div uy| do dt) : (5.13)
0 Q 0 Q

The integral on the right hand side can be estimated by Holder’s inequality

T T 1/2 T 1/2
/ /91“\ divuy|dedt < (/ /9“| div u,|* do dt) (/ /62“ dz dt) :
o Jo o Jo 0o Jo

which entails that . -
/ / |V9|2dx dt < C (1 +/ / 0> dx dt) . (5.14)
o Ja 0 Ja

Applying the Gagliardo-Nirenberg inequality (£I7) with s =1, r = 2, and ¢ = 2—a and using
(BII), we estimate the right hand side of (5I4) from above by C(1+ V8|S “%?). Thus, for
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H := ||V0||3, inequality (5.I4) has the form H < C(H* + 1) with w = (1 —a)3/5 < 1, and
H® < wiH + (1 — w)6~«/0=%)  Choosing, for example, § = 1/C', we obtain

VoD, < C. (5.15)
Using (AI7) again with s =1, r =2, and ¢ = 8/3, we obtain

16955 < C. (5.16)

5.4 Estimate 7
Test (d4]) by ¢ = uy = ugi) and ([EF) by ¥ = p = p. The sum of the two equations yields

d
dt Jq

1 2
- ((Bvsut + PIVal) s Vo + Gl + —lp)| ) da

5, :
(Ll + 150l + Kalp)) o

= /Q(BQRZ.(H) divuy + g - uy) de + / Y(x)p(p* — p) ds(x). (5.17)

[2/9]

By ([L3) and @29), we have G[plip > Valple, Valpl(z,t) 2 0, and Valp|(z,0) < Clp(z,0)]* < C
a. e. Integrating in time, taking into account (5.2) and the previous estimates, we get

IV lo + VPO |2 + 6| Bul” (t)]5 + / /a ) (@) PP 2 ds(z) < C (5.18)
0

for all ¢ € (0,7"). Consequently, as 7, does not identically vanish on 992 by Hypothesis B.I]
we also have

12D | 220 mw1.20)) < C- (5.19)
5.5 Estimate 8
Test (A4 by ¢ = uy = u? . Then
5 5 1d
(ps|ug|” + 6| Buy|?) de + =— [ (BVsuy+2P[Vu]) : Veu, dz
o 2 dt /g,
< C/(|g| + |Vp| + |VO|)|uy| dz + / P[Vul; : Vude. (5.20)
Q Q

From Proposition 2.1, (5.13]), Korn’s inequality, and (B.I8) it follows that
e 1 + 0| Bl |3 + V5" (93 < € (5.21)

for every t € (0,7).
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5.6 Estimate 9

We rewrite (44]) in the form

[ (s +Bu)- o+ 8w Bo) aw = [ (71 oa (5.22)
Q Q
for all ¢ € W2(Q;R3) N X, where

f=9—BVQgr() +Vp, h=divP[Vul. (5.23)

We have f € L*(Q;R?) by (515), (5I8)), and Hypothesis[B1l To estimate h in L?, we use [Z.12)
and proceed as follows. Let E;, [ = 1,2,3, be the [-th coordinate vector, let (z,t) € Qx (0,7
be an arbitrary Lebesgue point of 0,, P[Vsu|, and let s, € R be sufficiently small such that
x+ sE € Q for |s| < sp. By (Z12) and [2I4]) we have

IPIVu](z + sEy) = PVul(e,t)] < C(1V,u8(@ + sEy) — Vou ()

t
+ / |Vsui(z + sE, 7) — Veu(z, 7)| dT) , (5.24)
0
so that in the limit as s — 0 we have
iP[V ul(z,t)| < C iV u’(z)| + /t iv u(z,7)| dr ) a.e (5.25)
8:51 B ’ - 8371 B 0 8:51 ST o '
and .
|h(t)]s < C (1 +/ | Buy ()] dT) . (5.26)
0
Consider now the Fourier expansion of v = u® in the form
u(a,t) =Y up(t)er(x) (5.27)
k=1
similar to (4.8]), with coefficients
ug(t) = / u(t) - ex(z) de. (5.28)
Q

It follows e.g. from (G5.I8) that the series
Buy(z,t) = Y Mi(t)er() (5.29)
k=1

is strongly convergent in L?*(Q;R?).

We now test (5:22) by ¢ = Bu! . where u™ is as in (X)) with coefficients wuy(t) given by
(B28)). Then

= (’;_SBvsuﬁ 'V + BV Bu” VB ’) dz + [Bu™ (1)3
Q

< ¢ (1 I+ / |But<r>|2df) B (1)), (5.30)
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hence,

at (p?SBvsuﬁ " Vo + SBV.Bu VB, ’) da + |Bug™ (1)]3
Q

< C<1+|f(t)|§+/0t|6ut(7)|§dr) . (5.31)

By (5.2]), we can integrate this inequality from 0 to ¢, pass to the limit as n — oo, and use
Gronwall’s argument to obtain in particular that
|Buello = [|Bui” |l < C (5.32)
The next computation based on (IT7) is to check that
Hugi)HU(O,T;C(Q;RS)) < C forevery re[l,4). (5.33)
Indeed, we choose any « € [0,1/6) and put % =1 —a. By (620), (532), and [@I7) we have

0,0 ()] < € (100,67 Oz + 10, u OB 710, V' OF) . v =272 (534)

1
3

N
S

Then &Bjugi) is bounded in LP(0,T; LY(Q;R3)) for py = 2, that is,

) 3 4
’&Cjut ’LP(QT;LQ(Q;RS)) < C for ¢ = 1 -3 p= 6a+ 1 (5.35)
By (&21)), u” is bounded in L>(0,T; L*(2;R?)), and by [{I7) for o > 0 we have
i) (%) i) (41— @) (15 3
(1)) < € (Ju ) + [ OV O1) . 5 =527 (5.36)
6 q
We then obtain (B.33) for ry = p, that is,
1+ 2a
=4 €ll,4). 5.37
" 1+ 6a 14) (5:37)

5.7 Estimate 10
In this subsection, we prove the following statement.

Proposition 5.1. Let Hypothesis 31 hold. Then there exists a constant C* > 0 such that

Ip(z,t)] < C* a. e

Note that by (5.33]), we have

U e L*0,T), where we put U(t) := 1+ sup |[ul” (z, 1) (5.38)

e

As a preliminary step before we pass to the proof of Proposition 5], we prove the following
auxiliary result for p = p® .
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Lemma 5.2. There exist constants ¢ > 0 and C' > 0 independent of m such that for every
m > 1 and every t € [0,T] we have

t
[P asre [ [ 9P dedr
Q 0 JQ

t
< C(1+m2)/ U?(7) (K2m+/ Ip(z, 7)|*™ d:p) dr. (5.39)
0 Q
Proof. We choose an arbitrary ) > 0 and m > 1, and test (£L3]) by hg.m.(p), where we set
plp[™™ for [p| <@,
hom(p) = ¢ @'+ (2m+1)(p-Q)Q*  for p>Q, (5.40)

—Q*™ 1 L 2m + 1) (p+ Q)Q*™ for p< —Q.

We have hgn,(p) € L*(0,T;W'(Q)) by virtue of (519), hence this is an admissible test

ﬁAmction. By (2308) we have Go[plihgm(p) = Vi, [Pl and Kr(p)piho.m(p) = Krom(p):, with
Krom(p) =[5 Kr(p')hgm(®')dp'. We thus have

(;it (KRQm( )—l—Vth[ dx+/f Vhgm(p)pe dz + p1o(2m + 1 /\Vp\Qmm{\M Q}dex
~m-+1) [ wminlpl, QY Vpda + /a A = Phgun(p) ds(a). (5.41)

together with Kz m(p)(z,0) = 0 by Hypothesis 24 and

/ Vigmpl(z,0)dz < CK*™ (5.42)
Q

as a consequence of ([2Z36]) and (2.21]), with C' independent of ) and m. We estimate the right
hand side of (541 as follows

—(2m+1)/utmin{|p|,Q}2mVpdx
Q

< s 00 ([ mint 0y ae) ([ |vp|2mm{|p\,c2}2mdx)”2

Ho 2m—|—1

<
- 2

(2m + 1) / Vpf? min{|pl, Q)™ da + U2(1) / min{|p|, Q}>" de.
Q

For the boundary term, we have

/8 @) Do) dsle) < / () ([ P — min{Jp], Q1) ds(x)

~2m+ 2
On the left hand side of (5.41]), we have

/0 () hom(P)p(r, 7) A7 = Fom(p(w, 1)) — Fam(p(x,0))
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where we set Fg ,( fo (2)hqgm(z) dz. We claim that for every p € R we have

me B > Fon) = L (min{lp], @1~ 1). (5.43)

The upper bound is easy. We have for z > 0 that f'(2)hgm(z) < f32]z[*™ and similarly for
z < 0, and it suffices to integrate. To get the lower bound, set

famin{|p, QF"

4m

Foum(p) = Faun(p) —

Then for p > @ we have Fém(p) = f'(p)hgm(p) > 0. For p € (0,Q) we have

2m—1 2m—1
)2 _ om faplpl faplp] 2_q
om(p) = ' (P)plp| T ("= 1),
hence the minimum of F,,(p) is attained at p = 1, with Fj (1) > —’%, which is exactly

(543). The case p < 0 is symmetric.
Summarizing the above estimates, we obtain by integrating (5.41]) from 0 to t that

/min{|p\,Q}2m(:c,t) dx—i—@Qm(Qm—l—l)/t/ Vp[2min{|p|, QY™ dz dr
Q f2 0 Q

2m . 2m+2
Thimt D) /agv(x) min{|p|, Q}>"*2 ds(x)

< C(1+m? /t U?(7) (K2m+/ﬂmin{\p|,Q}2m(x,T) d:c) dr. (5.44)

0
In particular, the function w,,(t) := [, min{|p|, Q}*"(z,t) dz satisfies the inequality

w(t) < C(1 +m2)/ U*(r) (K™ + wy (1)) dr,

0

and by Gronwall’s argument (note that U? € L'(0,T) by (538)), there exists a constant C'(m)
depending on m and independent of @ such that sup;cp ) wm(t) < C(m). Hence, we can let
@ tend to oo in (B.44]) and obtain

t
/\p|2m(:c,t)dx+@2m(2m+1)/ /|Vp|2\p|2mdxd7-
0 2 0o Ja

2m 2m+2
+—— x " ds(x
s [ @ asto)
t

< C(1+m2)/ U?(7) <K2m+/ |p|2m(x,7')dx) dr. (5.45)

0 Q

In particular,

p e L>(0,T;LYQ) vg=1, (5.46)
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but the norm of p in this space still depends on ¢. Note that

t t t
//WWWWMTE//WWWWWW—//WWMM
0 Q 0 Q 0 Q

t
> //|Vp|2|p|2m_2dxd7'—0 (5.47)
0 JQ

by virtue of (5.I8). Indeed, it suffices to split the integration domain into the parts where p > 1
and p < 1. Using (5.47), we rewrite (5.44]) as

2m @2(2m+1) ' m—1y|2 2m 2m+4-2
[ nprar+ L2 [ 9P + s | @)

< C(1+m2)/t U?(7) (K2m+/ﬂ|p(x,7')|2mdx) dr. (5.48)

0

Putting ¢ := 4pg/ f2, we obtain (£.39), and Lemma [5.2] is proved. |

Proof of Proposition[51. Set w := p|p|™! for p = p¥. Then (5.39) reads

lw(t)|5 + C/o |Vw(r)|3dr < C(1+ m2)/0 U?(7) (sz + |w(7')|§) dr. (5.49)

We now choose s = 3/4, and invoke the Gagliardo-Nirenberg inequality (£.I7) in the form

1 1
. -1 1
w(T)]a < C (Jw(r)|as + [w(T)[o [V (D), v=3—F = 3
2s 6

Holder’s inequality enables us to rewrite (£.49) as

o+ [ 1vu(riar
< C(1+m?) /Ot U(7) (K*™ + |w(T)|3,) dr + C(1 +m?) /Ot U2 () |w ()32 (Vw(r) 2 dr
< ca+m%LQWﬂuﬁm+mwmgdr

+C(1+m2)</OtU3( e |28dr> (/ V(s |2dT) w

and we conclude that

w(t)]; < C(1+ m3)/0 U () (K" + |w(7)[3,) dr, (5.50)

or, in terms of p,

HNf<cu+m{Aw%MKM+@m%@dr (5.51)
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We have U € L3(0,T) by (53%). If now V is a constant such that max{K, [p(7)|esm} < V,

then

V = max{K, |p(t)|am} < (C(1 +m?*))"/*"V .

We now define my, := s7% = (4/3)%, and put

Vi == max{K, sup |p(7)|2m,} -
7€(0,T)

By (5.52)) we have for all k£ =2,3,... that

4\ 3 (B/4)F)/2
Vi < (C’ (1 + (g) )) Vi1,

hence

1 /3\* 40 3
long—long1§§<Z> log (C’ (1—1—(5) ))

(5.52)

(5.53)

(5.54)

The right hand side of (5.54) is a convergent series, and V; is finite by virtue of (5.46]), so that
we can conclude that the sequence {V;} is uniformly bounded independently of i, which we

wanted to prove.

5.8 Estimate 11

Test (A1) by v = M(p),, with M(p) given by (3.6]). From (2.24]) and Proposition 5.1l it follows

that there exists a constant ¢ > 0 such that for every ¢ € (0,7") we have

e [ piat d:c+——/ VM (p) )dx—ir% () (p) (1) ds()

2pL

< [ (div a2 (e b) do + j [ @01t st
)

- / (@) (M)t (2, 1) ds(z
o0

with M(p) = s p'u(p') dp’ . Hence, using also (5.2I), we have for all ¢ € (0,7) that

Ipi” 113 + 1V ()5 + /BQ (@) (2, 1) ds(z) < C.

By comparison in Eq. ([{3), we also obtain that

1M ()| 20 mw22(2)) < C'
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5.9 Estimate 12

By the same argument based on (5.56)—(5.57), we have similarly as in (5.35]) that

3 4
1-3a" 7~ 6a+1

||VP(i)||LP(O,T;Lq(Q)) <C for q= (5.58)

for every a € [0,1/6). In particular, for a = 1/30, we have 0,,u;, d,.p € L'93(Q2 x (0,T)).
Hence, Eq. (L0 has the form

/Q (cobiC + w(0)VE - V() da + /

o0

Yo(x)(0 — 0*)(ds(z) = /Q(A(ZL‘, t) + B(x,t)0)(dz  (5.59)

with A € L>3(Q x (0,T)), B € L'3(Q x (0,T)) bounded independently of i. We test (5.59)
with ¢ = 0" (with r to be chosen later) and obtain using Holder’s inequality for every ¢ € (0,7))
that

/«9”Jrl z,t) d:c—l—'r’/ /GT YR(O) VO (x, T d:ch+/ / 2)0" " (z,7) ds(x) dr
r+1 90

< C (1410152 + 1605501, 7) (5.60)

with, by Hypothesis B.I((ii),
1
0" 1k (0)|VO]* > 50”“|V0|2. (5.61)
We already have the estimate (5.I0). Assume that for some z > 8/3 we have proved

6] < Co(2) (5.62)

with some Cy(z) > 0. For this value of z we choose in (5.60)

(7210 =1 for z € [8/3,10/3],

r=r(z)= { 22/5 for z > 10/3. (5.63)

Then [[0]%, 5 + 10115041y < C(L+[I0]2"), and we have by virtue of (E.60)- (561 that

1 T
/ 0" (x, 1) d + 7“/ / 0"tV (z, 7)dedr < C (1+ Co(z) ). (5.64)
r+1Jq 0o Jo
et + +1
p="t0 1 s="T0 = (5.65)
2 p

Then (5.64) can be written as

1
r+1

w(x T+ ! wl?(x, 7)dzdr 0(2) ) . )
/Q (,t)d+/0/Q|V|(,)dd§C(1+C() ) (5.66)
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For s < ¢ < 6 we have by virtue of the Gagliardo-Nirenberg inequality (4I7) that

11
w(r)lg < C (Jw(n)ls + [w(n)|; V(D)) , v=1—1. (5.67)
s 6
If ¢ is chosen in such a way that ¢y = 2, that is,
2
q= §s+2, (5.68)

then it follows from (5.67) and Young’s inequality that

[wlly < € ( sup |w(7)[s + sup Iw(T)Ii_VIIlelg/q) <C < sup |w(7)ls + IIVw||z> - (5.69)

T7€[0,7T] T7€[0,7T] T€[0,7T
By (B.66), we have
sup [w(r)l, < C((1+7)(1+Colz) )",
T7€[0,T

[Vwlls < C(1+ Co(z)r“)l/2 <C(1+ Co(Z)T—H)l/s

(note that s < 2), so that

lwlly < C((1+7)(1+ Col2)+) " . (5.70)
Putting
= pa= (o) + 5+
Z=pq= 37’ z 3 a,
we have by (5.70) that
16]]: = [[w]|7 < C (1 + ) (1 + Co(z) 1))V, (5.71)

and using the identity ps =r + 1, we obtain the implication

161 < Co(z) = [16]]: < Co(2),  Colz) = C(1+ Co(2)). (5.72)
The sequence
— é ( ) + § + — §
Zk—37“ Zh—1 3 a, 20—3

converges to 2o, = 8 4+ 3a. After finitely many iterations we obtain
10]l. < C for every z <8+ 3a. (5.73)

Consequently, by (G.60)-(E64), we have for r < 18+ 2 and ¢ € (0,7) that
T T
/ 0+ (2, ) d-tr / / 6" 1(0) VO (, 7) d dr+ / / o0 (7 ds(z) dr < O (5.74)
0 0 Jo 0 Joo
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This enables us to derive an upper bound for the integral fQ k(0)VO - V(dz which we need
for getting an estimate for 6, from the equation (5.59). We have by Holder’s inequality and
Hypothesis B.1(ii) that

/ k(0)VO-V(|dz = / |pU=m2512(9)pU V2 V2(9)W - V(| da
Q Q

1/2 1/2
r—1 2 2+b—r 2
C(/QH K(0)|V6)| dx) (/Qe V(] dx) . (5.75)

We now want to choose 7 > 0 and r satistying (5.74) such that

IN

r+1
24b—r= , 5.76
T 1y (5.76)
or, equivalently,
_ (1+2n)+0(1+n) 14+b nb+3) (5.77)

2417 2 22+mn) "

If b satisfies the condition in Hypothesis B.II(ii), then there exists n € (0,1) such that for r
given by (5.77) the condition in (.74 holds. Hence, by (5.75),

1/2 1/(1+m) i 1/q*
[w@wo- v <c([owomopar) ([orar) ([ we )
Q QO Q Q

(5.78)
with ¢* = 2(1+" . Hence, by (5.74),

T
| [ e)v60 - e drat < Clclisron - (579
0

By (&33) and (558) for a = 0, the functions A and B in (&.59) satisfy uniform bounds
A € L*0,T;L3*(Q)), B € L*0,T;L*)) independent of i, so that testing with ¢ €
L2(0,T; Wha' (Q)) is admissible. We thus obtain from ([55J) that

T N
| [ #0casde < Cldlmoran - (5.50)
0

5.10 Passage to the limit as i - oo

In the system ([&4)-(EBG) with § = 6;, R = R;, and (u,p,0) = (u¥,p@,0%), we fix test
functions <;5 e W22(Q;R*) N X, ¢ € X, and ¢ € L*(0,T; Wh (Q)) with ¢* from (E79). The
term &;Bull in (@A) converges to 0 in L? by (52])), the regularization Kp,(p) vanishes for
R; > C* by Proposition B.1]

By (52I) and (532), the sequence {V,u!’} is precompact in L4(0,T; L9(S; R3x3)) for every
€ [1,3). Similarly, by (556)-(G517), {Vp¥} is precompact in L*(0,T; LI(Q2; R?)) for every
[1,3), and {p?} is precompact in LI(%; C[0,T]) for every ¢ > 1 by virtue of Proposition

q€
EI Finally, by (5I8), (573), and (E30), {#™} is precompact e.g. in L¥(Q x (0,T)). Hence,
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using also (B.79), we select a subsequence and pass to the weak limit in the linear terms in (4.4])—
(@H), and to the strong limit in all nonlinear non-hysteretic terms. Obviously, if %) converge
strongly to 6 in L¥(Q x (0,7)), then Qp, (/%) — 6 strongly in L8(Q x (0,7T)) as well, and if
|Vp®|2 — |Vp|? in L2(0,T; LY3(Q)) strongly, then Qg (|Vp®¥[?) — |Vp|? in L*(0,T; LY?(Q))
strongly. By the same argument as in Subsection ELT], we show that the hysteresis terms G[p™];,
| Dp[V @), |Da[p®];| converge weakly in L*(Q x (0,7)), and that the limit as i — oo
yields a solution to (B.2)-(34) with ¢ € W2(Q; R3)NX,. By density we conclude that ¢ € X
is an admissible test function, which completes the proof of Theorem [3.21
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