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1. Introduction and notations

Submodularity is a well-known notion in combinatorial optimization. Some
of its properties and applications where systematically analyzed for the first time
by Edmonds in connection with the theory of matroids [3] . After Edmonds'
work, many other authors have contributed to the development of submodularity
theory and its applications to combinatorial optimization. Good surveys on this
topic may be found in [8,9] and a collection of papers on submodular
optimization has recently appeared in [2] .

An important motivation of the interest for submodular functions is the
possibility of minimizing in polynomial time any submodular function on the 0-1
hypercube B"= {0,1}" (see [5]) . This result, which is based on the ellipsoid
algorithm, has been extended in various directions: in [6] it was proved that a
submodular function can be minimized in polynomial time on any crossing or

intersecting family contained in B", while in [4] it was shown that the problem
of minimizing a submodular integrally convex function on any discrete rectangle

in Z" can also be solved in polynomial time.

To our knowledge, no efficient algorithm has been developed until now for
the minimization of a submodular function in the continuous case. Lovasz
remarked that submodularity may, in a sense, be viewed as a discrete version of
the continuous notion of convexity. Somewhat in contrast with this analogy, we
believe that submodularity is an independent property which may be fruitfully
exploited also in continuous optimization, possibly in conjunction with convexity.
We intend to support this viewpoint in the following scctions.

In section 2 we analyze some properties of submodular functions on R".
The problem of finding a stationary point for the minimization of a submodular

function on a rectangle in R" may be viewed as a special type of variational
inequality problem and, in this more general setting, is addressed in section 3.
Finally, in section 4 we present two algorithms for minimizing a convex

submodular function in R" with lower and/or upper bounds on the variables.
Let us now introduce some definitions and notations that will be used in the

sequel. Given two points x,yeR", the points xAy and xvy are defined by
(xAy); = min {x;,y;} and (xvy); = max {x;,y;} , for i=1, ... ;n. Furthermore,
the inequalities x <y and x <y mean x;<y, and X; <y; for i=l, .. .n

b

respectively. A function f : Xc R" —» R™ is called isotone (antitone), if



f(x)<f(y) (f(y)<f(x) ) whenever x <y. Given xe R" and Ic{1, ... N, x;
denoles the subvector of x formed by the components with index in 1. A point
zeR" is a lower (upper) bound foraset X cR" if z<x (x<z) for every

xeR". If z is alower bound for X and xe X, then z 1is called the least
(greatest) element of X . It is trivial to check that the least (greatest) element

of a set, if it exists, is unique. A set Xc R" is a sublattice of R" if XAYE R"
and xvyeR" forevery x,yeR". A rectangle in  R" is a set of the form

X = {XeRrl c(<x<u},where ({2 -0 and 1y < 4o for i=l, ... n. X is
sometimes also denoted [, u] . Clearly, a rectangle is a particular type of

sublattice of R". Given a function f: Xc R"SR, a (strict) global minimum
point for f on X isapoint x*¢X such that f(x*) < f(x) ( f(x*) < f(x))
for every xeX with x # x*. A point x' is called a stationary point (or,
equivalently, is said to satisfy the first order conditions) for the problem of
minimizing a function f on the rectangle [/, «], if and only if x'e[(, ] and,
for every i=l, ... ,n, either fx,x)=0 or x'={ and fx,(x)20 or x'=u; and

fy(x)=0 . Finally, e; denotes the ith unit vectorin R" for i=1, .. n.

2. Submodular functions on R"

Definition 2.1
Let X be a subset of R". A function f: X— R is submodular on X if

f(xay) + f(xvy) £ f(x) + f(x) ,

for every couple of points x,yeR" such that xAyeR" and xvyeR".

Several results concerning the minimization of a submodular function on a

Jattice (not necessarily contained in R" ) and some applications of this problem,
together with an economic interpretation of submodularity, may be found in [15].

In this section, we recall a characterization of submodular functions on R" in
terms of their first and second derivatives and we establish a result which may

help to restrict the region where the global minimum points of a submodular
function are to be sought.



Definition 2.2

Let X be arectangle in R". A function F:X— R" is called off-diagonally
antitone on X if x,yeX and x <y imply F,(x) 2F,(y) forevery i such that

X =5

It is easy to verify that F is off-diagonally antitone if and only if the
functions gij(t) = F,(x + te,) are antitone for every 1% j . Off-diagonally
antitone functions are a nonlinear generalization of Z-matrices and have been
studied in connection with nonlinear equations and nonlinear complementarity
problems ( see [10-13] ) . The relations among submodularity, off-diagonal
antitonicity and Z-matrices are expressed in the following result.

Proposition 2.1 [15]

Let f be a twice differentiable function on a rectangle X in R". Then the
following conditions are equivalent:

(i) f is submodularon X.

(i) VT is off-diagonally antitone on X .

(iii)) He(x) is a Z-matrix, i.e. fxixj(x) <0 forevery i#], forevery xeX.

Here Vf=(f; ,..,f; ) denotes the gradient of f and H;= (f,
denotes the hessian matrix of f.

ixj)i,j=1 ..... n

Proposition 2.2
Let X be a sublattice of R" and define, for every yeX , X (y) = {xeX : x<y}
and X5(y) = {xeX : x2y} . Given a submodular function f: X— R ,let X*

denote the set of global minimum points for f on X . Then
(1) If x' is a strict global minimum point for f on X(x) (X5(x) ), then x'

is a lower (upper) bound for X*,

(ii) If x' is a global minimum point for f on X(x) (X5(x)) and X* 2@ ,
then X' NXsx) 28 (X'NX(x)=2).

Proof

The proofs for the cases X (x') and X, (x') are symmetric. Hence, we prove
only the case X (x') .
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(1) Let xeX and assume that X; < X% for at least an index i . Then, from
assumption (i) and the submodularity of f we deduce

f(x) 2 f(xAX') - f(x") + f(xvx) > f(xvx) .

Hence, x cannot be a global minimum point for f .
(1i) Take any x*e xX*, Then, trivially, x*vx'eX5(x') . Furthermore,

f(x*) = f(x*Ax") - f(x") + f(x*vx') > f(x*vx') .
Hence, x*vx'eX™, [

3. Variational inequalities over rectangles

The Variational Inequality Problem VI(X,F) associated with a set X c R"

and a function F: X — R" is formulated in the following way : find a vector
x*eX such that

(1) Fx*)T(y-x*) 20, VyeX.

The set X* ofall x*eX that satisfy (1) is called the solution set of VI(X,F).

Variational inequalities provide a general and unifying setting for many
different problems, including nonlinear equations, complementarity problems,
equilibrium problems and traffic assignment problems. A recent comprehensive
survey on theory, algorithms and applications of variational inequality problems
may be found in [7] .

In this section we establish an existence result and propose a solution
method for VI(X,F) in the case where X is a rectangle and F is off-diagonally
antitone. This problem contains as a special case the problem of finding the points
satisfying the first order conditions for minimizing a differentiable submodular
function f on X. In fact, it may be easily verified that a point xeX satisfies the
first order conditions for minimizing f on X if and only if x solves VI(X,Vf)
(see [7]).

Note also that, even when X is restricted to be a rectangle, VI(X,F)
generalizes the well-known Complementarity Problem CP(F) of finding a

vector x*eR"+ such that F(x*) 2 0 and Fx*T x* =0 . In fact, CP(F)
coincides with VI(R"+ » F) . Complementarity problems with off-diagonally



antitone functions F have been studied in [10,11] .

In the remaining part of this section X will denote the rectangle defined
by X = {xeRn :[<x<u},where [=-co and u < +oo . Furthermore, we will
use the following sets :

2) S={xeX: (u-x)TFx)20}, T={xeX:(x-OTFx) <0} .

If xeS and x;=14 or xeT and x;= £, then clearly there is no restriction on
the sign of F;(x) . On the other hand, if # = +eo, then F,(x) 20 for every xeS
and if £ =-—oco, then F;(x) <0 forevery xeT. It may be easily verified that

SNT coincides with the solution set X~ of VI(X,F). Hence, trivially, X*c'S

and X*c T . The set S has been introduced by Pang who established the
following result.

Proposition 3.1 [7]

Let F: X - R" be continuous and off-diagonally antitone. Then

(a) S is a meet semi-lattice, i.e. x AyeS whenever x,yeS .

(b) If S is nonempty and bounded below, then S contains a least element X'
moreover x' solves VI(X,F) .

Note that F(x) is off-diagonally antitone on X if and only if F'(x) = - F(-x)
is off-diagonally antitone on X' ={-x : xe X }. Hence, by applying proposition 3.1
to F' and X', we obtain that the following properties also hold:
(@) T is a join semi-lattice, i.e. x vyeT whenever x,yeT.
(d) If T is nonempty and bounded above, then T contains a greatest element
y'; moreover y' solves VI(X,F) .

Observe that if X is bounded below, i.e. &£R" then S is clearly bounded

below and T is nonempty because feT. Similarly, if ueR", then T is bounded
above and S is nonempty. Furthermore, from (b) and (b') we deduce that if

X 1s nonempty and bounded, then there exist x',y'e X (not necessarily different)
such that

3 xX<x<y', Vxe X*.

* . .
Hence, X" is nonempty and has a least and a greatest element. We will now
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establish a more general condition under which S and T are nonempty and
bounded below and above respectively. To this end we need to recall the notion
of order-coercivity introduced in [13] and exploited by More' [10] to prove the
existence of solutions for complementarity problems with off-diagonally antitone
functions.

Definition 2.1

A function F: X — R" is upper (lower) order-coercive on X if for each
unbounded increasing (decreasing) sequence {x,} =X, it follows that

lim Fi(xy) = +o0  (=c0)

k""-}—oo

for some index i.If F is both lower and upper order-coercive, then F is
called order-coercive.

Note fhat if F is a linear off-diagonally antitone function, i.e. F(x) =

Ax + b, where beR" , AeR™" and aijSO for i#j , then F is lower order-

coercive if and only if it is upper order-coercive and this happens if and only if
A is an M-matrix (see [10]). We will use the following result .

Lemma 3.2 [10]

Let F: X 5 R" be off-diagonally antitone and lower (upper) order-coercive.
Then, for every xeX and for every i such that =~ (1 =+o0), we have

limx_>_ Fi(x +Ae) =—o0  (resp. lim)»__>+ Fi(x +Ae) = +00 ) .

In view of proposition 3.1, we can prove the existence of a solution for the
problem VI(X,F) by showing that S is nonempty and bounded below or T is
nonempty and bounded above. A case where these properties hold is illustrated in
the next proposition.

Proposition 3.3

Let F: X - R" be a continous off-diagonally antitone function. If F is lower
(upper) order-coercive on X, then S (T ) is bounded below (above) and T
(S) is nonempty.

Proof

We prove only the case where F is lower order-coercive; the other case is
analogous. If S is not bounded below, then there exists a sequence {yk} < S




such that lim yi =—co for some index i.Since S is a meet semi-lattice,

the decreasing sequence {x¥} defined by x!=y! and xk= xkIayk is also
contained in S and satisfies lim xF = e , Ilence, by the order-coerclvity

— 400

of F, one has limkﬁ+ Fj(xk) = —oo for some index j . It follows that

Fj(xk)<0 for every k greater then a given value k'. Since {xk} — S, this is
possible only if xj-k = u; for every k. From the off-diagonal antitonicity of F

we then deduce the contradiction Fj(xk) < Fj(xk”) for every k. We have thus

proved that S is bounded below. In order to prove that T is nonempty,
consider the sets I={i:(;>-o0} and J={i:fi=-oo }. By lemma 3.2, given

any yeX and veR" such that
yi=h and Fy(y) 2 Vi o,
there exists a ze X such that
=11, ZJS-yJ and F,(y+ (z-y))e)=v;,, Viel.
Since F is off-diagonally antitone, we then have
Fi(z) 2 F|(y) and Fy(z) = vy.

Hence, taking any x%X such that x% = and choosing v =0 A F(x9) , it is
possible to find a sequence {xX} such that for every k 20 one has

xk+lg xk | Fi(xk+1) > Fy(xk) , Fy(x¥) > v, and
4) F, (xk+ (x}*1-xK)e) =v, , Viel.
Since F is lower order-coercive on X , {xk} is bounded and hence converges

to a point x*e X . Clearly one has x* = ;1. Furthermore, from (4) we deduce
that F;(x*) = vy.Since v;<0 by definition, we then have x*<T. O



Corollary 3.3.1
Under the assumptions of proposition 3.3, if F is order-coercive then there
exist x',y'eX such that (3) holds.

We will now describe some further properties of S and a method for

t

finding its least element x', which is also the least solution of VI(X,F),
whenever it exists. It should be clear that analogous results hold for T, although
we do not state them explicitly.

Proposition 3.4

Let F: X — R" be off-diagonally antitone and let x!,x2eX be such that x! € x?
and F(x) <0 forevery x = x? satisfying x!<x<x2. Then, if yeS and
y = x1, it follows y=>x2.

Proof

Assume on the contrary that there exists a point yeS such that y>x! and

y;< % for some index i. Then clearly yi<u; and hence F(y)>0. On the

other hand, from the off-diagonal antitonicity and the sign assumption on F we
derive the contradiction F(y) < F(x! + (y; - xDe)<0. Q

Corollary 3.4.1

Let F: X > R" be off-diagonally antitone. Then
(i) If zeX and Fi(z + Xe;) <0 for some index i and for every A >0,
then there is no xeS satisfying x>z .

(i) Iy is a lower bound for S and there exist A, .., A, eR" such that
Fi(y + Ae;) <0 forevery A >A; and for every 1,then y'=y+Z_, Ae,

i=1,n
is an upper bound for S .
Proof

() By proposition 3.4, if xeS and x>z, then x >z + Ae; for every A >0,
“which is clearly impossible.

(1) If xeS and X; 2 y;+ Ae, for some index i, then x > y + A e, because
y is a lower bound for S. Hence, if we take z = y + A e;, a contradiction
follows from part (i) of this corollary . a

Corollary 3.4.2

Let F: X > R" be off-diagonally antitone. If there exists a zeX such that =
for every iel={i: > -} and F(x) <0 forevery izl and for every xeX
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such that x <z, then z<x forevery xeS.
Proof

It is a straightforward consequence of proposition 3.4 taking x!=x Az and
2 —
X*=1z, .

When F is a continuous off-diagonally antitone function and S is
nonempty and has a lower bound z, proposition 3.1 guarantees the existence of a
least element x' of S which is also a solution of VI(X,F) . We will now

describe a method for finding x'. Consider a sequence {xX} ¢ X defined as
follows :

[ x0=7
(5) \
‘ ka=xk‘1+7xkej , for k>1,
where j=k (modn), A\ =0 if F(xk1) >0 and A, is any scalar such that
X1+ X <u; and Fi(x*1 +Xe) <0 forevery 0 <A<, if Fxk1) <.

Clearly {x*} is monotone increasing . Furthermore, one has the following
result.

Proposition 3.5

Let F: X — R" be continuous and off-diagonally antitone. Assume that S is
nonempty and has a lower bound zeX . If {xK} is defined by (5) then:

(i) xk is a lower bound for S for every k and hence {x*} converges to a
point x*eX such that x* <x'.

(i) x*=x" if and only if for every index j either xj* = uj or Fj(xk‘l) =0
for every k=j (modn) or Fj(xk) — 0 when k=j (modn) and k —s+oo.
Proof ‘

(1) is a straightforward consequence of proposition 3.4 . In order to prove (ii),
observe that, by (i), x*=x' if and only if x*eS. Hence, x*=x' if and only if

for every j such that xj* < uj one has Fj(x*) = 0 . Furthermore, form the
off-diagonal antitonicity of F and the definition of xk we derive that Fj(x*) =0
if and only if F(x¥1)>0 forevery k=j (modn) or F(x) - 0 when k=j

(mod n) and k —>+oo. O

Remark 3.1
By (ii) of the above proposition, the sequence defined by (5) converges to the

least point x' of S if there exists an index k such that for every k > k and
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for every j such that Fj(xk‘l) <0, M in (5) is chosen as the unique value of
A for which Fj(xk-1 + pe) <0 forevery 0<p <Ay and Fy(xK) = F(xk1+
Ay ej) = 0 . Note that, by corollary 3.4.1, these two conditions are certainly
satisfied by some A, >0 if S is nonempty.

4. Minimizing a convex submodular function on a rectangle

Consider the problem
(6) min f(x) S.t. xeX = {xeR": (<x<u},

where f:R" 5 R, [2-c and 5 <+o00 fori=1,..,n.In the previous
section we observed that if f is submodular and continuously differentiable, then
the stationary points for (6) are the solutions of the problem VI(X,Vf) . Hence,
if f is also convex, a point x*eX is a solution of (6) if and only if x* solves
VI(X,Vf) . In this section we assume that f is convex, submodular and
continuously differentiable and we will present a method for solving (6) under
these assumptions.

First of all we need to introuce some notations. Given a rectangle
Y={xeR": s<x<t}, wedefine S(Y)={xeY:(t-x)TVfx)=0) and
T(Y) = {xeY :(x -5 )T Vi(x) < 0 }. Furthermore, given zeR"™ and Ic N =

{1,..,n} wedefine R (z)={xeR":x;=2}.

Note that, by proposition 3.1, if S(X) is bounded below, then it is
nonempty if and only if (6) has a solution. More precisely, S(X) is nonempty if
and only if its least element is the least global minimum point for f on X.
Hence, if z is a lower bound for S(X), then z is a lower bound for the set of
solutions of (6) . Clearly, similar properties hold for T(X) and its upper bounds.




11-

Proposition 4.1

Let X be defined as in (6) . If there exists an £> 0 such that zeX (weX) is
a strict global minimum point for f on [z - ¢ ¢, z] ([w,w+eel]), where
el = Lo,¢ and I={i:z;>£) (I={i:w;j<u)),then z isa lower bound
for S(X) (w is an upper bound for T(X) ) .

Proof.

Note that if z is a strict global minimum point for f on [z - eel, z] for some
€> 0, then the same property holds for every €> 0 by the convexity of f. Take
any point xeS(X) andlet K = {i : X; < z;}. Trivially, we have x; < u; for every
ie K . Hence, by the off-diagonal antitonicity of f, fxi(x AZ) 2> fxi(x) >0 for

every ieK. Thus, the convexity of f implies that x A z is a global minimum
point for f on [x A z, z] . Since xAze [z-€eel,z] forsome &> 0, we conclude
that xAz =z . Hence, z<x . The proof of the fact that w is an upper bound
for T(X) is analogous. |

Corollary 4.1.1
If zeX and f, (z) <0 for every iel={i:z;> £}, then z is a lower bound
1

for S(X) .
Given fe R", we now describe an algorithm for solving the problem :

(7) "~ min f(x) st. xeX={xeR":x2>(}.

Algorithm Convsubmod1

Step 0: Set x0=( and k=0.

Step 1: Compute L= (i:f, (x)>0) and Jp= (i:xk=¢}. If Tl ,
1

then stop; xX is the least global minimum point for f on X .



-12Z-

Step 2: If f does not attain its minimum on Rnlkr\J (f) , then stop; problem
k
(7) has no solution . Otherwise, set xk+1 equal to the least global

minimum point for f on Rnlkrﬂ (0) , k=k+1 and go to step 1.
k

In order to prove the correctness of Convsubmodl and to analyze its
‘complexity we need to establish some lemmas.

Lemma 4.2

Let X be defined as in (7). If S(X) @&, then S(RnI ()= forevery Ic N.
Proof

Pick any xeS(X) and set y;= £ if iel and y;=x; if igl. Then y <x
and yr=4. Hence, ye RnI () and fxi(Y) > in(x) >0 forevery iel by the

off-diagonal antitonicity of f. Therefore, yeS(R" (()) . i

Lemma 4.3

Let X be defined as in (6) and let x9xkeX, with x9<xk (xk<x0).If x0 isa
lower (upper) bound for S(X) (for T(X)) and xk is a strict global minimum
point for f on [x0, xk] ([xk, x071), then xX is a lower bound for S(X) ( x¥ is
an upper bound for T(X) ).

Proof

It is a straightforward consequence of propositions 2.2 and 3.1 and of the
convexity of f. O

Lemma 4.4
Let X be defined as in (7) and, given xkeX, let I, and Ji denote the sets
introduced in step 1 of algorithm Convsubmodl. Assume that xk is a strict

global minimum point for f on [(,x¥],J, @ I, and S(R"Ik y (0))y*>. Then f has
k

a least global minimum point x**! on RnI _, (D) . Furthermore, xk+1 > xk and
k k

Jk+1=kaIk‘
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Proof
Let ek=X LR Since f is continuously differentiable it is possible to find
ie kVk

an €>0 such that f, (x) <0 forevery ieJ \g and xe[xk, xk+&eK] . In view
1

of proposition 2.2 and of the assumptions on x¥ it follows that xk+e ek is a
strict global minimum point for f on [f{,xk+&eK] . Hence, by proposition 4.1 ,

xk+g ek is a lower bound for S(R"Ik . (D)) . Since S( RnIk ; (£)) is nonempty, it
Ny My

has a least element xk+! > xk+g ek by proposition 3.1. Furthermore, the
convexity of f implies that x*+! is also the least global minimum point for f on

Rnrkm (£) . The relations xk*1>=xk and J,q =J NI trivially follow from
k

the inequality x*+! > xk+e ek . a

Proposition 3.5

Algorithm Convsubmodl finds the least solution of (7), or indicates that (7)
has no solution, in at most n iterations.

Proof

Note that x0=( is trivially a strict global minimum point for f on [[, x0] .
Furthermore, if at the k™ iteration of the algorithm one has J ¢ I, and f

attains its minimum on RnI . ([) , then clearly S(R“I iy ({))# @ and lemma 4.4
k' Tk k Tk

guarantees that x**! exists and satisfies xk*1>x* and J,;=J,. NI, . Hence,
at every iteration of the algorithm we have that x¥ is a strict global minimum
point for f on [[, x¥], xk*1eX and 13 1=1J ;|- 1. Therefore, after at most

n iterations either J I or f does not attain its minimum on RnIk . (f). By
k
definition of x¥, we have f, (x¥) =0 for every ielJ, . Hence, J, I, implies
1
xke S(X) . Furthermore, from lemma 4.3 we deduce that xX is a lower bound for
S(X). Hence, if J < I, xkis the least element of S(X). Thus, by proposition 3.1
and the convexity of f, xk is the least global minimum point for f on X . In
order to complete the proof observe that if f attains its minimum on X, then

S(X) =@ . Hence, S(R“I _, (D)#@ for every k by lemma 4.2 . Therefore, if
% ‘

k
f attains its minimum on X, the algorithm must terminate with Jhcl . O
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The computational effort of algorithm Convsubmodl is mostly
concentrated in step 2 : finding the least global minimum point for f on

Rnlkfﬂ (£) . This problem is in general more difficult then the problem of finding
k

any global minimum point for f on R"I rﬂk([ ) . which is essentially an
k

unconstrained convex minimization problem and can be solved efficiently in
many cases. However, these two problems coincide when f has at most one

global minimum point on RnIka (£) . This unicity property clearly holds if f is
k

strictly convex on R". We will now show that it holds also when f is a
quadratic function. Let f(x) = 1/2 xTAXx + bTx + ¢, where A is a positive
semidefinite nxn matrix and b,c,x € R". Then, the global minimum points for

f on R“I . (£) are the solutions of the linear system of equations:
k' Tk

! XL= 1
(8) .
k Ay XL = L Ay - by

where L= nJ, , M=N\L and A;; denotes the submatrix of A formed by
the rows indexed by 1 and the columns indexed by J. By proposition 4.5, if
(8) has a solution, then it must have a least solution. However, since the solutions
of (8) form a linear subspace of R" , there exists a least solution of (8) if and

only if (8) has a unique solution. Note also that (8) can be solved in O(n3)
time in the general case and even more efficiently if A has some special

structure. Hence, when f is a general convex and submodular quadratic function
algorithm Convsubmodl runs in O(n?) time .

Let us now describe an algorithm for solving (6) in the case where [, ueR"
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Algorithm Convsubmod2
Step 0: Set x%=u and k=0.

Step 1: Compute Iy =(i: (x{X- £) fxl(xk) <0} and Jy = (i : x{*= ). If J,c Ty |

then stop; xK is the greatest global minimum point for f on X .

Step 2 : Set xk+1 equal to the greatest global minimum point for f on
Y (£, u) = {xER“Ik L (W:x20),k=k+l and go to step 1.
k

Note that (6) always has a solution if X is bounded. Furthermore, in this case,
algorithm Convsubmod2 computes the greatest solution of (6) . The proof of
the correctness of algorithm Convsubmod?2 is analogous to that of algorithm
Convsubmodl and is based on the following lemma, whose proof is omitted in
view of its similarity with lemma 4.4.

Lemma 4.6

Let X be defined as in (6) with £, ue R" and, given xkeX, let I, and J
denote the sets introduced in step 1 of algorithm Convsubmod2. Assume that
xk is a strict global minimum point for f on [xk, «] and Jy @ I . Then
f has a greatest global minimum point x¥! on Y, ([, u) . Furthermore,
xktl<xk and Jy =T NI, .

Proposition 4.7

If [ueR", then algorithm Convsubmod2 computes the greatest solution of
(6) in at most n iterations .

Proof

Note that x0 =« is trivially a strict global minimum point for f on [x0, u].
Furthermore, if, at the kth iteration, xk is a strict global minimum point for f
on [xk u],xK<wand J I, then lemma 4.6 guarantees that xk+! exists

and satisfies xk*1 <y and J k+1 =Jx M Iy . Hence, at every iteration of the
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algorithm we have that xke X , xk is a strict global minimum point for f on

[xk, #] and [ J 1< |Jq | = 1. Therefore, after at most n iterations we must

have Ji C Iy . From the definition of x¥ it follows that f, (xk) = 0 whenever
1

x> 4 and ie Ji . Hence J ¢ I implies x;*¢T(X) . Furthermore, by lemma
4.3, x* is an upper bound for T(X). Thus, if J, I, , xX is the greatest
element of T(X) and hence, by proposition 2.1 and the convexity of f, xk is
the greatest global minimum point for f on X . 4

Like in the case of algorithm Convsubmodl, the computational burden
of Convsubmod2 is carried mostly by step 2 . Note that the problem of
minimizing f on Y, ([, u) may be viewed as a problem of type (7). Hence, if f
has a unique minimizer on Y ((, u), then step 2 of algorithm Convsubmod2
may be executed by means of algorithm Convsubmodl.

The algorithms presented in this section may be applied to solve the
problem of minimizing f with finite lower and/or upper bounds on the
variables. The next simple result allows us to deal with the case where some of
the bounds are infinite.

Proposition 4.8

Let X be defined as in (6) . Assume that ze X is a lower bound for S(X) ,
we X is an upper bound for T(X) and denote by X*, X*Z(z) , X*S(w) and
X*(z,w) the sets of global minimum points for f on X, X>(@2)={xeX : x 2z},
X*S(w)={an :x < w)} and X*(z,w)={an :z<x <w]} respectively. Then
X'=X"5(2) = X" <(w) and, if X*22, X*= X*@w).

Proof

By the convexity of f we have X' = S(X) N T(X) . Hence, X*c X*z(z) ,
X*c X*S(w) and X'c X*(z,w). If X 2 @, then the above inclusions imply
X*=X"5(2) = X"<(w) = X*z,w) . On the other hand, if X*s(z) %@
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(X*<(w) %), then S(X»(@))#@ (T(X<(w))#3 ). Therefore, since
S(X>(z) ) =SX) (T( X<w))=T(X)), we have‘ X 2@ by proposition 3.1 .
Hence, the equalities X*= X*Z(z) = X*S(w) are always satisfied. O

Note that if z is a lower bound for S(X) and w is an upper bound for
T(X) , then algorithm Convsubmod2 may be applied to compute a global
minimum point x* for f on X(z,w) . However, if X is not bounded,
~ proposition 4.8 does not guaratee that x* is a global minimum point for f on
X . This should be verified, e.g., by checking that x* satisfies the first order
conditions for minimality. If x* is not a global minimum point for f on X,

then proposition 4.8 allows us to conclude that f does not attain its minimum on
X.

It may be easily verified that the convexity assumption on f has been
exploited in this section only to guarantee that a stationary point for f on a set Z
is a global minimum point for f on Z. Therefore we may slightly weaken this
assumption by requiring that { is only semistrictly quasiconvex on X, i.e. that
if x,yeX, ae(0,1) and f(y) > f(x) then flox + (1- a)y ) > f(x) . Fora
detailed description of the properties of semistrict quasiconvex functions and for
others generalizations of the notion of convexity see [1].

5. Final remarks

We have seen in the previous section that the problem of minimizing a

convex submodular function f on a rectangle in R™ can be solved by
performing at most n? unconstrained minimizations of f. Hence, when the
latter problem can be solved in polynomial time, like in the case where f is
quadratic, the former problem can also be solved in polynomial time.

Another case where a submodular function f can be minimized in

polynomial time over a rectangle X in R™ is when f is concave with respect to
each variable (i.e. fxixi(x) <0 forevery xeX, if f is twice differentiable) .

In fact, in this case, at least one global point for f lies at a vertex of X and
hence the problem of minimizing f on X can be transformed into the problem
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of minimizing a submodular function on the 0-1 hypercube B" (see [14] ).

The problem of minimizing a submodular function on a rectangle in R"
may be viewed as the continuous version of the problem of minimizing a

submodular function on B". In analogy with the discrete case, it would be

- interesting to investigate the problem'of minimizing a submodular function on a

more general sublattice of R", e.g. on a polyhedral sublattice.
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