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Dephasing-induced relaxation in tight-binding chains with linear and nonlinear defects
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We investigate thermalization in a tight-binding chain with an on-site defect subject to local dephasing noise
implemented as random phase kicks. For a single linear defect of strength €, we obtain an exact analytical
description of the system spectrum and formulate the dephasing-induced dynamics in the eigenstate basis. We
derive an approximate kinetic equation for mode populations that describes a continuous-time random walk
in action space. The walk transition rates are defined by the overlap matrix encoding the spatial structure of
eigenstates that can be computed exactly. Analyzing the spectral properties of the equation, we show that defect-
induced localized modes act as bottlenecks that strongly slow down relaxation, with rates scaling as € = for strong
defects. Using large-deviation theory, we characterize rare dynamical trajectories and identify distinct relaxation
pathways associated with low- and high-activity regimes in action space. We provide numerical evidence that the
large-deviation function exhibits a dynamical phase transition in the limit € — oo. We then extend our analysis to
the nonlinear case, considering a single nonlinear defect embedded in either a linear or a fully nonlinear discrete
Schrodinger equation. Numerical simulations reveal a qualitatively faster approach to equilibrium than in the
corresponding linear-defect model, driven by the amplitude-dependent weakening of the defect. Our results
provide a unified framework for understanding thermalization, rare fluctuations, and relaxation pathways in

stochastic tight-binding systems.

DOTI: 10.1103/gjkp-21dh

I. INTRODUCTION

Thermalization, namely, the approach to equilibrium, is a
classic problem in statistical mechanics and still continues to
receive significant attention, both for classical and quantum
dynamics. On general grounds, it amounts to understanding
how a system evolves from a nonequilibrium (possibly low-
entropy) configuration towards a state of maximal entropy, as
prescribed by basic thermodynamics. A wide range of models
have been investigated in this context. Among them, tight-
binding chains represent one of the simplest and most widely
used models, providing a minimal description of wave prop-
agation and transport in lattice systems with nearest-neighbor
coupling [1,2]. These models capture essential aspects of en-
ergy bands, dispersion, and interference effects, and form the
basis for understanding phenomena ranging from electronic
conduction in solids to light propagation in photonic lattices
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and cold atoms in optical potentials [3,4]. However, in prac-
tical implementations, ideal translational symmetry is often
broken by defects, impurities, or structural disorders, which
can have profound consequences for both spectral properties
and dynamical behavior [5,6]. In particular, the celebrated
phenomenon of Anderson localization, i.e., the absence of dif-
fusive transport due to strong wave interference in disordered
media, was originally predicted in a tight-binding setting with
random on-site energies and has since been observed in a
variety of physical contexts [7,8].

Even a single impurity or defect embedded in an otherwise
periodic lattice can create localized eigenstates with energies
outside the band of extended states, drastically altering trans-
port and relaxation [9-11]. These impurity-induced bound
states have been studied in electronic systems [5], photonic
crystals [3,12], and engineered quantum simulators [13-15],
where they act as scattering centers and can trap excitations lo-
cally. The interplay of localized and extended modes governs
relaxation and equilibration processes after a local perturba-
tion and plays a key role in impurity models across many
disciplines [16—18].

In realistic settings, lattice systems are never perfectly
closed or isolated but interact with their environment, leading
to decoherence and dephasing [19,20]. Open system dynamics
is commonly described by using Lindblad master equa-
tions, which capture Markovian dissipation and noise while
preserving complete positivity [19,21-24]. In lattice mod-
els, related nonunitary processes such as repeated projective
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measurements and stochastic resetting have been shown to
modify survival probabilities in tight-binding chains and may
give rise to localization effects depending on the measurement
protocol [25-27]. Local dephasing, in particular, suppresses
phase coherence among sites without directly exchanging en-
ergy with the environment and is known to convert ballistic
transport into diffusive behavior even in simple tight-binding
chains [28,29]. The combination of defects and dephasing
raises fundamental questions about how environmental noise
influences the competition between localization and relax-
ation: Does dephasing destroy defect-induced localization or
can localized modes survive and hinder equilibration? How do
rare dynamical pathways contribute to the overall relaxation
process?

To address these questions, we study the relaxation dynam-
ics of a tight-binding chain subject to local dephasing noise
in the presence of defects. We first focus on a single linear
on-site defect for which analytical treatment is possible. First,
we derive analytical expressions for the defective eigenvalues
and eigenvectors in terms of those of the defect-free system.
This enables us to formulate the dephasing dynamics in the
eigenstate basis and to identify a doubly stochastic overlap
matrix as the central object, which governs relaxation. By
following a kinetic approach, we obtain a master equation for
mode populations that resembles a continuous-time random
walk in action space and is equivalent to a suitable Lindblad
description.

Solving this master equation reveals that relaxation to-
wards the steady state is, as expected, exponential in time,
with a rate set by the spectral gap of the overlap ma-
trix. Defect-induced localized modes act as bottlenecks for
dephasing-induced transport in the action space, slowing
down relaxation and leading to a relaxation rate which de-
pends on the defect strength, according to a characteristic
algebraic law.

To go beyond typical behavior and characterize rare relax-
ation pathways, we employ the large-deviation theory [30—32]
to the stochastic dynamics in action space. This approach to
studying thermalization [33] has been proposed recently for
harmonic networks perturbed by noise [34] but, to our knowl-
edge, has not been applied so far for tight-binding models.
Within this framework, a tilted generator is introduced that
biases trajectories according to their activity (i.e., the num-
ber of state changes), allowing the identification of distinct
classes of relaxation pathways dominated by either localized
or extended modes.

Finally, we extend our analysis to nonlinear defects sub-
ject to dephasing noise, for which closed analytical solutions
analogous to the linear case are not possible and numerical
simulations are used to explore relaxation behavior. We first
consider a single nonlinear defect embedded in an otherwise
linear tight-binding chain, which provides the most direct
nonlinear analog of the linear-defect problem described above
[35-39]. We then consider the case where nonlinearity is
present at all lattice sites, leading to the discrete nonlinear
Schrodinger (DNLS) equation [40—42]. The DNLS equa-
tion has a long history as a paradigmatic model for nonlinear
lattice dynamics and has provided a fundamental frame-
work for studying discrete breathers and intrinsic localized
modes [43,44]. It has also been extensively investigated in

connection with breather decay [45,46], metastability [47],
adiabatic invariants [48], and long-time relaxation and ther-
malization processes [44,49].

The relaxation and stability of localized states in the DNLS
equation have also been explored through various stochas-
tic frameworks. Early investigations established that thermal
fluctuations limit the lifetime of breatherlike excitations [50].
Subsequent research utilized simplified stochastic models,
such as the microcanonical Monte Carlo and partial exclusion
process, to characterize the coarsening dynamics of breathers
and their weak coupling to the background [46,51,52]. More
recently, the focus has shifted toward multiplicative dephasing
noise, which, unlike additive noise, preserves the system’s
norm while allowing energy exchanges [53,54].

The goal of the present work is not to address the broad
DNLS relaxation problem, but rather to use the nonlinear
models as natural extensions of the defect problem and to in-
vestigate how the dephasing-induced relaxation mechanisms
identified for linear defects are modified when the defect
becomes amplitude dependent. We find that nonlinear defects
lead to a qualitatively different relaxation dynamics compared
to the linear case, including a faster relaxation which results
from the amplitude-dependent reduction of the effective de-
fect strength. Yet, some properties of the linear defect model
turn out to be valid also in the nonlinear case in terms of
an effective description restricted to times much shorter than
typical relaxation time scales. Together, our results provide a
comprehensive and unified picture of how defects, dephasing
noise, and dynamical fluctuations shape relaxation and ther-
malization in noisy lattice systems.

The paper is organized as follows. In Sec. II, we intro-
duce the tight-binding chain with a single linear defect and
discuss its spectral properties. Section III is devoted to the
dephasing dynamics consisting of stochastic phase kicks. We
derive approximate kinetic equations, consistent with those
obtained via the usual Lindblad formalism. Such equations are
linear and allow one to analyze the steady state and relaxation
time through the spectral analysis. In Sec. IV, we extend the
analysis using a large-deviation approach, which allows us
to characterize rare relaxation pathways and activity fluctu-
ations in action space. Section V addresses nonlinear defects,
starting from a single nonlinear defect and then considering
the discrete nonlinear Schrodinger equation and generalized
nonlinearities. Finally, Sec. VI summarizes our results with
possible extensions, while some technical details and comple-
mentary derivations are provided in the Appendixes.

II. TIGHT-BINDING CHAIN WITH LINEAR DEFECT

We consider a tight-binding chain with N sites and periodic
boundary conditions in the presence of an on-site potential of
strength € at site M representing a defect. The Hamiltonian of
the system is given by

N-1
H= —CZ(Ij)(j+ 41+ DD —eM)M], (1)
j=0

where C > 0 is the hopping amplitude and the lattice site
basis is set by the Wannier state |j) such that the probability
amplitude of finding a particle with state |yr) at site j is
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TABLE I. Degeneracy of Hrgc on a chain of size N with v =
0,1,...,N—1.

N Number of doubly Number of Number of
degenerate states (each ~ nondegenerate distinct energy
pairof vand N — v) states eigenvalues
even (N—-2)/2 2 (forv=0,N/2) N/2+1
odd (N-1)/2 1 (forv =0) (N+1)/2

given by the projection ¥; = (j|v). The periodic boundary
condition |N) = |0) renders all lattice sites equivalent, so that
the location of the defect can be chosen without loss of gen-
erality. The Hamiltonian may also be written as H = Hrpc —
€lM)(M|, where Hrpe = —C Y0 (1j)(j + 1 + [ + 1)(j])
is the defect-free tight-binding Hamiltonian. Setting & = 1,
the unitary evolution of the system is described by the time-
dependent Schrodinger equation [11,55]

o

dt
with the boundary condition ¥, x(t) = ¥;(¢) and §,; denot-
ing the Kronecker delta. Here, the defect is referred to as
linear, as it contributes a term proportional to the local am-
plitude v, in the Schrodinger equation. The expected value
of the total energy E = (y|H|{) of the system reads

=—C(Wjy1 +¥j—1) —€dmV¥u, ()

N—-1

E=~CY (Wi + Vi) —he. 3)

J=0

where h, = € |{)7]> denotes the negative of the defect energy.

The eigenvalues w, and eigenvectors |x") of the defect-
free Hamiltonian Hrgc, which satisfy the relation Hypc|x") =
wy|x"), are given by

L ei2n vn/N
N )
respectively, where v = 0,1,...,N — 1 and x,) = (n|x"). As
we have wy_, = w,, the pairs of eigenvectors |x ") and | xV ")
form doubly degenerate subspaces. Table I summarizes the
possible scenarios for both odd and even N. The defect-free
spectrum in Eq. (4) forms a band bounded by E = £2C,
corresponding to the standard tight-binding dispersion [1].
Let us denote the eigenvalues of the defective Hamiltonian
H by E, and eigenvectors |£"), respectively, such that one has
H|&V) = E, |£V). Introducing a single on-site defect breaks the
degeneracy of the defect-free spectrum and generates exactly
one defect-induced bound state whose eigenvalue detaches
from the band [—2C, 2C]; see Fig. 1(a). For instance, it may
be seen in the figure that this bound-state eigenvalue lies far
below the lower band edge —2C for large enough € > 0. On
the other hand, the remaining N — 1 eigenvalues stay either
within the band or very close to the band and correspond to
extended states that are only weakly affected by the defect.
For the representative case € = 10, Fig. 1(a) highlights the
bound-state eigenvalue outside the band and a typical in-band
eigenvalue, marked by the blue and the red cross, respectively.
The corresponding eigenstates are shown in Fig. 1(b): the
state outside of the band is exponentially localized around

w, = —2C cos2nv/N), x, = 4)

12 T L0 T

81 o 0.8

9 Localized -6
i Extended —8—

N

SIS

000 0 0008

#0000 0 00dk

—8 4
—12 - T
—10 0

FIG. 1. Spectrum of the defective Hamiltonian (1) for a chain
of size N =21 with a defect located at site M = 10 and C = 2.
(a) Eigenvalues E, denoted by circles as a function of the defect
strength €. The gray region denotes the energy band, with dashed
black lines marking the band edges at E = £2C. (b) Spatial dis-
tribution [£Y|*> = |(n|€")|* of two representative eigenstates [£”) at
€ = 10, marked by the blue (E, ~ —10.77) and red (E, ~ —3.95)
crosses on panel (a). The blue curve (corresponding to the blue cross)
depicts the defect-localized mode, while the red curve (correspond-
ing to the red cross) represents an extended mode.

the defect site, with its probability density sharply peaked at
n =M and rapidly decaying away from it. Conversely, the
state within the band remains spatially extended with prob-
ability distributed across the lattice. This separation between
a defect-localized mode and extended band modes forms the
spectral basis for the distinct relaxation behaviors discussed
below.

The quantities E, and |£") can be obtained analytically
from the eigenvalues w, and eigenvectors |x") of the defect-
free Hamiltonian. In the following, we focus on odd N and
present the analytical construction in Appendix A, while the
case of even N can be treated in an analogous manner. The
introduction of a defect breaks the degeneracy of Hrpc, such
that (N — 1)/2 eigenvalues and corresponding eigenvectors of
H are given by (see Appendix A)

E, =w,, with |%.v> =

1 Xt N—
—|Ix") = =1V SN P G))
V2 [ (i)
forv=1,2,...,(N — 1)/2. The remaining (N + 1)/2 eigen-
values of H are given by the roots of (N + 1)/2-degree secular
equation

(N—1)/2
2 N
E —+—=0, (6)
E €
v=1

w — Wy

L
Eﬂ—a)o

with ©e[0,(N+1)/2,(N+3)/2,...,(N—1)], and the
corresponding eigenvectors read

|5“>—i§i)*| *) (7
_Nﬂx=ow’\_Eﬂ X0

where N, = [ YV (w, — E,)~2/N12.

Under the unitary evolution governed by Eq. (2), the local
occupation probability P,(t) = |v,(t)|? displays temporal os-
cillations in the defect-free case € = 0 [25], whereas a finite
defect strength € perturbs this coherent dynamics nonlinearly,
resulting in a nontrivial modification of the oscillatory behav-
ior [55]. In this work, we focus, instead, on the relaxation
under the stochastic dynamics induced by dephasing noise.
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The resulting nonunitary evolution, which suppresses quan-
tum coherence and qualitatively alters the long-time behavior,
is examined in the section below.

III. DYNAMICS WITH DEPHASING

To include the effect of environmental decoherence while
conserving particle number, we introduce a local, pure de-
phasing noise acting on the lattice sites. The stochastic time
evolution is implemented in continuous time as follows. Start-
ing from time ¢, the system undergoes a unitary evolution
under the defective Hamiltonian A for a random waiting time
7, during which the wave function evolves as (1) — ¥ (¢ +
7) = exp(—iH 7)Y (¢). The waiting time T between successive
noise events is sampled independently from an exponential
distribution p(t) = B e #7, which defines the average rate
B of dephasing events. At the end of this interval, at time
t + 1, a lattice site n is selected uniformly at random and the
corresponding wave-function amplitude acquires a stochas-
tic phase, ¥,(t + v) — €%, (t + t), where the phase 6, is
drawn independently from a prescribed distribution g(6). This
procedure is then repeated, generating a piecewise unitary
time evolution interrupted by random local dephasing events.

Local dephasing in the site basis has a clear physical mean-
ing: it does not directly change the probability of finding the
particle on a given site, but it induces random, site-dependent,
local phase fluctuations acting on the quantum state. As a re-
sult, relative phase information between different lattice sites
is progressively lost, leading to the decay of phase coherence
between amplitudes on different sites and the suppression of
quantum interference effects.

A. Kinetic approach

While the microscopic dynamics is stochastic at the level
of individual trajectories, the ensemble-averaged evolution
is conveniently described in terms of a kinetic approach as
follows.

To study the relaxation dynamics, we switch to the normal-
mode basis {|£")} that diagonalizes the Hamiltonian H. The
mode amplitudes in this basis are defined as a, = (§"|y). We
write

a, = /1, e, (8)
which defines I, = |a,|?
|£V) with phase ¢,,.

Since a local dephasing event at site n multiplies the ampli-
tude v/, by € while leaving all other components unchanged,
it can be represented by a diagonal unitary operator D" (6,) =
I + (¢ — 1)|n){(n|, which in the normal-mode basis reads

D(6,) = 8,y + (€ — DEVEL. 9)

Acting with the operator on the mode amplitudes, one obtains
a, =3, D{ay,, or in matrix form

"
d = (I +UM)a, (10)

as the population of the normal mode

Uyl = (" = Dg"E), (1

such that the operator U™ mixes mode population according
to their overlap at site n.

As under unitary evolution the mode amplitude evolves
as a,(t) = a,(0)exp(—iE,t), in a random dephasing collision
interval T from ¢ to ¢ 4+ t; we may write from Eq. (10) that

a(t + 1) = (I 4+ U™)e ™ a(1), (12)

where Q = diag(Ey, ..., Ey—1). Immediately after a dephas-
ing event, the mode amplitude updates as a), = a, + Aa,,
with Aa, =), U"a,, and the corresponding population
becomes I/ = |d,|> = (a* + Aa’)(a, + Aa,), which gives
the change Al, = I| — I, to the leading order as

Al, = Z (U\;(Z) /IUIMei(¢#7¢V) 4 UU(Z)* /IUIMei(tPu*(?u))
m
+ > Ut U 1,0, (13)
%

Invoking the kinetic random-phase approximation and assum-
ing the phases are uniformly distributed and uncorrelated,
(e!u=®)y =§,,, yield the phase-averaged change AI, =
U +UWHL, + Y, UMW, which along with Eq. (11)
reduces to

Al, = ZKv(;?TM, (14)
n
9” v v
K =4 sin2<3>[|§n Plex” = 1€7)7 8u,)- (15)

Equations (14) and (15) represent the single-collision kinetic
update of the mode population 7, after averaging over random
phases.

For m independent collisions within the time inter-
val [t,t 4 T], the population evolves as per Eq. (14) as
It +T) =TI, (I + K™)I(t), where the product is time
ordered. For uniformly chosen dephasing sites rn;, Poisson-
distributed waiting time distribution p(t) with mean (t),
and many weak, uncorrelated collisions, we approximate
[T, (1 + K™y ~ exp(Y_p, K™)). The average number of
collisions during the interval being 7 /(r) leads to the
relation

It +T) ~ exp<<z—) En,e[K@])i(z), (16)

where E, » denotes the remaining ensemble averaging over n
and 6. Averaging over the distribution g(6), defining

K = (4 sin*(6/2))g0), (17)

and considering uniform distribution for dephasing sites
n, we obtain from Eq. (15) that ]E,Lg[KSZ)] = /N,
|§',‘:|2|§,’,‘|2 — 8,1, which when substituted in Eq. (16) pro-
duces in the continuous limit (77 — 0) the differential form

I, = % > [Z R SW} I, (%)
I n

where we have used (t) = 1/8 for the exponential distri-
bution p(t). For a uniformly distributed phase 6 € [0, 27),
one has g(f) = 1/(27) and therefore k = 2, which is the
case considered throughout this work. Upon identifying the
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dephasing rate as
y =kB/N, (19)

it may be recast in matrix form as
T=ywW-DI. (20)

where the overlap matrix W is defined by its elements
P 2
ED M AN A @1)

We note that the matrix W is real, symmetric, and doubly
stochastic [56], i.e., Zu Wy =Y, Wy = 1. Moreover, the
structure of W reflects the spatial character of the eigenstates
and controls how dephasing redistributes population between
them. Note that Eq. (20) remains valid for the dephasing
dynamics under the defect-free (¢ = 0) tight-binding Hamil-
tonian Hypc, with only modification in the definition of W,
which in this case reduces to W,, =", |Xn| |)(“|2 =1/N
[see Eq. (4)], implying that local dephasing mixes all modes
uniformly.

When a macroscopic fraction f of the N sites is dephased
during each stochastic event, the structure of the effective
kinetic equation for the mode populations Eq. (20) remains
unchanged. Each local phase randomization produces the
same averaged redistribution between eigenstates, determined
by their spatial overlaps encoded in the matrix W. Dephasing
multiple sites in a single event therefore corresponds to ap-
plying several independent phase kicks within the same time
interval. In the Markov limit, these independent contributions
add up and lead to a renormalized dephasing rate yes =
fNy = «Bf, while the mixing matrix W, the steady state,
and the relaxation modes remain unaffected. Consequently,
increasing the fraction of dephased sites accelerates relaxation
without altering the underlying mode-coupling mechanism.

B. Comparison with Lindblad formalism

We now analyze the dephasing dynamics using the density
operator p. Such a dynamics governing the evolution of the
tight-binding chain can be formulated, for the case of a linear
defect, within the Lindblad framework, which provides the
most general form of a generator for open quantum dynamics
[19,21-24]. In this section, we first specialize the Lindblad
equation to pure dephasing acting on a single lattice site and
derive the resulting evolution equation for the mode popula-
tions. The local dephasing is described by [57]

= —i[H, p]+2( LipL} —

where the Lindblad operator L; reads

Lj = JyliXil, (23)

with a dephasing rate y > 0. The first term on the right-hand
side of Eq. (22) corresponds to the unitary evolution, while the
second term acts as the Lindblad dissipator due to dephasing.
Substituting Eq. (23) in Eq. (22), we obtain

p = —ilH, p] + Dilp]l + D:[p], (24)

L L, p}) (22)

where the dissipating terms are given by

Dilpl =y Y In){nlpln)(nl, (25)
Dalpl = 2 Y (In)(nl. o). (26)

Denoting the matrix elements of the density operator in the
site basis as p,, = (n|p|n), we obtain from Egs. (24)—(26) that

_l(HIO - IOH)nm - J/(l - snm)pnm- (27)

For n =m, we then have p,, = —i(Hp — pH),,, indicat-
ing that the dephasing term does not act directly on site
populations, whose dynamics is governed solely by the co-
herent Hamiltonian evolution. By contrast, for n # m, one
finds ppm = —i(Hp — pH)ppm — ¥ Onm, showing that the off-
diagonal elements of the density matrix decay exponentially
at rate y due to dephasing, in agreement with the coherence
loss in the site basis.

In the density-operator description, the correspond-
ing mode population reads I,(¢) = p,,(t), where p,, =
(£*|p|€”). To obtain the evolution equation for the mode
population I, one expresses Eq. (24) in the mode basis.
The unitary Hamiltonian part does not contribute to the time
evolution of I, due to the fact that (¢V|[—iH, p]|E") =
Using the mode function &, = (n|§"), one obtains |n)n| =
ZH’V E/EV|EH)(EY], and computes from Eq. (24) that

=y Y |el Y e oo — 2 D67 &k P
n o n,p

)/ * &V
-3 ;M EMED. (28)

Pnm =

Let us now invoke a standard approximation in the pres-
ence of dephasing: we assume that the density matrix in
the mode basis is approximately diagonal on the coarse-
grained time scales ¢ >> 1/y. Hence we may write p(t) =
Zu L,(t)|E#)(&¥| and p,, (1) ~ I, (1) 8,,», using which, along
with > |&) |> = 1, one obtains from Eq. (28) that

m n

which coincides with Eq. (18) as expected in this limit.

Although both formulations lead to the same effective
dynamics of the mode populations, the kinetic description
offers a complementary physical interpretation by explicitly
revealing the microscopic sources of stochasticity underly-
ing dephasing. This dual perspective establishes a transparent
connection between the Lindblad framework and a classical
rate-equation description.

C. Steady state

Under dephasing, the relaxation dynamics reduces to
the linear Markov master equation (20), governed by the
spectrum of the matrix W. Since W is doubly stochastic,
the Perron-Frobenius theorem ensures that its largest eigen-
value is | = 1, with the corresponding (right) eigenvector
u=(1,1,..., 1T, and all other eigenvalues satisfy —1 <
Mgicy < 1 [56]. Moreover, W being positive semidefinite
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restricts its eigenvalues to 0 < A; < 1. From Eq. (20), one
obtains £ (u'T) =y u" (W — I)I = 0, suggesting that the to-
tal norm or mode population A = ) I, = u'T is conserved.
Consequently, the steady state T, which satisfies WI~ =T"
uniquely yields =@ /N)u. For a normalized wave func-
tion, A=), la,|> = (YY) =1, so that 730 = 1/N for all
modes. The steady-state energy is therefore given by the uni-
form spectral average, E(co0) = (H)(t — 00) =) EJ:C =
tr(H)/N. Since the hopping terms are off diagonal in the
site basis and the defect contributes —e to the trace, one
has tr(H) = —e, yielding E(c0) = —e€ /N, independent of the
initial state. On the other hand, for € = 0, i.e., for dephasing
under defect-free Hrgc, one has tr(H) = 0, and hence the
average total energy in the steady state vanishes.

The corresponding spatial distribution follows directly
from the mode expansion v¥,(r) =Y a,(t)&). Under de-
phasing, the phases of the mode amplitudes become random
and uncorrelated, so phase averaging removes interfer-
ence terms and gives the occupation probability P,(¢) =
(1Y) =Y, 1,(¢) |E"|*. With uniform steady-state mode
population 730 = 1/N, the occupation probability, in both
defective (¢ # 0) and defect-free (¢ = 0) cases, becomes uni-
form as well, P,(t — oo) = 1/N, indicating complete loss of
memory of any initial spatial localization.

We note that, in the context of wave systems, the uniform
steady state in mode space corresponds to the equilibrium
described by the infinite temperature limit of a Rayleigh-Jeans
distribution [53,58,59]. Dephasing thus drives the system to-
wards a maximal-entropy state constrained solely by norm
conservation, resulting in uniform populations in both mode
and real space.

D. Relaxation rates and spectral properties

The symmetry of the overlap matrix W guarantees the ex-
istence of an orthonormal eigenbasis {v;}}_,, allowing one to
write W = VAV, where V = [v}, v, ..., uy] is the orthog-
onal matrix whose columns are the normalized eigenvectors
of W and A = diag(Ay, ..., Ay) collects the corresponding
eigenvalues. The leading eigenpair is given by A; = 1 with
eigenvector v, = u/+/N. Expanding the initial condition as
1(0) = Y, civi, the solution of Eq. (20) reads

N
I0)=) cie ", (30)
i=1

where the rates u; read

mi=y[d=2). (31)

As puy =0, the uniform component (i = 1) of the solution
(30) remains constant, while other components decay expo-
nentially. The slowest decay, which sets the overall relaxation
time Trelax, is controlled by w2, so that Trex =y I = y‘l(l —
X2)~!. Figure 2(a) displays the rates u; as a function of the
strength of the defect €; in particular, the dominant relaxation
rate [, shown by the gray dashed line, decreases symmet-
rically with increasing |e|, indicating a slower relaxation for
both positive and negative defects.

There exists a bound on the relaxation time set by the trace
of W. Since wehave 1 = Ay > A, > --- > Ay = 0, the trace

1.00 Yg5ageazaceraantenies] 25 1©
g Q
0.75 4(a) g s
d % 2.0 1
3 0.50 A 0 5 =
oo R 2 > 1.5 1 e=10—
0259 . o, ) €=100
o %o €=200 —
€=1000 —
0.00 15 . do e
—-10 0 10 10° 10t 102 10°

N

FIG. 2. (a) Dependence of the rates u; on the defect strength €.
The points are obtained from Eq. (31) with y = 1, using numeri-
cally computed eigenvalues A; of the overlap matrix W for N = 21
and C = 2. The gray dashed line highlights the relaxation rate ;.
(b) Trace of W as a function of the lattice size N for different defect
strengths €, with C = 20. In both panels, the matrix W is constructed
from Eq. (21) using numerically obtained eigenvectors |£") of the
defective Hamiltonian (1).

identity Zf; A =tr(W) — 1 implies A» < min{l, tr(W) —
1}. Moreover, as A, is the largest among the remaining
N — 1 eigenvalues, it is bounded from below by their aver-
age, which along with the upper bound gives % <A <
min{1, tr(W) — 1}, which yields
N —tr(W)

max{0, 2 —tr(W)} <1 — X, < N _1 (32)
In the absence of defect (¢ = 0), one has W,, = 1/N with
Ar=1, 4iz1 =0, and tr(W) =1, so that u, = rrglzx =y,
consistent with both the lower and upper bounds in Eq. (32).
For nonzero ¢ in a finite-sized chain, one has 1 < tr(W) < N
since not all eigenvalues A;x; vanish; see Fig. 2(b). Conse-
quently, the upper bound in Eq. (32) is strictly less than unity
and approaches one in the limit of large N, as inferred from
the figure. This implies the rate p, < y and indicates that
relaxation under dephasing is fastest in the absence of a defect.
On the other hand, the lower bound in Eq. (32) can provide
nontrivial information for sufficiently weak defect strengths,
for which tr(W) < 2 even at large system sizes N. However,
for stronger defect strengths, tr(W) exceeds 2 already for
modest system sizes, so that the lower bound reduces to the
trivial condition u, > 0, except at very small N.

E. Exact results for the trimer

We now specialize to a trimer system with three nodes
(N = 3) in the presence of a single on-site defect where some
exact analytical results can be provided. Owing to lattice pe-
riodicity, the specific location of the defect is irrelevant. The
eigenvalues E, and eigenvectors |£") of the Hamiltonian H,
obtained from Egs. (5)-(7), are substituted into Eq. (21) to
construct the overlap matrix W (see Appendix B). Evaluating
the eigenvalue A, yields the relaxation time

€? —2eC +9C*?

6yC? ’
which exhibits a nonmonotonic dependence on the defect
strength €, attaining a minimum value at 4/(3y) at € = C.

This behavior is illustrated in Fig. 3(a), where the scaled relax-
ationrate wy/y = 1/(¥ Trelax ) reaches its maximum value 3 /4

(33)

Trelax =
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FIG. 3. Relaxation in trimer system with N = 3. (a) Scaled re-
laxation rate u, as a function of € showing a maximum value 0.75
at € = C = 2. The line is obtained using Eq. (33) with u, = 7.,
while the points denote (1 — A,), where A, is obtained by numeri-
cally computing the eigenvalues of W. (b) Evolution of scaled total
energy as a function of time ¢ for different values of € and C = 2. The
lines are obtained from 2" stochastic realizations of the dephasing
dynamics of the linear model (1) withk =2, 8 = 1 sothaty =2/3.

Note that relaxation is the fastest for the red curve with € = C.

at ¢ = C. Note that, for small but nonzero defect strength e,
one has Trax =~ 3/(2y) and wy/y =~ 2/3. Figure 3(b) shows
the time evolution of the scaled total energy for different
values of €, clearly demonstrating that energy relaxation is
fastest when € = C.

F. Comparison with stochastic simulations

To further assess the validity of Eq. (20) for larger N,
we compare it with direct simulation of the dynamics. For
sufficiently large defect strength, the relaxation rate decreases
algebraically. As shown in Fig. 4(a), the scaled rate u,/y
decays as €2 for increasing €. Remarkably, this trend is al-
ready captured analytically for the trimer system by Eq. (33),
which yields Tax > €2/6yC? for large €. Figure 4(a) also
suggests that, for small defect strength, the relaxation rate is
slightly reduced compared to the defect-free value u, =y,
indicating a modest slowing down of relaxation. However, as
N increases, this effect becomes progressively weaker and the
relaxation rate approaches its defect-free limit, reflecting the
fact that the influence of a small local defect becomes negligi-
ble in large systems. Figure 4(b) illustrates the time evolution
of the total energy E(¢) for different system sizes N. In all
cases, the numerical data are well described by an exponential

100
107" 5
< — N=3 =
2 ,{- nN=5 S
1077 4 N=11
~ N=21
1073 T
1071 10 10t 102
€ t

FIG. 4. (a) Scaled relaxation rate u, as a function of € for dif-
ferent values of N. Lines are obtained by numerically computing the
eigenvalue X, of W with C = 2. (b) Evolution of total energy as a
function of time ¢ for different values of N. The points are obtained
from 2'° stochastic realizations of the dephasing dynamics of model
(1) with C =€ =k =2 and B = 1. The dashed lines denote the
analytical form E(¢) = E(00) + [E(0) — E(0c0)]e™"/relax,

— Localized

10! 3
] — Extended

B 1|

T T T T T T T T
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FIG. 5. Relaxation of the absolute value of mode energy |E,/,| in
a chain of N = 501 sites with C = 1 and € = 20. Two types of initial
conditions are compared: one in which all the initial energy is fed into
the localized mode (red solid line) with E, &~ —20.09975 and one
where an extended mode with E, ~ —1.999 96 is initially excited
(green solid line). The dashed lines show the steady-state value of the
mode energy, i.e., |E,|/N. The inset plot shows the same quantities in
the semilog scale. Trajectories are generated directly in mode space,
using Eq. (12) with uniform g(#) so that x = 2 and an exponential
p(t) with g = 100, and averaged over 100 stochastic realizations.
The black dotted line in the inset depicts the expected exponential
decay, exp(—u,t), computed as explained in the text.

relaxation, E (1) = E(00) + [E(0) — E(0c0)]e~/™ which
reflects incoherent energy exchange between eigenstates me-
diated by dephasing, with the slowest mode controlling the
long-time dynamics. The relaxation time Ty« €xtracted from
the dynamics is set by the eigenvalue A, of the matrix W, in
full agreement with the analytical prediction.

To further test the above results, we consider a larger lattice
and a relatively large defect strength € and generate trajecto-
ries using Eq. (12), which allows us to monitor the dynamics
directly in the action space. We focus on initial conditions in
which a single mode is excited, namely, a,(0) o §,,,. In par-
ticular, we compare two cases: one in which vy corresponds to
an eigenstate exponentially localized at the defect site and one
in which vy corresponds to an extended mode [for example,
see Fig. 1(b)]. As shown in Fig. 5, these two choices lead
to a dramatic separation of relaxation time scales, with the
initially localized mode relaxing significantly more slowly
than the extended one. The observed decay is well described
by an exponential law with a rate u, predicted by the kinetic
approach (see inset of Fig. 5).

IV. LARGE-DEVIATION APPROACH

To assess the dynamical relevance of trajectories leading
to slow thermalization, we rely on the large-deviation the-
ory. Over the past decades, this framework has emerged as a
powerful tool for characterizing fluctuations in stochastic pro-
cesses and nonequilibrium statistical mechanics [30-32]. In
dynamical systems, large-deviation theory provides a means
to compute the probability of atypical trajectories and the
value of observables that depart significantly from their av-
erage, typical ones. Nonanalyticities in the corresponding
large-deviation functions signal dynamical phase transitions,
reflecting qualitative changes in the statistical properties of
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trajectories. In the present context, this approach allows us
to quantify and characterize regions in phase space that yield
possibly slow, or at least substantially different from average,
relaxation pathways, thereby offering insight on the different
phase-space trajectories followed during equilibration.

The main starting point of our analysis is the observation
that Eq. (20) describes a continuous-time random walk of
quasiparticles in action space. The corresponding transition
rates are not assigned a priori but are fully determined by the
eigenstate structure of the underlying linear problem through
the matrix W. This naturally defines an action network, whose
connectivity provides information on the out-of-equilibrium
dynamics [18]. Within the standard formalism developed
for large-deviation analysis of Markov processes [30], the
dephasing-induced dynamics (20) can be recast as a classical
rate equation for the mode populations,

71} = Z(Rvp. 7;1 - R,uv 7\))7 (34)
N

where the transition-rate matrix is given by R,, = y(1 —
8 ) Wy Such a representation makes explicit the stochastic
jump structure of the dynamics and provides a natural starting
point for applying large-deviation techniques to characterize
rare trajectories and slow relaxation pathways.

As a dynamical observable, let us consider the activity,
defined as the total number K of jumps, corresponding to
configuration changes between modes, occurring along a tra-
jectory over an observation time 7. To compute its large
deviations, one may consider the tilted generator W (s) de-
fined by the N x N matrix with elements [60-62]

(WK(S))[M) = e_xR;w —TIy 81)/47 (35)

with the escape rate from state v given by r, = Y v R
Note that the tilted operator Wk (s) has —r, on the diagonal
and the first terms appear only in off-diagonal entries (see
Ref. [60] for details). The large-deviation statistics is encoded
in the leading eigenvalue and (right and left) eigenvectors
of the tilted operator (also called scaled cumulant generating
function). More precisely, we denote by Ak (s, N) the largest
eigenvalue of Wk (s) along with the corresponding right eigen-
vector ¢, defined by Wk (s)¢px = Agpg. Upon normalization,
¢k can be considered as a steady probability distribution for
the “biased” dynamics (sometimes termed s ensemble). As it
is known [60], for s = O the eigenvector yields the density in
the steady state, which in our case is the equipartition which
is homogeneous. For s < 0, it probes the regime in which the
mean activity K/t of histories is typically larger than in the
steady state, while for s > 0 histories with smaller K/ are
favored. As an order parameter, we consider [60]

N

1
Pr(s) = = D v Prals), (36)

v=1

where ¢k ,(s) denotes the vth component of the eigenvector
¢k (s). The quantity pg(s) measures the occupancy of the
steady state and thus of the distribution of modes that are
involved in the biased dynamics.

In Fig. 6(a), we report the scaled large deviation function
Ak (s)/y for different system sizes, obtained by computing the
leading eigenvector numerically for a relatively large €. The
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FIG. 6. Large deviations of activity for the defective Hamiltonian
(1) with e =20, C =1 and k =2, B = 1: (a) the rescaled largest
eigenvalue Ag(s) of Wkg(s) as a function of s for different chain
lengths N; inset: the numerical derivative A (s)/y computed by finite
differences; (b) the order parameter pk(s); (c) the components of
eigenvectors ¢ for N = 501 and three different values of s. Note

the qualitative changes from extended (s = —0.1 and 0) to localized
(s =0.1).

curves show good data collapse. Moreover, there is a sharp
change in the slope around a characteristic value s = s, (~
0.01), where the derivative of A (s) changes abruptly [see the
inset of Fig. 6(a)]. Although there is not a real discontinuity,
this signals the existence of two qualitative sets of trajectories:
one with a finite activity, meaning a finite rate of energy
exchange among normal modes, and another with little or
very slow dynamics. This is fully consistent with our analysis
showing that initial conditions localized around the defect site
thermalize much slower than extended ones; see Fig. 5.

A complementary view is provided by the order param-
eter pk(s), which also displays a qualitative change, with a
step discontinuity at s = s,; see Fig. 6(b). In turn, the size
dependence of pk(s) reveals a macroscopic contribution of
finite-activity degrees of freedom involved in biased dynam-
ics, while the low-activity component remains finite upon
increasing N.

Moreover, the structure of the leading eigenvector ¢k
changes from uniform to localized around s,; see Fig. 6(c).
An appealing way to understand such a qualitative change is
to describe it as a form of condensation occurring in the action
(or mode) space [33,63]. In other words, most trajectories (a
macroscopic fraction) in the localized phase concentrate on a
subset of the action space. The shape of the eigenvector then
reveals the actual modes mostly involved in the dynamics (the
localized one in the present case).

An interesting feature emerges in the large € limit. Since
the separation of time scales becomes increasingly large with
increasing €, we expect that the large deviation function
should reflect this. Indeed, as shown in Fig. 7, the position of
the crossover value s,(e) gradually shifts towards zero upon
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FIG. 7. Large deviations of activity in terms of the rescaled
largest eigenvalue Ak (s) of Wk (s) as a function of s for increasing
values of the parameter €. Here, we have N = 501, C = 1 for the de-
fective Hamiltonian (1) with x = 2 and 8 = 1. The inset plot shows
the numerical derivative A} (s)/y computed by finite differences for
the same set of € values.

increasing €. Moreover, the derivative A} (s) changes more
and more abruptly as s, approaches zero, as shown in the inset
plot of Fig. 7.

Based on these numerical results, we may argue that this
is compatible with a real jump discontinuity of Ax(s) ins =0
for infinite defect strength. In other words, there may exist a
dynamical phase transition at € = co. From a large-deviation
perspective, analogous dynamical first-order phase transitions
are often observed in several contexts, like for instance the
dynamics of run-and-tumble particles [64] or in models of
glasses [32,61]. The usual interpretation for a singularity at
s = 0 is that there are two phases: an active one for s < 0 and
an inactive one for s > 0. Physical dynamics takes place at
s = 0, where the two dynamic phases coexist.

V. NONLINEAR DEFECTS

We now incorporate nonlinear interactions into the tight-
binding chain and examine their impact on the relaxation
dynamics. We begin by considering a lattice with a single
nonlinear defect, where the nonlinear cubic term is confined
to one lattice site, while the remainder of the chain remains
linear; see, e.g., Refs. [35-39]. This construction provides a
minimal extension of the linear defect model and allows us to
isolate the impact of localized nonlinearity on the dynamics in
the presence of dephasing noise. We then generalize the analy-
sis to the fully nonlinear case, leading to the discrete nonlinear
Schrodinger (DNLS) equation with interactions present on all
sites. We finally discuss the role of higher-order nonlinearities
for the relaxation process.

Unlike the linear defect model, where dephasing leads
to a closed kinetic description in terms of the overlap ma-
trix W and a corresponding Markov process in action space,
no analogous analytical framework is presently available for
nonlinear defects. Consequently, our investigation here relies
primarily on numerical simulations, supplemented by phe-
nomenological arguments. In addition, the tilted-generator
analysis based on the large-deviation approach developed in
Sec. IV, which allowed us to characterize rare relaxation

pathways in the linear case, cannot be straightforwardly ex-
tended to the nonlinear problem. Rare and extreme events
are nevertheless known to play an important role in nonlin-
ear lattice dynamics. Extreme events in discrete nonlinear
lattices are often characterized by heavy-tailed distributions
and extreme-value statistics, particularly in regimes close to
integrability [65,66]. Explicit signatures of large deviation
behavior have also been identified in the intermittent energy
flux of DNLS chains, where the irregular birth and death of
discrete breathers are associated with rare-event statistics [67].
Moreover, such extreme structures can be highly sensitive
to perturbations, which may induce a crossover from tran-
sient rogue-wave events to persistent breathing patterns [68].
While these studies focus on rare localized excitations, ex-
treme events, and breather-mediated dynamics, our objective
here is different. We investigate how the dephasing-induced
relaxation mechanisms identified in the previous Sec. III for
linear defects are modified when the defect becomes ampli-
tude dependent and we use the DNLS framework primarily as
a nonlinear generalization of the defect problem.

A. Single nonlinear defect

We consider the simplest nonlinear extension of Eq. (2)
by replacing the defect term ey, at site M with a cubic
nonlinearity, namely

4
dt

In the following, we will refer to this model as the single non-
linear defect (SND) model. Upon recognizing that {iy/)", v, }
form a proper set of (classical) canonical variables, Eq. (37)
can be obtained from the Hamiltonian function

1
Hsxp = —C Y (Ui + Vi ¥y) — vl 38)
J

= —C(WYjr1 + V1) — Sm Ym* Y. (37)

via the Hamilton equations % =0H/ a(iw;). In addition to
the Hamiltonian dynamics considered here, dephasing noise is
implemented in the same way as in Sec. III A. As a result, the
total norm defined as A = Z’}’Zl |1//J-|2 is exactly conserved,
while the total energy H is not.

We will focus on the case where the defect site is initialized
with a large local norm |;(0)|*> = b > 1, while all remain-
ing lattice sites are empty. Under the action of the dephasing
noise, energy and norm are progressively transferred from the
defect site to the whole chain.

To establish a proper comparison with the full linear model
with defect, we consider Eq. (2) with € = b and initialized
in the same kind of localized state, |/;(f = 0)|> = b8yp.
Accordingly, the frequencies of both localized and extended
linear modes initially coincide in the two models. Note that the
total norm A = b here is not normalized: this choice naturally
allows one to introduce the perturbative parameter b~'; see
below.

In Fig. 8 we show the time evolution of the (abso-
lute) average energy variation of the defect site Ah(r) =
1/2( 1Y (0)* — [ ()|*) of the SND model (black lines)
compared to the analogous energy variation in the linear
model Ah.(t) = (h.(0) — h.(¢)) (red lines). Different values
of the initial defect norms b are considered and the axes are
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FIG. 8. Average energy variation Ah(t) for SND model (black
lines) and Ah(¢) for linear chain (red lines) for different values
of the initial mass b = {15, 20, 25, 30, 35}. Dashed line refers to a
linear fit of SND data. Averages are computed over a sample of
100 independent trajectories. Chain length N = 31, C = 1. Noise
parameters § = 1 and f = 0.1. Inset: evolution of the relative energy
fluctuations for the SND model.

properly rescaled to obtain a data collapse. In the linear model
and for b > 1 the defect energy follows the relation Ak (t) =
he (0)[1 — exp(?/ Tretax )], Where Trejax =~ b%, in agreement with
the results in Sec. III A. In the SND model, energy relaxation
follows a linear relation Ah = kt, where k is independent of b.
Remarkably, the resulting relaxation is faster than that of the
linear model, while it is well approximated in the short-time
regime t/b* < 1.

This result can be qualitatively rationalized by noting that,
for a generic time ¢ > 0 during the relaxation process, the
nonlinear defect experiences a local norm | ()|> < b. As a
result, the corresponding relaxation time scales are faster than
those of the linear model constructed with a fixed € given by
the initial defect frequency € = b. More precisely, the passage
from an exponential relaxation law for Ah.(¢) in the linear
model to a linear law for AX(¢) in the SND model can be
justified as follows.

Within the linear system, from Sec. III A, the relevant re-
laxation dynamics of the defect energy (h(¢)) is ruled by

dthe) v
= cathe) (39)

In the spirit of an adiabatic approximation, we can now
promote € to be a function of h.(¢) itself. Consistently,
we impose € = (|Yy()?) = +/(h:(1)). The resulting equa-
tion d(h.)/dt = —y adequately accounts for a linear decay
of (he(t)) and corresponds to the linear expansion of the
solution of Eq. (39) for yte ™2 < 1. As a further step, one can
approximate (h.) = (| |*)? = (|¥y|*), assuming that fluc-
tuations of || are negligible with respect to {|¥|?). As
a result, an analogous linear decay is expected for (|v|*(¢))
and therefore for AAh(¢). In the inset of Fig. 8, we estimate for
the SND model the relative impact of energy fluctuations

4 _ 204\\2
o (Ym " @) — ({Ym|~()) ' (40)

(lml*(@)?

The data collapse indicates that ¥ scales as b~2 in a wide
range of rescaled times ¢/b*. More precisely, we found that
¥ lies between 1072 and 10~! for ¢/b* < 0.5 for all values of
b considered here, which confirms our assumptions.

B. Discrete nonlinear Schrodinger equation

Upon incorporating local nonlinearities to all lattice sites
in Eq. (37), we obtain the celebrated DNLS equation [42]

4
dt

Nonlinear defects in the form of large-amplitude peaks
|wj|2 = b > 1 can now be created nonpreferentially on all
sites of the chain (with periodic boundary conditions). They
correspond to the so-called discrete breather solutions, which
have been widely studied in the literature [43,44]. Other
studies have also investigated the effect of explicit linear
and nonlinear impurities on scattering or stability problems
[69-72]. Statistically, localized states have also been associ-
ated with a condensation phenomenon through large-deviation
techniques [73].

The problem of breather relaxation in the DNLS equa-
tion displays peculiar features. If the breather evolves either
in an isolated chain or sufficiently far from external stochas-
tic sources, then its relaxation time scales are found to be
exponentially long in b due to the existence of an adiabatic
invariant of dynamical origin. On the other hand, when the
breather is subject to direct stochastic noise, its evolution is
much faster because the adiabatic invariant is broken [48,49].

The case of relaxation with uniform dephasing noise was
recently studied in [53], where a linear relaxation law was
found for the energy transfer mechanism. An analogous linear
scaling was also obtained in fully stochastic versions of the
DNLS model [51,52]. A different norm-preserving stochastic
description representative of a finite-temperature DNLS evo-
lution was discussed in [54]. Here we will focus our analysis
on the case of uniform dephasing noise introduced in Sec. III
and limit our study to the case of a single large-amplitude
excitation located at site j = M.

In the same spirit as in Fig. 8, Fig. 9 shows the evolu-
tion of the peak’s average energy variation Ai in the DNLS
equation (solid cyan lines) compared with the corresponding
tight-binding model with defect (solid red lines), for different
values of the peak norm b at site j = M. For further com-
parison, we show the SND dynamics as dashed black curves.
For all cases, two distinct initial conditions for the remaining
lattice variables ;, j # M are considered: in panel (a) they
are all vanishing (empty chain); in panel (b) they are chosen
according to a Poissonian distribution of norms (with unit
average), P(|¥/;|*) ~ exp(—|¥;1?), and uniformly distributed
phases in the interval [0, 27r). The latter state in the DNLS
model corresponds to an equilibrium state at infinite temper-
ature [41,53,74]. We find that DNLS and SND dynamics are
practically indistinguishable for the initially empty chain and,
in turn, well described by the linear model for short times. On
the other hand, for the infinite-temperature initial conditions,
a slight speed-up of the DNLS relaxation process is found
with respect to the other two models. We interpret this result
as a manifestation of intrinsically nonlinear energy-transfer

= —C(Yjr1 + V1) — 112, (41)
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FIG. 9. Average energy variation Ah(t) for the DNLS equa-
tion (solid cyan lines) and SND model (dashed black lines) compared
with corresponding variations Ak, (¢) of linear chain (solid red lines)
for different values of the initial mass b = {15, 20, 25, 30, 35} at site
J = M. Panel (a) initially empty chain ;) = 0; panel (b) Poisso-
nian distribution of norms and random phases; see text. Averages
are computed over a sample of 100 independent trajectories. Chain
length N = 31, C = 1. Noise parameters 8 = 1 and f = 0.1.

processes occurring in the DNLS model [75,76] that cannot be
properly described in terms of the dynamics of linear chains
with linear or nonlinear defects.

C. Generalized nonlinearities

We conclude this section with some remarks on DNLS
lattices with higher-order nonlinearities [77]

AV

dt
with @ > 1 [78]. We consider again the relaxation dynamics
corresponding to initializing the lattice with a single peak with
norm |¥4|?> = b on an empty chain. Generalizing the argu-
ments of Sec. V A, we identify the closest linear tight-binding
model with defect upon choosing € = |1/3,(0)|*®*~". We can
now revisit Eq. (39) for the evolution of the defect energy with
the adiabatic condition € = (h.)!~1/%, which is equivalent to
(he) = (|¥m|*)®. Accordingly, one obtains the equation

= —C(Wjp1 + ¥j—) — [y, Dy, (42)

dfhe) 2.1)
= —ythd 3)
whose solution is
1CDO - D0 =L @

o

Equation (44) clarifies that for generalized DNLS models the
defect energy (h.(¢)) evolves nonlinearly in time. Only for the
standard cubic DNLS («a = 2), {h.(¢)) is a linear function of
time. Remarkably, in the limit « — 400, Eq. (44) predicts
a square-root scaling of (h(t)) with ¢. Finally, assuming
(ar®) > (| |>)®, we can extend Eq. (44) to the evolution
of (|Yy|?*) in place of (k).

In Fig. 10, we compare the relaxation dynamics of a gener-
alized DNLS model obtained numerically from Eq. (42) with

500
<20
3 S
= = 1.
400 9 | 10} —b=1.8
= —b=1.9
3
5 300 1< 00560 3000
< t 10—t
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FIG. 10. Average variation Ah,(t) for a generalized DNLS equa-
tion, Eq. (42), with « = 8 and for different values of the initial
defect norm b. Upper inset: behavior of defect energy difference
for the same data. Lower inset: evolution of generalized relative
fluctuations X,; see text. Averages are computed over a sample of
100 independent trajectories. Chain length N =31, C = 1. Noise
parameters 8 = 1 and f = 0.1.

the estimate in Eq. (44). We compute the quantity Ah, =

KD 0) = B2 (1), where hy (1) = o~ {|Ym]?), and spe-
cialize the analysis for o = 8. The evolution of Ah, displays
a rather clean linear behavior, with a slope independent of the
initial norm |1/,,(0)|> = b, in agreement with Eq. (44). Con-
versely, a naive estimation of energy differences 7, (0) — hy (¢)
results in nonlinear b-dependent profiles; see the upper inset.
Finally, in the lower inset, we show the evolution of the

generalized relative energy fluctuations
(ym **@)) = (lym > (@0)*
(Iym2())™

For the chosen parameters, ¥, is always below 102, which
confirms the validity of Eq. (44).

By =

(45)

VI. CONCLUSIONS

In this work, we studied the relaxation dynamics of a
tight-binding chain subject to local dephasing noise in the
presence of defects. We considered both linear and nonlinear
defects, with analytical emphasis on the case of a single linear
on-site defect, for which an exact treatment is possible, while
nonlinear defects were investigated numerically.

For the linear defect, we derived closed-form expressions
for the eigenvalues and eigenvectors of the defective Hamil-
tonian (1) in terms of those of the defect-free system. This
enabled a formulation of the dephasing-induced dynamics
entirely in the eigenstate basis and identified the overlap
matrix W as the central object governing relaxation. Phys-
ically, the doubly stochastic matrix W encodes the spatial
overlap between eigenstates and thus controls the efficiency
of dephasing-induced intensity transfer.

We demonstrated that the stochastic kinetic approach based
on random phase kicks is equivalent to a standard Lind-
blad description of local dephasing. The kinetic formulation
provides additional physical insight by explicitly relating
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the effective dephasing rate to three independent sources of
stochasticity: waiting-time statistics, phase-kick distributions,
and the random selection of dephasing sites. Both approaches
lead to the same master equation for the mode populations,
which takes the form of a continuous-time random walk in
action space.

Solving this master equation, we showed that relaxation
toward the steady state is generically exponential, with a
rate set by the spectral gap of W. Defects induce localized
eigenstates with weak spatial overlap with extended modes,
creating bottlenecks for dephasing-induced transport in action
space. Consequently, relaxation slows down with increasing
defect strength and for strong defects the relaxation rate scales
as €~ 2. This behavior was confirmed analytically in small
systems and numerically in larger lattices, where a clear sepa-
ration of relaxation time scales emerges depending on whether
localized or extended modes are initially excited.

To characterize relaxation pathways beyond typical be-
havior, we employed a large-deviation approach to the
stochastic dynamics in action space. Within this framework,
the dephasing-induced evolution is described as a random
walk on an action network whose connectivity is fixed by the
matrix W. Using a tilted generator, we showed that trajectories
separate into distinct dynamical classes. Low-activity trajec-
tories are dominated by defect-localized modes and exhibit
slow energy redistribution, whereas high-activity trajectories
involve extended modes and relax more rapidly. Increasing
the defect strength enhances the separation between these
regimes, providing a unified interpretation of slow relaxation
as arising from the interplay between mode localization and
rare fluctuations in action-space dynamics.

Finally, we extended our analysis to the case of nonlinear
defects. As a minimal nonlinear extension, we introduced a
single nonlinear defect, for which the defect energy variation
is quantified by Ah(t) = %(|1ﬂM(O)|4 — [y ()[*). We com-
pared this dynamics with that of the linear defect model,
whose defect energy is h(t) = €|y (¢)|?, choosing € to
match the initial local frequency scales. We found that energy
relaxation at the nonlinear defect is quite well approximated
by the corresponding linear model at early relaxation stages,
while it becomes significantly faster for longer times. This
behavior can be understood by noting that, during relaxation,
the local norm | (¢)|? decreases in time, so that the nonlin-
ear defect effectively experiences a progressively weaker local
energy scale, in contrast to the linear case where € remains
fixed. As a result, the exponential relaxation characteristic of
linear defects crosses over to an approximately linear-in-time
decay of Ah(t) over the dominant relaxation window. For
the fully nonlinear DNLS dynamics, we observed relaxation
behavior that closely resembles the SND model for localized
initial conditions, while thermal-like initial states exhibit a
mild additional speed-up, consistent with the presence of in-
trinsically nonlinear energy-transfer processes. This approach
proved to be applicable also to the case of DNLS lattices with
generalized nonlinearities.

Overall, our study provides a unified and physically trans-
parent picture of dephasing-induced relaxation in defective
tight-binding systems, highlighting the central role of eigen-
state localization, action-space connectivity, and trajectory
fluctuations in shaping equilibration dynamics under noise.
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APPENDIX A: SPECTRUM OF THE DEFECTIVE
TIGHT-BINDING HAMILTONIAN

In this appendix, we derive the eigenvalues E, and eigen-
vectors |£V) of the defective tight-binding Hamiltonian H
given in Eq. (1). To this end, we start with the defect-free
tight-binding Hamiltonian

N—1

Hrpe = —C Z(Ij)(j + 11+ 17+ 1D,
Jj=0

(AL)

with C > 0 denoting the hopping amplitude and |N) = |0).
Solving the equation Hrpc|x") = w,|x"), one obtains the
eigenvalues w, and the corresponding orthonormal eigen-
vectors |x"), which are given in Eq. (4) of the main text.
As seen from Table I, for odd N, there exists (N —1)/2
number of degenerate subspaces, which are denoted by D =
{Ix"), IxN~")}. For each of these degenerate subspaces, one
may define a normalized vector

=)

Ux"y + bolx" ")), (A2)

_ 1
1+ b

where b, is a complex number, such that |X") remains an
eigenvector of the defect-free Hygc with eigenvalue w,. More-
over, for X, = (M|X") =0, one has H|X") = w,|X"), i.e,
|2V) acts as eigenvector of the defective H with eigenvalue
w,. The condition X;; = 0 may always be satisfied by choos-
ing b, = —XA”,I/XIZ_” = —xp/Oay)* with "x" denoting com-
plex conjugation. Consequently, for the Hamiltonian H, we
may readily write (N — 1)/2 eigenvalues and the correspond-
ing eigenvectors, which are given in Eq. (5) of the main text.

For the remaining (N 4 1)/2 number of eigenvectors
|E*) with ne[0,(N+1)/2,(N+3)/2,...,(N—1)], we
expand them in the defect-free eigenbasis as

N—-1
£y =" c®lx), (A3)
v=0

where ¢(*) are complex scalars. Operating H on both sides of
Eq. (A3) gives

E, &) =) co,|x") — eS™W|M),

v

(A4)

where the scalar S®) is defined by S® =" ¢ x},. Op-
erating (x)" on Eq. (A4) from the left and using the
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orthonormality of x* yields

(u) ( y )*Sw)

K (0 —Eu)’ (A

which when substituted in the definition of S*) gives a self-
consistent equation

N—1

€ 1
:S(u)_ ,
N g W), _EM

S (A6)

where we have used | x.»'|> = 1/N.
Assuming S = 0, we may then write a secular equation

N—1
1 N
+ - :Ov

_ A7
OE,L—wv € (A7)

v=

which, because of the existence of the (N — 1)/2 doubly de-
generate eigenstates, reduces to an (N + 1)/2-degree secular
equation (6) given in the main text. The roots of Eq. (6)
yield the remaining (N + 1)/2 eigenvalues E,, of the de-
fective Hamiltonian H. For the numerical purpose of root
finding, it is convenient to multiply both sides of the secular
equation (6) by the [(N + 1)/2]-degree polynomial P(E,) =

I"I(N b/ 2(E — w, ) and rewrite it as
N=1)/2
F(E,) = P(E )+ [ Ee -
A=1

WN-1)/2(N-1)/2
+2 Y ] E-w=0
v=! )\;u
Note that F'(E, ) is an [(N + 1)/2]-degree polynomial whose
real roots give the remaining eigenvalues E, and the corre-

sponding eigenvectors |£#), up to some normalization, may
be written from Eqgs. (A3) and (AS) as

N-1 A\ ¥
e =y )

(A8)

Hence dividing £ by N, yields the remaining normalized
eigenvectors, which are given in Eq. (7) of the main text.

APPENDIX B: RELAXATION IN THE TRIMER SYSTEM
WITH LINEAR DEFECT

Let us consider a three-site (N = 3) defective tight-binding
Hamiltonian with a defect at site n = 1:
2

H = —CZ(Ij><j+ I+ 1+ DD —el1)(1].
j=0

(BI)

The eigenvalues and eigenvectors for the defect-free case (¢ =
0) obtained from Eq. (4) may be written as

wy = —2C |XO) = —1 (1,1, 1) (B2)
, N s

w; = Ix") = —1 (1,z,7%) (B3)

C, Ny s B3

wy =C Ix°) = —1 (1,7, 2) (B4)
’ V3T '

where z = ¢/*"/3. Hence, for € = 0, the only degenerate sub-
space is given by D = {|x"), |x?)}. In the presence of the
defect (¢ # 0), the eigenvector of H in Eq. (B1) corresponding
to the eigenvalue E; = C obtained from Eq. (5) reads

V3+i

/) = 0
22 i

The remaining two eigenvalues obtained from the secular
equation (6), which reduces to a quadratic equation for N = 3,
are given by

€1y = (B5)

1I)
«/_X

Ey = %(—C —€ —/9C? —2eC + €?), (B6)
Ey=1(—C—e+9C*—2C+€2),  (BY)

B Ix™). (A9)  while the corresponding normalized eigenvectors obtained
=0 @+~ Fu from Eq. (7) read
Using |)((’\)|2 = 1/N, one writes . m
N1 6% = — ! : (B8)
1 1
(£"1€") = Z (A10) eNol e
(), — Ep)(w,, — E,)’ JOCT—2eCrel—Ce
which vanishes for s # v due to the secular equation (A7) m
and yields for v = p the normalization of |£€#), such that we 2 | 1 B9
have (£V|E*) = ./V"z(SW with I§7) = eNs e ’ (B9)
N1 12 V9C?—2eC+e2+C—e
1 « 1
2=0 |
_ <172
4 2 1
No=|3 -+ 21 (B10)
3\ (VOCT—2eC+ €2 +3C+¢€)  (VICT—2eC + €2 —3C +¢)
- s
4 1 2
No=|= s+ . (B11)
3\ (VOCT=2eC+e2+3C —¢)”  (VICT—2eC+ € —3C —¢)
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The matrix W for the three-node system (B1) under dephasing dynamics is obtained using Eq. (21) with Egs. (B8) and (B6) and

is given by
320 +(V9CT—2eCHel—Cte)’ /3T 3 CF4C—c 22
4(9C2—2eC+€2)(VICT—2eCHel—Cte )’ 44/9C?—2eC+e2 9C?—2¢C+e?
V/9C2—2eC+e2+C—¢ 1 V/9C2—2eC+e2—C+e
W = FIC2eCie il e 1 FIC2eCie Cie B12
4/9C2 —2eC+e? 2 4/9C2—26C+e? ( )
302 /9C?—2e¢C+e2—C+e 32C4+(\/9C2—26C+52+C—€)4
9C2=2eC+e2 4/9C7—2¢Cte2 4(9C?—26C+€2)(VICT—2eCT2+C—e )’
. 2 . .
The eigenvalues of W are {A;, Ap, A3} ={1,1 — 9c2_62—Cec+52’ 0}, which gives 1 — A, >~ 2/3 for small nonzero values of ¢ and

11—~ 6C2/e2 for € > C. The relaxation time obtained by Tiejx = y’l (1=x)7lis given in Eq. (33) of the main text.
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