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Optimal control of an Allen-Cahn
equation with singular potentials
and dynamic boundary condition

Pierluigi Coll and Jirgen Sprekelﬂ

Abstract

In this paper, we investigate optimal control problems for Allen-Cahn equations with
singular nonlinearities and a dynamic boundary condition involving singular non-
linearities and the Laplace-Beltrami operator. The approach covers both the cases
of distributed controls and of boundary controls. The cost functional is of standard
tracking type, and box constraints for the controls are prescribed. Parabolic prob-
lems with nonlinear dynamic boundary conditions involving the Laplace-Beltrami
operation have recently drawn increasing attention due to their importance in ap-
plications, while their optimal control was apparently never studied before. In this
paper, we first extend known well-posedness and regularity results for the state equa-
tion and then show the existence of optimal controls and that the control-to-state
mapping is twice continuously Fréchet differentiable between appropriate function
spaces. Based on these results, we establish the first-order necessary optimality
conditions in terms of a variational inequality and the adjoint state equation, and
we prove second-order sufficient optimality conditions.

1 Introduction

Let Q ¢ RY, 2 < N < 3, denote some open and bounded domain with smooth boundary
I' and outward unit normal n, and let 7" > 0 be a given final time. We put @ := Qx(0,7)
and X =T x (0,7), and we assume that §; > 0, 1 <i < 6, are given constants which
do not all vanish. Moreover, we assume:
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2 OPTIMAL CONTROL OF AN ALLEN-CAHN EQUATION

(A1) There are given functions

20 € L(Q), zx € L*(X), 2zr € HY(Q), 2rr€ HYD),
Uy, Uy € L(Q) with u; <uy a.e. in Q,

Uy, Ug. € L(X) with @y, <. a.e. in X.

We then consider the following (tracking type) optimal control problem:
(CP) Minimize

BT 9 By [T 9
J((y,yr), (u,ur)) = — ly — zq|” dzdt + — lyr — zs|” dl'dt
2 JoJa 2 Jo Jr

+ 2 [ty = erf s+ 5 [ (T = el
Q r

Bs [T 9 Be [T 2
+—= lul*dzdt + = lup|” dI"dt (1.1)
2 JoJa 2 Jo Jr

subject to the parabolic initial-boundary value problem with nonlinear dynamic boundary
condition

Yy — Ay + f'(y) =u ae in Q, (1.2)
Owyr — Aryr + 0wy + ¢'(yr) =ur, yr=yr, a.e. in X, (1.3)
y(-,0)=yo a.e. in Q, yr(-,0) =yo. a.e. on I, (1.4)

and to the control constraints

(u, ur) € Upa := {(w,wr) € L*(Q) x L*(%) :

’171 S w S ﬂg a.e. in Q, ’ljlr S wr S 7721“ a.e. in X } (15)

Here, yo and yo. are given initial data, Ar is the Laplace-Beltrami operator on I', and
the functions f, g are given nonlinearities, while u ,ur play the roles of distributed or
boundary controls, respectively. Note that we do not require ur to be somehow the
restriction of w on I'; such a requirement would be much too restrictive for a control to
satisfy.

We remark at this place that for the cost functional to be meaningful it would suffice to
only assume that zr € L?(Q2) and zr7 € L*(T"). However, the higher regularity of zr
and zr, requested in (A1) will later be essential to be able to treat the adjoint state
problem.

The system (L2)—(L4) is an initial-boundary value problem with nonlinear dynamic
boundary condition for an Allen-Cahn equation. In this connection, the unknown vy
usually stands for the order parameter of an isothermal phase transition, typically the
fraction of one of the involved phases. In such a situation it is physically meaningful to
require y to attain values in the interval [0, 1] on both 2 and I'. A standard technique to
meet this requirement is to postulate that the first derivatives of the bulk potential f and
of the surface potential ¢ become singular at 0 and at 1. A typical form for such a poten-
tial is f = f1 + fo, where fy is smooth on [0,1] and fi(y) = a[yln(y) + (1 —y) In(1 —y)]
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with some o > 0. Another possibility is to choose f; as the indicator function Ijo; of
the interval [0,1]; in this case f{ has to be replaced by the subdifferential 0l ;), and
f becomes a double obstacle potential. In this case, (L2]) has to be understood as a dif-
ferential inclusion or variational inequality. Similar choices can be made for the surface
potential g¢.

There exists a vast literature on the well-posedness and asymptotic behaviour of the Allen-
Cahn equation with the no-flux boundary condition Ony = 0 in place of (L3]). Also, the
well-posedness and asymptotic behavior of the system (L2)—(L4]) has been the subject of
numerous papers (see [3] and the many references given there).

Moreover, distributed and boundary control problems for the Allen-Cahn equation with
no-flux boundary conditions or boundary conditions of the third kind have been studied
in a number of recent papers, in particular, for the case of the double obstacle potential.
In this connection, we refer to [5] and [6]. Associated stationary, that is, elliptic MPEC
problems have been studied in [9] (see also the monograph [I4]), and the related Cahn-
Hilliard case was recently analyzed in [10]. We also like mention the works [7], [§], [12]
that treated optimal control problems for the Caginalp-type temperature-dependent gen-
eralization of the Allen-Cahn equation in the case of nonsingular potentials and standard
boundary conditions; a thermodynamically consistent temperature-dependent model with
singular potential of the above logarithmic type was the subject of [13].

The main novelty of the present paper is to study optimal control problems with singular
potentials of the logarithmic type and dynamic boundary conditions of the form (L3)).
In fact, while various types of dynamic boundary conditions have already been studied
in connection with optimal control theory (see [L1], for a recent example), it seems that
dynamic boundary conditions involving the Laplace-Beltrami operator have not been
considered before. One of the difficulties is that from the viewpoint of optimal control it
does not make sense to postulate that the controls v and ur satisfy wr = ur.

The paper is organized as follows: in Section 2, we give a precise statement of the problem
under investigation, and we derive some results concerning the state system (L.2])—(L4)
and a certain linear counterpart, which will be employed repeatedly in the later analysis.
In Section 3, we then treat the optimal control problem, proving the existence of optimal
controls and deriving the first-order necessary and the second-order sufficient optimality
conditions. During the course of this analysis, we will make repeated use of the elementary
Young’s inequality

1
ab < vla* + H|b|2 Va,be R Vv >0,

of Holder’s inequality, and of the fact that we have the continuous embeddings H'(Q2) C
Lr(Q), for 1 <p <6, and H*(Q) C L*>(Q) in three dimensions of space. In particular,
we have
”UHLP(Q) S Cp ”UHHI(Q) V’U € H1<Q), (16)
[Vl < Co vlla2@y Vv e HA(Q), (1.7)

with positive constants 5];, 1 < p < oo, that only depend on (2.
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4 OPTIMAL CONTROL OF AN ALLEN-CAHN EQUATION

2 (General assumptions and the state equation

In this section, we formulate the general assumptions of the paper, and we state some
results for the state system (L2)-(T4]). To this end, we introduce the function spaces

H:=L[*Q), V:=H'YQ), Hr:=L*T), V:=H),
H = L*(Q) x L*(X), X :=L®Q) x L*(%),
Y :={(y,yr) : y € H'(0,T; H)yn C°([0,T]; V) N L*(0,T; H*(%Y)),
yr € H'(0,T; Hp) N C°([0, T); Vo) N L*(0, T; H*(D)), yr=yr}, (2.1)

which are Banach spaces when endowed with their natural norms. In the following, we
denote the norm in a Banach space E by || - ||g; for convenience, the norm of the space
H x H x H will also be denoted by || - ||i. Identifying H with its dual space H*, we
have the Hilbert triplet V' C H C V*, with dense and compact embeddings. Analogously,
we obtain the triplet Vp C Hp C V¥, with dense and compact embeddings. We make the
following general assumptions:

(A2) f=fi+fo and g =g, + g, where fo, g2 € C3[0,1], and where fi,g; € C3(0,1)
are convex and satisfy the following conditions:

. / BT / _ . / N E / _
11\1;% fl(r)—ll{‘r(l) 9i(r) = —o0, 11/1”% fi(r) ll/r% 91(r) = +00. (2.2)

3 M; >0, My >0 such that |[f{(r)| < M;+ Msylgi(r)] Vre(0,1). (2.3)

(A3) Yo €V, Yor € Vr, and we have f1(?/0) € Ll(Q)> gl(yOF) € Ll(F% and

O<yo<1l ae in ), O0<y,.<1l ae onl. (2.4)

Remark 1: The condition (22]) is obviously satisfied if f; and ¢; are potentials of
logarithmic type as those mentioned in Section 1, while ([Z3]) is needed for the existence
result from [3] that will be used below.

To simplify notation, in the following we will denote the trace y;r (if it exists) of a function
y on I' by yp without further comment. Now observe that set U,q is a bounded subset
of X'. Hence, there exists a bounded open ball in X that contains U,q. For later use it
is convenient to fix such a ball once and for all, noting that any other such ball could be
used instead. In this sense, the following assumption is rather a denotation:

(A4) U isanonempty open and bounded subset of X’ containing U,q , and the constant
R > 0 satisfies
[ullze@) + llurlliey < RV (u,ur) €U. (2.5)

The following result follows as a special case from [3, Theorems 2.3-2.5 and Remark 4.5]
if one puts (in the notation of [3]) 8= f{, fr =gy, ™ = f}, mr = g» there.
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Theorem 2.1 Suppose that the general assumptions (A2), (A3) are satisfied. Then we
have:
(i) The state system (L2)—(L4) has for any pair (u,ur) € H a unique solution (y,yr) € Y
such that

O<y<1l a.e in Q, 0<yo. <1 a.e onX.

(ii) Suppose that also (A4) is fulfilled. Then there is a positive constant K, which only
depends on 0, T', yo, Yor, f, g, and R, such that for every (u,ur) € U the associated
solution (y,yr) € Y satisfies

1y, yr)lly = yllao.rmncoo.mvinzeo,1;m52(9)
+ lyrll 210,710 (0,11 ve) L2 0,2 () < KT (2.6)
1 @l 2o + 19 wo)ll 2oy < K7 (2.7)

Moreover, there is a positive constant K, which only depends on 2, T, vyo, Yo., f,
g, and R, such that the following holds: whenever (uq,uyy), (ug, us.) € U are given and
(Y1, Y1 )s (Y2, y2r.) € Y denote the associated solutions of the state system, then we have

[y1 — 92”200([0,T};H) + V(1 — 192)”%2(@ + [y — y2rH200([o,T];HF)
Ve (i — yor) 1 72(s,)

< K3 {llur = wallaorny + lone = iz acoimne | - (2:8)

Remark 2: (i) It follows from Theorem 2.1, in particular, that the control-to-state
mapping S, (u,ur) — S(u,ur) := (y,yr) is well defined as a mapping from X" into );
moreover, S is Lipschitz continuous when viewed as a mapping from the subset U of H
into the space (C°([0,T]; H)N L*(0,T;V)) x (C°([0,T]; Hr) N L*(0,T; Vr)).

(ii) Observe that we cannot expect y to be continuous in @, since both dyr and
Aryr only belong to L?(X), so that also only d,yr € L?(X). However, we have y €
L*(0,T;C°(Q)) and yr € L*(0,T;C°(T)).

The next result is concerned with a linear problem with dynamic boundary condition. It
will later be needed to ensure the solvability of a number of linearized systems.

Theorem 2.2 Suppose that functions (u,ur) € H, ¢, € L®(Q), co € L®(X), wy €
HY(Q), and wy. € H'(T') are given. Then we have:
(i) The linear initial-boundary value problem

wy — Aw+ ¢ (z,t)w = u  a.e. in Q, (2.9)
Onw + Oywr — Arwr + co(z,t) wr = ur a.e. on X, (2.10)
w(-,0) =wy a.e. in Q, wr(+,0) =wo. a.e. on I, (2.11)

has a unique solution (w,wr) € Y.
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(ii) There exists a constant C > 0, which only depends on U, T, lc1l|zee(q), and
|ca||Lo(x) , such the the following holds: whenever wy =0 and wo. =0 then

I(w, wr)lly < Cllu, ur) o (2.12)

Proof: We put f(w) := fr(w) := w and define the operators
H(w)(x,t) == c1(z, )w(x, t) —w(x,t), Hp(wr)(z,t) = oz, t)wr(z,t) — wr(x,t).
With these definitions, we may rewrite the equations (2.9) and (ZI0) in the form
wy — Aw + B(w) + (w) = u, (2.13)
Onw + Oywr — Arwr + Br(wr) + Hr(wr) = ur, (2.14)

respectively. Since the functions [ and [r are strictly monotone increasing in IR, the
system (2Z11]), (213), (2I4) has almost the same form as the system considered in Theo-
rem 2.5 in [3], the only difference being that here IT, ITi- are linear and continuous operators
while 7,7 in [3] were Lipschitz continuous functions. However, a closer inspection of
the proof of Theorem 2.5 in [3] reveals that the argumentation used there carries over
to the present situation with only minor and obvious modifications. Hence, the asserted
existence result is valid.

Now let wy = 0 and wo. = 0. In the following, we denote by C;, i € IN, positive
constants that only depend on the quantities mentioned in the assertion of (ii). Testing
&I3) by w, yields for every t € (0,7] the inequality

t 1 t 1
//wf dedt + = [w®)|2 + //|8twr|2d1“dt + Yo,
0Ja 2 0Jr 2

t t
< //((\cl|—i—1)\w| + |u|)\wt|dxdt+//((|02\+1)\wp\ + ur|) [Grwr| AT dt
0JQ 0oJ7T

whence, using Young’s inequality and the fact that ¢; € L>®(Q) and ¢y € L>®(X), we
obtain

t t
//wfdde Hw<t>y\3+//|atwp\2drdt+ e ()2,
0JQ 0oJIT

t t
< (//(|w\2 +uf?) dzdt + //(\wpﬁ + Jur?)dra)
0JQ 0JI

Gronwall’s lemma then yields that
w01 mncoqo.ryvy + llwrellaormncoqo. ) < Coll(u, ur)|lw - (2.15)
Next, a comparison argument in (Z9) shows that also
[Awl 207 < Cs [ (w, ur) |4 - (2.16)
Now we invoke [1, Theorem 3.1, p. 1.79] with the specifications

A:_Aa Jo = Yo, p:2a TZO, 523/27



PierLuict CoLLI AND JURCGEN SPREKELS 7

to conclude that

T T
/O o) a2y At < 04/0 (IAw@®)l + llwr@)F) dt, (2.17)

whence it follows that
[wll 20,7320y < Cs [, ur) |l - (2.18)
Hence, by the trace theorem, we have that

[Onw]| 20,1010y < Co || (w, ur) %, (2.19)

so that, by comparison in the equation resulting from (ZI0)), we obtain

[Arwr|z2m) < (1w, ur) % (2.20)

and consequently
[wrllz20m5m2w)) < Co ll(u, ur)lac- (2.21)

Now, owing to standard elliptic estimates, we infer
lwll20,r3m20)) < Cr | (w, ur) |l - (2.22)

This concludes the proof of the assertion. -

Remark 3: It follows from (ii) in Theorem 2.2 that for zero initial data the solution
operator (u,ur) — (w,wr) is a continuous linear mapping from H into ).

While it cannot be expected that the solution to the linear system (2Z.9)—(2.11) is bounded,
we now establish a boundedness result for the solution to the nonlinear state system (L2])—
(L4) that will be of key importance in the subsequent analysis. To this end, we need the
following assumption:

(A5) yo € L), yo. € L>(I'), and it holds

0 < essinf yo(z), esssup yo(z) < 1,
€N zeQ

0 < essinf yo.(x), esssup yo.(x) < 1. (2.23)
zel zel

Lemma 2.3 Suppose that the assumptions (A2)-(Ab5) are satisfied. Then there are
constants 0 < r, < r* < 1, which only depend on 2, T', yo, Yo., f, g, and R, such
that we have: whenever (y,yr) = S(u,ur) for some (u,ur) € U then it holds

re <y <r*aein Q, r,<yr<r" ae in X (2.24)

Proof: Let (u,ur) € U be arbitrary and (y,yr) = S(u,ur). Then we have

lulle@) + llurll=s) < R.
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By virtue of (2.2)) and ([2.23), there are constants 0 < r, < r* < 1 such that

< mi : :

r. < min {eSxSelélf yo(z), esmse1lpf Yo (x)} ) (2.25)

r* > max {ess sup yo(z), esssup yo. () ¢, (2.26)
xeQ) zel

max{f'(r)+ R, ¢'(r)+ R} <0 Vre (0,r,), (2.27)

min{f'(r)— R, ¢'(r)—R} > 0 Vre(r,1). (2.28)

Now define w := (y — r*)". Clearly, we have w € V' and w;r € Vp. We put wp := wyp
and test (L2) by w. Thanks to ([2.26]), we readily see that

1 T
= Sl + [ vl

1 T
43 ler@l + [ I19rurol e +
0

where, owing to (227) and (Z28),

o —// ) —u wdxdt+// g (yr) —ur)wpdl'dt > 0.

In conclusion, w = (y —r*)* =0, i.e., y < r*, almost everywhere in @) and on X. The
remaining inequalities follow similarly by testing (L2) with w := —(y — )~ . -

Observe that in view of (A2) and of Lemma 2.3, we may (by possibly choosing a larger
KY) assume that also

max {max {[|/”W)llz~@ 9”@l }} < K7, (2.29)

0<i<

whenever (y,yr) = S(u,ur) for some (u,ur) € U.

Remark 4: Lemma 2.3 entails that the singular components in the state equations of
the control problem (CP) are only active in a domain of arguments where they behave
like standard bounded smooth nonlinearities. As a consequence, we could use classical
differentiability results to see that both f and g generate three times continuously dif-
ferentiable Nemytskii operators on suitable subsets of L>(Q) and L*(X), respectively.
From this point, it would in principle be possible to derive the subsequent differentia-
bility results for the control-to-state mapping by using the implicit function theorem. A
corresponding approach was taken in Chapter 5 in [16] for the case of standard Neumann
boundary conditions not involving dynamic terms or the surface Laplacian. Here, we
prefer a direct approach which, while being slighthly longer and possibly less elegant than
the use of the implicit function theorem, has the advantage of yielding the explicit form
of the corresponding derivatives directly.
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With Lemma 2.3 at hand, we are now able to improve the stability estimate (28] from
Theorem 2.1.

Lemma 2.4 Suppose that the general assumptions (A2)—(ABb) are satisfied. Then there
is a constant K35 > 0, which only depends on 2, T', f, g, and R, such that the
following holds: whenever (uy,ui,.), (u1,us.) € U are given and (yi, Y1), (Y2, Yo.) € YV
are the associated solutions to the state system (L2A)—(T4), then we have

(w1, y1r) — W2, o) lly < K3 [ (wr, urp) — (ug, uap) || - (2.30)

Proof: In the following, we denote by C;, ¢« € IN, positive constants that only depend
on the quantities mentioned in the assertion. We subtract the state equations (L2)—(L4)
corresponding to ((w;, i), (¥i, i), © = 1,2, from each other and multiply the equation

resulting from (C2)) by 0,(y1 — yo). Putting v = uy — ug, ur = uy, — o, ¥y = y1 — ¥a,
and yr = y1. — Y2, , we have for all ¢ € [0, 7] the estimate

t 1 ¢ 1
//yfdxds + §/|Vy(t)|2dx + // |8typ|2dfds + §/|prp(t)|2df
r
//|f ) y2>||yt|dxds+//|g 1e) — 0/ (a0 O] AT ds
+//|u| ly| dzds + //\urHﬁtyp\dFds. (2.31)
0Ja 0Jr

Now observe that Lemma 2.3 (see also (229)) and the mean value theorem imply that
there is some constant C; > 0 such that

1f'(y) — fp)] < Cilyl ae in Q|9 (y1r) — ¢ (y2r)| < Cilyr| a.e. in X,

Hence, it follows from Young’s inequality and (2.8)) that

Y|l 10,7000 (0, 10vy + Nyel a0, 150 )nco o1y < Ca || (w, ur) || - (2.32)

From this point we may continue as in the proof of Theorem 2.2 after proving the estimate

(2TI3): indeed, by the arguments used there, we can repeat the estimates (Z10) to (Z21))
with (w,wr) replaced by (y,yr) to come to the conclusion that (2.30) is satisfied. This
concludes the proof of the assertion. -

3 The optimal control problem

We now consider the optimal control problem (CP) under the general assumptions (A1)-

(A4).

3.1 Existence

We have the following existence result.



10 OPTIMAL CONTROL OF AN ALLEN-CAHN EQUATION

Theorem 3.1 Suppose that the general assumptions (A1)—(A4) are fulfilled. Then the
optimal control problem (CP) admits a solution.

Proof:  Let {(un,un.)} C Uaqa be a minimizing sequence for (CP), and let (y,, Yn.) =
S(tn,un.), n € IN. By virtue of the global estimates (2.6) and (224]), we may assume
(by possibly selecting a suitable subsequence again indexed by n) that there are functions
(u,ur) € X and (y,yr) € Y, such that
u, = u  weakly-* in L>(Q),
Upp — up  weakly-* in L%°(3),
Yo — 7y weakly-*in H'(0,T; H)N L>®(0,T; V)N L*(0,T; H*(Q)) N L=(Q),
Ynp — Y weakly-* in H'(0,T; Hp) N L*®(0,T; Vy) N L0, T; H*(T)) N L(X) .

In particular, we have
OnYn — Onl, Aryn, — Argr, both weakly in L*(%).

Clearly, (u,ur) € U,q. Moreover, we infer from standard compact embedding results
(cf. [15, Sect. 8, Cor. 4] that, in particular,
Y, — 7§ strongly in C°([0,T]; H), (3.1)
Yo — Ur strongly in C°([0, T); Hy). (3.2)

But then we can conclude from the Lipschitz continuity of f} and g5 (see (A2)) that also

f(yn) = fo(y) strongly in C°([0,T]; H),
95(Ynr) = g5(gr) strongly in C°([0, T]; Hy),

while (27) and (A2) allow us to deduce that

fi(yn) — & weakly in L2(0,T; H),
¢ (yny) — & weakly in L2(0, T} Hr).

for some weak limits ¢ and &p. Since f; and g; are convex (so that f/ and g are
increasing), the weak convergences above, along with (B.I)-(B.2), imply that £ = f(7)
a.e. in Q and & = ¢4 (yr) a.e. on X, due to the maximal monotonicity of the operators
induced by f{ on L*(Q) and ¢ on L*(X) (see, e.g., [I, Prop. 2.5, p. 27]). At this
point, we may pass to the limit as n — oo in the state system (L2)-(L4) (written for
(Yns Yng)s (U, Unp ), n € IN) to conclude that (g, yr) = S(u, ur), that is, the pair ((u, ur),
(y,yr)) is admissible for (CP). It then follows from the lower sequential semicontinuity
of the cost functional J that (@, ur) is in fact an optimal control for (CP). -

3.2 Differentiability of the control-to-state operator

Suppose now that (@, ur) € Uaq is a local minimizer for (CP), and let (y,yr) = S(u, ur)
be the associated state. We consider for fixed (h,hr) € X the linearized system:
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- A+ GE=D ac inQ (3.3)
On€ + 0ir — Arér + ¢"(yr) &r = hr,  &r=¢&r,  a.e. on X, (3.4)
£(-,0)=0 a.e. in Q, &r(-,0)=0 a.e. on T. (3.5)

By Theorem 2.2 the system ([B.3)—(B.5]) admits for every (h,hr) € H (and thus, a fortiori,
for every (h,hr) € X') a unique solution (£,&r) € ), and the linear mapping (h, hr) —
(&,&r) is continuous from H into ) and thus also from X into ).

We have the following differentiability result.

Theorem 3.2 Suppose that the assumptions (A2)—(Ab) are satisfied. Then we have the
following results:

(i) Let (uw,ur) € U be arbitrary. Then the control-to-state mapping S, viewed as a
mapping from X into Y, is Fréchet differentiable at (u,ur), and the Fréchet derivative
DS (u,ur) is given by DS(u,ur)(h,hr) = (&, &r), where for any given (h,hr) € X the
pair (§,&r) denotes the solution to the linearized system (B.3)—B.1H).

(ii) The mapping DS : U — L(X,)Y), (u,ur) — DS(u,ur) is Lipschitz continuous on
U in the following sense: there is a constant Kj > 0 such that for all (u,ur), (u,ur) € U
and all (h,hr) € X it holds

(DS (u, ur) = DS (@, ar))(h, hr)lly < K |[(u, ur) = (@, ar) |3 [[(h; hr)ll - (36)

Proof: We first show (i). To this end, let (u,ur) € U be arbitrarily chosen, and let
(7,9r) = S(u,ur) € Y denote the associated solution to the state system. Since U is an
open subset of X', there is some A > 0 such that for any (h, hr) € X with |[(h, hr)||lx < A
it holds (u,ur) + (h,hr) € U. In the following, we consider such variations (h, hr) € X',
and we denote by (y",y%) the solution to the state system (L2)-(T4) associated with
(@, ur) + (h, hr). Moreover, we denote by (£, &) the unique solution to the linearized
system (B3)-(B3) associated with (h,hr). We also denote by C;, i € IN, positive
constants that depend neither on the choice of (h,hr) € X with ||(h, hr)||lx < A nor on
te€0,77.

Now let

=yt — =&t o=yl — g —

Obviously, we have (v o) € V. Since the linear mapping (h, hr) — (" &R) is by
Theorem 2.2 (ii) continuous from X" into ), it obviously suffices to show that there is an
increasing function G : [0, \] — [0, +00) which satisfies lim,~ o G(r)/r =0 and

1" vf)lly < G (I(h hr)lls) - (3.7)
Apparently, v” is a solution to the initial-boundary value problem
v = A"+ fy) = @) - (9 € =0 ae inQ, (3.8)

O0uv" + Owp — Arvp + ¢'(yr) —g'(Fr) —g"(Fr) ¢ =0 ae.on B, (3.9)
v"(-,0)=0 a.e.in Q@ vi(-,00=0 a.e. onI. (3.10)
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Next, we observe that it follows from Taylor’s theorem and from the global estimate ([2.24))
(cf. also (Z29)) that almost everywhere on ) we have

" =@ = = oo + o, (3.11)
with some function ®" € L>°(Q) such that, almost everywhere in Q,
@4 < o max [FO0 g < Ly P (312)
2 re<r<px - 2 ’ ’

By the same token, there is a function ®r € L>*(X) such that, almost everywhere on X,

9 (ut) = g'@r) — g"(Gr) & = 9" (gr) vt + P, (3.13)
where
noo B e
|Or| < 5 lyr — yrl”. (3.14)
Hence, with ¢; := f"(y) € L=(Q), ¢ = ¢"(yr) € L®(X), u := —®" € L[?(Q), and

up == —®L € L2(X), we see that the system [B.8)-(BI0) satisfied by (v", v}) has exactly
the structure of the system (Z9)—(@2I1). It therefore follows from (ZI2) in Theorem 2.2
that

10", vy < Cull(@", @)l (3.15)

Now observe that, owing to the embedding V C L*(Q) and to (Z30) in Lemma 2.4, we
have

T T
19" 172y < Cz/ /Qlyh—y|4d$dt = Cz/ " (#) = y(&) || sy At
0 0
< G Ty" = gllcomvy < Csll(h, he)lls, - (3.16)
Similar reasoning shows that also
12872y < Call(hy b3,

In conclusion, ([B.7) is satisfied for the function G(r) = C;(v/Cs + v/Cy) r*, which con-
cludes the proof of assertion (i).

Next, we show the validity of (ii). To this end, let (u,ur) € U be arbitrary, and let
(k,kr) € X be such that (@ + k,ur + kr) € U. We denote (y*,yk) = S(u + k, ur + kr)
and (y,yr) = S(u,ur), and we assume that any (h,hr) € X with |[(h,hr)|lx = 1 is
given. It then suffices to show that there is some L > 0, independent of (h,hr), (u,ur)
and (k, kr), such that

(6", &) = (& €0)lly < LIk, ke)llo (3.17)

where (fk,fg) = DS(?_L + k, ur + kp)(h,, hp) and (f,f[‘) = DS(ﬂ, ﬂp)(h, hp) . For this
purpose, we denote in the following by K, ¢ € IN| positive constants that neither depend
on (u,ur), (k,kr), nor on the special choice of (h,hr) € X with |[(h,hr)||lx =1.
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To begin with, observe that from part (i) it easily follows that (w,wr) := (€%, &F) —
(&,&r) € Y solves the initial-boundary value problem

—Aw+ f'(Guw=—&(f'(y") - f'(H) ae inQ, (3.18)
Onw + Opwr — Apwr + ¢"(r) wr = — & (9"(yr) — ¢"(gr)) a.c.on B, (3.19)
w(-,0)=0 a.e. in €, wr(-,0)=0 a.e. on I'. (3.20)

Hence, it follows from Theorem 2.2 that

1w, wo)lly < K (€8 (F05) = £ @lla@) + 168 (0" () = 9" @0))|z2) - (3:21)

Now, by Taylor’s theorem and (2.29), we have almost everywhere in ) (on X, respec-
tively)

"G5 = @) < Kily* =gl and |g"(ur) —¢"(@G0)] < KT lyr —ael. (3.22)
At this point, we recall that U is obviously a bounded subset of H . Since (u+k, u+kr) €
U and ||(h,hr)||x = 1, we thus can infer from (Z29) and from the estimate ([ZI2]) in
Theorem 2.2 that (&, fr) is bounded in )Y independently of (k,kr), (u,ur), and the
choice of (h,hr) € X with |[[(h,hr)|]|x = 1. Using the embedding V C L*(Q) and
Lemma 2.4, we therefore have

T
ka (f”(yk) . f"(ﬂ))”%%@) < K2/0 /Q‘gk‘2 |yk _g‘Q dx dt

T
< Kz/o 1" O Za(ey 15" (8) = GBI Zaq) dt

< Ks||(v" = 9,90 = ao)ll5 < Ka || (ks ko)lf3, - (3.23)

Since an analogous estimate holds for the second summand in the bracket on the right-
hand side of ([B:21), the assertion follows. -

Remark 5: Notice that we could not establish Fréchet differentiability of & on H;
in fact, we only were able to show differentiability on the bounded subset U of X.
In particular, the boundedness of (u,ur) in X was an indispensable prerequisite for
proving Lemma 2.3 and the global estimate ([2.29), which in turn was fundamental for
the derivation of the differentiability result. This will below lead to a so-called two-norm
discrepancy in the derivation of second-order sufficient optimality conditions, i.e., we will
have to work with two different norms.

With Theorem 3.2 at hand, it is now straightforward to derive the standard variational
inequality that optimal controls must satisfy: indeed, it follows from the quadratic form
of J and from the chain rule that the reduced cost functional

J(u,ur) := J(S(u,ur), (u,ur)) (3.24)
is Fréchet differentiable at every (@, ur) € U with the Fréchet derivative
DJ (w,ur) = Dy J (S, ur), (4, ur)) o DS(u, tr) + DyunyJ (S(@, tur), (4, ar)), (3.25)
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and, owing to the convexity of U,q, we have for every minimizer (u,ur) € Uyq of J in
Z/{ad that
Dj(ﬂ, ﬂp)(U — ﬂ, ur — ?_Lp) Z 0 Vv (U, UF) € uad . (326)

Identification of the expressions in (B.28) from (LI)) and Theorem 3.2 yields the following
result:

Corollary 3.3 Let the assumptions (A1)—(AB) be satisfied, and let (u,ur) € Uaq be an
optimal control for the control problem (CP) with associated state (y,yr) = S(u,ur) € Y.
Then we have for every (v,vr) € Uaq

51/0T/Q(?]—ZQ)§dl’dt + 52/0T/F(§F—Zz)§rdfdt

+ﬁ3/ﬂ<g<~,T>—zT>£<-,T>dx + 64/<yfp<-,T>—zmér(-,T)dr

I
+65/t/u(v —u)dxdt + ﬁﬁ/t/up(vp —ap)dl’dt > 0, (3.27)
0JQ 0JI

where (§,&r) € Y is the unique solution to the linearized system ([B3)-B.1) associated
with (h, hp) = (U — ﬂ, vr — ﬂp) .

3.3 First-order necessary optimality conditions

We are now in the position to derive the first-order necessary optimality conditions for
the control problem (CP).

Theorem 3.4 Let the assumptions (A1)—(AB) be satisfied, and let (u,tur) € Uaq be an

optimal control for the control problem (CP) with associated state (y,yr) = S(u,ur) € Y.
Then the adjoint state system
—pe—Ap+ f'(Hp=P5(—2) ae inq, (3.28)
Onp — Oipr — Arpr + ¢"(yr) pr = Bo (Jr — 2z5)  a.e. on X, (3.29)
p(aT):B?)(g(aT)_ZT) a.e. in Qa
pr(-,T)=Bs(yr(-,T) — 2rr) a.e. on I, (3.30)

has a unique solution (p,pr) € YV, and for every (v,vr) € U,q we have
T T
/ /(p+65 u)(v—u)dxdt + / /(pr‘ + B ur)(vpr —ur)dl’dt > 0. (3.31)
0JQ 0Jr

Proof: First observe that the system (B.28)—(B.30) is a linear backward-in-time parabolic
initial-boundary value problem, which after the time transformation ¢ — 7" —t takes the

form of the system (29) ([2IT) provided we put
al,t) = [y, T —1), cfx,t):=g"Gr(T -1)),
u(w,t) =P (§ — zQ)(x, T — 1), wur(z,t):= P (yr—25)(z, T —1),
wo(x) = Ps (y(x, T) — 2r(x)),  wor () = Ba (yr(x, T) — 20,0(x)) .
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Obviously, ¢; € L¥(Q), ca € L®(X), u € L*Q), ur € L*(2), wy € HY(Q), and
wo. € H(T'). Hence, by virtue of Theorem 2.2, the transformed system admits a unique
solution (w,wr) € Y, so that (p,pr)(z,t) := (w,wr)(x,T —t) is the unique solution to
the adjoint system, and (p,pr) € V.

At this point, we may perform the standard calculation, using repeated integration by

parts and the systems [B.3)—(B.5) and [B.28)—(.30), which shows that

51/:/9(?]—2@)5011’@ + 52/0TL<gF_22)£Fdth

+53/Q<yf<~,T>—zT>£<-,T>dx+ 54/F(§r('aT)—ZF,T)ﬁr('aT)dF

T T
:/ /phdxdt + / /pp hrdl'dt, (3.32)
0 Ja o Jr

so that ([B.31) follows from (3.27). -

Remark 6: (i) It follows from the above considerations that the Fréchet derivative
DJ (u,ur) € L(X,Y) can be identified with the pair (p + S5 @, pr + s tr) in the sense
that, with the standard inner product (-, -)y in the Hilbert space H, we have

Dj(ﬂ, ﬂp)(h, hp) = ((p -+ 65 ’Ij,pr -+ 66 ﬂp), (h, hF))’H v (h, hr) eX. (333)

(ii) If B5 > 0 and fg > 0 then it follows from standard arguments that the condition
B31) can be given a pointwise interpretation in the following sense: we have almost
everywhere in () (on X, respectively) that

( uy(x,t) if wy(x,t) < —B5 " p(a,t)
a(z,t) = =B p(w,t) if uy(x,t) < =35 p(x,t) < Uy, t),
( up(z,t) if wy(z,t) > —p5 " pla,t)
( Us.(z,1) if U (2,t) < —fB5 " pr(z,t)
ap(x,t) = —B5 oz, t) if . (x,t) < =B pr(z,t) < o (z, 1), (3.34)
(Ui (2, 1) if . (x,t) > —B5 " pr(z,t)

where 1y, Uy, Uy, Us. represent the control constraints defined in (A1).

3.4 The second-order Fréchet derivative of the control-to-state
operator

Since the control problem (CP) is nonconvex, the first-order necessary optimality con-
ditions established in the previous section are not sufficient. However, it is of utmost
importance, e.g., for the numerical solution of (CP), to derive sufficient optimality con-
ditions. For this purpose, it is necessary to show that the control-to-state mapping is
twice continuously Fréchet differentiable. We have the following result.
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Theorem 3.5 Assume that in addition to the general conditions (A1)—(A5) we have:
(A6) f,g€C¥0,1).
Then we have the following results:

(i) The control-to-state operator S is at any (u,ur) € U twice Fréchet differentiable,
and the second Fréchet derivative D?S(u,ur) € L(X,L(X,Y)) is defined as follows: if
(h,hr), (k,kr) € X are arbitrary, then D*S(u,ur)[(h,hr), (k, kr)] =: (n,nr) € Y is the

unique solution to the initial-boundary value problem

—An+f"G)n=—-fP@ ¢y aein Q, (3.35)
Aan) + Omr — Arnr + ¢" (gr) e = =g (Jr) drvr  ae. on X, (3.36)
n(-,0)=0 a.e. in nr(-,0)=0 a.e on I, (3.37)

where we have put
(ga IgF) - S(fb,ﬂp), (¢7 ¢F) - DS(ﬂ’aF)(h’ hF)’ (wa,@bf‘) - DS(fL,fLF)(kJ, k:F) : (338)

(i) The mapping D?S : U — L(X,L(X,Y)), (u,ur) — D2S(u,ur), is Lipschitz con-
tinuous on U in the following sense: there exists a constant K > 0 such that for every
(u,ur), (u,ur) € U and all (h,hr), (k,kr) € X it holds

I(D*S(u, ur) — D*S(a, ar))[(h, hr), (k, kr)]lly
< K5 [[(u, ur) = (@, @r) [l [1(hy Bo) |l [[ (R, Bl - (3.39)

Proof: We first prove part (i) of the assertion. To this end, let (u,ur) € U be fixed,

(ha hF)a (ka kF) € X be arbitrar}[a and (ga gF)a (¢7 ¢F)a (¢7¢F) S y be defined as in (BBE)
Then, with

= f"(g) € LX(Q), c2=g"(gr) € L¥(D), u:=—fO(y)ove L*(Q),
ur = —g(g)(@r) QZ)F Q/)F S LQ(Z)a

the system (B.30)-B.37) takes the form (2Z9)—(2I1]) and thus enjoys a unique solution
(n,mr) € Y. Moreover, by ([2ZI2]) we have the estimate

Immo)lly < C(IFP®) ¢l + 199 @) érvrllas) - (3.40)

In the remainder of the proof of part (i), we denote by C;, i € IN, positive constants that
do not depend on the quantities (h, hr), (k,kr), and (u,ur). Usmg (229) and (Z30),
and invoking the embedding V' C L*(€2), we find that

T T
17D D) pll72q) < KTZ/O /Q\¢\2|1/1\2d$dt < 01/0 1610 19 )[40y

< Collglléoqomyv) 1¥lleoqoaivy < Csll(h, he)llz, (&, ke)ll3, . (3.41)

where the validity of the last inequality can be seen as follows: by definition (recall (3.35))
(¢, ¢r) is the unique solution to the linear problem (B.3)—(3.5) with zero initial conditions,
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and thus we can infer from Theorem 2.2 (see, in particular, (Z12)) that ||(¢, ¢r)|y <
C||(h,hr)|l%. By the same token, we conclude that ||(v,¢r)||y < C ||(k,kr)|ls. The
asserted inequality therefore follows from the definition of the norm of the space ), and
we obtain from similar reasoning that also

19 @) ér vellzacey < Call(h, ) (s ) e

In particular, it follows that the bilinear mapping X x X — Y, [(k, kr), (h, hr)] — (9, nr),
is continuous.

Now we prove the assertions concerning existence and form of the second Fréchet deriva-
tive. Since U is open, there is some A > 0 such that (u + k,ur + kr) € U whenever
|(k, kr)|]x < A. In the following, we only consider such perturbations (k, kr) € . Then

for (y*, yf) = S(u + k,ur + kr) the global estimates (Z6), Z29), [E30) are satisfied.

Without loss of generality, we may also assume that
masc {1FD ") () 199 Wi} < K7 whenever [[(k,ko)lle < A, (3.42)
After these preparations, we observe that it suffices to show that
|DS(u + k, ar + kr) — DS(u, ur) — D*S(u, ar)(k, kr) wa

= sup ||(DS(@+k,ur + kr) = DS(u,ar) — D*S(a, ar)(k, kr)) (b, hr)|,,

[l (h,hr)llx=1

< G (IR, ko)l (3.43)

with an increasing function G : (0, \] — (0, +00) that satisfies lim,~ o G(r)/r = 0.
To this end, let (h,hr) € X be arbitrary with |[|hl/ze(q) + |hr]lzex) = 1. We put

(p7 pF) = DS(’I_L—F]{Z,:UF—F]{Z[‘)(}L hF)7 define the pairs <¢7 (bf)v (wﬂﬁr) € y as in (BBB)7 and
put

(w,wr) == (p— & —n, pr — ¢r — 1r).
Then, according to (.43]), we need to show that

[(w, wr)lly < G ([(k; kr)lls) - (3.44)

Now, invoking the explicit expressions for the quantities defined above, it is easily seen
that (w,wr) is a solution to the linear initial-boundary value problem

—Aw+ f"(JJw=0 a.e in Q, (3.45)
8nw + ath — prp + g”(gjp) Wr = or a.e. in 2, (346)
w(-,0)=0 a.e. in Q, wr(-,0)=0 a.e. on I, (3.47)

where we have put

o=—p(f"W") = ") + [O@ o,
or == —pr (¢"(t) — ¢"(r)) + g% (ur) érvr. (3.48)
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In view of ([229), and since it is easily checked that (o,or) € H, we may again invoke
the estimate (2.12) in Theorem 2.2 to conclude that (3.44]) is satisfied if only

I, o0)lls < G ([I(k, kr)llo) - (3.49)

Applying Taylor’s theorem to f”, and recalling (B3.38)), we readily see that there is a
function wy € L*>(Q) such that

'O =) =20 W —g—v) + fP@) ¢ + wp (y" —5)° ace in Q. (3.50)

Hence, we have that

o=—pfPQW-g-v) -0 (p—0) — pwy (¥ —9)*. (3.51)

Now recall that from the proofs of Fréchet differentiablity and of the Lipschitz continuity
of the Fréchet derivative (see, in particular, the estimates ([3.6)—(BI06) and BI7)-B323),
respectively) it follows that

1" =5 =¥yt = g0 —¥o)lly < Coll(k, kr)l3

(o= ¢, pr —¢r)lly < Coll(k, kr)lla - (3.52)
Moreover, we can infer from Lemma 2.4 that
1" = .95 —gr)lly < B3 || (ks kr)llacs (3.53)

and it follows from Theorem 2.2 that p is bounded in ) by a positive constant that is
independent of (k, kr), (h, hr) € X with ||(k, kr)|lx < A and |[(h, hr)|lx = 1.
Finally, we conclude from Remark 3 that with a suitable constant C5 > 0 it holds

1, ¥r)lly < Csl|(k, kr)lla - (3.54)

After these preparations, and invoking Hélder’s inequality and the embeddings V' C L*(2)
and V C L%(Q)), we can estimate as follows:

T
lol2a0) < Ci / / (0P 15" =5 — 6 + [0 1o — 6 + |o [v* — g*) dardt
T
< / (o0 Baey 16" — 7~ )0y + (0O 2 lol0) — 6Dy )

+C4/0 o)1 Zec@ 15" (1) = 5(0) | 1o (e dt
< G5 max (o) 1(y* =7 = )OI + 1LOIF o) — oI

+le®I ly* () = 3@)Iy)
< G l(k, kr)ll3 - (3.55)

By the same reasoning, a similar estimate can be derived for ||op[z2(x), which concludes
the proof of the assertion (i).
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Next, we prove the assertion (ii). To this end, suppose that (u,ur) € U and that (h, hr)
and (k, kr) are arbitrarily chosen in X', and let (0,dr) € X be arbitrary with (a+ 0, up +
or) € X. In the following, we will denote by C;, ¢ € IN, positive constants that do not
depend on any of these quantities. We put

(v°,yp) = S(a+d,uar +6r), (9.9r) = S(u,ar), (¢,¢r) = DS(a, ur)(h, hr),
(¥, ¢r) = DS(ﬂ ur)(k, kr),  (¢°,¢t) = DS(u+ 6, ar + or)(h, hr),

(¥°,4p) = DS(a + 6, ar + o) (k, kr),  (n,n0) = D*S(a, ar)[(h, hr), (k, kr)],
(n°,np) = D*S(w+ 6, ap + op)[(h, hr), (k, kr)] .

From the previous results, in particular, (230) and ([3.6]), we can infer that there is a
constant C7 > 0 such that

(¢, ér)lly + 1(6°, ép)lly < Cull(hy ),

1, o)y + 1%, )y < Cull(k, kr)lls,

. me)lly + 1%, mpdlly < Cull (s )l N[ (R K)o,

I 92) = (@, 90)lly < Call(8,80) e,

1(¢°, 62) — (@, dr)lly < Cull(8,80) [l I (B hir) I,

1w, vp) = (@, ve)ly < Cull(8, 8e)lla 1k, k)l (3.56)

Now observe that (w,wr) = (7°,7%) — (n,nr) satisfies the linear initial-boundary value

problem of the type ([2.9)—(2.11)

—Aw+ f"(Jlw=0 a.e in Q, (3.57)
Oaw + Oywr — Arwr + ¢"(gr) wr = or  a.e. on X, (3.58)
w(-,0)=0 a.e. in Q, wp(-,0) =0 a.e. on I, (3.59)

where we have put

o=—n"(f"(") = ") — (fOW) "¢’ — O @) o),
or = —n(g" () — ¢"(r)) — (¥ (u)) ¢ v — ¢ (ur) orvr) . (3.60)
From Theorem 2.2 it follows that
[ (w, wr)|ly < Cll(o,01)3, (3.61)
so that it remains to show an estimate of the form

(s o0) [l < Co[[(0, 00)lla¢ (1 )l 1K, K )3 (3.62)

Moreover, we can infer from (Z30) and (3] that, almost everywhere in @,

ol < K7 (In°l1y° = g1 + 16°[ 10011y’ = gl + [6°[1¢° =] + [0][6° = ¢l).  (3.63)
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Hence, by ([3.56), and using Holder’s inequality and the embedding V C L*(9),

T T
/0 / PPy — g2 dedt < / PO 16 — 90123y dt

< Gy |10 2oqorvy 1 = 9l 2oqomyyy < Call(®,80) 13 N (hy he) 15, N1 (K, ko)lI3,
(3.64)

Similar reasoning yields

16°(° = )l[F2iq) + 19(8° = D)llT2iq) < Cs (0, dr) I3 | (s hr) 13 1| (K, k)3, - (3.65)

Moreover, we invoke (B.56), Holder’s inequality, and the embeddings V' C L*(Q) and
H?(Q) € L>(Q), to conclude that

T T
|l = iR azd < [ 167 = 900 160 o 1970

< Cs H¢6H00 ([0,7);V) HWSHCO(OT Iy’ g”%2(O,T;H2(Q))
< Cr (16, 00) 13 117 ho) 13, N1 (R, B3, - (3.66)

Finally, we can estimate |or|r2s) deriving estimates similar to (B.63)-(B.66), which
proves the validity of the required estimate ([B.62]). With this, the assertion is completely
proved. -

3.5 Second-order sufficient optimality conditions

With Theorem 3.5 at hand, the road is paved to derive sufficient conditions for optimality.
But, because the control-to-state operator S is not Fréchet differentiable on H, we are
faced with the two-norm discrepancy, which makes it impossible to establish second-order
sufficient optimality conditions by means of the same simple arguments as in the finite-
dimensional case or, e. g., in the proof of Theorem 4.23 on page 231 in [16]. It will thus be
necessary to tailor the conditions in such a way as to overcome the two-norm discrepancy.
At the same time, for practical purposes the conditions should not be overly restrictive.
For such an approach, we follow the lines of Chapter 5 in [I6], here. Since many of the
arguments developed here are rather similar to those employed in [16], we can afford to
be sketchy and refer the reader to [16] for full details.

To begin with, the quadratic cost functional J, viewed as a mapping on ) xU , is obviously
twice continuously Fréchet differentiable on ) x U, and for any ((y,yr), (@, ur)) € Y xU
and any ((v,vr), (h, hr)), ((w,wr), (k, kr)) € Y x X it holds

D*J((g, gr), (@ ar))[((v, vr), (b, hr)), ((w, wr), (k, kr))]

//vwdxdt+52//vapdfdt+53/ (T)w(T) dz
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Hence, it follows from Theorem 3.5 and from the chain rule that the reduced cost func-
tional J is twice continuously Fréchet differentiable on U. Now let (u,ur) € U be fixed
and (h, hr), (k, kr) € X be arbitrary. In accordance with our previous notation, we put

(?7, gF) = S(fb,fbr), (¢> ¢F) - DS(ﬂvaF)(hv hF)v (%@DF) = DS(ﬂaﬂF)(ka kF)?
(n,nr) = D*S(a, ur)[(h, hr), (k. kr)]

Then a straightforward calculation resembling that carried out on page 241 in [16], using
the chain rule as main tool, yields the equality

D2j<ﬂ, ﬁf)Khv hf)v (kv kF)] = D(yw)J((z}, g[‘)v (ﬂ, EF))(TL nf)
+ D*J((9,yr), (@, ur))[((¢, ¢r), (h, b)), (¢, ¥r), (k, kr))] - (3.68)

Now observe that the first summand of the right-hand side of (B.68) is equal to the

expression
Bl/OT/Q(?]—ZQ)TIdSUdt + 52/0T/F(?]P—Zz)ﬁrdfdt
0 [ (0T =z oT) e + B [ () = zer) (D)0 (369

and that (1, nr) solves a system of the form (B3)- (3.5, with h replaced by —f® ()¢ €
L*(Q) and hrp replaced by —g® (yp)érr € L*(X). Since the calculation leading to the
identity (3:32) also works for right-hand sides in L*(Q) x L*(X), we can infer that

Dy ey (Y, yr), (@, ur))(n, nr)

//M$ ) oo dudt /ﬂm (g)rordDde,  (370)

where (p,pr) € Y is the adjoint state associated with ((,yr), (@, ur)). Summarizing, we
have thus shown that it holds the representation formula

D27 (i) [(h, hr), (B, hr)] //&zﬁ$HWM&

T
+//%—mﬁ@ﬂ@ﬁ@ﬁ+&4Wﬂﬁm+&£MUWﬂ

+Bs [1Pllz2q) + B I llZas) - (3.71)

Equality [3.71) gives rise to hope that, under appropriate conditions, D27 (u,ur) might
be a positive definite operator on a suitable subset of the space H. To formulate such
a condition, assume that (u,ur) € U,q is a given control with associated state (y,yr) =
S(u,ur) € Y and adjoint state p € ) satisfying (8.28)-(B.30). We then introduce for
fixed 7 > 0 the set of strongly active constraints for (u,ur) by

A (u,ur) = {(z,t) € Q: |p(x,t) + Bsu(x,t)] > 7}
U{(z,t) € X: |pr(z,t) + Bsur(z,t)| > 7}. (3.72)
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Apparently it follows from ([B.31]) that, depending on the signs of p(z,t) + f5 u(x,t) and
of pr(x,t) + g ur(x,t), the control values u(z,t) and ur(zx,t), respectively, attain one
of the constraint values. We now define the 7— critical cone C.(u,ur) to be the set of all
(h,hr) € X such that

=0 if (z,t) € A (u,ur)
Wz, t) >0 if a(z,t) (2, 1)
<0 if a(z,t) =Us(z,t) and (z,t) & A, (a, ar)

=0 if (z,t) € A (u,ur)
hr(.ﬁlf,t) Z 0 if fbp(l‘, t) = ’I’Il
<0 if fbp(l‘, t) = U9

) and (x,t) € A (u,ur) . (3.73)

After these preparations, we can formulate the second-order sufficient optimality condition
as follows:

There exist constants ¢ > 0 and 7 > 0 such that
DQJ[({% ﬂF) [(h’ hF)’ (h’ hF)] Z 0 ||(h’ hF)H%—L v (h, hF) € CT(ﬂa ﬂF) )

where D?J|(u,ur) [(h, hr), (h, hr)] is given by @11) with (7, 9r) = S(u, ur),
(¢, or) = DS(u,ur)(h, hr) and the associated adjoint state (p,pr). (3.74)

The following result resembles Theorem 5.17 in [16].

Theorem 3.6 Suppose that the assumptions (A1)—(A6) are satisfied, and assume that
the triple (u,ur) € Uaa, (y,9r) = S(u,ur) € Y and (p,pr) € Y fulfills the first-order
necessary optimality conditions B28)—B31). Moreover, assume that the condition (B.74)
15 fulfilled. Then there are constants € > 0 and o > 0 such that

J (u,ur) > J(u,ur) + o||(u—u,ur — ur)||3,

whenever (u,ur) € Usqa and ||(u,ur) — (,ur)||lr < €. (3.75)

In particular, (u,ur) is locally optimal in the sense of X .

Proof: The proof closely resembles that of Theorem 5.17 in [I6], and therefore we can
refer to [I6]. We only indicate one argument that needs a bit more explanation. To this
end, let (u,ur) € Uag be arbitrary. Since J is twice continuously Fréchet differentiable
in U, it follows from Taylor’s theorem with integral remainder (see, e. g., Theorem 8.14.3
on page 186 in [4]) that

J(u,ur) — J(uw,ur) = DJ(u,ur)(v,vr) + %DQJ(QZ, ur)[(v, vr), (v, vr)]

+ R ((u, ur), (@, ur)) , (3.76)
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with the remainder
RJ((ua uF)a (fb, ﬂf‘))

= /0 (1—s) (D*J (@ + sv,ur + svr) — D>J (@, ur)) [(v,vr), (v, vr)] ds .
(3.77)

A lengthy but straightforward calculation, based on the representation formulas (B.67])—
(B69) as well as on the Lipschitz estimates (2.30), (3.6]), and ([3.39), reveals that

| R ((u, ur), (@, ar))| < 01/0 (1= 5)s (v, vr)[3,ds

Coll(v, ve) | [l (v, o) 3, (3.78)

IN

with global constants C; > 0 and Cs > 0 that do not depend on the choice of (u,ur) €
Us,q . From this point, we can argue along exactly the same lines as on pages 292-294 in
the proof of Theorem 5.17 in [I6] to conclude the validity of the assertion. -
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