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Double explosive Kuramoto transition in hypergraphs
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This study aims to develop a generalized concept that will enable double explosive transitions in the forward
and backward directions or a combination thereof. We found two essential factors for generating such phase
transitions: the use of higher-order (triadic) interactions and the partial adaptation of a global order parameter
acting on the triadic coupling. A compromise between the two factors may result in a double explosive transition.
To reinforce numerical observations, we employed the Ott-Antonsen ansatz. We observed that for a wide class
of hypergraphs, combining two elements can result in a double explosive transition.

DOLI: 10.1103/PhysRevResearch.7..022049

Introduction. Classical network theory states that if a link
joins two nodes with a probability p, a continuous percolation
process will develop a giant connected component (GCC). An
analytically tractable critical p [1,2] constitutes the foundation
for such GCC emergence. Later research showed that if a
specific product rule is applied at the time of connection, the
critical p can be delayed and the transition becomes explosive
(Achlioptas processes; two links compete to be added) [3-5].
More complex behavior can also be guaranteed by further
alterations to the connection rule; specifically, by using the
three-vertex rule, which connects nodes based on their clus-
ter sizes. This enables numerous discontinuous jumps in the
arbitrary vicinity of the first continuous jump [6-8].

Nonequilibrium phase transitions are frequently seen in the
networks of complex systems such as Kuramoto oscillators.
In particular, the synchronization transitions that characterize
the path from incoherence to coherence are determined by
the coupling configuration and distribution of intrinsic natural
frequencies [9-14]. For example, if the natural frequencies
and network structure are correlated and the network is highly
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heterogeneous [15], the transition becomes explosive [16,17].
Another interesting technique for explosive or discontinuous
transitions is adapting the coupling with the Kuramoto order
parameter [18-23]. Such adaptations are made elegant by the
following characteristics: (i) A network specification is not
required. (ii) Different types of frequency sets can be operated
across.

These two observations—one from networks (stairlike
discontinuities) and the other from coupled Kuramoto oscilla-
tors (explosive transitions)—motivate the crucial question of
whether the strategic creation of a method for producing stair-
like (specifically, double-explosive-transition) discontinuities
in coupled Kuramoto oscillators is possible. If so, what kind
of coupling will it have? Can we move it in only one direction,
that is, forward or backward? Stairlike behavior has been ob-
served in the Sakaguchi-Kuramoto model in random networks
with partial degree-frequency correlation [24]. Notably, it was
also observed in a finite graph of second-order Kuramoto os-
cillators. Varieties size of clusters coexist in hysteretic regimes
when there is considerable inertia [25]. Further, more in-
tricate stairlike behavior was developed in Ref. [26] in the
presence of high inertia and in Ref. [27] in the presence of
higher-order interactions. A recent study have suggested that
if suitable frequency selections are made and the network con-
nection is temporally adjusted, a finite network of Kuramoto
oscillators may display a stairlike discontinuous transition
[28]. Most recently, a double hysteresis loop in duplex net-
works with a high phase-lag has been quantitatively detected
[29]. However, to date, no universal mechanism or technique
has been developed to realize a double hysteresis loop or
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explosive transition (with Kuramoto oscillators) in a single
direction.

In this Letter, we propose a broad approach that can pro-
duce a double explosive transition in one or both directions.
Our method utilizes two key factors: (i) We employed hy-
pergraphs to account for pairwise and triadic interactions
[30,31]. (ii) Building on previous research [18], we suggest
a partial adaptation of the order parameter. The first factor
guarantees tiered or explosive synchronization with or with-
out adaptation [32-40]. The second factor enables control
of the explosion width [18] without the need to consider
any particular networks or frequencies. We have observed
multiple nontrivial incoherence to coherence transitions in a
hypergraph of Kuramoto oscillators when both factors were
combined. Based on the Ott-Antonsen ansatz [41], for a hy-
pergraph, we have established that a partial adaptation can
be used to increase or decrease the size of double explosive
loops (for a given higher-order interaction strength). Evidence
suggests that such double loops may be removed and a single
stair can appear in either direction with careful adaptation.
Ultimately, using average-frequency analysis, we demonstrate
how the dyadic coupling strength—or the adaptation in tri-
adic coupling—influences the development or decline of the
clusters.

The coupled Kuramoto model can be expressed as

N
b = w; + Kir{ Y Ayjsin(0; — 6; — B)

j=1

N N
+Kyry Z ZBijk sin(20; — O — 0; — B),

Jj=1 k=1
i=1,2,...,N, ey

where A;; is the ijth element of the adjacency matrix A
wherein A;; = 1 if there is a pairwise connection between the
ith and jth node, otherwise A;; = 0; similarly, B; ;; represents
the triangular connections between the three nodes i, j, and %,
wherein B;j; = 1 if the three nodes form a triangle, otherwise
0; w; is the natural frequency drawn from the Lorentzian dis-
tribution g(w) = m, wherein A is the half width at
half maximum and wy is the center of the distribution. N is the
total number of oscillators in the system and the nonzero a and
b control the strength of adaptation in pairwise coupling (K;)
and higher-order coupling (K;), respectively. 8 indicates the
phase frustration or phase-lag of the system [42,43]. We did
not investigate the role of B in this study; however, it has been
used in the analytical computation. Given that 8 suppresses
synchronization [36,37,43,44], conducting a separate study
to determine how to create and destroy double or stairlike
explosive synchronization considering S is necessary. For the
construction of hypergraphs, please see Supplemental Mate-
rial Sec. II [45]. To proceed further, let us first define the order
parameters, which characterize the synchronization level. The
local order parameters are defined as R! = ijyzl A;je and

R} = Zykzl B;jxe*%ie~" and the global order parameters

can be defined as [46] z1 = ri(1)e"" = gy YLy R} and
i N

22 = r(t)eV? = m o=, R?, where (kD) and (k@) de-

note the mean pairwise and triadic degrees, respectively, and

Y and v, are the average phase values. In this study, the
global order parameter r; was modified to consider both cou-
pling strengths in the form of K;r{ and K, r{’ .

Further calculations using the Ott-Antonsen ansatz [41,46]
give the reduced order model (see Supplemental Material
Sec. III [45]):

K¢ .

& + iwoet + A — ‘Tr‘ ;N(k’)p(z)(k, K)a(k)e'®
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The global order parameters can be calculated as

() = oy ZN(k)N(k PPk, k)
x&(a)o—iA,k,t), 3)
) = sy 2 NONENE P KK
Rt
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where p@®, p® are the link and triangle connection probabil-
ities, respectively, k, k" are node degrees, N (k) is the number
of nodes having degree k, « is the coefficient in the Fourier
series of the density function of the considered system, and
a is its conjugate. Solving Egs. (2)-(4) gives the synchro-
nization profiles for different network topologies. Now, we
will examine how the global order parameter r; is affected
by the adaptive parameters (a, and b), adaptation, and the
higher-order coupling K,, beginning with degree-correlated
networks.

Degree-correlated networks. In this section, we exam-
ine the case where the network (hypergraph) is generated
based on prescribed node degrees. For this purpose, we
take a degree sequence {kl, kz, ..., ky} and create links with
probability p® (k, k') = k“) and triangles with probability

P&k KK = (nglf(zlﬁ 7 [31]. Note that here we have taken
(kMY = (k®) = (k). Using the same theoretical analysis, we
can elucidate the behavior of the generated network un-
der order-parameter adaptation (see Supplemental Material
Sec. IV [45] for detailed calculations). Inserting the prob-
abilities p® and p® into Eq. (2) gives the self-consistent
equations in terms of U; and Uy,

_— N®a(k, Uy, Un)

U = ; N : )
_— kN()o2(k, Uy, Un)

U= N (6)

k

where

—1+\/1+(K1rl“kU1 +2K2r?kU1U2)2COS2ﬂ )
o= 7
(Kir{kUy + 2K>rPkU,Us) cos B

and () = U;. Now we solve the self-consistent Egs. (5)
and (6) to find the order parameter values. Moreover, the
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FIG. 1. Synchronization profiles showing r; as a function of
K, for (a) no adaptation, (b) dy, = 100, (¢) dy = 92, and (d) full
adaptation. Black solid and dashed lines indicate stable and unsta-
ble solutions of the self-consistent equations, respectively. Colored
(green, red, magenta, and cyan) solid circles joined with solid and
dashed lines represent numerically simulated data points for the
forward and backward directions, respectively. All other parameters
were fixed (¢ = 0, b = 10, and K, = 0.1).

relationship between U, and U, is demonstrated by U, ~ U 12
Finally, the critical coupling strength can be expressed as

K{ 24k) 8
D7 k) cos B ®)
The role of B is not being examined in this discussion. Instead,
it is the first and second moments of the degree distribution
that will influence the onset of synchronization. To validate
these analytical findings, we constructed a network with a size
of N = 5000 using the recommended procedure, in which the
degree sequence was drawn from a uniform distribution. A
degree-correlated network having power-law degree distribu-
tion is analyzed in Supplemental Material Sec. IV B [45].
Uniform distributions. First, we take a degree sequence
drawn randomly from a uniform distribution on [75, 145].
Here, the average degrees (k) and (k?) are in the order of
10> (109) and 10* (12372), respectively. The phase-lag
parameter () is fixed at zero. The partial adaptive technique
is primarily utilized in the higher-order interaction (HOI)
term. We select nodes with degrees greater or equal to a
threshold value (dy,). The global order parameter r; is used
in conjunction with the HOI coupling of those nodes (we are
using 7 to test the effect of b). Figure 1 shows how dj, affects
the synchronization order parameter r;. The HOI coupling
K> is fixed at 0.1 and the other parameters remain constant at
a=0,b =10, and B8 = 0 in this case. Note that the pairwise
component is not adapted when a = 0. The combined roles
of a and b are discussed in Supplemental Material Sec. IV
[45]. The Euler method is used to integrate Eq. (1) for

numerical simulation and we have solved the self-consistent
Egs. (5) and (6) to obtain analytical r; values. Using a
Lorentzian distribution with wy = 0 and half width A =1,
the natural frequencies can be extracted. The initial phases
of the oscillators are drawn from a uniform distribution
[—m,m]. After sufficiently removing the transient parts,
we can calculate stationary values of the order parameter
r1 in both the forward and backward directions. Forward
simulation begins with the incoherent state at K; = —0.1
and advances in small increments AK; = 0.0005 until the
strong synchronized state (K; = 0.5) is reached. Final phase
values from each previous solution are utilized to integrate
the system, serving as the initial conditions at each coupling
strength. Conversely, the backward simulation starts from
the synchronized state (K; = 0.5) and decreases with the
same step size as the forward simulation until the incoherent
state is reached. Similar to the forward simulation, the final
phase values of the previous solution are used as the starting
point for each iteration. Figure 1(a) shows the transition of
r; as a function of K; without any adaptation. The path to
transition is clearly explosive in this case, which is consistent
with previous studies [32,36]. In Fig. 1(b) r; was adapted
to the nodes having degree greater than or equal to 100
(dy = 100). Here, a new type of synchronization transition
scenario is observed. A weak synchronized state facilitates
the transition from the incoherent to synchronized state.
The solutions to the self-consistent equations show that a
stable state emerges between two unstable states. As a result,
the system makes two abrupt jumps, one forward and one
backward. A decrease in the threshold value (implying more
adapted nodes) increases the length of the generated stable
state, reducing the width of both hystereses [Fig. 1(c)]. These
are the key findings of this study. A carefully chosen subset
of adapted nodes in a hypergraph can result in a double
hysteresis loop. As more nodes are adapted, the network will
eventually follow a classical route, that is, a continuous route
to synchronization [Fig. 1(d), with all nodes adapted]. Thus,
in the case of partial adaptation dy, = 100 and 92, we observe
a double hysteresis loop along the transition route. The
analytical derivation of the synchronization onset [Eq. (8)]
indicates that it is only affected by (k) and (k?). Other
parameters cause the system to exhibit nonlinear effects. The
K7 value of the generated network is 0.0177 for all transitions,
which has been numerically verified. In Supplemental
Material Sec. IV B [45], we explore the role of the degree
threshold value (dy,) and triadic coupling K, for a network
with a power-law degree distribution. The same phenomenon
is also observed in the degree-uncorrelated (random) network
discussed in Supplemental Material Sec. V [45].

One may wonder whether such an adaptation technique
can cause other types of synchronization transitions. For
instance, what values of dy, and K, are suitable for generating
tiered synchronization [37,47]. For a given K;, b, and a,
how does the behavior of r; change when dy, is gradually
varied from small (full adaptation) to the highest value (no
adaptation)? This scenario is illustrated in Fig. 2, with the
combined effects of dy, and K, shown. We separated the
regimes based on different synchronization transition routes
obtained from the self-consistent equations. The regimes
consist of the following routes to synchronization: Regime
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FIG. 2. Bifurcation diagrams. (a) A two-parameter stability diagram in K,-dy, space depicting the different synchronization transition
regimes. Blue, gray, cyan, red, light green, magenta, and dark gray present the regimes for continuous, tiered, classical explosive, forward and
backward double jump, forward double jump, explosive with stable middle states, and backward double jump synchronization transitions,
respectively. (b)—(i) r; as a function of K; for different parameter-pair values: (K, dy) = (100, 0.02), (80,0.12), (100,0.07), (145,0.1),
(100,0.1), (100,0.12), (120,0.1), and (120,0.08), respectively. Black solid and dashed lines indicate stable and unstable solutions of the
self-consistent equations, respectively. Numerically simulated data points for forward and backward directions are represented by solid colored
circles connected by solid and dashed lines, respectively. The colors of the numerical data points are the same as the regimes in (a). All other

parameters were fixed (¢ = 0 and b = 10).

I (shaded in blue) represents the continuous route. Due to
the weak HOI strength and the adaptation of many nodes
(bottom-left corner), pairwise coupling is predominant.
This is further confirmed by Fig. 2(b). Regime II (light
gray) represents the tiered synchronization occurring at a
slightly higher HOI strength. A small, unstable branch can be
observed in the upper part of the order parameter [Fig. 2(c)].
Regimes IV-VII are nontrivial, and in all these cases a stable
branch appears in the middle (r; ~ 0.6). The upper (r; ~ 1)
and lower stable branches (r; ~ 0.0) are connected to the
middle branch by two unstable paths. In regime V (green),
the system experiences two jumps toward synchronization in
the forward direction. However, in the backward direction, it
jumps directly to the incoherent state. In contrast, in regime
VII (dark gray), the system only makes two jumps in the
backward direction. These are further confirmed by Figs. 2(g)
and 2(i), respectively. In the intermediate regime VI, the
system follows explosive routes [Fig. 2(h)], though there are
stable states between the forward and backward transition
points. A gradual and adaptive initial phase will not reveal the
middle regime; however, a proper choice of initial condition
will lead the system to the stable states. In the narrow regime
IV (red), the system exhibits double jumps to synchronization
in both the forward and backward directions. This is further
confirmed in Fig. 2(f). For a lower K3, an increasing dy, (fewer
adaptive nodes) leads to explosive synchronization [regime
III, cyan, Figs. 2(d) and 2(e)]. A trade-off between adaptive
nodes and the HOI strength causes the system to switch from
one regime to another. These two parameters contribute to the
creation, annihilation, and change of orientation in the middle
stable branch. Four points chosen from the black horizontal
line in Fig. 2(a) are illustrated in Fig. 1.

Next, we will explore the effect of other parameters, such
as a and b. To do this, we will use values of b as 9, 10, 11,
and 14 to compare the transition routes reported in Fig. 3.

(d)

FIG. 3. Synchronization profiles showing r; as a function of
K, for (a) b=9, (b) b=10, (c) b= 11, and (d) b = 14. Black
solid and dashed lines indicate stable and unstable solutions of the
self-consistent equations, respectively. Colored (green, red, magenta,
and cyan) solid circles joined with solid and dashed lines represent
numerically simulated data points for the forward and backward
directions, respectively. All other parameters are fixed (a = 0, dy, =
100, and K, = 0.1).
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FIG. 4. Frequency evolution of double explosive synchronization
transition. (a) r; as a function of K, for a double jump in the forward
simulation. Two transition points are indicated by a solid green circle
and square. Mean frequency as a function of K; for (b) 90 degree
(not adapted) and (c) 122 degree (adapted) classes. The blue, light
red, light green, magenta, cyan, and gray colors represent nodes
with natural frequencies in the ranges |w;| < 2, (2, 4), (4,6), (6, 10),
(10, 20), and >20, respectively. The dotted red line represents the
mean frequency of the network.

The other parameters remain fixed at dy = 100, K, = 0.1,
and a = 0. For b =9, the upper hysteresis broadened and
the lower hysteresis remained similar to » = 10, whereas for
b = 11 the width of the upper hysteresis shrank and for b = 14
it vanished. However, the lower hysteresis remained constant.
Therefore, the exponent b affects only the upper part of the
hysteresis. The numerical data also support our analysis.

Finally, we will discuss the relevant mechanisms of the
double explosive transition. Because of partial adaptation, a
new stable branch emerges in the middle of the synchroniza-
tion transition. This raises the question of which nodes are
involved in the synchronization transition on that particular
branch. Thus, to visualize the node behavior, we computed
the effective frequency, as given by

1 t+T .
Q=2 / bi(x)dr, ©
T

where T is the total simulation time. Figure 4 depicts
the synchronization transition and corresponding effective
frequencies at parameter values K, = 0.1,a =0, b = 10, and
dg, = 100. We adapted the order parameter r; to the nodes

with degrees greater than the threshold value (dy,). Thus, we
have shown the evolution of €2; for two degree classes—one
adapted (122) and another nonadapted (90). The frequencies
in Fig. 4 are colored according to the range of their natural
frequencies: blue, light red, light green, magenta, cyan, and
gray for |w;i| < 2, (2,4), (4,6), (6,10), (10,20), and >20,
respectively. The figure clearly demonstrates that, at the two
critical points, the frequencies jump abruptly to the average
frequency. Figure 4(b) shows that the nonadapted nodes join
the synchronized cluster at the first (second) transition point
in the range |w;| < 6 (Jw;| < 20) approximately. The adapted
nodes whose frequencies are very close to 0 join the synchro-
nized cluster at the first transition point, and adapted nodes
with |w;| < 10 join at the second transition point [Fig. 4(c)].
Subsequently, the remaining nodes with frequencies |w;| > 10
join one by one as the coupling strength increases. This oc-
curs due to the order parameter adaptation, which reduces
the effective coupling strength. Similarly, we have computed
the frequency 2 for other synchronization transitions (see
Supplemental Material Sec. VI [45]). This clarifies the basic
mechanisms behind the double jump in the transition paths.

Discussion. In this Letter, a general principle for realiz-
ing a double explosive transition in forward, backward, or
a combination of both directions was proposed. The use of
triadic interactions and the partial adaptation of the global
order parameter operating on the triadic coupling can be con-
sidered for the creation of such a phase transition. We tested
this technique with degree-correlated uniform and power-law
graphs. We also observed this phenomenon in uncorrelated
random hypergraphs. The critical coupling for the onset of
synchronization was also derived. The partial adaptation and
the exponents in the adaptation order parameter tune and
control the widths of the double explosive transition. In fu-
ture studies, we will investigate triple explosive transitions in
directed hypergraphs.
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