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An explicit Wigner formulation of Minkowski particle states for noninertial observers is unknown. Here,
we derive a general prescription to compute the characteristic function for Minkowski-Fock states in
accelerated frames. For the special case of single-particle and two-particle states, this method enables one to
derive mean values of particle numbers and correlation function in the momentum space, and the way they
are affected by the acceleration of the observer. We show an indistinguishability between Minkowski
single-particle and two-particle states in terms of Rindler particle distribution that can be regarded as a way
for the observer to detect any acceleration of the frame. We find that for two-particle states the observer is
also able to detect acceleration by measuring the correlation between Rindler particles with different
momenta.
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I. INTRODUCTION

We investigate the general expression of the characteristic
function [1,2] for particle states emitted in a Minkowski
space-time and registered by an accelerated observer.
The aim is to provide a comprehensive description for
Minkowski-Fock states in noninertial frames [3].
In a recent paper [4], Ben-Benjamin, Scully, and Unruh

reported theWigner distribution for Minkowski-Fock states
in the right and left Rindler wedges. However, to the best of
our knowledge, the case of the right Rindler wedge—i.e., as
the result of the partial trace over the left wedge—is still
missing.
The characteristic function of any state can be used to

obtain expectation values through simple derivatives.
However, computing the characteristic function in the
Rindler space-time requires a series of nontrivial theoretical
properties arising from the transformation of the state from
the inertial to the accelerated frame. Here we show that
these rules can be formulated in a way such that one can
build algorithmically a general expression of states with
arbitrary number of particles. We also give a diagrammatic
representation of the characteristic function resulting from
our combinatorial method.

As an application of the general methodology, we
consider single-particle and two-particle states and extract
the probability distribution to find a Rindler particle with a
specific momentum and the correlation between Rindler
particles with different momenta. We also provide some
examples with Gaussian-like wave functions.
The probability distribution and the correlation function

changes from an inertial to an accelerated frame. For
specific choices of wave functions, the single-particle
probability distribution becomes indistinguishable from
the two-particle case, at variance with what happens in
the Minkowski space-time. While in the case of single-
particle states the correlation between different momenta
has the same form in both the Minkowski and the
Rindler space-time—with the exception of the vacuum
correlations—in the case of two-particle states they differ.
This suggests a way to distinguish between single-particle
and two-particle states for noninertial observers. This also
implies that one can exploit Minkowski two-particle states
to measure the acceleration of the observer.
The paper is organized as follows. In Sec. II we show the

general expression of the characteristic function for general
Minkowski-Fock states. In Sec. III we briefly describe the
method to obtain the characteristic function. Both the
solutions and the method are provided in the 1þ 1 dimen-
sional case, while arguments for the possibility to extend
the same results in 3þ 1 dimensions are given in Sec. IV.
Sections V–VII report the application to the case of single-
and two-particle states, including the explicit characteristic
function, the observable quantities, and the example of
Gaussian wave functions. Conclusions are drawn in
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Sec. VIII. Full details for the analytical results are given in
Appendixes A and B.

II. GENERAL EXPRESSION OF THE
CHARACTERISTIC FUNCTION

By followingFulling,Davis, andUnruh [5–7],we consider
a (1þ 1)-dimensional flat space-time ðt; xÞ and a massless
free scalar field ϕ̂ðt; xÞ. The accelerated frame with accel-
eration ac2 > 0—where c is the speed of light—can be
described by a coordinate patch ðTR; XRÞ with the following
coordinate transformation: act ¼ expðaXRÞ sinhðacTRÞ and
ax ¼ expðaXRÞ coshðacTRÞ. Such transformation covers the
right Rindler wedge, defined by x > cjtj. The left Rindler
wedge (defined by x < −cjtj) can be covered by the
transformation act¼ expð−aXLÞsinhðacTLÞ and ax¼
−expð−aXLÞcoshðacTLÞ.Wedefine âðkÞ as the annihilation
operator for the Minkowski mode with momentum k, and
b̂LðKÞ (b̂RðKÞ) as the annihilationoperators for the left (right)
Rindler mode with momentum K.
Minkowski-Fock pure states jψi are elements of the

âðkÞ-algebra representation space and they can also be
represented as elements of the b̂RðKÞ-algebra representa-
tion space through mixed states ρ̂ of the right-Rindler-Fock
space by using the following procedure. We write any jψi
as a combination of chains of creator operators â†ðkÞ acting
on the Minkowski vacuum state j0Mi:

jψi ¼
X
n

ψ ½n�jni; ð1Þ

where ψ ½n� is the probability amplitude to find jψi in the
following non-normalized Minkowski-Fock state

jni ¼
Y
k

½â†ðkÞ�nðkÞj0Mi ð2Þ

and the suminEq. (1) canbe identifiedwith a generalized sum
—i.e., both discrete sums and integrals—over allMinkowski-
Fock states. â†ðkÞ operators can be converted in Rindler
creation b̂†L;RðKÞ and annihilation b̂L;RðKÞ operators thanks
to the following Bogolyubov transformation [8]:

âðkÞ ¼
Z þ∞

−∞
dK½αðk; KÞb̂LðKÞ − β�ðk; KÞb̂†LðKÞ

þα�ðk; KÞb̂RðKÞ − βðk; KÞb̂†RðKÞ�; ð3Þ

with

αðk; KÞ ¼ θðkKÞ
ffiffiffiffi
K
k

r
Fðk; KÞ; ð4aÞ

βðk; KÞ ¼ θðkKÞ
ffiffiffiffi
K
k

r
Fð−k; KÞ; ð4bÞ

Fðk; KÞ ¼ 1

2πa
Γ
�
−
iK
a

�

× exp

�
i
K
a
ln
jkj
a

þ signðkÞ β
4
K

�
ð4cÞ

and β ¼ 2π=a. Moreover, j0Mi can be written as an element
of the Rindler-Fock space—i.e., b̂L;RðKÞ-algebra represen-
tation space—thanks to the following identity:

j0Mi ∝ exp

�Z þ∞

−∞
dK exp

�
−
β

2
jKj

�

× b̂†LðKÞb̂†RðKÞ
�
j0L; 0Ri; ð5Þ

which in turn is the result of the definition âðkÞj0Mi ¼ 0 and
the Bogolyubov transformation of Eq. (3). Equations (1), (3),
and (5) allow us to represent jψi as an element of the Rindler-
Fock space. Finally the partial trace over the leftwedge can be
performed in order to obtain ρ̂:

ρ̂ ¼ TrLjψihψ j: ð6Þ

In the specific case of Minkowski vacuum state
jψi ¼ j0Mi, the statistical operator ρ̂ is identified by the
following thermal state [7]:

ρ̂0 ∝
X
n

�Z þ∞

−∞
dKe−βjKjnðKÞ

�
jnihnj; ð7Þ

where, in this case,

jni ¼
Y
K

½b̂†RðKÞ�nðKÞj0L; 0Ri: ð8Þ

An equivalent representation for Minkowski-Fock states
in the accelerated frame can be made through the following
definition of characteristic function in the right-Rindler
space-time [3]:

χðpÞ½ξ; ξ�� ¼ Trðρ̂D̂p½ξ; ξ��Þ; ð9Þ

where ξ ¼ ξðKÞ is a complex function, p can take values
−1, 0, and þ1 and

D̂p½ξ; ξ�� ¼ exp

�Z þ∞

−∞
dK

�
ξðKÞb̂†RðKÞ

−ξ�ðKÞb̂RðKÞ þ p
2
jξðKÞj2

��
: ð10Þ

Specifically for p ¼ −1
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D̂−1½ξ; ξ�� ¼ exp

�
−
Z þ∞

−∞
dKξ�ðKÞb̂RðKÞ

�

× exp

�Z þ∞

−∞
dKξðKÞb̂†RðKÞ

�
: ð11Þ

In the present paper we show how to obtain an explicit
expression for χðpÞ½ξ; ξ��. The result is the following:

χðpÞ½ξ; ξ�� ¼
X
n;n0

ψ ½n�ψ�½n0�χ̄ðpÞðKðnÞ;Kðn0ÞÞ½ξ; ξ��; ð12aÞ

χ̄ðpÞðU;U0Þ½ξ; ξ�� ¼ χðpÞ0 ½ξ; ξ��
X
S⊆U
S0⊆U0

cðUnS;U0nS0Þ

×
Y
k∈S

f−LðkÞ½ξ; ξ��g�
Y
k0∈S0

Lðk0Þ½ξ; ξ��;

ð12bÞ

whereKðnÞ is the space of momenta k repeated nðkÞ times
and the sum of Eq. (12b) runs over all the possible subsets
S ⊆ U and S0 ⊆ U0. The coefficients cðUnS;U0nS0Þ of
Eq. (12) have the following combinatoric expression:

cðfkigMi¼1; fk0jgNj¼1Þ ¼ δMN

X
P

Y
i

δðki − k0PðiÞÞ; ð13Þ

where fkigMi¼1 and fk0jgNj¼1 are any arbitrarily ordered
sequence of elements in UnS and U0nS0 and the sum runs

over all the possible permutations P for the index i. Finally,
LðkÞ½ξ; ξ�� of Eq. (12b) is a linear functional of ξ and ξ�
defined as

LðkÞ½ξ;ξ��¼
Z þ∞

−∞
dK½α�ðk;KÞξðKÞ−βðk;KÞξ�ðKÞ�: ð14Þ

It can be noticed that LðkÞ½ξ; ξ�� appears also in Eq. (3) as a
Bogolyubov transformation between b̂L;RðKÞ and âðkÞ
operators:

âðkÞ ¼ fLðkÞ½b̂†LðKÞ; b̂LðKÞ�g† þ LðkÞ½b̂RðKÞ; b̂†RðKÞ�:
ð15Þ

The explicit form of χðpÞ½ξ; ξ�� given by Eq. (12) can be
compared with the explicit form of the characteristic
function of jψihψ j in the Minkowski space-time, which,
in turn, is defined in the following way:

χðpÞM ½ξM; ξ�M� ¼ Tr

�
jψihψ j exp

�Z þ∞

−∞
dk

�
ξMðkÞâ†ðkÞ

− ξ�MðkÞâðkÞ þ
p
2
jξMðkÞj2

���
: ð16Þ

An explicit form for χðpÞM ½ξM; ξ�M� of Eq. (16) has been
computed in Appendix B and reads

χðpÞM ½ξM; ξ�M� ¼ χðpÞ0M½ξM; ξ�M�
X
n;n0

ψ ½n�ψ�½n0�
X
S⊆KðnÞ
S0⊆Kðn0Þ

cðKðnÞnS;Kðn0ÞnS0Þ
Y
k∈S

½−ξ�MðkÞ�
Y
k0∈S0

ξMðk0Þ; ð17Þ

where χðpÞ0M½ξM; ξ�M� is the characteristic function of
j0Mih0Mj in the Minkowski space-time

χðpÞ0M½ξM; ξ�M� ¼ Tr

�
j0Mih0Mj exp

�Z þ∞

−∞
dk

�
ξMðkÞâ†ðkÞ

−ξ�MðkÞâðkÞ þ
p
2
jξMðkÞj2

���
; ð18Þ

with the following explicit form:

χðpÞ0M½ξM; ξ�M� ¼ exp

�Z þ∞

−∞
dk

p − 1

2
jξMðkÞj2

�
: ð19Þ

By comparing Eq. (17) with Eq. (12) it is possible
to see that the transformation of the characteristic func-
tion from the Minkowski to the right-Rindler space-

time χðpÞM ½ξM; ξ�M� ↦ χðpÞ½ξ; ξ�� can be easily computed

by performing the following substitutions in Eq. (17):

χðpÞ0M½ξM; ξ�M� ↦ χðpÞ0 ½ξ; ξ�� and ξMðkÞ ↦ LðkÞ½ξ; ξ��.
Finally we want to show that Eq. (12b) can be put in a

diagrammatic form by defining a single diagram through
the following procedure. Write all the elements of U and U0
in two distinct columns and create some pair connections
between elements of the left and the right column ki − k0j.
The numerical value associated to this diagram is the

product of χðpÞ0 ½ξ; ξ�� and the following contributions
coming from the elements of the diagram. Each pair
connection ki − k0j contributes with a delta function
between the two momenta δðki − k0jÞ. Each left-column
element ki left without pair connection contributes
with f−LðkiÞ½ξ; ξ��g�. On the other hand, a “free” right-
column element k0i contributes with Lðk0iÞ½ξ; ξ��. In this
way, a diagrammatic expression of Eq. (12b) is the
following:
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ð20Þ

III. METHOD

In this section we show how to obtain Eqs. (12), given
some properties of the Minkowski vacuum state j0Mi and
its representation in the right-Rindler wedge ρ̂0, which has
the explicit form given by Eqs. (7) and (8). The properties
of j0Mi and ρ̂0 that we exploit are the following:

(i) the creation of a Rindler particle in the left (right)
wedge over the Minkowski vacuum background is
equivalent to the destruction of a Rindler particle in
the right (left) wedge, up to an expðβjKj=2Þ factor:

b̂†L;RðKÞj0Mi ¼ exp

�
β

2
jKj

�
b̂R;LðKÞj0Mi ð21Þ

(see Appendix A for the proof);
(ii) it is possible to move creation b̂†RðKÞ and annihila-

tion b̂RðKÞ operators acting from the left of ρ̂0 to its
right and the other way round by using the following
identity and its adjoint:

b̂†RðKÞρ̂0 ¼ eβjKjρ̂0b̂
†
RðKÞ ð22Þ

(see Appendix A for the proof);
(iii) the functional derivatives of

χðpÞ0 ½ξ; ξ�� ¼ Trðρ̂0D̂p½ξ; ξ��Þ ð23Þ

for p ¼ −1 with respect to different ξðKÞ and ξ�ðKÞ
give the following mean values:

Y
K

�
δ

δξðKÞ
�
MðKÞY

K0

�
−

δ

δξ�ðK0Þ
�
NðK0Þ

χð−1Þ0 ½ξ; ξ��

¼ Tr

�
ρ̂0
Y
K0
½b̂ðK0Þ�NðK0ÞD̂−1½ξ; ξ��

Y
K

½b̂†ðKÞ�MðKÞ
�

ð24Þ

for any MðKÞ and NðK0Þ, as it can be noticed
from Eq. (11);

(iv) χðpÞ0 ½ξ; ξ�� is already known in literature [3], since ρ̂0
has the form of a thermal state

χðpÞ0 ½ξ; ξ�� ¼ exp

�Z þ∞

−∞
dKjξðKÞj2

×

�
−n0ðKÞ þ p − 1

2

��
; ð25Þ

with n0ðKÞ ¼ ðeβjKj − 1Þ−1.
Given such information, it is possible to provide a

generic procedure in order to put χðpÞ½ξ; ξ�� in the form
of Eqs. (12). Such procedure follows the following steps:
(1) express the âðkÞ operators of Eq. (2) in terms of

b̂L;RðKÞ operators using the transformation (3), so
that jψihψ j is put in the form of a combination of
chains of b̂L;RðKÞ operators acting from the left and
right of j0Mih0Mj;

(2) convert all b̂LðKÞ operators acting on j0Mih0Mj into
b̂RðKÞ operators using Eq. (21), so that jψihψ j is put
in the form of a combination of chains of b̂RðKÞ
operators acting from the left and right of j0Mih0Mj;

(3) perform the partial trace over the left wedge, so that
ρ̂ is put in the form of a combination of chains of
b̂RðKÞ operators acting from the left and right of ρ̂0;

(4) reorder the b̂RðKÞ operators using Eq. (22) and the
canonical commutating rules by choosing the rear-
rangement such that ρ̂ is put in the form of a
combination of chains of creation operators b̂†RðKÞ
acting from the left of ρ̂0 and annihilation operators
b̂RðKÞ from the right of ρ̂0;

(5) multiply such linear combination with D̂−1½ξ; ξ��,
use the trace over the right wedge and the cyclic
property of the trace in order to see χð−1Þ½ξ; ξ�� as a
combination of terms that have the same form as the
right side of Eq. (24);

(6) by using Eq. (24), read χð−1Þ½ξ; ξ�� in terms of linear

combinations of multiple ξ derivatives of χð−1Þ0 ½ξ; ξ��,
which are explicitly obtainable from Eq. (25);
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(7) extract the final expression of χðpÞ½ξ; ξ�� from
χð−1Þ½ξ; ξ�� through the following multiplication:

χðpÞ½ξ;ξ��¼ exp

�Z þ∞

−∞
dK

pþ1

2
jξðKÞj2

�
χð−1Þ½ξ;ξ��;

ð26Þ

which can be easily performed by replacing

χð−1Þ0 ½ξ; ξ�� of step 6 with χðpÞ0 ½ξ; ξ��.
In Appendix Awe give the full details for the proof which
leads to Eqs. (12).

IV. 3 + 1 DIMENSIONS

Only in the case of 1þ 1 dimensions, the scalar field is
free in the Rindler frames. Indeed, the massless Klein-
Gordon equation in a conformally flat metric is equivalent
to the flat space-time case only for 1þ 1 space-time
dimensions. For such reason, in the previous sections,
we have considered Rindler particles with energy jKj
having a defined momentum K. This does not happen
in 3þ 1 dimensions, where Rindler particles with energy
Ω > 0 can only have defined momentum components
along the direction orthogonal to the acceleration. In the
(3þ 1)-dimensional case we are, therefore, forced to
identify Rindler particles with the energy Ω and the
transverse momentum K⊥ along the y and z axes.
However, in the (3þ 1)-dimensional case, our method

remains the same, with the difference that Eq. (21) is
replaced by [9]

b̂†L;RðΩ;K⊥Þj0Mi ¼ exp

�
β

2
Ω
�
b̂R;LðΩ;−K⊥Þj0Mi; ð27Þ

Eq. (22) by

b̂†RðΩ;K⊥Þρ̂0 ¼ eβΩρ̂0b̂
†
RðΩ;K⊥Þ; ð28Þ

and the new Bogolyubov coefficients αðk⃗;Ω;K⊥Þ,
βðk⃗;Ω;K⊥Þ are those in [9].
Also we want to point out that the massive 3þ 1 case is

very similar to the massless 3þ 1 case, since both Eqs. (27)
and (28) hold and the only difference relies on the
Bogolyubov coefficients, which read [9]

αðk⃗;Ω;K⊥Þ¼
δ2ðk⊥−K⊥ÞexpðβΩ4 Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πaωðkÞsinhðβΩ
2
Þ

q
�
ωðkÞþkx
ωðkÞ−kx

�iΩ
2a

; ð29aÞ

βðk⃗;Ω;K⊥Þ ¼ exp

�
βΩ
2

�
αðk⃗;Ω;−K⊥Þ; ð29bÞ

where k⃗ ¼ ðkx;k⊥Þ ¼ ðkx; ky; kzÞ, ω2ðkÞ ¼ m2 þ k2 andm
is the mass of the field. The massless case can be restored
by simply imposing ωðkÞ ¼ jkj in Eqs. (29).
By following again the steps of Sec. III while carefully

keeping track of the change in sign for the transverse
momenta K⊥, one can prove that the results of Sec. II are
still valid, with the only difference given by the new
Bogolyubov coefficients [Eqs. (29)]:

χ̄ðpÞðU;U0Þ½ξ; ξ�� ¼ χðpÞ0 ½ξ; ξ��
X
S⊆U
S0⊆U0

cðUnS;U0nS0Þ
Y
k⃗∈S

f−Lðk⃗Þ½ξ; ξ��g�
Y
k⃗0∈S0

Lðk⃗0Þ½ξ; ξ��; ð30aÞ

cðfk⃗igMi¼1; fk⃗0jgNj¼1Þ ¼ δMN

X
P

Y
i

δ3ðk⃗i − k⃗0PðiÞÞ ð30bÞ

Lðk⃗Þ½ξ; ξ�� ¼
Z

∞

0

dΩ
Z
R2

d2K⊥½α�ðk⃗;Ω;K⊥ÞξðΩ;K⊥Þ−βðk⃗;Ω;K⊥Þξ�ðΩ;K⊥Þ�; ð30cÞ

χðpÞ0 ½ξ; ξ�� ¼ exp

�Z
∞

0

dΩ
Z
R2

d2K⊥jξðΩ;K⊥Þj2
�
−n0ðΩÞ þ

p − 1

2

��
: ð30dÞ

V. SINGLE-PARTICLE STATE

In the present section, we focus on single-particle states as
the simplest example of Minkowski-Fock states. For such
states, we derive the characteristic function in the accelerated
frame using Eqs. (12). As a practical application of χðpÞ½ξ; ξ��,
we derive mean values of ρ̂ related to the probability
distribution to findaRindler particlewith a specificmomentum

and the correlation between Rindler particles with different
momenta. We show how the probability distribution changes
from the inertial to the accelerated frame. Moreover we show
how the correlation between different momenta has the same
expression for both the inertial to the accelerated frame if we
exclude the vacuum background. Finally, we consider
Gaussian wave functions and plot the results in the limit of
well-localized wave packets in the momentum space.
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We start from the definition of Minkowski-Fock single-
particle states

jψi ¼
Z þ∞

−∞
dkψ̃ðkÞâ†ðkÞj0Mi; ð31Þ

with ψ̃ðkÞ as a normalized wave function

Z þ∞

−∞
dkjψ̃ðkÞj2 ¼ 1: ð32Þ

For such state, Eq. (12a) reads

χðpÞ½ξ; ξ�� ¼
Z þ∞

−∞
dkψ̃ðkÞ

Z þ∞

−∞
dk0ψ̃�ðk0Þ

× χ̄ðpÞðfkg; fk0gÞ½ξ; ξ��: ð33Þ

Therefore, in this case, it is sufficient to show the explicit
form of χ̄ðpÞðfkg; fk0gÞ½ξ; ξ��, which has the following
diagrammatic expression:

χ̄ðpÞðfkg; fk0gÞ½ξ; ξ�� ¼ k k0 þ k − k0: ð34Þ

The explicit expression for Eq. (34) is

χ̄ðpÞðfkg; fk0gÞ½ξ; ξ�� ¼ χðpÞ0 ½ξ; ξ��δðk − k0Þ − χðpÞ0 ½ξ; ξ��
× fLðkÞ½ξ; ξ��g�Lðk0Þ½ξ; ξ��: ð35Þ

Equations (32), (33), and (35) lead to

χðpÞ½ξ;ξ�� ¼ χðpÞ0 ½ξ;ξ��

−χðpÞ0 ½ξ;ξ��
����
Z þ∞

−∞
dkψ̃ðkÞfLðkÞ½ξ;ξ��g�

����
2

: ð36Þ

Equation (36) can be used in order to extract the
probability density

hn̂RðKÞiρ̂ ¼ Trðρ̂b̂†RðKÞb̂RðKÞÞ: ð37Þ

Indeed, the left side of Eq. (37) can be obtained through the
following derivatives:

hn̂RðKÞiρ̂ ¼ −
δ

δξðKÞ
δ

δξ�ðKÞ χ
ð1Þ½ξ; ξ��

����
ξ¼0

: ð38Þ

The result is

hn̂RðKÞiρ̂ ¼ hn̂RðKÞiρ̂0 þ nRðKÞ; ð39Þ

where

nRðKÞ ¼
����
Z þ∞

−∞
dkψ̃ðkÞαðk; KÞ

����
2

þ
����
Z þ∞

−∞
dkψ̃ðkÞβ�ðk; KÞ

����
2

ð40Þ

represents the probability distribution to find a particle with
momentum K over the vacuum background.
hn̂RðKÞiρ̂ of Eq. (37) can be compared with the

Minkowski probability density

hn̂MðkÞijψihψ j ¼ Trðjψihψ jâ†ðkÞâðkÞÞ: ð41Þ

In the Minkowski space-time, the probability distribution
to find a particle with momentum k over the vacuum
background nMðkÞ is obviously directly identified with
hn̂MðkÞijψihψ j. Moreover, for single-particle states, it is well
known that

nMðkÞ ¼ jψ̃ðkÞj2: ð42Þ

Differently from hn̂RðKÞiρ̂, a quantity that can be
obtained through more than two derivatives of the charac-
teristic function is the following:

hn̂RðKÞn̂RðK0Þiρ̂ ¼ δðK − K0Þhn̂RðKÞiρ̂ þ
δ

δξðKÞ
δ

δξðK0Þ
δ

δξ�ðKÞ
δ

δξ�ðK0Þ χ
ð1Þ½ξ; ξ��

����
ξ¼0

: ð43Þ

From hn̂RðKÞiρ̂ and hn̂RðKÞn̂RðK0Þiρ̂ it is possible to
derive a quantity that can measure correlations between
particles with momentum K and K0 over the vacuum
background:

CRðK;K0Þ ¼ hn̂RðKÞn̂RðK0Þiρ̂ − hn̂RðKÞiρ̂hn̂RðK0Þiρ̂
− ½hn̂RðKÞn̂RðK0Þiρ̂0 − hn̂RðKÞiρ̂0hn̂RðK0Þiρ̂0 �:

ð44Þ

In the Minkowski case such quantity reads

CMðk; k0Þ ¼ hn̂MðkÞn̂Mðk0Þijψihψ j
− hn̂MðkÞijψihψ jhn̂Mðk0Þijψihψ j: ð45Þ

In the case of single-particle states Eqs. (44) and (45)
lead to
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CRðK;K0Þ¼δðK−K0ÞnRðKÞ½1þ2n0ðKÞ�−nRðKÞnRðK0Þ;
ð46aÞ

CMðk; k0Þ ¼ δðk − k0ÞnMðkÞ − nMðkÞnMðk0Þ: ð46bÞ

From Eq. (46) we can conclude that for different momenta
—i.e., K ≠ K0 and k ≠ k0—the form of CRðK;K0Þ and
CMðk; k0Þ are the same. This means that, besides the
vacuum background, no correlation has been introduced
by shifting from the Minkowki to the Rindler frame.
In order to give a practical application, let us consider a

Gaussian wave function ψ̃ðkÞ ¼ Gðk; k̄; σÞ, with

Gðk; k̄; σÞ ¼ 1ffiffiffi
π4

p ffiffiffi
σ

p exp

�
−
ðk − k̄Þ2
2σ2

�
ð47Þ

and let us consider a well-localized wave packet—i.e.,
σ=a → 0—then the leading term of nRðKÞ is

nRðKÞ ≈
σ

a
θðk̄KÞffiffiffi
π

p jk̄j coth
�
β

2
jKj

�
: ð48Þ

On the other hand the Minkowski probability density has
the usual distributional limit

nMðkÞ ≈ δðk − k̄Þ: ð49Þ

In Fig. 1, we plot the transformation from nMðkÞ to nRðKÞ
for some single-particle states with different k̄.

VI. SINGLE-PARTICLE STATE IN 3+ 1
DIMENSIONS

At this point it is worth mentioning the fact that only in
the (1þ 1)-dimensional massless case, a direct comparison
between CRðK;K0Þ and CMðk; k0Þ in terms of particle
momenta is possible. Indeed, in the (3þ 1)-dimensional
case, Rindler particles are identified through the energies
Ω, Ω0 and transverse momenta K⊥, K0⊥, while Minkowksi

particles still with momenta components k⃗, k⃗0. In that case,
a more reasonable comparison must be made between
CRðΩ;K⊥;Ω0;K0⊥Þ and CM as a function of the energies

ωðkÞ ¼ jk⃗j, ωðk0Þ and transverse momenta k⊥, k0⊥.
However such function is not well defined since the sign
of kx and k0x represents a further degeneracy for the energy
states. Let us, therefore, choose kx > 0, k0x > 0 and define
in this way CMðω;k⊥;ω0;k0⊥Þ.
By following the results of Sec. IV, it can be shown

that the form of Eq. (46) remains the same for CRðΩ;K⊥;
Ω0;K0⊥Þ and CMðω;k⊥;ω0;k0⊥Þ, with the only differ-
ence given by the fact that Ω and ω are positive and the
explicit value of nRðΩ;K⊥Þ changes because of the new
Bogolyubov coefficients:

CRðΩ;K⊥;Ω0;K0⊥Þ ¼ δðΩ −Ω0Þδ2ðK⊥ −K0⊥Þ
× nRðΩ;K⊥Þ½1þ 2n0ðΩÞ�
− nRðΩ;K⊥ÞnRðΩ0;K0⊥Þ; ð50aÞ

CMðω;k⊥;ω0;k0⊥Þ ¼ δðω − ω0Þδ2ðk⊥ − k0⊥ÞnMðω;k⊥Þ
− nMðω;k⊥ÞnMðω0;k0⊥Þ; ð50bÞ

nRðΩ;K⊥Þ ¼
����
Z
R3

d3kψ̃ðk⃗Þαðk⃗;Ω;K⊥Þ
����
2

þ
����
Z
R3

d3kψ̃ðk⃗Þβ�ðk⃗;Ω;K⊥Þ
����
2

: ð50cÞ

We can state that even for the (3þ 1)-dimensional case, no
correlation is introduced in the Rindler frame. However,
one must be careful when considering the different spectra
in the two frames, since in the Minkowski case, a two-
degeneracy for states with fixed energy and transverse
momentum exists.
Lastly, we want to mention the (3þ 1)-dimensional

massive case. As shown by Sec. IV, no difference occurs
from the (3þ 1)-dimensional massless case, with the
exception given by the mass-dependent Bogolyubov
coefficients that result in a different explicit value for
nRðΩ;K⊥Þ. However, one has to carefully consider the
different spectra in the two frames. Indeed, while Ω is still
defined from 0 to ∞, ω is defined for ω > m. Therefore,
such difference in the particle spectra must be taken into
account for a real comparison between CMðω;k⊥;ω0;k0⊥Þ
and CRðΩ;K⊥;Ω0;K0⊥Þ.

VII. TWO-PARTICLE STATE

In this section we consider two-particle states.
Differently from the one-particle states, we show that
CRðK;K0Þ and CMðk; k0Þ have different forms. Moreover,
we provide the example of Gaussian-like wave functions
and consider again the limit of well-localized wave packets
in the momentum space.

(a) (b)

FIG. 1. Representation of how the probability density of a
particle with fixed momentum k̄ changes with the acceleration.
(a) Distribution of nMðkÞ for different values of k̄. (b) For the
same values of k̄, function nRðKÞ defined by the right side
of Eq. (48).
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AMinkowski two-particle state can be defined through a
wave function ψðk; k0Þwhich is symmetric with respect to a
switch between k and k0:

jψi ¼
Z þ∞

−∞
dk

Z þ∞

−∞
dk0ψ̃ðk; k0Þâ†ðkÞâ†ðk0Þj0Mi; ð51Þ

with

ψ̃ðk; k0Þ ¼ ψ̃ðk0; kÞ; ð52aÞ

Z þ∞

−∞
dk

Z þ∞

−∞
dk0jψ̃ðk; k0Þj2 ¼ 1

2
: ð52bÞ

For such state, Eq. (12a) reads

χðpÞ½ξ; ξ�� ¼
Z þ∞

−∞
dk1

Z þ∞

−∞
dk2ψ̃ðk1; k2Þ

Z þ∞

−∞
dk01

Z þ∞

−∞
dk02ψ̃

�ðk01; k02Þχ̄ðpÞðfk1; k2g; fk01; k02gÞ½ξ; ξ��: ð53Þ

χ̄ðpÞðfk1; k2g; fk01; k02gÞ½ξ; ξ�� has the following diagrammatic expression:

ð54Þ

By using the symmetry (52a) and the normalization (52b), we can write Eq. (53) in the following way:

χðpÞ½ξ; ξ�� ¼
�����

Z þ∞

−∞
dk

Z þ∞

−∞
dk0ψ̃ðk; k0ÞL�ðkÞ½ξ; ξ��L�ðk0Þ½ξ; ξ��

����
2

− 4

Z þ∞

−∞
dk

����
Z þ∞

−∞
dk0ψ̃ðk; k0ÞL�ðk0Þ½ξ; ξ��

����
2

þ 1

	

× χðpÞ0 ½ξ; ξ��: ð55Þ

Equation (55) can be used in order to extract nRðKÞ and CRðK;K0Þ:

nRðKÞ ¼ 4

Z þ∞

−∞
dk

�����
Z þ∞

−∞
dk0ψ̃ðk; k0Þαðk0; KÞ

����
2

þ
����
Z þ∞

−∞
dk0ψ̃ðk; k0Þβ�ðk0; KÞ

����
2
�
; ð56aÞ

CRðK;K0Þ¼δðK−K0ÞnRðKÞ½1þ2n0ðKÞ�−nRðKÞnRðK0Þþ4

����
Z þ∞

−∞
dk

Z þ∞

−∞
dk0ψ̃ðk;k0Þαðk;KÞαðk0;K0Þ

����
2

þ4

����
Z þ∞

−∞
dk

Z þ∞

−∞
dk0ψ̃ðk;k0Þβ�ðk;KÞβ�ðk0;K0Þ

����
2

þ4

Z þ∞

−∞
dk1

Z þ∞

−∞
dk01ψ̃ðk1;k01Þ

Z þ∞

−∞
dk2

Z þ∞

−∞
dk02ψ̃

�ðk2;k02Þ

× ½αðk1;K0Þβðk2;KÞþβðk2;K0Þαðk1;KÞ�½β�ðk01;K0Þα�ðk02;KÞþα�ðk02;K0Þβ�ðk01;KÞ�: ð56bÞ

On the other hand, in the Minkowski case,

nMðkÞ ¼ 4

Z þ∞

−∞
dk0jψ̃ðk; k0Þj2; ð57aÞ

CMðk; k0Þ ¼ δðk − k0ÞnMðkÞ − nMðkÞnMðk0Þ þ 4jψ̃ðk; k0Þj2:
ð57bÞ

It is interesting to notice how in this case the form of
CRðK;K0Þ and CMðK;K0Þ are different. This means that a
correlation between particles with different momenta
has been introduced by shifting from the inertial to the
accelerated frame. The result we have obtained for the two-
particle states differs from the single-particle state, as we

have seen in Eqs. (46). The consequence is that we can
actually discriminate Minkowski single-particle states from
two-particle states in the Rindler space-time by looking at
nondiagonal values of CRðK;K0Þ.
Finally, we want to provide the Gaussian wave functions

as practical applications for the theory and focus on the
limit of well-localized wave packets in the momentum
space. If we define

ψ̃ðk; k0Þ ∝ Gðk; k̄1; σÞGðk0; k̄2; σÞ þ Gðk; k̄2; σÞGðk0; k̄1; σÞ;
ð58Þ

we obtain the following results:
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nRðKÞ ≈
σ

a
1ffiffiffi
π

p
�
θðk̄1KÞ
jk̄1j

þ θðk̄2KÞ
jk̄2j

�
coth

�
β

2
jKj

�
; ð59aÞ

nMðkÞ ≈ δðk − k̄1Þ þ δðk − k̄2Þ; ð59bÞ

CRðK;K0Þ ≈ δðK − K0Þ σ
a

1ffiffiffi
π

p ½1þ 2n0ðKÞ�
�
θðk̄1KÞ
jk̄1j

þ θðk̄2KÞ
jk̄2j

�
coth

�
β

2
jKj

�

þ
�
σ

a

�
2 1

π
csch

�
β

2
jKj

�
csch

�
β

2
jK0j

��
θðk̄1KÞθðk̄2K0Þ þ θðk̄2KÞθðk̄1K0Þ

2jk̄1k̄2j

−
�
θðk̄1KÞθðk̄1K0Þ

jk̄1j2
þ θðk̄2KÞθðk̄2K0Þ

jk̄2j2
�
cosh

�
β

2
jKj

�
cosh

�
β

2
jK0j

�

þ θðk̄1KÞθðk̄1K0Þθðk̄1k̄2Þ
jk̄1k̄2j

cos

�
K − K0

a
ln

���� k̄1k̄2
����
��

2 cosh

�
β

2
jKj

�
cosh

�
β

2
jK0j

�
þ 1

�	
ð59cÞ

CMðk; k0Þ ¼ oððσ=aÞ2Þ ð59dÞ

when σ=a → 0.
It is possible to notice that for any choice of k̄1 and k̄2

with the same sign, Eq. (59a) has the same form of Eq. (48)
for a specific choice of k̄:

1

k̄
¼ 1

k̄1
þ 1

k̄2
: ð60Þ

This result can be observed by comparing Fig. 1 with
Fig. 2, where for specific choices of k̄, k̄1, and k̄2, we have
been able to reproduce the same probability density in the
Rindler space-time even when the number of particles
differ. This means that if we look at right-Rindler particle
density distribution, Minkowski two-particle states become

indistinguishable from single-particles with momentum
equal to half of the harmonic mean of the two-particle
momenta. For instance, if both particles have the same
momentum k̄1 ¼ k̄2, the two-particle state becomes indis-
tinguishable from a single-particle with momentum
k̄ ¼ 2k̄1. The same result does not hold for the inertial
observer, who is actually able to distinguish the two cases
—e.g., by integrating nMðkÞwith respect to k and obtaining
1 for single-particles and 2 for two-particles. This result
point toward the possibility for the observer to discriminate
between the inertial to the accelerated frame.
While single-particle and two-particle states cannot be

distinguished by the expression of nRðKÞ, the correlation
function CRðK;K0Þ offers a way to discriminate between

(a) (b)

FIG. 2. Representation of how the probability density of two
particles with fixed momenta k̄1 and k̄2 changes with the
acceleration. (a) Distribution of nMðkÞ for different values of
k̄1 and k̄2. (b) For the same values of k̄1 and k̄2, function nRðKÞ
defined by the right side of Eq. (59a).

FIG. 3. In the present figure we show the correlation CRðK;K0Þ
in the Rindler space-time between particles with different
momenta K ≠ K0 as defined by the right side of Eq. (59c).
The solution we have chosen is with k̄1=a ¼ 1 and k̄2=a ¼ 2.
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the two of them. Indeed, Eqs. (46a) and (59c) do not have
the same form.While in the case of single-particle states the
form of CRðK;K0Þ is the same of CMðK;K0Þ, in the two
particle state they differ. Specifically, while CMðK;K0Þ
vanishes faster than ðσ=aÞ2, CRðK;K0Þ has a specific
distribution of order ðσ=aÞ2 shown in Fig. 3. This also
provides a way to discriminate between the Minkowski to
the right-Rindler frame.

VIII. CONCLUSIONS

The method we adopted allowed us to extract the general
expression of χðpÞ½ξ; ξ�� and any derivable mean values for
Minkowki-Fock states. To the best of our knowledge, this
result is not known in literature. Moreover, it allowed us to
investigate how quantities such as nMðkÞ and CMðk; k0Þ
transform from an inertial to an accelerated observer.
Specifically, we have extracted nRðkÞ and CRðk; k0Þ for
single-particle and two-particle states. An interesting result
of such analysis is that nRðKÞ, differently from nMðkÞ,
cannot be used as a general way to detect the presence of a
second Minkowski particle. On the other hand, by meas-
uring both CRðk; k0Þ and nRðkÞ, one can distinguish
between single-particle and two-particle states in the
accelerated frame, since in the former case CRðk; k0Þ has
the same form of CMðk; k0Þ, while in the latter they differ. A
remarkable outcome is that a noninertial observer that is

able to generate two independent particles with different
momenta will measure fictitious correlations dependent on
the acceleration. This opens a way to test noninertial
quantum field theory.

APPENDIX A: A PROOF FOR EQ. (12)

In the present section, we want to show a proof for
Eq. (12), through the procedure described in the main paper
and through the use of the following identities for the
Bogolyubov coefficients:

αðk; KÞ ¼ exp

�
β

2
jKj

�
βðk; KÞ; ðA1Þ

Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
½αðk; KÞβ�ðk0; KÞ

þ β�ðk; KÞαðk0; KÞ� ¼ δðk − k0Þ: ðA2Þ

Equation (A1) can be extracted from the following identity:

Fðk; KÞ ¼ exp

�
signðkÞ β

2
K

�
Fð−k; KÞ; ðA3Þ

while Eq. (A2) can be proven by the following chain of
identities:

Z þ∞

−∞
dKθðkKÞθðk0KÞ2 sinh

�
β

2
jKj

� jKjffiffiffiffiffiffi
kk0

p ½Fðk; KÞFðk0;−KÞ þ Fðk;−KÞFðk0; KÞ�

¼ θðkk0Þffiffiffiffiffiffi
kk0

p
�Z þ∞

−∞
dKθðkKÞ2 sinh

�
β

2
jKj

�
jKjFðk; KÞFðk0;−KÞþ

Z þ∞

−∞
dKθðkKÞ2 sinh

�
β

2
jKj

�
jKjFðk;−KÞFðk0; KÞ

�

¼ θðkk0Þffiffiffiffiffiffi
kk0

p
�Z þ∞

−∞
dKθðkKÞ2 sinh

�
β

2
jKj

�
jKjFðk; KÞFðk0;−KÞþ

Z þ∞

−∞
dKθð−kKÞ2 sinh

�
β

2
jKj

�
jKjFðk; KÞFðk0;−KÞ

�

¼ θðkk0Þffiffiffiffiffiffi
kk0

p
Z þ∞

−∞
dK½θðkKÞ þ θð−kKÞ�2 sinh

�
β

2
jKj

�
jKjFðk; KÞFðk0;−KÞ

¼ θðkk0Þffiffiffiffiffiffi
kk0

p
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
jKjFðk; KÞFðk0;−KÞ

¼ θðkk0Þffiffiffiffiffiffi
kk0

p
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

� jKj
ð2πaÞ2

����Γ
�
iK
a

�����
2

exp
�
i
K
a
ln

���� kk0
����
�

¼ θðkk0Þffiffiffiffiffiffi
kk0

p
Z þ∞

−∞

dK
2πa

exp

�
i
K
a
ln

���� kk0
����
�

¼ θðkk0Þffiffiffiffiffiffi
kk0

p δ

�
ln

���� kk0
����
�

¼ θðkk0Þ
jkj δ

�
ln

���� kk0
����
�

¼ θðkk0Þδðjkj − jk0jÞ
¼ δðk − k0Þ: ðA4Þ
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Equation (21) can be proven from the definition of the
Minkowski vacuum state j0Mi

âðkÞj0Mi ¼ 0; ∀ k ∈ R; ðA5Þ

supplemented with Eqs. (3):

Z þ∞

−∞
dK

�
βðk; KÞ

�
exp

�
β

2
jKj

�
b̂LðKÞ − b̂†RðKÞ

�

þ β�ðk; KÞ
�
exp

�
β

2
jKj

�
b̂RðKÞ − b̂†LðKÞ

�	
j0Mi ¼ 0:

ðA6Þ

Finally, Eq. (22) can be proven from Eq. (21):

b̂†RðKÞρ̂0 ¼ TrL½b̂†RðKÞj0Mih0Mj�

¼ exp

�
1

2
βjKj

�
TrL½b̂LðKÞj0Mih0Mj�

¼ exp

�
1

2
βjKj

�
TrL½j0Mih0Mjb̂LðKÞ�

¼ eβjKjTrL½j0Mih0Mjb̂†RðKÞ�
¼ eβjKjρ̂0b̂

†
RðKÞ: ðA7Þ

We rewrite Eq. (1) following steps 1 and 2,

jψihψ j ¼
X
n;n0

ψ ½n�ψ�½n0�K
� Y

k∈KðnÞ
Â†ðkÞ

�

× j0Mih0MjK
� Y

k0∈Kðn0Þ
Âðk0Þ

�
; ðA8Þ

where

ÂðkÞ ¼ ÂLðkÞ þ ÂRðkÞ; ðA9aÞ

ÂLðkÞ ¼
Z þ∞

−∞
dK

�
exp

�
β

2
jKj

�
αðk; KÞb̂†RðKÞ

− exp

�
−
β

2
jKj

�
β�ðk; KÞb̂RðKÞ

�
; ðA9bÞ

ÂRðkÞ¼
Z þ∞

−∞
dK½α�ðk;KÞb̂RðKÞ−βðk;KÞb̂†RðKÞ�; ðA9cÞ

and K defines a fixed ordering rule for ÂLðkÞ, ÂRðkÞ and
their adjoint operators depending on the arbitrary ordering
for aðkÞ operators in Eq. (2). For instance, we can order the
aðkÞ operators of Eq. (2) monotonically with respect to k
and obtain the following definition for K:

KðÂLðkÞÂRðk0ÞÞ ¼ KðÂRðk0ÞÂLðkÞÞ ¼ ÂLðkÞÂRðk0Þ;
ðA10aÞ

KðÂ†
LðkÞÂ†

Rðk0ÞÞ ¼ KðÂ†
Rðk0ÞÂ†

LðkÞÞ ¼ Â†
RðkÞÂ†

Lðk0Þ;
ðA10bÞ

KðÂLðkÞÂLðk0ÞÞ ¼
�
ÂLðkÞÂLðk0Þ if k < k0

ÂLðk0ÞÂLðkÞ if k > k0
; ðA10cÞ

KðÂRðkÞÂRðk0ÞÞ ¼
�
ÂRðk0ÞÂRðkÞ if k < k0

ÂRðkÞÂRðk0Þ if k > k0
; ðA10dÞ

KðÂ†
LðkÞÂ†

Lðk0ÞÞ ¼
�
Â†
Lðk0ÞÂ†

LðkÞ if k < k0

Â†
LðkÞÂ†

Lðk0Þ if k > k0
; ðA10eÞ

KðÂ†
RðkÞÂ†

Rðk0ÞÞ ¼
�
Â†
RðkÞÂ†

Rðk0Þ if k < k0

Â†
Rðk0ÞÂ†

RðkÞ if k > k0
: ðA10fÞ

The operators acting on the left and on the right of j0Mih0Mj
in Eq. (A8) are combinations of chains of b̂R operators.
Each chain can be rewritten using the Wick theorem by
considering b̂†RðKÞ and b̂RðKÞ as creation and annihilation
operators for the normal ordering N , i.e.,

N ðb̂†RðKÞb̂RðK0ÞÞ ¼ N ðb̂RðK0Þb̂†RðKÞÞ
¼ b̂†RðKÞb̂RðK0Þ; ðA11Þ

and by defining CN as a real function that can be evaluated
on any chain of b̂R operators and compute the sum of all the
full contractions of such chain, with the following funda-
mental contractions:

CN ðb̂RðKÞb̂†RðK0ÞÞ ¼ ½b̂RðKÞ; b̂†RðK0Þ� ¼ δðK − K0Þ;
ðA12aÞ

CN ðb̂†RðKÞb̂RðK0ÞÞ ¼ 0; CN ðb̂†RðKÞb̂†RðK0ÞÞ ¼ 0;

ðA12bÞ

CN ðb̂RðKÞb̂RðK0ÞÞ ¼ 0: ðA12cÞ

The combination between the Wick theorem and the
K-ordering gives
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K
� Y

k∈KðnÞ
ÂðkÞ

�
¼

X
S0⊆KðnÞ

CN

�
K
� Y

k∈KðnÞnS0
ÂðkÞ

��
N
�
K
� Y

k0∈S0

Âðk0Þ
��

¼
X

S0⊆KðnÞ
CK

� Y
k∈KðnÞnS0

ÂðkÞ
�
N
� Y

k0∈S0

Âðk0Þ
�
; ðA13aÞ

K
� Y

k∈KðnÞ
Â†ðkÞ

�
¼

X
S0⊆KðnÞ

CN

�
K
� Y

k∈KðnÞnS0
Â†ðkÞ

��
N
�
K
� Y

k0∈S0

Â†ðk0Þ
��

¼
X

S0⊆KðnÞ
CK

� Y
k∈KðnÞnS0

Â†ðkÞ
�
N
� Y

k0∈S0

Â†ðk0Þ
�
; ðA13bÞ

with CK ¼ CN ∘K as a new contraction such that

CKðÂðkÞÂðk0ÞÞ ¼ CN ðKðÂðkÞÂðk0ÞÞÞ

¼
�
CN ðÂLðkÞÂLðk0Þ þ ÂLðkÞÂRðk0Þ þ ÂLðk0ÞÂRðkÞ þ ÂRðk0ÞÂRðkÞÞ if k < k0

CN ðÂLðk0ÞÂLðkÞ þ ÂLðkÞÂRðk0Þ þ ÂLðk0ÞÂRðkÞ þ ÂRðkÞÂRðk0ÞÞ if k > k0
; ðA14aÞ

CKðÂ†ðkÞÂ†ðk0ÞÞ ¼ CN ðKðÂ†ðkÞÂ†ðk0ÞÞÞ

¼
�
CN ðÂ†

Lðk0ÞÂ†
LðkÞ þ Â†

Rðk0ÞÂ†
LðkÞ þ Â†

RðkÞÂ†
Lðk0Þ þ Â†

RðkÞÂ†
Rðk0ÞÞ if k < k0

CN ðÂ†
LðkÞÂ†

Lðk0Þ þ Â†
Rðk0ÞÂ†

LðkÞ þ Â†
RðkÞÂ†

Lðk0Þ þ Â†
Rðk0ÞÂ†

RðkÞÞ if k > k0
: ðA14bÞ

Thanks to Eq. (A1), Eq. (A14) reads

CKðÂðkÞÂðk0ÞÞ ¼ CKðÂ†ðkÞÂ†ðk0ÞÞ ¼ −
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
½β�ðk; KÞβðk0; KÞ þ βðk; KÞβ�ðk0; KÞ�: ðA15Þ

By combining Eq. (A13) with Eq. (A15) we find a way to put Eq. (A8) in normal ordering at the left and right of j0Mih0Mj:

jψihψ j ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S0⊆KðnÞ
S0
0
⊆Kðn0Þ

CK

� Y
k∈KðnÞnS0

Â†ðkÞ
�
CK

� Y
k0∈Kðn0ÞnS0

0

Âðk0Þ
�
N
� Y

k0∈S0

Â†ðk0Þ
�
j0Mih0MjN

� Y
k0
0
∈S0

0

Âðk00Þ
�
:

ðA16Þ

Step 3 gives

ρ̂ ¼ TrLjψihψ j

¼
X
n;n0

ψ ½n�ψ�½n0�
X

S0⊆KðnÞ
S0
0
⊆Kðn0Þ

CK

� Y
k∈KðnÞnS0

Â†ðkÞ
�
CK

� Y
k0∈Kðn0ÞnS0

0

Âðk0Þ
�
N
� Y

k0∈S0

Â†ðk0Þ
�
ρ̂0N

� Y
k0
0
∈S0

0

Âðk00Þ
�
: ðA17Þ

We can explicitly compute the normal ordering of Eq. (A17) by giving a new decomposition for ÂðkÞ:

ÂðkÞ ¼ ÂþðkÞ þ Â−ðkÞ; ðA18aÞ

ÂþðkÞ ¼
Z þ∞

−∞
dK

�
exp

�
β

2
jKj

�
αðk; KÞ − βðk; KÞ

�
b̂†RðKÞ; ðA18bÞ
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Â−ðkÞ ¼
Z þ∞

−∞
dK

�
− exp

�
−
β

2
jKj

�
β�ðk; KÞ þ α�ðk; KÞ

�
b̂RðKÞ: ðA18cÞ

In this way Eq. (A17) reads

ρ̂ ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S0⊆KðnÞ
S0
0
⊆Kðn0Þ

CK

� Y
k∈KðnÞnS0

Â†ðkÞ
�
CK

� Y
k0∈Kðn0ÞnS0

0

Âðk0Þ
�

×
X
S1⊆ S0
S0
1
⊆ S0

0

Y
k0∈S0nS1

Â†
−ðk0Þ

Y
k1∈S1

Â†
þðk1Þρ̂0

Y
k0
1
∈S0

1

Âþðk01Þ
Y

k0
0
∈S0

0
nS0

1

Â−ðk00Þ: ðA19Þ

Equations (A18b) and (A18c) can be put in the following form thanks to Eq. (A1):

ÂþðkÞ ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
αðk; KÞb̂†RðKÞ; Â−ðkÞ ¼

Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
β�ðk; KÞb̂RðKÞ: ðA20Þ

By using Eq. (22) we can manipulate Eq. (A19) in the following way:

ρ̂ ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S0⊆KðnÞ
S0
0
⊆Kðn0Þ

CK

� Y
k∈KðnÞnS0

Â†ðkÞ
�
CK

� Y
k0∈Kðn0ÞnS0

0

Âðk0Þ
�

×
X
S1⊆ S0
S0
1
⊆ S0

0

Y
k0∈S0nS1

Â†
−ðk0Þ

Y
k1∈S1

Â†
þðk1Þ

Y
k0
1
∈S0

1

B̂þðk01Þρ̂0
Y

k0
0
∈S0

0
nS0

1

Â−ðk00Þ; ðA21Þ

with

B̂þðkÞ ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
e−βjKjαðk; KÞb̂†RðKÞ: ðA22Þ

By following step 4, we want to put the right side of Eq. (A21) in a normal order for the entire chain of Â�ðkÞ, Â†�ðkÞ,
and B̂þðkÞ operators. For this reason we will use again the Wick theorem for the Â†

þðkÞ and B̂þðkÞ operators:

ρ̂ ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S0⊆KðnÞ
S0
0
⊆Kðn0Þ

CK

� Y
k∈KðnÞnS0

Â†ðkÞ
�
CK

� Y
k0∈Kðn0ÞnS0

0

Âðk0Þ
�X

S1⊆S0
S0
1
⊆S0

0

X
S2⊆S1
S0
2
⊆S0

1

CN

� Y
k1∈S1nS2

Â†
þðk1Þ

×
Y

k0
1
∈S0

1
nS0

2

B̂þðk01Þ
� Y

k0∈S0nS1
Â†
−ðk0ÞN

� Y
k2∈S2

Â†
þðk2Þ

Y
k0
2
∈S0

2

B̂þðk02Þ
�
ρ̂0

Y
k0
0
∈S0

0
nS0

1

Â−ðk00Þ

¼
X
n;n0

ψ ½n�ψ�½n0�
X

S0⊆KðnÞ
S0
0
⊆Kðn0Þ

CK

� Y
k∈KðnÞnS0

Â†ðkÞ
�
CK

� Y
k0∈Kðn0ÞnS0

0

Âðk0Þ
�X

S1⊆S0
S0
1
⊆S0

0

X
S2⊆S1
S0
2
⊆S0

1

CN

� Y
k1∈S1nS2

Â†
þðk1Þ

×
Y

k0
1
∈S0

1
nS0

2

B̂þðk01Þ
� Y

k0∈S0nS1
Â†
−ðk0Þ

Y
k0
2
∈S0

2

B̂þðk02Þ
Y
k2∈S2

Â†
þðk2Þρ̂0

Y
k0
0
∈S0

0
nS0

1

Â−ðk00Þ: ðA23Þ

By defining S3 ¼ S0nðS1nS2Þ and S0
3 ¼ S0

0nðS0
1nS0

2Þ, we obtain
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ρ̂ ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S0⊆KðnÞ
S0
0
⊆Kðn0Þ

CK

� Y
k∈KðnÞnS0

Â†ðkÞ
�
CK

� Y
k0∈Kðn0ÞnS0

0

Âðk0Þ
�X

S3⊆S0
S0
3
⊆S0

0

CN

� Y
k1∈S0nS3

Â†
þðk1Þ

×
Y

k0
1
∈S0

0
nS0

3

B̂þðk01Þ
�X

S2⊆S3
S0
2
⊆S0

3

Y
k0∈S3nS2

Â†
−ðk0Þ

Y
k0
2
∈S0

2

B̂þðk02Þ
Y
k2∈S2

Â†
þðk2Þρ̂0

Y
k0
0
∈S0

3
nS0

2

Â−ðk00Þ: ðA24Þ

Finally, by defining S4 ¼ S0nS3 and S0
4 ¼ S0

0nS0
3, we obtain

ρ̂ ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S3⊆KðnÞ
S0
3
⊆Kðn0Þ

X
S4⊆KðnÞnS3
S0
4
⊆Kðn0ÞnS0

3

CK

� Y
k∈KðnÞnðS3∪S4Þ

Â†ðkÞ
�
CK

� Y
k0∈Kðn0ÞnðS0

3
∪S0

4
Þ
Âðk0Þ

�

× CN

� Y
k4∈S4

Â†
þðk4Þ

Y
k0
4
∈S0

4

B̂þðk04Þ
�X

S2⊆S3
S0
2
⊆S0

3

Y
k0∈S3nS2

Â†
−ðk0Þ

Y
k0
2
∈S0

2

B̂þðk02Þ
Y
k2∈S2

Â†
þðk2Þρ̂0

Y
k0
0
∈S0

3
nS0

2

Â−ðk00Þ: ðA25Þ

The full contractions appearing in Eq. (A25) can be manipulated in a combinatoric way by knowing that

CN ðÂ†
þðkÞÂ†

þðk0ÞÞ ¼ 0; CN ðB̂þðkÞB̂þðk0ÞÞ ¼ 0; ðA26aÞ

CN ðÂ†
þðkÞB̂þðk0ÞÞ ¼

Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
2 sinh

�
β

2
jKj

�
e−βjKjα�ðk; KÞαðk0; KÞ: ðA26bÞ

This allows us to put the right side part of Eq. (A25) in a more compact way, by defining the following new contraction C:

CðÂðkÞÂðk0ÞÞ ¼ CKðÂðkÞÂðk0ÞÞ ¼ −
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
½β�ðk; KÞβðk0; KÞ þ βðk; KÞβ�ðk0; KÞ�; ðA27aÞ

CðÂ†ðkÞÂ†ðk0ÞÞ ¼ CKðÂ†ðkÞÂ†ðk0ÞÞ ¼ −
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
½β�ðk; KÞβðk0; KÞ þ βðk; KÞβ�ðk0; KÞ�; ðA27bÞ

CðÂ†ðkÞÂðk0ÞÞ ¼ CN ðÂ†
þðkÞB̂þðk0ÞÞ ¼

Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
2 sinh

�
β

2
jKj

�
e−βjKjα�ðk; KÞαðk0; KÞ: ðA27cÞ

In this way Eq. (A25) now reads

ρ̂ ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S3⊆KðnÞ
S0
3
⊆Kðn0Þ

C

� Y
k∈KðnÞnS3

Â†ðkÞ
Y

k0∈Kðn0ÞnS0
3

Âðk0Þ
�X

S2⊆S3
S0
2
⊆S0

3

Y
k0∈S3nS2

Â†
−ðk0Þ

Y
k0
2
∈S0

2

B̂þðk02Þ
Y
k2∈S2

Â†
þðk2Þρ̂0

Y
k0
0
∈S0

3
nS0

2

Â−ðk00Þ:

ðA28Þ

It is possible to notice that the C contraction of chains of ÂðkÞ and Â†ðkÞ operators does not depend of their order within
such chains; therefore, we write C as a function of sets of momenta:

C

�Y
k∈U

Â†ðkÞ
Y
k0∈U0

Âðk0Þ
�

¼ CðU;U0Þ: ðA29Þ

The same convention will be used for any other ordering-invariant contraction. Thanks to the definition of CðU;U0Þ,
Eq. (A28) reads
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ρ̂ ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S3⊆KðnÞ
S0
3
⊆Kðn0Þ

CðKðnÞnS3;Kðn0ÞnS0
3Þ
X
S2⊆S3
S0
2
⊆S0

3

Y
k0∈S3nS2

Â†
−ðk0Þ

Y
k0
2
∈S0

2

B̂þðk02Þ
Y
k2∈S2

Â†
þðk2Þρ̂0

Y
k0
0
∈S0

3
nS0

2

Â−ðk00Þ: ðA30Þ

By using again Eq. (22) on Â†
þðkÞ operators we conclude step 4:

ρ̂ ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S3⊆KðnÞ
S0
3
⊆Kðn0Þ

CðKðnÞnS3;Kðn0ÞnS0
3Þ
X
S2⊆S3
S0
2
⊆S0

3

Y
k0∈S3nS2

Â†
−ðk0Þ

Y
k0
2
∈S0

2

B̂þðk02Þρ̂0
Y
k2∈S2

B̂†
þðk2Þ

Y
k0
0
∈S0

3
nS0

2

Â−ðk00Þ: ðA31Þ

Step 5 gives

χð−1Þ½ξ; ξ�� ¼ Trðρ̂D̂−1½ξ; ξ��Þ
¼

X
n;n0

ψ ½n�ψ�½n0�
X

S3⊆KðnÞ
S0
3
⊆Kðn0Þ

CðKðnÞnS3;Kðn0ÞnS0
3Þ

×
X
S2⊆S3
S0
2
⊆S0

3

Tr

� Y
k0∈S3nS2

Â†
−ðk0Þ

Y
k0
2
∈S0

2

B̂þðk02Þρ̂0
Y
k2∈S2

B̂†
þðk2Þ

Y
k0
0
∈S0

3
nS0

2

Â−ðk00ÞD̂−1½ξ; ξ��
�

¼
X
n;n0

ψ ½n�ψ�½n0�
X

S3⊆KðnÞ
S0
3
⊆Kðn0Þ

CðKðnÞnS3;Kðn0ÞnS0
3Þ

×
X
S2⊆S3
S0
2
⊆S0

3

Tr

�
ρ̂0

Y
k2∈S2

B̂†
þðk2Þ

Y
k0
0
∈S0

3
nS0

2

Â−ðk00ÞD̂−1½ξ; ξ��
Y

k0∈S3nS2
Â†
−ðk0Þ

Y
k0
2
∈S0

2

B̂þðk02Þ
�
: ðA32Þ

As prescribed by step 6, we manipulate Eq. (A32) by using Eqs. (24):

χð−1Þ½ξ; ξ�� ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S3⊆KðnÞ
S0
3
⊆Kðn0Þ

CðKðnÞnS3;Kðn0ÞnS0
3Þ

×
X
S2⊆S3
S0
2
⊆S0

3

Y
k0∈S3nS2

Δ⃗Aðk0Þ
Y
k0
2
∈S0

2

Δ⃗Bðk02Þ
Y
k2∈S2

½−Δ⃗�
Bðk2Þ�

Y
k0
0
∈S0

3
nS0

2

½−Δ⃗�
Aðk00Þ�Trðρ̂0D̂−1½ξ; ξ��Þ; ðA33Þ

with

Δ⃗AðkÞ ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
βðk; KÞ δ

δξðKÞ ; Δ⃗BðkÞ ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
e−βjKjαðk; KÞ δ

δξðKÞ ðA34Þ

as derivatives acting on their right.
By using Eq. (25), we obtain

χð−1Þ½ξ; ξ�� ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S3⊆KðnÞ
S0
3
⊆Kðn0Þ

CðKðnÞnS3;Kðn0ÞnS0
3Þ

×
X
S2⊆S3
S0
2
⊆S0

3

Y
k0∈S3nS2

Δ⃗Aðk0Þ
Y
k0
2
∈S0

2

Δ⃗Bðk02Þ
Y
k2∈S2

½−Δ⃗�
Bðk2Þ�

Y
k0
0
∈S0

3
nS0

2

½−Δ⃗�
Aðk00Þ�χð−1Þ0 ½ξ; ξ��

¼
X
n;n0

ψ ½n�ψ�½n0�
X

S3⊆KðnÞ
S0
3
⊆Kðn0Þ

CðKðnÞnS3;Kðn0ÞnS0
3Þ

×
X
S2⊆S3
S0
2
⊆S0

3

Y
k0∈S3nS2

Δ⃗Aðk0Þ
Y
k0
2
∈S0

2

Δ⃗Bðk02Þ
Y
k2∈S2

LBðk2Þ½ξ�
Y

k0
0
∈S0

3
nS0

2

LAðk00Þ½ξ�χð−1Þ0 ½ξ; ξ��; ðA35Þ
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with

LBðkÞ½ξ� ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
e−βjKjα�ðk; KÞðn0 þ 1ÞξðKÞ; ðA36aÞ

LAðkÞ½ξ� ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
β�ðk; KÞðn0 þ 1ÞξðKÞ: ðA36bÞ

Equation (A36) can be computed thanks to the help of Eq. (A1):

LBðkÞ½ξ� ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
exp

�
−
β

2
jKj

�
β�ðk; KÞðn0 þ 1ÞξðKÞ

¼
Z þ∞

−∞
dKð1 − e−βjKjÞ

�
1

eβjKj − 1
þ 1

�
β�ðk; KÞξðKÞ

¼
Z þ∞

−∞
dK

eβjKj − 1

eβjKj
eβjKj

eβjKj − 1
β�ðk; KÞξðKÞ

¼
Z þ∞

−∞
dKβ�ðk; KÞξðKÞ; ðA37aÞ

LAðkÞ½ξ� ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
exp

�
−
β

2
jKj

�
α�ðk; KÞðn0 þ 1ÞξðKÞ

¼
Z þ∞

−∞
dKð1 − e−βjKjÞ

�
1

eβjKj − 1
þ 1

�
α�ðk; KÞξðKÞ

¼
Z þ∞

−∞
dK

eβjKj − 1

eβjKj
eβjKj

eβjKj − 1
α�ðk; KÞξðKÞ

¼
Z þ∞

−∞
dKα�ðk; KÞξðKÞ: ðA37bÞ

The derivatives Δ⃗A;BðkÞ now have to be evaluated on both LA;BðkÞ½ξ� and χð−1Þ0 ½ξ; ξ��. In order to simplify the calculation,

we define Δ⃖A;BðkÞ as derivatives identical to Δ⃗A;BðkÞ but acting on their left. Moreover, we define Δ
↔

A;BðkÞ ¼
Δ⃖A;BðkÞ þ Δ⃗A;BðkÞ. In this way, Eq. (A35) can be put in a more compact form:

χð−1Þ½ξ; ξ�� ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S3⊆KðnÞ
S0
3
⊆Kðn0Þ

CðKðnÞnS3;Kðn0ÞnS0
3Þ

Y
k3∈S3

fΔ↔Aðk3Þ þ LBðk3Þ½ξ�g
Y
k0
3
∈S0

3

fΔ↔Bðk03Þ þ LAðk03Þ½ξ�gχð−1Þ0 ½ξ; ξ��:

ðA38Þ

A further simplification can be made by defining CΔðU;U0Þ as a contraction with the following fundamental contractions:

CΔðfk; k0g;∅Þ ¼ Δ⃗AðkÞLBðk0Þ½ξ� þ Δ⃗Aðk0ÞLBðkÞ½ξ�; ðA39aÞ

CΔð∅; fk; k0gÞ ¼ Δ⃗BðkÞLAðk0Þ½ξ� þ Δ⃗Bðk0ÞLAðkÞ½ξ�; ðA39bÞ

CΔðfkg; fk0gÞ ¼ Δ⃗AðkÞLAðk0Þ½ξ� þ Δ⃗Bðk0ÞLBðkÞ½ξ� ðA39cÞ

and by using the following identities, with, again, the help of Eq. (A1)
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fΔ⃗AðkÞ þ LBðkÞ½ξ�gχð−1Þ0 ½ξ; ξ�� ¼
Z þ∞

−∞
dK

�
2 sinh

�
β

2
jKj

�
βðk; KÞ δ

δξðKÞ þ β�ðk; KÞξðKÞ
�
χð−1Þ0 ½ξ; ξ��

¼
Z þ∞

−∞
dK

�
−2 sinh

�
β

2
jKj

�
βðk; KÞ½n0ðKÞ þ 1�ξ�ðKÞ þ β�ðk; KÞξðKÞ

	
χð−1Þ0 ½ξ; ξ��

¼
Z þ∞

−∞
dK

�
−ðeβjKj − 1Þ exp

�
−
β

2
jKj

�
βðk; KÞ

�
1

eβjKj − 1
þ 1

�
ξ�ðKÞ þ β�ðk; KÞξðKÞ

�

× χð−1Þ0 ½ξ; ξ��

¼
Z þ∞

−∞
dK

�
− exp

�
β

2
jKj

�
βðk; KÞξ�ðKÞ þ β�ðk; KÞξðKÞ

�
χð−1Þ0 ½ξ; ξ��

¼
Z þ∞

−∞
dK½−αðk; KÞξ�ðKÞ þ β�ðk; KÞξðKÞ�χð−1Þ0 ½ξ; ξ��

¼ f−LðkÞ½ξ; ξ��g�χð−1Þ0 ½ξ; ξ��; ðA40aÞ

fΔ⃗BðkÞþLAðkÞ½ξ�gχð−1Þ0 ½ξ;ξ��¼
Z þ∞

−∞
dK

�
2sinh

�
β

2
jKj

�
e−βjKjαðk;KÞ δ

δξðKÞþα�ðk;KÞξðKÞ
�
χð−1Þ0 ½ξ;ξ��

¼
Z þ∞

−∞
dK

�
−2sinh

�
β

2
jKj

�
e−βjKjαðk;KÞ½n0ðKÞþ1�ξ�ðKÞþα�ðk;KÞξðKÞ

	
χð−1Þ0 ½ξ;ξ��

¼
Z þ∞

−∞
dK

�
−ðeβjKj−1Þexp

�
−
β

2
jKj

�
e−βjKjαðk;KÞ

�
1

eβjKj−1
þ1

�
ξ�ðKÞþα�ðk;KÞξðKÞ

�

×χð−1Þ0 ½ξ;ξ��

¼
Z þ∞

−∞
dK

�
−exp

�
−
β

2
jKj

�
αðk;KÞξ�ðKÞþα�ðk;KÞξðKÞ

�
χð−1Þ0 ½ξ;ξ��

¼
Z þ∞

−∞
dK½−βðk;KÞξ�ðKÞþα�ðk;KÞξðKÞ�χð−1Þ0 ½ξ;ξ��

¼ LðkÞ½ξ;ξ��χð−1Þ0 ½ξ;ξ��: ðA40bÞ

In this way, Eq. (A38) can be computed in the following way:

χð−1Þ½ξ; ξ�� ¼
X
n;n0

ψ ½n�ψ�½n0�
X

S3⊆KðnÞ
S0
3
⊆Kðn0Þ

CðKðnÞnS3;Kðn0ÞnS0
3Þ
X
S⊆S3
S0⊆S0

3

CΔðS3nS;S0
3nS0Þ

×
Y
k∈S

f−LðkÞ½ξ; ξ��g�
Y
k0∈S0

Lðk0Þ½ξ; ξ��χð−1Þ0 ½ξ; ξ��: ðA41Þ

The fundamental contractions of CΔðU;U0Þ defined in Eqs. (A39) can be computed with the help of Eq. (A1)

CΔðfk; k0g;∅Þ ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
½βðk; KÞβ�ðk0; KÞ þ β�ðk; KÞβðk0; KÞ�

¼ −Cðfk; k0g;∅Þ; ðA42aÞ

CΔð∅; fk; k0gÞ ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
e−βjKj½αðk; KÞα�ðk0; KÞ þ α�ðk; KÞαðk0; KÞ�

¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
½βðk; KÞβ�ðk0; KÞ þ β�ðk; KÞβðk0; KÞ�

¼ −Cð∅; fk; k0gÞ; ðA42bÞ
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CΔðfkg; fk0gÞ ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
½βðk; KÞα�ðk0; KÞ þ e−βjKjβ�ðk; KÞαðk0; KÞ�: ðA42cÞ

The contractions CðU;U0Þ and CΔðU;U0Þ appearing in Eq. (A41) can be combined into a single contraction cðU;U0Þ ¼
CðU;U0Þ þ CΔðU;U0Þ which has the following fundamental contractions:

cðfk; k0g;∅Þ ¼ Cðfk; k0g;∅Þ þ CΔðfk; k0g;∅Þ ¼ 0; cð∅; fk; k0gÞ ¼ Cð∅; fk; k0gÞ þ CΔð∅; fk; k0gÞ ¼ 0; ðA43aÞ

cðfkg;fk0gÞ¼Cðfkg;fk0gÞþCΔðfkg;fk0gÞ

¼
Z þ∞

−∞
dK2sinh

�
β

2
jKj

��
2sinh

�
β

2
jKj

�
e−βjKjα�ðk;KÞαðk0;KÞþβðk;KÞα�ðk0;KÞþe−βjKjβ�ðk;KÞαðk0;KÞ

�

¼
Z þ∞

−∞
dK2sinh

�
β

2
jKj

��
exp

�
−
β

2
jKj

�
α�ðk;KÞαðk0;KÞ− exp

�
−
3

2
βjKj

�
α�ðk;KÞαðk0;KÞ

þβðk;KÞα�ðk0;KÞþe−βjKjβ�ðk;KÞαðk0;KÞ
�
: ðA43bÞ

The last contraction can be computed through Eqs. (A1) and (A2):

cðfkg; fk0gÞ ¼
Z þ∞

−∞
dK2 sinh

�
β

2
jKj

�
½α�ðk; KÞβðk0; KÞ þ βðk; KÞα�ðk0; KÞ� ¼ δðk − k0Þ: ðA44Þ

The coefficients cðU;U0Þ of Eq. (13) are identical to the contractions cðU;U0Þ defined by Eqs. (A43a) and (A44). Thanks to
the definition of cðU;U0Þ ¼ CðU;U0Þ þ CΔðU;U0Þ, Eq. (A41) reads

χð−1Þ½ξ; ξ�� ¼
X
n;n0

ψ ½n�ψ�½n0�
X
S⊆KðnÞ
S0⊆Kðn0Þ

cðKðnÞnS;Kðn0ÞnS0Þ
Y
k∈S

f−LðkÞ½ξ; ξ��g�
Y
k0∈S0

Lðk0Þ½ξ; ξ��χð−1Þ0 ½ξ; ξ��: ðA45Þ

In this way we have concluded step 6.
Finally, with step 7, we obtain Eq. (12).
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APPENDIX B: A PROOF FOR EQ. (17)

Equation (17) with p ¼ −1 can be proved in the following way:

χð−1ÞM ½ξM; ξ�M� ¼ Tr

�
jψihψ j exp

�
−
Z þ∞

−∞
dkξ�MðkÞâðkÞ

�
exp

�Z þ∞

−∞
dkξMðkÞâ†ðkÞ

��

¼
X
n;n0

ψ ½n�ψ�½n0�Tr
�
jnihn0j exp

�
−
Z þ∞

−∞
dkξ�MðkÞâðkÞ

�
exp

�Z þ∞

−∞
dkξMðkÞâ†ðkÞ

��

¼
X
n;n0

ψ ½n�ψ�½n0�Tr
�Y

k

½â†ðkÞ�nðkÞj0Mih0Mj
Y
k0
½âðk0Þ�n0ðk0Þ exp

�
−
Z þ∞

−∞
dk00ξ�Mðk00Þâðk00Þ

�

× exp

�Z þ∞

−∞
dk00ξMðk00Þâ†ðk00Þ

��

¼
X
n;n0

ψ ½n�ψ�½n0�Tr
�
j0Mih0Mj

Y
k0
½âðk0Þ�n0ðk0Þ exp

�
−
Z þ∞

−∞
dk00ξ�Mðk00Þâðk00Þ

�

× exp

�Z þ∞

−∞
dk00ξMðk00Þâ†ðk00Þ

�Y
k

½â†ðkÞ�nðkÞ
�

¼
X
n;n0

ψ ½n�ψ�½n0�
Y
k

�
δ

δξMðkÞ
�
nðkÞY

k0

�
−

δ

δξ�Mðk0Þ
�
n0ðk0Þ

Tr

�
j0Mih0Mj exp

�
−
Z þ∞

−∞
dk00ξ�Mðk00Þâðk00Þ

�

× exp

�Z þ∞

−∞
dk00ξMðk00Þâ†ðk00Þ

��

¼
X
n;n0

ψ ½n�ψ�½n0�
Y
k

�
δ

δξMðkÞ
�
nðkÞY

k0

�
−

δ

δξ�Mðk0Þ
�
n0ðk0Þ

χð−1Þ0M ½ξM; ξ�M�

¼
X
n;n0

ψ ½n�ψ�½n0�
Y
k

�
δ

δξMðkÞ
�
nðkÞY

k0

�
−

δ

δξ�Mðk0Þ
�
n0ðk0Þ

exp

�
−
Z þ∞

−∞
dk00jξMðk00Þj2

�

¼
X
n;n0

ψ ½n�ψ�½n0�
Y
k

�
δ

δξMðkÞ
�
nðkÞY

k0
½ξMðk0Þ�n0ðk0Þ exp

�
−
Z þ∞

−∞
dk00jξMðk00Þj2

�

¼
X
n;n0

ψ ½n�ψ�½n0�
X
S⊆KðnÞ
S0⊆Kðn0Þ

cðKðnÞnS;Kðn0ÞnS0Þ
Y
k0∈S0

ξMðk0Þ
Y
k∈S

δ

δξMðkÞ
exp

�
−
Z þ∞

−∞
dk00jξMðk00Þj2

�

¼
X
n;n0

ψ ½n�ψ�½n0�
X
S⊆KðnÞ
S0⊆Kðn0Þ

cðKðnÞnS;Kðn0ÞnS0Þ
Y
k0∈S0

ξMðk0Þ
Y
k∈S

½−ξ�MðkÞ� exp
�
−
Z þ∞

−∞
dk00jξMðk00Þj2

�

¼
X
n;n0

ψ ½n�ψ�½n0�
X
S⊆KðnÞ
S0⊆Kðn0Þ

cðKðnÞnS;Kðn0ÞnS0Þ
Y
k0∈S0

ξMðk0Þ
Y
k∈S

½−ξ�MðkÞ�χð−1Þ0M ½ξM; ξ�M�: ðB1Þ

The general case of Eq. (17) can be proven from the case p ¼ −1 and the following identity:

χðpÞM ½ξ; ξ�� ¼ exp

�Z þ∞

−∞
dK

pþ 1

2
jξðKÞj2

�
χð−1ÞM ½ξ; ξ��

¼ exp

�Z þ∞

−∞
dK

pþ 1

2
jξðKÞj2

�
χð−1Þ0M ½ξM; ξ�M�

X
n;n0

ψ ½n�ψ�½n0�
X
S⊆KðnÞ
S0⊆Kðn0Þ

cðKðnÞnS;Kðn0ÞnS0Þ
Y
k∈S

½−ξ�MðkÞ�
Y
k0∈S0

ξMðk0Þ

¼ χðpÞ0M½ξM; ξ�M�
X
n;n0

ψ ½n�ψ�½n0�
X
S⊆KðnÞ
S0⊆Kðn0Þ

cðKðnÞnS;Kðn0ÞnS0Þ
Y
k∈S

½−ξ�MðkÞ�
Y
k0∈S0

ξMðk0Þ: ðB2Þ
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