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Abstract

In this paper, we derive a new method to compute the nodes and weights of simultane-
ous n-point Gaussian quadrature rules. The method is based on the eigendecomposition
of the banded lower Hessenberg matrix that contains the coefficients of the recurrence
relations for the corresponding multiple orthogonal polynomials. The novelty of the
approach is that it uses the property of total nonnegativity of this matrix associated
with the particular considered multiple orthogonal polynomials, in order to compute its
eigenvalues and eigenvectors in a numerically stable manner. The overall complexity
of the computation of all the nodes and weights is O ().
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Numerical Algorithms

1 Introduction

In this paper, we consider the computation of the nodes x; and weights w;k) of a

simultaneous Gaussian quadrature rule

n
Z f(x/')wﬁ-k) A / FOwPdx, 1<k<r )
j=1 R
for r positive weight functions w® (x), ..., w® (x). It was shown in [3] that one gets

an optimal set of Gaussian quadrature rules if the n quadrature nodes are the zeros of

. e —> .
a polynomial p;(x) of degreen :=| n |=n;+...+n, (where n = (ny,...,n,)is
a multi—index), satisfying the orthogonality conditions

/ pﬁ(x)ka(l)(x)dx =0, 0<k=<n;—1,
R

/ p;;(x)ka(r)(x)dx =0, 0<k<n,—1,
R

with respect to the weight functions wD ), ..., w” ).

Simultaneous Gaussian quadrature rules were introduced in [3], in order to evaluate
computer graphics illumination models. In particular, the computation of a set of m
definite integrals with respect to different weight functions and common integrand
function was required. The aim was to minimize the evaluations of the integrand
function and maximize the order of the considered quadrature rules. To this end, the
author proposed a numerical scheme of m quadrature rules having the same set of
nodes.

Furthermore, multiple orthogonal polynomials occur in the theory of simultane-
ous rational approximation, e.g., in the Hermite—Padé approximation of a system of
functions [4-6, 18, 20].

The nodes and weights of such quadrature rules can be computed via the eigen-
decomposition of a banded lower Hessenberg matrix H,,, built on the coefficients of
recurrence relations leading to the multiple orthogonal polynomial P (x) of type I
[4], associated with the simultaneous Gaussian quadrature rule. The Golub—Welsch
algorithm [13] is the customary way for constructing Gaussian quadrature rules related
to classical orthogonal polynomials. It is based on the Q R algorithm for computing the
eigenvalue decomposition of a symmetric tridiagonal matrix and it is backward stable
[9, 11]. The Golub—Welsh algorithm can be adapted to compute the eigendecomposi-
tion of H,,, but it suffers from tremendous instability due to the high non—normality
[12] characterizing the latter matrix. In order to overcome the aforementioned instabil-
ity, in [22] the eigenvalue decomposition is performed in variable precision arithmetic.
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In this paper, we show that for the families of simultaneous Gaussian quadrature
rules given in [22], the matrix H, is totally nonnegative (TN, for short), i.e., the deter-
minant of every square submatrix of H, is a nonnegative number [8], and we discuss
how this property can be verified efficiently. We then exploit the TN property of H), to
first scale it to a well-balanced matrix H,,, using a diagonal scaling Hn =S, LH,S,.
This scaling is shown to improve the sensitivity of the eigenvalues tremendously when
H, is TN.

The straightforward test for a matrix H,, to be TN is to verify that all its minors are
nonnegative, which can be quite cumbersome, even though there are results indicat-
ing that testing a small subset of minors is often sufficient (see [8]). For instance, a
symmetric, invertible, and irreducible tridiagonal matrix 7}, is TN if and only if it is
nonnegative and positive definite. Therefore, one has only to test the positivity of its
tridiagonal elements and of its leading principal minors. Moreover, there exists a bidi-
agonal Cholesky factorization with nonnegative elements, and this can be computed
in O(n) flops. We exploit this particular property since we show how to reduce our
banded TN matrix H, to a similar symmetric tridiagonal one T,,, with transformations
preserving its TN property.

Using the results of Koev [15] for TN matrices, the eigenvalues of fn and, hence,
also of H, and H,, can be computed to high relative accuracy if the factorization of
H,, as a product of nonnegative bidiagonal matrices, is known. Unfortunately, the
latter factorization is not known a priori and, then, it must be computed involving
subtractions, which do not preserve the high relative accuracy anymore. Therefore,
the eigenvalues of the computed T,, could be far from the exact eigenvalues of H,,, but
they can be used as an initial guess of a variant of the Ehrlich—Aberth iteration [1, 2, 7]
applied to H,,. The considered implementation of the Ehrlich—Aberth iteration yields,
for a computed eigenvalue of H,, also the corresponding left and right eigenvectors
needed for the construction of the simultaneous Gaussian quadrature rule, with O(n)
computational complexity. Then, the overall computational complexity of the proposed
algorithm is O(n?).

The left and right eigenvectors can be also computed by the Q R method with O(n?)
computational complexity [12]. We show, using a number of numerical experiments,
that this approach works amazingly well and does not require the use of variable arith-
metic anymore. We also provide an alternative method to compute the simultaneous
Gaussian rule in case the matrix H,, is not TN.

Finally, the proposed algorithm can be adapted to compute simultaneous Gaussian
quadrature rules for other classes of multiple orthogonal polynomials [24], whenever
the recurrence relation coefficients are known. On the other hand, if such coefficients
are unknown, they can be computed by the discretized Stieltjes—Gautschi procedure
[19].

The paper is organized as follows. Notations used in the paper are listed in Section 2.
In Section 3, we argue that the banded lower Hessenberg matrix H,, of the recurrence
relations is TN, and we discuss how this can be verified. In Section 4, we give a scaling
technique that significantly reduces the sensitivity of its eigenvalue decomposition.
We then propose a similarity transformation that reduces the bandwidth of H, to
tridiagonal form in Section 5, exploiting the TN property of H,. In Section 6, we
show how to compute the eigenvalues and left and right eigenvectors of H,, in a fast
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and reliable manner. We provide the sketch of the proposed algorithm in Section 7. The
stability of the new proposed method using some numerical examples is illustrated in
Section 8, and Conclusions are reported in Section 9.

2 Notations

Matrices are denoted by upper—case letters A, B, ...; vectors with bold lower—case
letters x, y, ..., ®, ...; scalars with lower—case letters x, y, ..., A, 60, ....

Matrices of size (m, n) are denoted by H,, , or simply by H,, if m = n. The element
i, j of a matrix A is generally denoted by g; ; and the ith element of a vector x is
denoted by x;, if not explicitly defined.

Submatrices are denoted by the colon notation of Matlab: A(i : j, k : [) denotes
the submatrix of A formed by the intersection of rows i to j and columns & to /, and
A @ j,:)and A(:, k : [) denote the rows of A from i to j and the columns of A and
from k to [, respectively.

The identity matrix of order n is denoted by /,,, and its ith column, i =1, ..., n,
i.e., the ith vector of the canonical basis of R”, is denoted by e;.

The notation | y| stands for the largest integer not exceeding y € R . The machine
precision is denoted by €.

3 Totally nonnegative band matrices

As explained in [22], the computation of the nodes and weights of the multiple orthog-
onal polynomials can be extremely sensitive, which is why the method proposed in
[22] needs to be computed in variable precision arithmetic to get acceptable accuracy,
even for matrices of order less than 20.

In this paper, we will restrict ourselves to the case of r = 2 simultaneous quadra-
tures, since the instabilities already appear in this simple case. The simultaneous
Gaussian quadrature problem derived in [3, 4, 22] then corresponds to a set of multi-
ple orthogonal polynomials satisfying the 4—term recurrence relations :

xpi(x) = aipit1(x) + bipi(x) +cipi—1(x) +dipi2(x), i=0,....,n—1, (2)

and p_2(x) = p—1(x) = 0.
Equation (2) can be written in matrix form,

[Hn _XIn‘an—len]pn(x) = 0,, 3)

ie.,
Hyp,_1(x) =xp,_1(x) — an—1pn(x)en, “4)
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where H, and p;(x),i =0, 1, ..., are, respectively, the n x n banded lower Hessen-
berg matrix with 2 sub—diagonals and one upper-diagonal :

boag 0 0 0 0
ct byar 0 0 0
d2 (6] b2 [75) 0 0
0 d3sc3bs az O

Hy:=1 0 0 dy c4 by ay

el eNeleNe]

, )

0...0 O0dy2cpnbyna,n
0...0 0 O dy1cp1bu|

and ,
p;(x) = [ pox), p1(x), -+, pici(x), pi(x)]" .

Hence, by (4), x is a zero of p,(x) if and only if x is an eigenvalue of H,, with corre-
sponding eigenvector p,_;(x), or equivalently, by (3), p, (X) is the vector spanning
the null-space of [ H, —xI, ‘anflen ]

Let us consider the following two examples, taken from [22], as a guide for our
discussions in the rest of the paper.

Example 1 For the modified Bessel functions K, (x) and K11 (x) of the second kind,

given by
1 /x\v [ x2
K ::—(—)/ —t—— )¢ ar,
v@=51) exP( 4;)

and for the weight functions

(00 @), @) = (20972, /D), 26T, ) V)

positive and integrable in the interval [0, 00), it is shown in [22] that, for ¢ > —1
and v > 0, the recurrence relations for the corresponding monic multiple orthogonal
polynomials are given by a; = 1 fori > 0, and

bi=i@Bi+a+2v)+(a+1)@Bi+a+v+1), i>0
ci=ii+a)i+a+v)Ei+2a+v), i>1
di=ii—Di+o)i+a—-D)i+a+v)i+a+v—-1), i>2.

Example 2 For the modified Bessel functions 7, (x) and 7,4 (x) of the first kind and
for the weight functions

(00, 0P @) = (21D xR ) e ),

positive and integrable in the interval [0, 00), it is shown in [22] that, for ¢ > 0 and
v > —1, the recurrence relations for the corresponding monic multiple orthogonal
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polynomials are given by a; = 1 fori > 0, and

1
bi=—0+clv+2i+1), i>0
C
1
c,-=—3i(2+c(v+i)), i>1
C

1
di=—ii—1), i>2.
C

The eigenvalues of H,, are the nodes x; of the simultaneous quadrature rule (1), and
the weights a)i.k), j=1,...,n, k=1,2, can be obtained from their corresponding
left and right eigenvectors [4, 22]. Moreover, the nodes are all nonnegative when the

integration interval is nonnegative [16, Th. 23.1.4].

Remark 1 We point out that for both examples, the lower Hessenberg matrix H,, is
irreducible and the sequences b;, ¢;, and d; are positive and monotonically increasing
with i, a property that will be used in Section 4. It also follows from the interlacing
property of the eigenvalues of H, and of H, 1 [12] that H, must be invertible, since
the spectrum of H,,; is nonnegative.

It will be shown in Section 4 that the eigenvalue decomposition of the matrix H,, is
very sensitive. In this paper, we argue that the matrix H,, corresponding to a positive
integration interval is TN and, hence, this property should be exploited in order to
improve the numerical sensitivity of the eigenvalue decomposition. It is indeed shown
in [15] that the eigenvalues of a TN matrix can be computed reliably, even to full
relative accuracy. We thus need to verify that the n x n matrix H,,, built on the 4—term
recurrence relation (2), is indeed TN.

In order to make sure that H, is a TN matrix, we first need to have all scalars
nonnegative. For Example 1, all the scalars a;, b;, ¢;, and d; are positive for o« > —1
and v > 0 and in Example 2, they are positive for ¢ > 0 and v > —1. For the
2 x 2 submatrices, we only have to verify the nonnegativity of the following “dense”

matrices
bi—1ai1 bi—1ai1 Ci—1 ai—1
¢ b |7 |diy1civ1 ]’ d b |’

because all other 2 x 2 submatrices are zero or are triangular and hence nonnegative
because of the scalar conditions. If we want to verify the TN property of H,, one
must also verify this for minors of dimensions 3, 4, and so on. This becomes rather
tedious and can best be checked with computer algebraic software. We will develop
an alternative test in Section 5, based on the existence of a Neville-type similarity
transformation [8], and which requires only O(n?) floating point operations. This
does not guarantee that H,, is TN for all possible values of « and v, but it is a cheap
alternative for a given set of values.
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4 Scaling

The matrix H, in Example 1 has elements that grow quite quickly with n since b,, =
Om?), ¢, = On*), and d, = O(n®). We, therefore, recommend to first apply a
diagonal scaling

H, =S 'H,S,, with S, :=diag(s;,...,sn),

to make sure the matrix is more “balanced” [21]. Then, since the sequences a; and
¢; and positive (see Remark 1), the following algorithm yields the scaled matrix Hj,
whose tridiagonal submatrix is irreducible and symmetric (i.e., ¢; = a;—1 > 0) :

Algorithm Scale
st = 1; by = bo;
52 = «J/c1/ao; do = ao *s2; by =by; & = c1/sa;
fori =2:n—1,
Siyl = SixJeifaioi; A
Qi1 = aj—1 * Si11/8i; by = bj; ¢ = c¢i *58i/si41; di = d; *5i-1/Si41;
end

Since all operations are multiplications, divisions, and square roots, they can be
performed in a forward stable manner. The relative (forward) error on each element
of I:Il-,j is therefore bounded by yx | I-AI,-,]- |, where yx := ke /(1 — ke), k is the number
of floating point operations involved in the computation of I—AI,-, j»and € is the machine
precision (see [14, Chaptar 3]). This leads to the following theorem, using the notation
and results of [14, Chapter 3].

Theorem 1 Let I:ln = S;] H, S, be the matrix obtained by the Algorithm Scale,
applied to the banded matrix H,, given in (5). Then, the forward error

Ay = FIS,  HySy) — S, ' Hy S,
satisfies the elementwise relative bound | A A, 1< y3n | I:In |.

Proof The element that requires the largest number of floating point operations is du_1.
It involves 3 flops in every update of the s; elements and, hence, a total of 3n + O(1)
flops. O

Remark2 A more detailed error analysis may be used to reduce the factor y3, by
exploiting the relations between the consecutive values of the s;’s. More importantly,
the scaling factors s; may be replaced by their rounded version to their nearest power

of two, by, e.g., using the Mat 1ab functions round and log?2 :

§y = 2r0und((log2(cl)—logZ(ao))/Z)’ and Sip1 = Si % 2round((log2(c,-)—logZ(a,-_l))/2).

@ Springer



Numerical Algorithms

The forward errors are then zero, since multiplication with, or division by a power of
2 can be executed without rounding error. The caveat is that the resulting matrix H,
will not have an exact symmetric tridiagonal submatrix, but its off-diagonal elements
will be within a factor +/2 of each other, i.e;

&i/ﬁséig 2*&,‘_1.

After the scaling procedure applied to Example 1, witha = v = 0.5 and n = 20,
the maximum element of f}n is I;n_1 = 1200, while the maximum element of H,
is d,—1 = 46883070 (which is a factor of about 40,000). Moreover, the transformed
matrix H, has a dominant diagonal. This is based on the following lemma, which will
also be useful for the further treatment of the matrix ﬁn in Section 5.

Lemma 1 Let the matrix ﬁn = S;l H, S, be the scaled version of Hy, given in (5). If

H, is TN with monotonically increasing diagonal elements b;, then the off-diagonal
elements of the scaled matrix H, satisfy fori > 1

A

. . =~ diy & P
i1 =& <\[bisibi <bi, = <= <\/bis1/bi <1,

implying that d; < & < b foralli > 2.

Proof If the matrix H,, is TN, then so is the scaled matrix I:In. Then, the inequalities
follow from the nonnegativity of the submatrices

|:bi1 &i1] [ ¢ b }
¢ b dit1 Cit1

and the monotonicity of the elements l;,' = b;. O

The positive effect of this transformation is best visualized by the sensitivity of
the eigenvalues of H,, which are measured by the angle between the left and right
eigenvectors 1) and v,

k(xj)=1/] u® |, where H,v") = x;v), u" H, =xju(j)T,

and the corresponding sensitivities of the scaled matrix. After scaling, these sensitiv-
ities are reduced in Example 1, for @ = 0.5 and v = 0.5, by a factor between 10>
and 10% as it is shown in Fig. 1. It is interesting to point out here that the Matlab
routine for balancing a standard eigenvalue problem, did not help here at all. The bal-
anced matrix was only modified in the last few elements and still yielded very badly
conditioned eigenvalues.

@ Springer



Numerical Algorithms

Sensitivities of eigenvalues

1040 T T T T T T T T T
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10 1 4
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0 2 4 6 8 10 12 14 16 18 20

eigenvalue index j

Fig.1 Eigenvalue sensitivities for the scaled matrix H, (““0”) and unscaled matrix H,, (“x”) of Example 1,
witha =0.5and v =0.5

5 Reducing the bandwidth

In this section, we reduce a banded TN matrix H, to a symmetric tridiagonal TN
matrix, where we aim at guaranteeing the backward stability of the resulting similarity
transformation. The matrix H, has 2 diagonals below the main diagonal and one
diagonal above the main diagonal. Moreover, it is assumed to be nonnegative and
irreducible (i.e., all a; are nonzero). Then, the total nonnegativity implies that b; and
¢; are also nonzero whenever d; is nonzero. It follows from Theorem 2 (see below) that
the TN property of a matrix is preserved when applying certain bidiagonal similarity
transformations, and we will show that this applies to the matrix H, and its reduction
to tridiagonal form. We explain the reduction of the bandwidth of H), by just showing
the elimination procedure for the leftmost element in the bottom row of H,,, using an
8 x 8 example. In the first three “snapshots™ of the reduction process, we show the
effect of a 2 x 2 elementary similarity transformation

1. |10 1 10
e P B

where m is chosen to annihilate the element indicated by 0 in the matrix, but it also
creates a “bulge” indicated by x. The dashed lines indicate on what rows and columns
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this similarity transformation is operating. The “eliminator” m is positive and requires
one division, while the transformations for that 2 x 2 similarity transformation require
14 flops, giving a total of 15 flops per elementary similarity transformation. Moreover,
itis shown in the Appendix that all elements marked as x remain positive if the matrix
H, is TN.

"x x000,00,0T] "x x 0,0 0,00 0]
xxx00'00'0 x x x!'0 0000
xxxxOlOOlO xxx:xO:OOO
0 xxxx'00'0 0 x x'x x'000
OOXXX:XO:O = OxxlxxleO =
000 x x'x x'0 000'xx'xx0
OOOxx:xx:x OOOle:xxx
(000000 x'x| [ 000'00'0x x |
(%% 0,0 00007 [xx 0000007
xIx x100000 xxx0000[0
xlxxleOOO x X xx 0000
707)2 ;Txixi(jf)iof N 0xxxx00]0
0,0 x;xxx00 00 xxxx0]0
0'0 0'x x x x 0 000 xxx x|0
O:OO:Oxxxx 0000 x x x|x
| 0'0 010 0 0 x x | | 000000 x|x |

Since this requires | (n — 1) /2] elementary similarity transformations, we need less
than 157 /2 flops to eliminate the leftmost element in the bottom row of H, . The rest
of the procedure just repeats the above scheme on the deflated (n — 1) x (n — 1) matrix
shown in the last snapshot. The total complexity is therefore

n
> 15(n —i)/2 < 15n% /4 < 4n” flops.

i=1
In order to verify the TN property, we use a result due to Whitney [25].

Theorem 2 Suppose A is an n x n matrix with a; j > 0, and a; p =0 fork < j — 1.
Then, let B be the n x n matrix obtained from A by using column j to eliminate a; j_1

using E 1= —m 1:| withm = a; j_1/a;,j, operating on columns j — 1 and j. Then,

Ais TN if and only if B is TN.

Proof The proof for the transposed matrix can be found in [8, Th. 2.2.1, pp. 48-49],
but the statement also holds for the transposed matrices A and B. O

It then follows that every right transformation E in the above reduction preserves

the TN property because of Theorem 2. Moreover, every left transformation £~ is a
TN matrix and, hence, the TN property is preserved (see [8]).
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If this reduction procedure is applied to H,, rather than H,,, one can hope to have
eliminators m; that are bounded by 1, because its largest elements seem to be on
the main diagonal and are monotonically increasing. This is not guaranteed for the
whole process of the reduction, but we show that it holds in the first “sweep” of L%J
elementary transformations. Again, we use the 8 x 8 matrix to illustrate this.

The first one requires the eliminator m| = 427 /¢7, which is bounded by 1, because
of Lemma 1. The next two eliminators are respectively computed as

my = myds/(més +de) < ds/és, my = mady/(maés + dy) < d3/é3,

which are again smaller than 1 because of Lemma 1. After one such sweep, the
assumptions 131',1 < 13,- and d; | = ¢; of Lemma 1 are not guaranteed anymore, which
means that the eliminators could grow. But in Example 1, all the eliminators were
smaller than 0.57, and their average was 0.21, which implies that the condition number
of the similarity transformation to triangular form has a very reasonable condition
number.
Note that we have now obtained an irreducible nonnegative tridiagonal matrix 7;,.

It is therefore easy to verify if it is TN. We can first perform a second scaling to
make T,, = S It S,, symmetrlc Finally, it is shown in [8] that an irreducible and
invertible tridiagonal matrix T, is TN if and only if its Cholesky factorization LL”
has a bidiagonal factor L with positive elements. Since this is an O(n) computational
process, we can verify if H, is TN by going through the transformation steps

On?) O(n) On)

H, 2% f Qw) p QW p 0w

in a total of O (n?) flops. In each of these transformations, the TN property is pre-
served, and hence H,, is TN if the different steps can be performed successfully. An
unsuccessful reduction would therefore be detected by an eliminator m that is negative
in the construction of 7,,, or a failure of the Cholesky decomposition yielding L.

6 Computing eigenvalues and eigenvectors

The nodes xj,j = 1,...,n, of a simultaneous Gaussian quadrature rule are

the eigenvalues of the banded Hessenberg matrix H,. If we denote by ul) =
[ugj), ug]), o uT and ) = [vgj), véj), o9 the left and right eigenvector

of H, associated with x, then the vectors of weights o®) = [a)gk) a)gk), e, a)f,k)]T,

k =1, 2, of the rules (1) are given by (see [22]) :

()

M _ diiuy
J OO

o — dz 1u1]) +do, 2M(])
J w0 ’
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where the constants d; ¢, i,k =1, 2, are

o
di1 2/ po@)w® (x)dx,
0

o0 o
dy1 = f po)w® (x)dx, dp.p = f pr)w® (x)dx.
0 0

Therefore, to compute the n—point simultaneous Gaussian rule for multiple orthogonal
polynomials, all the eigenvalues of H, and the corresponding left and right eigenvec-
tors need to be computed.
T
Given an initial approximation x©F = [xfo) , xéo) e xr(g > x,(,o) for all the
eigenvalues of H,, they can be simultaneously computed by the Ehrlich—Aberth iter-

ation [1, 2, 7],
(

pn(x)))
7 (@D
x;[.,.l) _ x;,‘) B .Pn(;:j )
pn(xﬁl)) 1
- / (i) [ [
pn(xj )k— x(}) _x(l)
ey g

The generated sequence of approximations converges cubically, or even faster if the
implementation is in the Gauss—Seidel style, to the eigenvalues of H,, because they
are simple. In practice, as noticed in [2], the Ehrlich—Aberth iteration exhibits good
global convergence properties, though no theoretical results seem to be known about
global convergence.

The main requirements for the success of the Ehrlich—Aberth method are a fast,
robust, and stable computation of the Newton correction p,(x)/p;, (x), and the avail-
ability of a good set of initial approximations for the zeros, x(?), so that the number
of iterations needed for convergence is not too large. The initial approximation x
can be obtained by computing the eigenvalues of the symmetric tridiagonal matrix
T,. As an alternative, the initial approximation x© can be obtained by computing
the eigenvalues of the symmetric tridiagonal submatrix tri u(I:I,,, —1), i.e., the matrix
obtained from ﬁ,, by setting dAi =0,i=23,...,n—1.

We now show how to compute p,(x) and p,(x), for a given point x. Let
Hyy1, Spp1 € ROTDX0+D) be the matrices obtained by using Algorithm Scale of
Section 4 for n + 1. Let 1:1,1,,,+ 1 be the rectangular matrix obtained from I%,H 1 by
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deleting its last row,

body 0 0 0 0 0 0
&irbyar 0 0 0 0 0
dérbra 0 0 0 0
. 0dyé3bs a3 0 0 0
Hy g1 = 00 (24 C4 54 as 0 0
0...0 0 dy—népnbynos O

L0 ...0 0 0 dy_y éye1 by Gpy |

Let us consider the following subdivisions of I:In,

A

Hy 41 = [I:In‘lfl(:,n + 1)] = [[:In‘&nflen]

and . R R A
Hypr=[ACGDHC2 0+ D] = £,]Ca]- (©6)

Since I:In’nH = Sn’l Hy n+1Sn+1, and, by (2) and (5), the vector

po(X)
p1(X)

spans the null-space of Hy 11 — X [ I,]0, ], with I, the identity matrix of order n
and 0,, the zero vector of length n. Then, the transformed vector

Po(X)

p1(%) 5@
e : — | Pn1 )
po=shno=| 1 =B

Pna(X)

Pn(X)

spans the null-space of Hy 41 — X [,]0,], i.e., the polynomials j;(%), j =
0,1,...,n are the multiple orthogonal polynomials satisfying the recurrence rela-
tions generating the matrix Hy ,+1,

Hy i1 P (®) — X[ 1,]0, ] P, () = 0, (7)
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IfLO = Hypi1 — X[ 14|04 ] is the LQ factorization of Hy i1 — % [ 1,]0, ], with
L e R™ @D Jower triangular and O € R®+DX(+D orthogonal, then the last row
of Q spans the null-space of ﬁn1n+1 —X [In ‘On ] [12, pp. 640-641].

Defining L© := H, 41 —% [ 1,10, ] . the matrix O can be computed as the product
of n Givens rotations G; € RCtDx@+1)

I
Gl — yl Oj ,
—0i Vi
In—l
such that fori = 1,2, ..., n, the updated matrix

i — ji-DgGT
i

g(i—l)2 + Fi—1)?

has entry (i, + 1) annihilated and éf'l) = hy ii+1 - 1t turns out that the

vector spanning the null-space of I:In n+1 18
[(=1)"ojoy- 00104 ]
(=D"y102 -+ - op—10n

. c R(n+l)><(n+l).
Yn—20n—10n
—Vn—10n
Vn

Therefore, L := L™ and p,(X) = va.

Let now L
Po(X)
5
P(E) = szx) e R"™,
Pr_1(X)
L Pp(®) |
Py
5 () Py (%)
@) = [ 59(;)} . with (%) =
! B, 1)
Pn(¥)

In order to compute p;,(x), we differentiate (7) obtaining
Hy 1 Dy (0) = % [ 12|00 ] 5, () = [ 12]0, ] B'(®) = 0,
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Then, taking into account that p((x) = 0, it follows that the vector p'(%) is the
solution of the linear system

[Cr — ¥Z)qly () = P (%), 8)
where
0 0
Z, = b e R*",
1 0

Therefore, the evaluation of p,(x) and p),(x) requires 197 + O(1) and 51 + O(1)
ﬂoating point operations

If x is a zero of p,(x), i.e., py(X) = 0, then p,_ l(x) is the right eigenvector of
H, corresponding to the eigenvalue X. Moreover, let LQ H, — £1I,, with L lower
trlangular and Q orthogonal. Then, Zl 1 = 0 and Q( 1) is the left eigenvector of
H, associated with £. The number of floating point operations needed to compute
the left eigenvector, given the corresponding eigenvalue, is 197 + O (1) floating point
operations. As shown in [23] the computation of the left and right eigenvectors is
stable by using Givens rotations, since the eigenvalues of H, are well separated for
the measures considered in Examples 1 and 2. Observe that, if 4% and 3 ar
respectively left and right eigenvectors of H, corresponding to the eigenvalue x ;, then
o) and an’l Y are respectively left and right eigenvectors of H,, corresponding
to the eigenvalue x;.

Remark 3 Observe that also the condition number of the matrix é‘,,, defined in (6) and
involved in the linear system (8), significantly improves with respect to that of C,, :=
H,11(1:n,2:n+ 1). For the sake of completeness, the condition numbers of C,
and é”, withn = 10, 20, ..., 90, 100, for Example 1, with parameterse = 1, v =0
and Example 2, with parameters ¢ = 1, v = 0, are displayed in Table 1

A similar behavior is observed when choosing different parameter values for both
Examples.

7 Outline of the algorithm

For the sake of clearness, here we shortly report the different steps of the proposed
algorithm, along with the Sections where they are described.

Step 1. Choice of the multiple orthogonal polynomials (Section 3);

Step 2. Construction of the matrix H, (Sectlon 3)

Step 3. Similarity transformation of H,, into H,, H, = S, 'H,S,, with S, a diagonal
matrix (Section 4);

Step 4. Similarity transformation of H, into the unsymmetric tridiagonal matrix 7, :
T, = M, H,M; " (Section 5);
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Table 1 Condition numbers of the matrices C,, and én, forn = 10, 20, ..., 90, 100, of Example 1 with
a =1, v =0, (columns 2 and 3, respectively) and of Example 2 with ¢ = 1, v = 0, (columns 4 and 5,
respectively)

n Example 1 Example 2
a=1,v=0 c=1,v=0

10 6.30 x 1020 2.58 x 102 2.62 x 109 1.09 x 102
20 470 x 102 1.11 x 103 2.38 x 1019 3.62 x 102
30 1.18 x 10% 2.60 x 103 2.13 x 1020 7.46 x 10%
40 5.38 x 10% 4.75 x 103 1.40 x 1020 1.26 x 103
50 1.83 x 1026 7.56 x 103 1.77 x 1020 1.91 x 103
60 1.41 x 10%7 1.10 x 10* 1.12 x 10?1 2.70 x 103
70 1.75 x 10%7 1.51 x 10* 1.17 x 10%! 3.63 x 103
80 4.57 x 10%7 2.00 x 10% 1.01 x 102! 470 x 103
90 3.57 x 10%° 2.54 x 10* 4.94 x 1020 5.90 x 103
100 6.88 x 1028 3.16 x 10% 3.87 x 102! 7.24 x 103

Step 5. Transformation of 7,, into the similar matrix f"n = An’ It Sn, with 3,, a diag-
onal matrix (Section 5);

Step 6. Computation of the eigenvalues of f"n 1X0 = eig(f"n) (Section 6);

Step 7. Refinement of the eigenvalues by the Ehrlich—Aberth method with initial guess
Xxo (Section 6);

Step 8. Computation of the left and right eigenvectors of H, associated with the
computed eigenvalues (Section 6);

Step 9. Computation of the simultaneous Gaussian quadrature rule (Section 6).

8 Numerical results

In this section, the simultaneous Gaussian quadrature rules of the couple of weights
w®P(x) and w® (x) of Examples 1 and 2, are computed for different values of n. All
the computations are performed with Matlab R2022a in floating point arithmetic
with machine precision € & 2.2 x 107!6. The computed nodes and weights, denoted
i.l) and a)f) j = 1,...,n, are compared to those computed
in extended precision (with 500 digits), denoted respectively by X, c?);l) and &'
j = 1,...,n, which will therefore be considered as exact. In Fig. 2, the absolute
errors | x; — X; | and € x;, for the weights w® (x) and w? (x) of Example 1, with
a =1,v =0, and n = 40, are displayed on a logarithmic scale. The quantities € x;
were added to verify that | x; — X; |~ € x; holds. Observe that if | x; — X; |= 0 in
floating point arithmetic, for some j, the corresponding symbol “x” is not dispalyed
in Fig. 2.

It can be noticed that each node is computed with high relative accuracy. In Fig. 3,

the absolute errors | w® — c?);k) | and en|lw® |, for k = 1,2, are shown on a

J

respectively by x;, o
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]0"11 3 T T T T T T T
* Tj — Ty
TRl I 500097
00©°
00O
OQOO * %
0O

1013 F 000" TH % J

: % * O®% * ]

* k% * HOX*

l0-14 L * * %*éoo J

E O

[ O

O
O
10713 E O 4
O

1071 ¢ © 1

¥e)
10_17 1 1 1 1 1 1 1

0 5 10 15 20 25 30 35 40

J

Fig. 2 Absolute errors | xXj — )?j | (“x) and €x; (") j=1,..., n (Example 1, « = 1, v = 0, and
n = 40)

logarithmic scale, for the weights w®(x) and w? (x) of Example 1, with o = 1,
v =0 and n = 40.
We can observe that the weights are computed with almost full absolute accuracy.
The proposed method is used to simultaneously compute the integrals [22]

o0
I :/ e *xwM(x)dx =0.1926947246 . . .,
0

o )
L= / e *xw® (x)dx = 0.2109579130. . .,
0

where w(V(x) and w® (x) are defined in Example 1, and @ = 1, v = 0, forn =
10, 20, ..., 80, 90. The results are given in Table 2.

It can be noticed that the obtained approximations of the integrals are the same as
those computed with Maple (with 100 digits precision) in [22].

In Fig. 4, the absolute errors | x; — X; | for the weights w®(x) and w? (x) of
Example 2, with ¢ = 1 v = 0, and n = 40, are shown on a logarithmic scale. The
quantities € x; were added to verify that | x; — X; |~ € x; holds. Observe that if
| x; —%; |= 0in floating point arithmetic, for some j, the corresponding symbol “x”
is not dispalyed in Fig. 4.
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]0"13 T T T T T T T
F 1 ~ (1
w Jwl — o)
J 1 J V4
en [loM];
a4 L (2) _ ~(2) * %
L |w; ;‘Jj o v
— .
v *
vy ¥
215 L % J
1077 ¢ V*%k v v ]
; o V%
\v4 * *
¥
. vvzv * VvV *
\Y4 V4
101%F vV VVVV * % o, VXV 1
[ x Vv A\V4 x % ]
v *%%%* * ¥
*xyv VYV
*VV*
10_17 £ 1 %\D 1 1 1 1 1 E
0 5 10 15 20 25 30 35 40

J
Fig. 3 Absolute errors | a)g.l) —oWM | and | w? — P |, j = 1,...,n (denoted by “x” and “V,”

w__

respectively), and lines representing enllw(l) |2 and enl\w(z) [l2 (denoted by and “—-,” respectively),

obtained for Example 1 (¢« =1, v =0, andn =40)

Table 2 Results obtained by computing simultaneously an approximation of the integrals (9), denoted
respectively by /1 and I, computed by the proposed method for n = 10, 20, ..., 90

n I I

10 1.940521520735462 x ¢! 2.114457811397134 x ¢!
20 1.926653563006893 x ¢! 2.109395236242852 x ¢~
30 1.926958911273384 x ¢! 2.109610461484230 x ¢~ !
40 1.926947184091160 x ¢! 2.109576142569785 x ¢~
50 1.926947165794407 x ¢! 2.109579157751141 x e~ !
60 1.926947252743236 x ¢! 2.109579167076922 x ¢~ !
70 1.926947247511068 x ¢! 2.109579128207904 x ¢~ !
80 1.926947246318227 x ¢! 2.109579129473234 x ¢~ !
90 1.926947246433939 x ¢! 2.109579130350207 x ¢~

The exact digits are displayed in bold

@ Springer



Numerical Algorithms
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Fig.4 Absolute errors | xXj— ,Qj | (“¢”) and €x; (“o”),j=1,..., n (Example 2,c=1, v=0, andn=40)

)

In Fig. 5, the absolute errors | ws,k — c?)ﬁ,k) | and en||w(k) |2, fork =1, 2, are shown

on a logarithmic scale, for the weights w" (x) and w® (x) of Example 2, with ¢ = 1,
v =0, and n = 40.

It can be observed that the eigenvalues are computed with high relative accuracy
and the weights are computed with almost full absolute accuracy.

The proposed method is used to simultaneously compute the integrals [22]

o0
Ji = / cos(x)xw® (x)dx = 0.32822497668527712310. . .,
90 (10)
I = / cos(x)xw® (x)dx = —0.39521954160680745592 . . .,
0

where w® (x) and w® (x) are the weight functions defined in Example 2, with ¢ = 1,
and v = 0, for n = 10, 20, ..., 50. The results are reported in Table 3.

It can be noticed that the obtained approximations of the integrals are the same of
those computed with Maple (precision: 100 digits) in [22].

9 Concluding remarks

In this paper, we propose a new method to compute the nodes and weights of a simul-
taneous Gaussian quadrature rule with » = 2 integration rules. It uses a banded lower
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oY r—— T . S . S
i (1) ~ (1) *
* N — N
|w] e | v *
en [loM]>
v (2) ~ (2)| 4
’ (2) |
107 plee en ||@ 1
r || ||2 \Y4 * VVX:7
* ]
W K VK Vi %?
\V4 v
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¥ WW %W W %

10716 | Voo
i ¥ ¥ 1
| Ex

Y4 * ¥
\Y% ¥ ¥
w ¥ ¥
¥ W

10_17 1 1 1 1 1 1 1
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J

Fig. 5 Absolute errors | a)g.l) —oWM | and | w? — P |, j = 1,...,n (denoted by “x” and “V,”

respectively), and lines representing en||w<l) |2 and enl\w(z) |2 (denoted by “—"" and “—-,” respectively),

obtained for Example 2 (¢ = 1, v = 0, and n = 40)

Hessenberg matrix with » = 2 subdiagonals derived from the multiple orthogonal
polynomial linked to the simultaneous quadrature rule. An important contribution of
this paper is a special balancing technique that significantly improves the sensitivity
of the calculation of nodes and quadrature weights. We then use the Aberth—Ehrlich
method for computing the nodes and an efficient null-space calculation to compute all
left and right eigenvectors. The new method was shown to compute nodes to almost
full relative accuracy and the vector of weights to almost full absolute accuracy. The
method heavily relies on the property that the banded Hessenberg matrix is TN. The

Table 3 Results obtained by computing simultaneously an approximation of the integrals (9), denoted
respectively by Jq and J,, computed by the proposed method, for n = 10, 20, ..., 50

n J1 Jy

10 3.283400824113568 x ¢~ ! —3.951325674627465 x ¢~ !
20 3.282249772165698 x ¢~ ! —3.952195386531469 x ¢~ !
30 3.282249766852792 x ¢~ ! —3.952195416068042 x ¢!
40 3.282249766852648 x ¢~ —3.952195416068164 x ¢~ !
50 3.282249766852786 x ¢~ ! —3.952195416068080 x ¢~

The exact digits are displayed in bold
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complexity of the method is O (n?) for all calculations, which compares very favorably
with earlier methods that have a cubic complexity. We conjecture that this technique
can be applied to all such quadrature rules with a nonnegative integration interval and
that it also holds for r larger than 2, although we only coded and tested the method
for r = 2 in this paper.

Appendix
Let us start with a matrix Hg that is TN and let all its elements marked as x be
positive. Then, the first right transformation with £ := _1m(1) in columns 6 and 7,
only modifies the boldface elements in column 6 :
[xx000,00,0T [xx000,00,0
xxxOO:OO:O xxxOO:OO:O
X xxx0,00,0 XX xx0,00,0
Oxxxx:OO:O Oxxxx:OO:O
00 xxx;x0,0 = 00 xxx;x0,0
OOOxx:xx:O OOOxx:xx:O
0000 x,x x,x 0000 x,x xx
_OOOOO]xx]x_ _00000]0 x!Ix |

Clearly, the boldface x's can not be zero since it would violate the TN property
in the minors of columns 5 and 6. The next step is then a left transformation with

E = |:,711 (1):| in rows 6 and 7, only modifying the boldface elements in row 6 :

xx 000000 xx 000000
xxx00000 xxx 00000
Xxxx0000 XX xx0000
0xxxx000 O0xxxx000
00xxxx00=>00xxxx00
0D000xxxx0 0D00xxxx0
0000 xxxx 000xxXx X X
1 000000xx| |000000xx|

Clearly, the boldface xs are again nonzero because a positive quantity was added
to them.

The same reasoning can be applied to the later steps to show that only the elements
that are meant to be eliminated, indeed become zero, while all other elements remain
positive during the process.
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