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1. Introduction

Goals of deep learning theory: what should it seek to explain?

1. Memory capacity: how much random data can a network store?

2. Expressivity: what classes of functions can a given architecture express or
approximate?

3. Generalization, regularization, inductive biases and overparameterization.
4. Learning dynamics.

5. Representations: understanding latent or hidden representations that emerge during
or after learning.

6. Relation to the brain.

The first three lectures will fit mostly into goal 3 with some elements of goal 4. The
final two lectures will cover work in goals 1, 5, and 6.

Statistical mechanics of deep learning

What can the particular angle of statistical mechanics contribute to the above goals
of deep learning theory? There are several themes of statistical mechanics that are
relevant:

1. Thermodynamic limits: what parameters or data need to be taken to infinity, and at
what rate, in order for statistical mechanics to say something interesting about the
system?

2. Order parameters: macroscopic properties or global functions of the entire degrees of

freedom of the network that control or explain the performance.

Typicality, universality, fluctuations.

Scales, scaling relations, power laws.

Critical points/phase transitions.

S oUW

Tools: coarse graining, renormalization group, mean-field theories, perturbation the-
ory, numerics, etc.
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Challenges: why is the problem so hard?

1. Complex data structures.
2. Complex network architectures (heterogeneity, strong long-range interactions).

3. There is little widely agreed upon and reproducible phenomenology; empirical data
are fine-tuned and can be artifacts of engineered solutions.

Early work on statistical mechanics of learning focused on simple data structures
(Gaussian inputs, random labels, etc) and simple architectures (homogeneous recur-
rent networks or single-layer networks). Modern statistical mechanics aims to be more
relevant to machine learning and neuroscience by addressing real world datasets and
architectures (long short-term memory (LSTMs), transformers, etc).

2. Lecture 1: statistical mechanics of deep learning and the infinite width limit

2.1. Bayesian learning and statistical mechanics of deep learning

This chapter is largely based on work in Statistical Mechanics of Deep Linear Neural
Networks: The Backpropagating Kernel Renormalization by Li and Sompolinsky [1].

2.1.1. Bayesian learning and inference. Bayesian Learning: we consider a multi-layer
architecture with a single linear output:

N
F(2.0) == aat @), )

where a € RVis the readout weight vector, N denotes the size of the Lth layer, x € R™
is the input vector, and x! is the activation of the i = 1,..., N neuron in the top (Lth)
layer in response to the input vector z, which depends of course on all the hidden-layer
weights W. Specifically, the activation of neuron 7 in layer L is

ah (0, W) =6 (N2 -2k (2)), (2)

where ¢ is the activation function. Finally, we denote by © = (a, W), the vector of all
weights.

Random network scaling: (also known as the ‘lazy’ regime). By normalizing the pre-
activations w' - z%~1(z) with N2 we anticipate a learning process such that even
after learning, the correlations between w'* and z*~!(z) are weak and sum up to a
dot product of magnitude only O(v/N) (the same order of magnitude as w, completely
random).

Mean-field scaling: (also known as ‘rich’ or ‘feature-learning’ regime). For instance, an
alternative normalization would be N~!, reminiscent of the standard mean field in stat-
istical mechanics. In statistical mechanics, the choice of scaling is typically dictated by
the pattern of the interactions, in our case w. Since w is being learned, our situation
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is more complex; the choice of normalization itself has an effect on the statistics of w.
To generate a pre-activation of O(1), the learning process would need to modify the
statistics of w more drastically in the mean-field scaling than in the random network
scaling. One effect of this scaling is that it permits non-trivial representations to be
learned in the weights.

Learning: consider supervised learning that minimizes the following mean-squared
error loss function, also known as the likelihood,

—y")’ (3)

Mw

1
L(©|D)=—
(6[P) 2
uzl

where the training data D = {z*, y“} _, are the P pairs of input and target labels. We
assume that the learning process is Baye51an and, given the data distribution D, results
in a probability distribution on the weights of the form

2
1
P(@|D):Z_lexp __Z[ Zaz (', W yM] _27‘2”@”2 , (4)

p=1

with the normalizing constant

2
By . Lo
Z(D) = /d@exp —52_:[\/_2@1 (", W) — ] — 551017 | (5)

The last term in the exponent is an Ly regularizer biasing the probability in weight
space to small norm weights. We will call o the regularizer strength. We can thus
consider learning as modifying the probability in weight space,

Pposterior (6) X Pprior (6) €Xp {_6L (@’D)} ) (6)

where the regularization term acts like a prior, i.e.

1
P (0) s exp{ -5 1011 | )

This treatment of the learning process as shaping the posterior distribution in weight
space of deep networks with the training data (and accompanying loss) is called
Bayesian Learning or Bayesian Neural Networks. In general, we are interested
in using the trained network to make an inference on a ‘test’ input vector (the training
input is a special case). Within the Bayesian framework, this amounts to evaluating the
posterior probability of the predictor. In most cases, we are content with the following
first two moments, the predictor mean:

(f () = / 40P (©) f (2,0), ®)

https://doi.org/10.1088/1742-5468 /ad3a60 5
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and the predictor variance:

(0] (2))") = /d@P(@) (8 (,0))", (9)

where the averages are w.r.t. the parameters ©. The expression 0 f(z) = f(x) — (f(x))
is the centered f. The variance is a measure of the ‘certainty’ in the network prediction.

Generalization error: the per-sample generalization error €,(x) is defined as

eg(2) = ((f (2,0) =y (2))), (10)
= bias + variance; (11)
where
bias = ((f (,0)) —y (z))", (12)
variance = ((6f (z,0))%), (13)

and y(z) is the target (unknown) rule for D. Thus, the generalization error can be
decomposed into a bias and variance contributions, like in many other models of infer-
ence. However, it is important to note that €,(x) is both z-dependent and training-data
dependent, and that the variance originates solely from the variability in the estimates
of the weights. Thus, in conventional deterministic supervised learning this variance is
absent. To compute the global generalization error one needs to calculate

ey — / dzP (z) / I, da, P (2,)e, (2D). (14)

This averaging process is typically a source of additional variance, but this will not be
discussed in detail in these lectures. See [2] for a more detailed related discussion.

2.1.2. Generating functional. Tt is convenient to evaluate the statistics of the predictor
by turning the partition function into a generating functional. To do this, we formally
add an external source term (coupled to the predictor variable —il) to the action (the
exponent of the posterior):

—il\/%g;aixf (W,x). (15)
This makes the partition function a function of this source:
1 1 &
Z ()= /d@exp (—BL(@|D) - @H@HQ —il\/—N;aixf(W,x)) . (16)

such that the statistics of f is given by differentiating the log of this generating func-
tional. In particular, this generates

(F (2) =i o8 Zl1, (17)

https://doi.org/10.1088/1742-5468 /ad3a60 6
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and

2

(57 ()" =~ 55108 7o (18)

2.1.3. Bayesian learning and statistical mechanics. There is a direct parallel between
the above Bayesian framework and the statistical mechanics of learning. In the latter,
we consider the loss as forming an energy function on the weights,

B(0)=L(6ID) + 56|, (19)

with parameterization T = 3~!. Here, learning is viewed as a stochastic process, the
result of which is an equilibrium Gibbs distribution at temperature 7, i.e.

P(©)=Z'exp—BE(O). (20)

Note that for notational convenience, the L, regularization term has been absorbed
by the energy function. To be consistent with the convention above that the prior
contribution is independent of 3, the regularization term in F is scaled by a factor of T.

2.1.4. Langevin learning. The simplest stochastic learning process that leads over a
long time to the above Gibbs equilibrium distribution is the continuous time stochastic
differential equation known as the Langevin equation, defined by

Co=-VoB(©)+VaTn (1), (21)

where 7 is a white noise process with the same dimension as ©. Averaging over traject-
ories of n)(t), this process induces a time-dependent probability on ©, which converges to

lim P, (©) = Z lexp—BE(0). (22)
—00

Langevin dynamics connects the statistical mechanics framework to conventional gradi-
ent descent learning.

2.1.5. QOwver-parametrization and the zero-temperature limit. The above framework
holds for arbitrary temperatures T >0. A particularly interesting limit is 77— 0 . In
this limit, the posterior probability is centered at the parameters © that minimize the
loss function. Note that because the Lo regularizer term in E was multiplied by 7, the
posterior is dominated by the loss term at low temperature (as is clear from (4)).

In many areas of both physics and learning in traditional neural networks, the vector
© that minimizes the loss is unique or consists of a small number of degenerate points.
In contrast, deep networks are typically much larger than that which is minimally
required to satisfy all the constraints of the training data. This regime is known as

https://doi.org/10.1088/1742-5468 /ad3a60 7
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the over-parameterized regime, where there is a huge subspace of the parameters for
which

L(®|D) =0. (23)

Consequently, the posterior distribution is concentrated in this subspace, i.e. the prob-
ability of © for which L(O|D) > 0 is zero. Within this subspace of zero loss, the distri-
bution is not uniform. In fact, the solution subspace is typically unbounded, such that
a uniform sampling is undefined. In our setting, this problem is resolved by the addi-
tion of the Gaussian regularizer, which biases the distribution to weights with small
norms. Thus, while the regularizer term does not compete with the loss term in the
low-temperature T limit, it does bias the distribution in the zero-loss subspace. This
is different from the usual ridge regression, where the regularizer term is of the same
order as the loss term, and there is a competition between the two.

Relation to gradient descent: given a specific choice of initial O, gradient descent
dynamics converge to a unique solution. It is interesting to ask if there is a relation
between these dynamics and the statistical mechanics predictions. In general, since the
Langevin dynamics is ergodic, the Gibbs distribution has no memory of the initial ©
(assuming a sufficiently small 7' to ensure exploration of the solution space). Thus,
the Gaussian prior is not strictly speaking a prior on the initial weights but rather a
regularizer for the final weight distribution. However, the statistical mechanics results
are at least qualitatively similar to standard gradient-based learning if the initial weights
are sampled from a Gaussian distribution with width o. Thus, one can think of o as
analogous to the strength of the initial weights in gradient descent dynamics. However,
it is important to keep in mind that conceptually, the statistical mechanics results are
not about the dynamics or the initialization but about the equilibrium statistics of the
weights.

2.1.6. Hyperparameters and the thermodynamic limit. Before moving forward with
calculations it is worth highlighting the important hyperparameters aside from the
training data: the size of the layers N, the number of layers L, the regularizer strength o,
the temperature 7, and the number of data samples P. Solving the problem analytically
for arbitrary values of these parameters is generally impossible, even in much simpler
statistical mechanical systems. Hence, we will proceed in a similar manner to many other
statistical mechanics calculations and focus on the infinite size limit in an appropriately
defined thermodynamic limit. For deep networks we define the thermodynamic limit as

P,N — o0, (24)
with a constant ratio
P
=—=0/(1). 25
a==0() (25)

The rest of the hyperparameters, such as the regularizer strength o, and the number of
layers L remain finite. In general, to explore the dependence on the ratio a we will vary

https://doi.org/10.1088/1742-5468 /ad3a60 8
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N = aP, keeping P large and fixed. We choose this procedure as we want to explore
the dependence on variation in the network width N for fixed training data (including
input dimension and data size). Details of these issues will be elucidated later.

2.2. W-dependent statistics of the readout weights

Because we defined the network output as linear in the readout weights ¢ and used the
mean-squared error (MSE) loss, the statistics of a conditioned on the hidden weight W
is Gaussian. One obtains straightforwardly that

(a|W) =B [T+0*BN XX N2 x LY, (26)
where X* is the N x P training input matrix with

(X5),, =l @@"). (27)
The conditional variance is

(6ada”|W) = o [I+0*AN "' XPXIT] 7" (28)
We can write

[T+0BN ' XEXIT) T = T— N X PRI X (29)

where we have introduced the P x P kernel matrices

K== (x*)” x*t. (30)

The elements of K are normalized dot products of pairs of top layer activations corres-
ponding to two training input vectors, scaled by o?. We further define

K=K+TI. (31)
Thus, we can rewrite the moments of a as

(a|W) =o?N~V2XEKY, (32)
and

(6ada”|W) = o [I - 02N_1XLI~(_1XLT] . (33)
In particular

(6a”Sa) = o* <N - Trf(_lK) : (34)

(a’a) = o2 (N - Trfc—lK) + o VTK2KY . (35)

https://doi.org/10.1088/1742-5468 /ad3a60 9
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Using the statistics of a we can substitute to compute the statistics of the predictor:

(f () = ke (2)" KLY, (36)
and

(0 (2))%) = Kp (2,2) = kp ()" K} 'k (2), (37)
where kz(x) is a P-dimensional vector whose components are K (z,x"), i.e.

kr(z) = Kp (z,2") = o N7 X0k (2), (38)
and

Ki(z,2) =’ N2t () 2% (2). (39)

So far, our equations hold for finite temperature 7. We will now take the zero-
temperature limit.

2.2.1. Zero-temperature limit. 1. Wide regime: a <1, i.e. the network width L is
larger than the number of parameters P. In this case we have

(a'a) =0’ N(1—a)+o*YTK;'Y, (40)

(f (@) = ke (x)" K'Y, (41)
and

((0f (@))*) = Kp(2,2) = kr (2)" Kk (2). (42)

Note that evaluating the predictor on the training data, yields for equation (41)
(f(X)=KLK['Y =Y, (43)
(6f (X)) =K, — K K 'K, =0 (44)
as expected.

2. Narrow Regime: a > 1, i.e. few parameters but many data samples.
There are no fluctuations in a because the solution (which, for generic untrained W,
will have non-zero loss), is unique:

(a'a) = (a"){a) = YTK}Y, (45)

where KL+ is the pseudoinverse of K. Note that in the expression for the predictor, the
zero-temperature limit is smooth since K ~! is evaluated in the subspace spanned by the
N, P—dimensional training vectors. It is worth emphasizing that all the results above

https://doi.org/10.1088 /1742-5468 /ad3a60 10
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are conditioned on the value of W. We now turn our attention to W. We do this first
by integrating out a and obtaining the marginal posterior on W.

2.3. Integrating out a

Since the energy function is quadratic in a it is straightforward to integrate it out,
yielding
w ot

- 1 -
- YK 'Y - 5 logdet KL> : (46)

_ o1
P (W)=Z"exp ( 552 5

Recall that K = K + TI. Note that K ; depends on W. We can interpret this as inducing

a Hamiltonian on w, i.e. Pp(W) oc exp :V) | where
lorrm iy, 1 = WP

Only the first term depends on Y and can be seen as the norm of a. The second term
is the entropic term, while the last term is simply the prior. To evaluate the relevant
quantities, we need to average the above results over . For instance,

(aTa) = o [N Ty <KLK';1> +yT <K;1KLK;1> Y] . (48)
The predictor statistics on an arbitrary input x are given by
(f (@) = (ke (@) K1), (49)

and

(Of (@) = (K (w.)) = (o ()" K b ()
YT (R (@)K (@) K1) Y = (f ()2, (50)

where the last two terms reflect the contribution from the W-dependent mean of f
induced by fluctuations in W. Computing these averages using Hy (W) is intractable,
except for special limits; one such limit is described below.

2.4. The infinite width limit

A special limit is when we take N — oo keeping P fixed; this is known as the Gaussian
process limit. This will make some computations feasible that are difficult in the fixed
a regime. Since the data dependence contribution to Hz (W) (47) is of order P and the

https://doi.org/10.1088 /1742-5468 /ad3a60 11


https://doi.org/10.1088/1742-5468/ad3a60

Statistical mechanics of deep learning

prior term is of order N?, the training terms can be treated as negligible perturbations
on the Hamiltonian. Hence,

s

202

(F(W)) = Z‘l/dWF(W)exp{—HL(W)} ~ Z-l/dWF(W)exp— (51)

Thus, averaging over W is done simply using the Gaussian prior. Quantities F'(W) =
f(K(W)) that depend on W through the kernel K (W) obey the properties of self-
averaging. Consider

K (xz,y) =0c*N~! igb (N_I/Qwu gt (:c)) o) (N_I/Qwu gt (y)) . (52)

Since w'’s are uncorrelated vectors in the large N limit, we have

Ky (w,y) = o (6 (NPl a1 (@) o (N2wk -t (y)) ) (53)

wl

=00 (2) 6 (2"))z0r3 (54)

where, conditioned on lower layer-weights, z and 2z’ are two correlated Gaussian distri-
butions, with zero averages and variances:

(2 =’ N2l "N (z) -2V (2) = Ky (z,2), (55)
(z%) =’ N2t (y) 2" (y) = K11 (u,9), (56)
(z2') = * Nl (2) 2" (y) = Koo (2,y). (57)

Thus, we can write

lim K (z,y) =0’ F (Kp (2,2), K1 (,9) , Kp-1 (2,y)) - (58)

N—o00

We can iterate this procedure to derive the fully averaged kernel, which is called
the Gaussian process (GP) kernel, Kgp. This kernel depends on the nonlinearity ¢,
the layers L, the regularization strength o2, the input kernels

K (w,y) = Fr (Ko (2,2), Ko (y,y) , Ko (2,9)), (59)
and the first layer kernel

Ko (z,y) = o> Ny 'aly. (60)
In particular

(f (@) = (K" (@) KF"Y, (61)
and

T ~

((0f (2))") = KE* (w,2) = (k" (2))" K" k" (). (62)

https://doi.org/10.1088 /1742-5468 /ad3a60 12
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2.5. Limitations of the Gaussian process limit

While the Gaussian process limit is an important building block to a theory of deep
neural networks, it has a few key limitations,

1. Unrealistic limit

2. Cannot explore overparametrization effects, width dependence
3. No representation learning

4. Pathological behavior in large L.

Discussion: some of the above limitations can be alleviated if one considers the limit of
infinite width (and finite P) under different scaling (e.g. one can observe representation
learning in the mean-field scaling discussed above). However, this regime still does not
capture the more realistic limit of a large number of samples. Despite the limitations,
it is still worth emphasizing that the infinite width limit is a very useful starting point.
In many aspects, it can provide important insights into deep learning, especially in the
absence of other analytical tools, to probe the finite « limit for more complex archi-
tectures. Finally, when considering the finite o limit, there are two types of departures
from the GP limit. First, even if W are random Gaussian and only the readout weights
a are learned, there is still an effect on the statistical properties of the functions of the
kernels, i.e. the kernels are not self-averaging. The second departure is when W does
not remain Gaussian but is affected by learning. We will see these effects when we get
concrete results.

3. Lecture 2: backpropagating kernel renormalization (BPKR) in deep linear
neural networks

3.1. Integrating the top-layer weights

In the previous chapter we derived the marginal over the weights W at zero temperature
T as

Wi 1 5= 1 A
__H I __YTKL_lY—ilogdetKL>. (63)

-1
P (W)=Z"exp ( 5,2 " 3

It is extremely useful to introduce P auxiliary variables ¢, and write

1 - w||?
PW)=2z"" / dtexp <—§tTKLt +it"Yy — ”2—!) : (64)
o
where the normalization becomes
1 - W
Z=|[aw [ d'texp | —=tTKpt+it"Y — W= . (65)
2 202
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Note that by Gaussian integration of ¢ this is equivalent to equation (63). Furthermore,
by writing the generating functional as

P

1 . I

:/dG)/HfdtueXp (—T‘Q@T@-I— E ity [ E a;xl (W, z") —
p=1

1 & T
L T
Ve ;:1 axy (W,x)| + 2t t) , (66)

we observe that the source [ conjugate to the predictor can be defined as | =tp;, where
xpy1 =z, and y" 1 = 0. The temperature term however, does not involve tp,;. Thus,
we can write in the above Hamiltonian of W and t:

+il

P+1
t'Kpt= Y tt, K, wpa=x, tpy=1, K =KL (67)
wr=1

and compute the predictor moments

(f(@p41)) =0, log Z|t,, -0, (68)
and

(0f%(xps1)) = =0, 108 Z1p,,~0- (69)

Integrating over the full set of W to evaluate Z = [ dW Z,(W) is complicated. Instead,
we integrate first over the top layer of weights and keep the rest of the W fixed. As
before, we assume 22X (z, W) = ¢(N~1 2w . 21, and evaluate

_ N P _1 T 7 Ty [Jw™?
Zp_= [ I dw’ [ d"texp t'Kpt+it' Y — ——— (70)
2 202
N .
' 1 : T w1
_ N i [ 4P T _ v Lor,
_/Hizldw /d texp <_Wt ;_1 K, t+1it'Y 2t t 52 | (71)

where the PrP matrix K, is defined via
K, (z,2") =% <N_1/2w ! (x)) o) <N_1/2w ! (x’)) . (72)

Switching around the order of integration and averaging over w:

1 T
Zr 4= / derrdy, <exp—ﬁtTKwit> exp (z’tTY — 575%) (73)

= / dtexp {itTY +NG(t)— %tTt} : (74)
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where we have introduced the G function

1
G (t) =log <exp —WtTKwt> , (75)

and the averages are w.r.t. to a single vector w' with i.i.d. .#7(0,0) components. The
average w.r.t. w can also be written as
2

G(t) = log <exp—2“—NtT¢(Z) ¢ (27 t>z, (76)

where Z is a P—dim Gaussian vector with zero mean and correlations (ZZ7) = K.
Finally, the average predictor can be calculated from the statistics of ¢; in particular its
mean is given by

(f (x)) = =i(t" & (z,t))s, (77)
where

<kw ((E) exp _LtTKwt>w
k‘(ﬂ:’,t) = <eXp_Lt2TNK t>
ON wl/w

(78)

We see that in the end the problem boils down to evaluating the statistics of ¢. In
the following section, we will focus on a class of deep networks where this problem is
tractable: those with linear activations.

3.2. Deep linear networks

Linear networks are characterized by ¢(z) = z, such that
zh(z, W) = N~V2lt. g7t (79)

Note a couple of obvious but important implications of such a class of functions. Firstly,
these functions are linear mappings from input to output, regardless of depth. Basically,
we do not gain expressive power with greater depth. Accordingly, the interpolation
threshold is determined effectively by the ratio of the input dimension Ny and number
of patterns, i.e.

P

o) = ——.
No

(80)
Hence, we work in the regime oy < 1. The overparametrization regime and interpolation
thresholds are independent of N (there is a solution even for N =1). Thus, in the linear
case we must consider the thermodynamic limit as P, N, Ny — oo with both a and «ay
of O(1). Despite the limitations on expressivity, the loss function can still be highly
nonlinear due to the products of W with depth. As a result, statistical mechanics is
highly nonlinear and the solution can still be rather complex and rich.
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3.2.1. Fvaluation of G for a linear network. To simplify things further we will focus on
the zero-temperature limit. The term inside the exponent of our G function for linear
activations can be written as

1 T T, .1 T, v v
ot K, t_2N2 E " (whah ) (w'ah )t (81)
DY (82)
“ant Y
where we define
1
M= NXL‘lttTXL‘IT. (83)

This expression is now quadratic in w, and so the whole Gaussian integral is now
quadratic. Hence, adding the quadratic Ly term and integrating w yields

G = logdet (14 Tar (84)
T8 N

But M is a rank 1 matrix, so this just collapses to a scalar, which we can evaluate
using:

o o
logdet (I—I—NM) lo (1+WT1“M) (85)
o? -
=1 1+ —=t"Kp_1t ).
og (1+ 5t Kot (56)

Therefore, we arrive at

1 o? r

We can substitute this expression for G back into equation (74) to get:

T N o 1
Zr-1= [ dtexp |it Y—Elog 1+Nt K qt]]. (88)

For simplicity, in the following we will consider the zero-temperature limit 7'=0. It
is a straightforward extension to consider the finite temperature case.

3.2.2. Integrating t. Now we would like to focus on integrating out the dependence on
t. This constitutes a high-dimensional integral over ¢, but G is now a scalar function of
the t’s, making this a candidate for an order parameter, which we can compute using
saddle point estimation.
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ZLl—/duLl/ dhr- 1/ (89)
N
X exp llt Y — —log(1+hL 1)+—hL yur_1 —up 1 tT Kp gt
= /du/ dhL_l
-1
1 1 P
X exp [_EYT (uL_lKL_l)_l Y — §logdetKL_1 + 510gUL_1
N 1
—Elog(l‘FhLl)‘FFNuLthl] . (90)
Let us compare this term with
Z = exp _EY K; Y—ElogdetKL . (91)
Note that in the linear case,
= _Z LZT;cL ) wLZTxL D )i, (92)
where the average is w.r.t. a Gaussian measure of w’, is simply
(Kp)w, = 0Ky _;. (93)

Thus, we observe that the deviation from the naive GP limit, is in the scalar kernel
renormalization factor wy_1.

To summarize, averaging W yields a Hamiltonian for Wy_; with similar form to
that of W, except for the appearance of two new global degrees of freedom, u;_; and
hr_1, which represent the non-trivial contribution from marginalizing over W .

3.2.3. Saddle point. We now use the large P limit to evaluate the integral over these
new global variables via a saddle point method:

1
_ , 94
YT b (94)
_ 2 —1y,T -1
U1 =0 |:(1—O,/)+N Y (uL_lKL_1) Yi| . (95)
Recall that before averaging over W, we had
(a"a)e =0’ [N(1—a)+YTK. 'Y]. (96)

In fact, one can show that the RHS equals the norm squared of a averaged over both «a
and W . Hence, the order parameter has a nice interpretation, relating it to the norm
squared of the readout weights, which is to be solved self-consistently via
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Nujp_ = <aTa>a7WL. (97)

Summary: zero temperature

1 -1 1
Z1_1 = exp {N flup_1,hp 1) — 5YT (cPur1 K1) Y — 5 logdet Ky (98)

o*up_y = o? [(1 —a)+ N yT (aguL,1KL—1)_1 Y} = N"Ya"a) (99)
o? r
K=o X] X (100)

3.2.4. Fvaluation of predictor statistics. Using the results above one can evaluate the
predictor statistics (averaged over both a and Wp):

(f (@) = K]y () K7 ,Y (101)
(6F (@))%) = s (Kp (,0) = Ky (2) K hp o () (102)

Note that the equation for the mean is identical to the GP limit (the renormaliza-
tion factors cancel out). However, the predictor variance is scaled relative to the GP
expression by the renormalization factor u;_1.

3.3. Integrating all the weights-full solution

As we have seen, integrating W results in a Hamiltonian for the rest of the weights,
which is similar in form to Hj, except for the kernel renormalization factor. Thus, we
can continue integrating out layer by layer as depicted in figure 1(A). Each integration
results in a similar H; but with additional scalar integration variables. At the saddle
point, all of them are identical (assuming the widths of each layer are equal). The
process is complete when the first layer W is integrated, yielding

1 - 1
Zy = exp [N f (ug, ho) — 5YT (uff Ko) 'y - 5 logdet KO} : (103)
which can be thought of as the entire volume of the solution space. The self-consistent

equation for the Kernel renormalization (KR) factor is:

1

uy = o [(1 — o)+ N YT (ub )~ Y} = (a’a), (104)

which is smooth for all 0 < a < % The upper bound corresponds to the interpolation

threshold where K diverges. The fully averaged predictor statistics become

(f (@) = ki (2) K'Y, (105)
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Figure 1. Finite width kernel renormalization. (A) A schematic of the BPKR
approach. A renormalization factor is introduced at each step during backward
integration until all the network weights are averaged out. (B) Generalization error
on binary MNIST classification in fully connected rectified linear unit (ReLU) net-
works, for small (top) and large (bottom) regularization strength, o: theory in
black and numerical experiments in blue. Reprinted figure with permission from
[1], Copyright (2021) by the American Physical Society.

and

(8 (2))%) = uf (Ko (z,2) — kg (@) Kq ko (@) (106)

This can be compared to the GP limit, where ug = 0.

3.4. Kernel statistics

We have shown how successive integration of the weights results in successive
Hamiltonians, which depend on the kernels of the remaining ‘top layers’ but are renor-
malized by scalar KR factors. These factors renormalize the statistics of the predictor
(at zero temperature, only its variance). However, the effect of finite « on the statistics
of the kernels is subtle. We show a few results below.

1. Mean kernel:

(K)) = o™ [e’l/NKO + %YYT] (107)

where m; depends on [,c%and ug

I 21 al -1
0

Thus, the leading correction to the GP limit is of only order 1/N. Note that these
corrections reflect the effect of learning on the posterior on W, since for all N
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(K}) ganss = 02 K. (109)

2. Mean inverse kernel:
Here, we need to discuss two regimes:
Wide networks: a < 1
1
(K" = ———K;'+0(1/N) (110)
o2 (1—«)

where the 1/N correction depends on the target labels. The leading corrections are
simply the effect of finite @ on the inverse kernel averaged over Gaussian weights.
Narrow networks: a > 1
Here, the inverse kernel is divergent but can be regularized by temperature, 7.
Adding the temperature term, one obtains that the mean inverse kernels are propor-
tional to 1/7'. For instance,

(a—1) (111)

iTr<(KL +TI)™ " = -

N

3.5. Approximate kernel renormalization for nonlinear deep neural networks

f(z,©)= \/Lﬁgaﬂf (z, W) (112)

P 2 1
Z (D) :/d@exp —gz;[ Zal (z!, W yu] _T‘QH@H? (113)
/‘/:

WP 1

PL(W)=Z'exp {— 5.2 T3

1
YTK 'Y - 5 log det KL] : (114)

Note that K depends on W

Ki(z,y) = o’ N1 X XL (115)
K (z"y") =’ NI XM x1 = qu cxr_1( a:“))gb(wiL-mL_l (z")). (116)

By integrating out the top layer we have introduced auxiliary Pt variables and
arrived at
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1
G(t)= log<exp—ﬁtTK t> (118)

where the averages are w.r.t. to a single vector w® with i.i.d. .4#(0,0) components. The
average w.r.t. w can also be written as

2

G (t) = log <exp—2U—N (tT¢(Z))2>Z = log <exp—2”—N (tT¢(Z))2> (119)

z

where Z is a P—dim Gaussian vector with zero mean and correlations (ZZT) = K _;.
The problem is that G(t) is a complicated function of ¢ for a nonlinear network.
Here, we make a naive approximation where we approximate the distribution of the
random scalar variable v

v=ot'¢(2) (120)

by a Gaussian. Depending on the nonlinearity, this variable may have a non-zero mean.
For simplicity, I ignore the mean for now and pretend it has zero mean, so that the
variance is simply

(W) =t (¢ (2) ¢ (Z7))t =t" K"t (121)
so that
G(t) ~ %log (1 NtTKGPt) (122)

Compare with the linear case. There we obtained

1 ot -

but recall that in the linear case,
KSP = 2K, (124)

so it is consistent with the above.
Finally, if we iterate this approximate kernel renormalization we obtain,

(f (@) = kF" (2) KPP'Y (125)
((6f ())°) = o2 ufy (K" (w,2) — k™" () KPP 'RET (2)) (126)
Uy = 0 [(1— )+ N YT (ubo2E KEP) Y} (127)
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Figure 2. Dependence of the generalization error on the network depth L. The
generalization error (a), (e), (i), variance (b), (f), (j), bias of the predictor (c),
(g), (k), and the order parameter uy (d), (h), (1) as a function of L. Black lines:
theory. Blue dots: simulation. Black dashed lines: the GP limit (N — 00). (a)—(d)
The sub-regime, where the generalization error decreases with L. (e)—(h) The sub-
regime, where the generalization error increases with L approaching a finite limit.
(i)—(1) The high noise regime, where the generalization error increases with L and
diverges as L — co. Reprinted figure with permission from [1], Copyright (2021) by
the American Physical Society.

or absorbing o%into ug
((6f ())°) muf (KE¥ (x,2) — k" () KT kET () (128)

uy = [(1 — )+ NV (uk KSP) ™

Y} . (129)
This result allows us to study the dependence of generalization error on network depth
(figure 2), to study the evolution of kernels throughout the layers of a trained network
(figure 3), and yields accurate predictions even for ReLU networks trained on MNIST
(figures 4 and 5).

4. Lecture 3: globally gated deep linear neural networks

4.1. Introduction: architectures

Neural networks can include various types of gating units, including LSTM cells [3]
or grated recurrent unit (GRU)’s [4]. These include multiplicative interactions between
two vectors, which can be interpreted as one vector attending to specific subsets of the
other. A minimal example of gatings acting on the local scale on the pre-activation of a
single neuron w - x is the ReLU (rectified linear unit) activation function ¢. It is defined
as

p(w-z)=(w-z)0(w-x) (130)
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Figure 3. Simulation and theory for the mean kernel for the binary classification
task on MNIST. The network is trained on four different MNIST digits, which
are grouped into two higher-order categories. The output of the network is six-
dimensional: four of the output units are ‘one-hot’ representations of the four digits,
the other two outputs label the inputs according to their high-order category. (a)
The input similarity matrix. (b) The output similarity matrix. (c) The average
kernel of the hidden layer for I =1,2,3. Top: simulation. Bottom: theory. (d) The
ratio between the mean of the second and third largest eigenvalues (corresponding
to the magnitude of the four smaller blocks) and the largest eigenvalue (corres-
ponding to the magnitude of the two larger blocks) of the non-GP correction terms
in the mean layer kernels is monotonically decreasing with [. Reprinted figure with
permission from [1], Copyright (2021) by the American Physical Society.

where 0(a) = 1,>¢ is the thresholding Heaviside function. This idea can be generalized
to gated linear units (GaLU) [5], where a new parameter v adjusts the thresholding
values via

pw-x)=(w-z)0(v-x). (131)

Note that v is not learned, but randomized and fixed during training, slightly akin to
random features (for more variations of this architecture refer to [6-8]).

In the cases above, the gating mechanism is applied locally, to a single hidden neuron.
Another local structure that can be gated is multiple synapses in conjunction.

Another alternative version of gating is global gating where, at each layer, the
gating mechanism depends on the original input z directly (figure 6) [9]. Biologically
motivated, dendrites work as inhibitory or stimulating gates to a subset of neurons, as
depicted in figure 7. For each of the M dendrites, the inputs x are gated via the gating
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Figure 4. A single hidden layer (L=1) ReLU network trained on MNIST binary
classification of two digits (0 and 1). The generalization error (a), (e), variance (b),
(f), and squared bias (c), (g) of the predictor, and the order parameter wuy (d),
(h) as a function of N. Black lines: theory. Blue dots: simulation. Black dashed
lines: GP limit (N — o0). (a)—(d) Results in the small noise regime, where the
generalization error decreases with N. (e)—(h) Results in the large noise regime,
where the generalization error increases with N. Reprinted figure with permission
from [1], Copyright (2021) by the American Physical Society.
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Figure 5. Generalization errors of deep ReLU networks as a function of depth L.
Blue dots: simulation. Black lines: theoretical approximation. Black dashed lines:
GP limit. The generalization error (a), (e), variance (b), (f), and bias (c), (g) of
the predictor, and the order parameter ug (d), (h). (a)—(d) Results for the ‘tem-
plate’ model with noisy linear teacher labels. (e)—(h) Results for a binary MNIST
classification task. Reprinted figure with permission from [1], Copyright (2021) by
the American Physical Society.

functions ¢,,. These functions are shared across several neurons per layer. This setup
can be formalized as

f(z) (132)

zlml

where the g, are gating functions, which are not specified further for now. Each indi-
vidual layer [ >1 is gated again in terms of

N M
lm l 1 (l’) (133)

jlml
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Figure 6. An example of the configurations of a neural network with global gating.
The gating functions g, directly depend on the input x and regulate the hidden
layers xF. See [9] for details. Reprinted figure with permission from [1], Copyright
(2021) by the American Physical Society.
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Figure 7. Dependence of generalization on M for globally-gated deep linear net-
work (GGDLN)s trained on the MNIST dataset. The bias, variance, and error
rate as a function of M for random and pretrained gatings; the theory agrees well
with gradient descent (GD) dynamics. The performance of GGDLNs improves and
approaches the ReLLU network for sufficiently large M, and improves faster for pre-
trained gatings compared to random gatings. See [9] for further details. Reprinted
figure with permission from [1], Copyright (2021) by the American Physical Society.

Since adding gatings to the input layer is equivalent to expanding the input dimension
and replacing z; by ;g,(x), and learning does not affect how the gatings interact with
the input, we do not add gatings to the input layer for simplicity. Then, the first layer
takes on the form
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No
1
1 1
x; = E W.x; . 134
\/Noj:1 7 (134)

Introducing gating functions at hidden layers that act on the original input g,,(x) can be
viewed as skip connections. Note that generally, the number and parameters of gating
units may vary between layers. However, for simplicity, we will fix both as constant
over all layers. Since no learning is involved in the gating functions g,,, the biological
interpretation/motivation for this model can be viewed as giving contextual information
about the task into the layer via the gating function. However, they might be adapted
externally in a top-down approach, allowing a network to achieve a different task with
the same neurons but different gating functions.

4.2. Memory capacity

We want to inspect the memory capacity, or the expressivity of such a globally gated
network, i.e. how many data samples P it can distinguish. The input—output relation,
equation (132), can be written as a linear function w.r.t. the expanded input z

flay=">_ Wit o (135)

M yeecy L]

where the effective input z.g(x) is of NyMP*-dimension with all possible gating orders
applied to every original input

‘T??gf],.‘.,mbj = 9m (.’L’)gm2 (.’L’)"'gmL (:U)xj’ (ml = 17' "7M;j = 17--'7N0) (136)

and the effective weights are

eff my,  Lmp_y 2my .1
Wi . X E a; fw coewsMtw (137)

mi,.. L —1 * gty nj*
{ii}

As the gating units are shared across layers, the effective input has IV (M +LL*1) inde-
pendent dimensions. Here, the combinatorial term comes from the number of possible
combinations of choosing L gatings from M total number of gatings with repetitions.
Assuming N > M i.e. the number of neurons per layer is much larger than the number
of gatings, which we will assume throughout, the capacity is

M+L—-1
P <N, ( * ) . (138)
L
The case is different for small N since, in this case, Wﬁgm[] is lower rank. In the more
general case of different sets of gatings in each layer, a similar argument yields
P < NoM* (139)

again for N > M".
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To conclude, the expressivity increases with more gatings M, which is something
that cannot be observed in purely linear networks, but is qualitatively similar to the
nonlinearities in deep neural nets.

4.3. Statistical mechanics: the GP limit
We begin with

N M

1
fx) = NI Z > timrigm (z) (140)

i=1m=1

and introduce the MSE loss with P samples and Gaussian prior as before,

Z=[de Ly LS # “21@%) 4
_/ exp _ﬁz<mzzmmg<x >—y) 5076/ . (141)
Integrating over a in the 7' — 0 limit, we have
7 = / dw / I, ddt,exp [—%tTKL(W)thTY - %ﬂTr(WTW)} (142)
and
(f (@) =ke () K'Y (143)
(6f (@)°) = Kp (w,2) =y (2)" K}k () (144)

where the average is only w.r.t. the readout weights, so the kernels depend on all W’s.
In our case, the kernels are the product of the dot product of the input pairs and the
dot product of the pair of vectors of the output gating units as

v 02 v 14 1 12
K" (W) = (379" g (@) ) ( 5727 (W) af (W) (145)
M N
where p, v are indices of data inputs.

To obtain the GP limit as before, we fix P (and M) and let N go to infinity, resulting
in self-averaged kernels with Gaussian weights,

) L
K (031 W) = Ken 2.0) = ( $00)790)) Kz (146)
0.2
Ko(z,0) = 3oy (147)

https://doi.org/10.1088 /1742-5468 /ad3a60 27


https://doi.org/10.1088/1742-5468/ad3a60

Statistical mechanics of deep learning

Note that the GP kernel matrix becomes singular as P approaches the above-mentioned
network capacity, also known as the interpolation threshold, which results in a diverging
bias and vanishing variance.

4.4. Back-propagated kernel renormalization

4.4.1. A single hidden layer. Let us start with a single hidden layer. Integrating W
we obtain,

Z:/H]jzldtuexp [it"Y + NG (t)] (148)
G (t) = log { exp— ——tT KVt (149)
T pw v /10-2 T v 1 uT T v

t Klt:Zt t Mg(:c ) g(z )Fosc w jwy (150)

2%

Adding the Gaussian measure on w, we obtain,

1
éwlT’iAwU (151)
where A is the NzN matrix
2
-2 0”1 N T v 1 vT
A=0c""T+ N MEV tutvg (2") g(z )Foa;“x . (152)

Now, A has rank M (recall that without the weights it was a scalar), hence the integral
yields

1 1
G(t)= —élogdet <I+ NH) (153)
o’ y
H™ = MZtuthm (") gn (") K} (154)
1%

and H is our new order parameter in matrix form. Reinserting this into our original
normalization constant we obtain

1+~ N N
7= /dU/d’H/dtexp {itTY — 551@ — 5 logdet (I+H)+ ﬁTr(U’H) (155)
o
with the renormalized kernel and gates

- 1 y
KM = Mg(x“)TUg(x”))K{f , (156)
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K= Kyog'g, (157)

§=VUyg, (158)
and the U is acting as a delta function on H when we integrate over it:

U=1-N"1'M"15" [f(—l o KO] GENTMGT Ry Y TR o KO] g, (159)

1 N
Unin = <N;ai,mai,n> . (160)

Finally, the mean and variance become

(f(@)e=k(x) K'Y (161)
(6f (2))e =K (z,2) —k(z) K 'k (z). (162)

Ergo, renormalization happens via a matrix order parameter and not a scalar. For the
global gated units, the renormalization not only modifies the amplitude but also the
shape of the kernel. Hence, both the variance and the mean of the predictor are affected.

5. Lecture 4: manifold representations in deep neural network (DNN)s 1:
separability and geometry

5.1. Biological motivation

Both humans and animals have the innate ability to succeed in discriminating dif-
ferent objects despite substantial variability in physical characteristics. For example,
mammals are able to recognize objects despite variations in orientation, position, pose,
illumination, and background, or can even discriminate different smells in the presence
of different odor concentrations.

5.2. Model of manifolds

To conceptualize perceptual manifolds, let us consider a set of N neurons responding to
a specific sensory signal associated with an object. The neural response to the provided
stimulus is a vector in RY. Changes in the physical parameters of the input stimulus do
not change the object identity modulating the neural state vector. The set of all state
vectors corresponding to responses to all possible stimuli associated with the same
object can be viewed as a manifold in the neural state space. From this geometrical
perspective, object recognition is equivalent to the task of discriminating the manifolds
of different objects from each other (figure 8).

Definition 1. A manifold M is a compact subset of an affine subspace of RV with affine
dimension D < N. Let § be the set that defines the shape of the manifolds, a point
x € M s parameterized as
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Figure 8. Population activity of N neurons in response to images of dogs of different
sizes and rotations lies along a manifold. Reprinted figure with permission from [11],
Copyright (2018) by the American Physical Society.

@

D
X(g) :Xg—i—Zsiui, (163)
i=1

where {u;}2, is the set of orthonormal bases of the D-dimensional linear subspace
containing M, and s € S is a D-dimensional vector whose components s; represent the
coordinates of the manifold point within this subspace constrained to be in the set S.
This definition is schematized in figure 9.

For now on we will consider P perceptual manifolds {M*},—; _p corresponding to
P perceptual objects and, for simplicity, we will make the following assumptions:

1. Centered manifolds: D-dimensional subspace, each perpendicular to the centers
Xy € M"Nu=1,...,P.

2. Same geometry: the coordinate set S is the same for all the manifolds (extensions
that consider heterogeneous geometries will be discussed later).

Examples of manifolds and the different notions of dimension:

e Linear—varying intensity

e 2D cosine tuning to angle, varying angle and amplitude
e 2D higher Fourier transforms

e Object manifolds

e Data manifolds

e Dynamic manifolds

5.3. Linear separability of manifolds

We start our analysis by defining the separability of objects on the basis of their repres-
entations in a given neuronal population. We denote a collection of objects as linearly
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Figure 9. A D =2 manifold embedded in RY. Reprinted figure with permission
from [11], Copyright (2018) by the American Physical Society.

separable (or simply separable) if they can be classified into two desired classes by a
hyperplane in the state space of the population.

For this reason, to investigate the separability properties of manifolds, it is helpful
to consider scaling a manifold M* by an overall scale factor r € RT without changing
its shape.

Definition 2. We define the scaling relative to the center by a scalar »r € R, by

D
rM" = {rZsiuf|§€S}. (164)

1=1

Let us observe that when r — 0, the manifold r M* converges to a point xj. However,
when r — oo, the manifold rM* spans the entire affine subspace. If the manifold is
symmetric (such as for an ellipsoid), there is a natural choice for a center. We will later
provide an appropriate definition for the center point for general asymmetric manifolds.

Task: We study the separability of P manifolds into two classes, denoted by binary
labels y* = +1, by a linear hyperplane passing through the origin. A hyperplane is
described by a weight vector w € RY, normalized so ||[w||> =N and the hyperplane
correctly separates the manifolds with a margin « > 0 if it satisfies,

y'w-x' >k, Vx'"e M. (165)

Now, to do some work, we have to make some statistical assumptions:

1. Random positions and orientations: all components of u/ and x§ are drawn i.i.d.

from Gaussian distributions with zero mean and variance %

2. Random labeling: the binary labels y* = 41 are randomly assigned to each manifold
with equal probabilities.
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3. Thermodynamic limit: we will study the thermodynamic limit where N, P — oo, but
with a finite load « := %. In addition, the manifold geometries as specified by the
set S € R” and, in particular, by their affine dimension, D, are held fixed in the
thermodynamic limit.

5.3.1. Bounds on capacity. By varying the scale factor r it is easy to derive the follow-
ing bounds on the linear separability of general manifolds with finite margin x. We will
call the capacity the maximal value of «, denoted by «y;, for which there is a weight
vector separating the manifolds correctly with probability 1 in the thermodynamic limit.

First, in the limit of » — 0, the problem is reduced to linear separation of P random
points, the centers; hence, the capacity is given by Gardner’s formula,

ap = Qo (/f) ) (166)

which is the maximum load for separation of random i.i.d. points with a margin s given
by the Gardner theory [10],

oyt (k) = /_ "Dt (t—k)? (167)

o0

with Gaussian measure Dt = \/%76_%

When r — oo, the weight vector must be orthogonal to the total subspace spanned
by the manifolds. Hence, the effective dimension of the problem is N — PD, and in
this null space it is again reduced to separating the centers (or rather their projection
onto the null space). Hence, P < ag(k)(N — PD) yielding P < o(k)N/(1+ Day(k)).

Combining the two limits we obtain,

ap (k)
> > —— 168
ap (k) =2 an (k) T Fag(n) L (168)
and for zero margin,
2> ay > —2 (169)
> an > :
MZ 142D

For many interesting cases, the affine dimension D is large and the gap in equation (168)
is overly loose. Hence, it is important to derive an estimate of the capacity for manifolds
with finite sizes and evaluate the dependence of the capacity and the nature of the
solution on the geometrical properties of the manifolds, as shown below.

For random point clouds with m points per manifold for zero margin the capacity
is

QRandom — E . (1 70)
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Therefore, in this case, equation (169) will be

2

2> ay > . (171)
m
Now, for large D and m we want to understand the conditions under which
1 1
, —, . 172
oy > D'm (172)

This is the unentangled regime.

Convex hulls:
Finally, we note that the linear separation of manifolds is a convex operation. Hence, a
solution separates the manifolds if it separates their convex hulls.

5.4. Support manifolds and manifold anchor points

Consider a maximum margin solution to the separation of our manifolds. This solution
can be written in terms of a subset of the examples, the support vectors which lie on
the margin hyperplanes. In general, a fraction of the manifolds will be interior; they
do not overlap with the margin planes, so will not contribute to the solution vector.
Other manifolds will have non-zero overlap with the margin planes; these manifolds are
the support manifolds of the system. The nature of their support varies and can be
characterized by the dimension, k, of the span of the intersecting set of conv(S) with
the margin planes. Some support manifolds, which we call touching manifolds, intersect
with the margin hyperplane only at a single point. They have a support dimension
k=1, and this touching point is on the boundary of S.

The other extreme is fully supporting manifolds, which completely reside in the
margin hyperplane. They are characterized by k= D + 1. In this case, w is parallel to
the translation vector ¢ of S. Hence, all the points in S are support vectors, and all
have the same overlap, . For smooth convex hulls (i.e. when S is strongly convex), no
other manifold support configurations exist. For other types of manifolds, there are also
partially supporting manifolds, whose convex hull intersections with the margin hyper-
planes consist of k£ dimensional faces with 1 < k < D+ 1. For instance, k=2 implies
that the intersecting set is an edge whereas, in the case of k=3, it is a planar 2-face of
the convex hull.

From the above discussion, it follows that, in general, support manifolds may have
many support vectors, i.e. vectors that are on the margin planes. However, one can
always combine their contribution to w and represent them as a single vector; therefore,
one can write,

P
W= AR, N, 20 (173)
u=1
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where each manifold contributes at most a single point, x* . For manifolds with non-zero
contribution to w, this vector is unique and is called the manifold’s anchor point. Note
that the anchor point is a convex combination of points on the manifold; hence, it is a
vector in the convex hull of the pth manifold, X* € conv (M*"), but not necessarily on
the original manifold itself. More specifically, when the manifold is touching, the anchor
point is just the touching point. However, when k> 1, the anchor points are unique
points residing in the k dimensional faces of the intersection between conv (M*) and
the margin planes.

5.5. Mean-field theory for manifold separation

Following Gardner’s framework, using the mean-field theory, it is possible to derive
an expression for the capacity of the linear separation of manifolds, ays(k), in the
thermodynamic limit.

We can write the volume of the space of the solution as

V= /dNW(5 <HWH2 - N) I, xeern© (YH'w-x" — K). (174)

Here, O(-) is the Heaviside function to enforce the margin constraint in equation (165)
and the delta function ensures that |w|* = N.
Defining
ht

H = Ipigly’“‘w -x"(8) = v} + minv” - s, (175)

se sesS

we can rewrite equation (173) as

V:/de6<HwH2—N) L6 (W — k). (176)
Using the Replica method, it is possible to find that, in the thermodynamic limit,
the general form of the inverse capacity is

ay (k) = (F (to,1)),, 7 (177)

F (t,t) zmin{(vo —to)? + |lo—t)? | min{v-s|5€S}t+v)—K = O} (178)

0,0

where t; ~ N(0,1), and the components of the vector V represent the signed fields
induced by the solution vector w on the basis vectors of the manifold. The Gaussian
vector ¢ represents the part of the variability in v due to quenched variability in the
manifold’s basis vectors and the labels.

5.5.1. Interpretation: anchor points. To gain insight into the nature of the maximum
margin solution, it is useful to consider the Karush—-Kuhn-Tucker (KKT) conditions of
the convex optimization in equation (177). Solving the above optimization problem can
be done using KKT formalism.

https://doi.org/10.1088 /1742-5468 /ad3a60 34


https://doi.org/10.1088/1742-5468/ad3a60

Statistical mechanics of deep learning

For each sampled ¢, we add the Lagrange multiplier

(vo—to) +lv—tP=A(v-s+vy—K)=0 (179)
where

A>0

v-s+vg—kKk=0

A(v-s+vy—k)=0. (180)

Differentiating,

Uozto—f-)\ (181)
v="t+As (182)
s=argmin(v-s). (183)

Let us now define T := (to,t),V := (vg,v), and S = (1,s). The KKT conditions that
characterize the unique solution of V' for F'(T') are given by

V=T+AS (T) (184)

where S(T') is a point on the convex hull of § with minimal overlap with V.

The scale factor A is either zero or positive, corresponding to whether v-s+wvy — K is
positive or zero. If v-s+uvg— k>0, then A =0, meaning that V=T.Tfv s+ v— k=0
then A>0 and V # T. Then, we get the self-consistent equation for the parameter A

) [—f-S‘(T*)mL‘ .
() v

Remark 1. Here, v represents the projection of the weight vector on a given manifold,
S is a support vector of this manifold (anchor point), and A is the support vector
coefficient. Thus, AS is the contribution to V from the support vector of this manifold,
and T is the random contribution from other manifolds.

The average of T reflects the variation in the position of the anchor point of a
given manifold when the weight vector changes due to changes in the environment via
resampled orientation and position or labeling.

5.6. Balls

We can study the capacity of a simple setting where the object manifolds are Euclidean
balls of radius R in dimension D,
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Figure 10. Linear classification of ellipsoids, with radii computed from realistic
image data (see [11] for details). Reprinted figure with permission from [11],
Copyright (2018) by the American Physical Society.

Kk+tR (—to—f—tR—l-li)Q

1RD:/oodt t/ Dt
aBall( ) ) 0 XD() PR 0 (1+R2)

+ /OOO dtxp (t) /KtR_lDto [(to —K)? +t2] (186)

o0

where,

217% D—1 1.2
t) = tP=le™3" t>0 187

2

is the D-dimensional Chi probability density function.
For large D and R,

1+ R;;

188
D, (188)

agai (R, Dar) =

This calculation is generalized to ellipsoids in figure 10.

5.7. Manifold anchor geometry

Calculating the contributions of the different regimes to the capacity of general man-
ifolds is hard. However, it turns out that when the dimensionality of the manifold is
large, their capacity is similar to that of balls with radius and dimensions equivalent to
an appropriately defined manifold’s effective radius and dimension. To find out these

https://doi.org/10.1088 /1742-5468 /ad3a60 36


https://doi.org/10.1088/1742-5468/ad3a60

Statistical mechanics of deep learning

effective geometric measures, we note that the mean-field theory defines a new measure
on the manifolds or, more precisely, on their convex hull.

For a fixed manifold, the theory specifies the position of the anchor point, s(t,t),
as a function of the D 41 dimensional Gaussian vector T' = (to,t) . Thus, as the pos-
ition/orientation/labels of the ‘environment manifolds’ vary, the anchor point varies,
yielding a measure on the manifold, from which we can calculate several statistics. In
particular, we can define

Ry = (IIs (to,t) [Pz (189)
where
s(to,t) = argrpiéw (to,t)-s (190)
se

where the average is over (tg,t). We can of course generalize it to calculate the set of D
manifold radii through the principal components of the manifold covariance matrix

Cur = (58" )ty (191)

The dimensionality measures the angular spread of the anchor points in different direc-
tions. This is captured by

Dar={(5-1))41- (192)

5.8. Separating of general manifolds in high dimensions

As hinted above, we have shown that the capacity of manifolds with large D), is well
approximated by

1+ Ry

193
D, (193)

an = agan (Rar, D) ~
Furthermore, in high dimensions, there are two main regimes that behave qualitat-
ively differently in both geometry and capacity.

The scaling regime
R]\{\/BMI < 1. (194)

In this regime, the capacity is of order 1 . We call it a scaling regime because it
behaves linearly when we scale the manifolds by a global factor r . Naively, we would
expect that the radius will scale linearly with r and that the dimensionality will be
invariant to it. In our case, this is true only in the scaling regime. Here, most of the
time the manifolds are either interior or touching; therefore, the measures only explore
the boundaries of the manifolds and the anchor points scale linearly with r, Dy is
independent of r and, quite often, Dj; < D in this regime.
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Nonlinear regime:
RuyVDyy > 1. (195)

Here, R increases sublinearly with r and D), increases, sometimes dramatically.
And the capacity is

1

L 196
D (196)

N =~
The reason for this counterintuitive behavior is that our geometry is a collective
property of an ensemble of manifolds, which together specify the separating (or margin
planes). Thus, when the sizes of the manifolds are increased by a large factor r, they
become harder to separate. Hence, more of them become support manifolds with large
intersections with the margin planes. This implies that anchor points tend to be in the
interior of the manifolds and increasingly more dimensions are ‘explored’. In the limit
of r =00, Dyy = D and a — D,
The evolution of these quantities along the layers of pre-trained deep neural networks
is shown in figure 11.

6. Lecture 5: manifold representations in DNNs 2: generalization and few-shot
learning

In the final lecture we turn to generalization, and we study the learning of novel concepts.
Within our framework, we will assume that each new concept is represented by an
underlying manifold. Our task will be to learn to classify this novel concept on the basis
of only a few training examples drawn randomly from the manifold. In this final lecture
we will:

1. Calculate the generalization error as a function of the geometry of the manifold, and
the number of samples we are given.

2. Address the question of few-shot learning: under what conditions are a few training
examples enough?

Unlike classification, few-shot learning depends on the density, or measure, of
examples on the manifold. We will assume a uniform distribution of examples on the
manifold.

6.1. Separating a manifold from the origin by a single example

6.1.1. D-dimensional sphere. Before proceeding to the full theory, we begin by study-
ing a simplified setting, which highlights some of the interesting behavior of few-shot
learning in high dimensions. We model learning a novel concept as learning to separate
a single manifold from the origin. We will further assume this manifold to be a sphere
living in a subspace {u;};—1_p orthogonal to its centroid, zo. We now draw a single
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Figure 11. Geometry and separability of object manifolds in deep neural networks.
(A) Hlustration of three layers in a visual hierarchy, where the population response
of the first layer is mapped into the intermediate layer by F1 and into the last
layer by F2 (top). The transformation of per-stimuli responses is associated with
changes in the geometry of the object manifold: the collection of responses to stimuli
of the same object (colored blue for a ‘dog’ manifold and pink for a ‘cat’ manifold).
Changes in geometry may result in transforming object manifolds that are not
linearly separable (in the first and intermediate layers) into separable ones in the
last layer (separating hyperplane, colored orange). (B) Changes in classification
capacity a¢, manifold radius Rj;, and manifold dimension Dj; across the layers
of pretrained DNNs (ResNets). See [12] for details. Reproduced from [12], with
permission from Springer Nature.

training example z from this manifold. We can always define u; to be the direction of
the example,

x = w0+ Ruy. (197)
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We then learn a linear classifier w on the basis of this single training example,
w = T. (198)
To evaluate the generalization error, we draw a test example,

D
y=x0+RZsiui. (199)

i=1
The projection of this test example onto the linear classifier w is given by,
D
w-y = (xg+ Ruy) - <:L'() + RZsiui) (200)
i=1

~ 1+ R%s. (201)

In high dimensions D, the s; are Gaussian with variance 1/D so

e=H (W) . (202)

In fact, R is the radius relative to the distance from the center, so we can write

e=H(SNR) (203)
where,
A 2
SNR= ”D#l” (204)

where the distance Az, is normalized by R. This expression reveals that the SNR
increases with the dimension of the manifold. Hence, high-dimensional manifolds are
better suited for generalization, unlike for classification (memorization), where low-
dimensional manifolds are preferred. The reason for this arises from the fact that in
high dimensions the alignment between the training examples and the non-signal dir-
ections of the manifold is suppressed, reducing variability, which can lead to increased
generalization error.
Note: in fact, s is not Gaussian but bounded. The worst case would be

y=x0— Ru (205)
for which the overlap is
1—R% (206)
Hence, for R <1 the error is zero. So the correct expression is
e~ H(/D/(R'=1). (207)

However, when R > 1 this non-Gaussianity can be neglected.
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6.1.2. D-dimensional ellipsoid. We now extend our analysis to the slightly more com-
plex setting of classifying an ellipsoid with radii {R;}i=1..p

D
1=1

We find a very similar result for the generalization error to the case of spheres (see
[13] for details), except that the dimension D is replaced with an ‘effective’ dimension
Deffa

e~ H(SNR) (209)
2

snR = 182l (210)
Dy

where,

(Z2r)
il R

The quantity D.g which emerges from the calculation is a well-known measure of
dimensionality called the participation ratio, which captures the ‘effective’ number of
dimensions the manifold explores. Hence, the generalization error is governed by simple
properties of the geometry of the manifold: its radius and dimension. And, as we saw
for spheres, high-dimensional ellipsoids are better for one-shot generalization.

D.g = = participation ratio. (211)

6.2. M-shot learning of pairs of general manifolds

We now consider the problem of classifying two novel concepts. We further extend our
analysis from the one-shot learning problem to the few-shot learning problem, where
we are given a few training examples from each manifold, {xz}uzl,..-,ma {xz}uzl,...,m-

Prototype learning;:

Many decision rules are possible to classify the training examples (e.g. SVMs or k-
nearest-neighbors), but in the high-dimensional few-shot setting a particularly simple
decision rule, called ‘prototype learning’, tends to work best. Prototype learning works
by constructing an estimate of each manifold’s centroid (a ‘prototype’),

A 1 m .

B = EZ% (212)
pn=1

iy = ii b (213)

Ty = m xu.

p=1
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Figure 12. Geometric theory of few-shot learning (see [13] for details). Reproduced
with permission from [13].

And positioning a linear decision boundary halfway between the centroids,

W=, — Ty (214)

Results:
The calculation for the generalization error for pairs of ellipsoids is considerably more

involved, so we leave it to [13]. The result depends on each manifold’s centroid x, and
radii R; along a set of orthonormal basis directions w;,7 =1,..., N, capturing the extent
of natural variation of examples belonging to the same object. A useful measure of the
overall size of these variations is the mean-squared radius R? = +- vazl R2.

The probability of error on a test point on manifold a is given by,

o~ H(SNR) (215)

1 |Azo||? + (RER;2 —1) /m (216)
2DV /m+ || Axg - Up|?/m+ || Ao - Uy

The SNR depends on four interpretable geometric properties:

SNR

(1) Signal. |[|[Azo|* = ||z — z5||?/R2 represents the pairwise distance between the
manifolds’ centroids, xo® and x¢’, normalized by R2. As the pairwise distance
between manifolds increases, they become easier to separate, leading to higher SNR
and lower error. We denote ||Axg|?> as the signal and Axg as the signal direction.
The signal is the analog of the inverse squared manifold radius Rj; studied above.
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Figure 13. Theory predicts few-shot learning performance in deep convolutional

neural network (DCNN)s (see [13] for details). Reproduced with permission from
[13].

(2) Bias. RZR,;%—1 represents the average bias of the linear classifier. Importantly,
this bias is asymmetric: when manifold a is larger than manifold b, the bias term is
negative, predicting a lower SNR for manifold a.

(3) Dimension. In our theory, D, = (R?)?/ Z?LI(R?)A‘, known as the participation ratio,
quantifies the number of dimensions along which the object manifold varies signi-
ficantly, which is often much smaller than the number of neurons N. This is the
analog of the manifold dimension Dj; studied above. Intriguingly, in contrast to
the role of dimensionality for capacity discussed above, for few-shot learning high-
dimensional manifolds are preferred. This enhanced performance is due to the fact
that few-shot learning involves comparing a test example to the training examples
of each novel object. In low dimensions, the distance from the test example to each
of the training examples varies significantly, contributing a noise term to the SNR.
However, in high dimensions these distances concentrate around their typical value,
and hence the noise term is suppressed as D,!. Note that this benefit of high-
dimensional representations is unique to few-shot learning, since the noise term can
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also be suppressed by averaging over many training examples (hence, the factor of
1/m multiplying inverse dimension).

(4) Signal-noise overlap. |Azg-U,||? and |Azg-Uy||* quantify the overlap
between the signal direction Axy and the manifold axes of variation U, =
[udRS, ..., u%R%]//R2and Uy = [ulRY, ... . ul RY]//R}. The generalization error
increases as the overlap between the signal and noise directions increases. We note
that signal-noise overlap is bounded above by 1/D,, and hence is small in high
dimensions.

To validate our theory, we conducted experiments on visual object manifolds from
pretrained DNNs (ResNet50) and primate inferior temporal (IT) cortex neural activity,
finding agreement across visual categories (figures 13 and 14).
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6.3. Applications to DCNNs and cortical data

This theory can be used to predict the generalization error of few-shot learning experi-
ments on synthetic manifolds (figure 12), deep neural networks trained on visual object
recognition tasks (e.g. a ResNet50 on ImageNet, figure 13), and even neural activity
patterns recorded from the IT cortex of macaques performing object recognition tasks
(figure 14). Intriguingly, the geometry of manifolds in DNNs and in the primate cortex
share some universal properties but also exhibit striking differences: in particular, mani-
folds in intermediate layers of DNNs are over an order of magnitude higher-dimensional
than manifolds in intermediate layers of the primate visual cortex.

6.4. Alignment of visual and language representations for zero-shot learning

Humans are also capable of learning new visual concepts based only on language
descriptors, without any explicit visual training examples (zero-shot learning). By
studying representations of the language descriptors of the visual concepts considered
above, using a simple word2vec language encoding model, we find a remarkable degree
of alignment between visual representations and language representations (figure 15).
Indeed, these representations can be closely aligned via a simple learned linear isometry.
Moreover, this alignment generalizes to novel concepts, affording good zero-shot learn-
ing performance without any further updates to the representations. We extend our
theory to predict the generalization error of few-shot learning based on the geometry
of these representations, and their alignment, in [13].
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7. Discussion

Because of the staggering complexity of neural circuits in the brain across many scales, a
natural and fundamental question faced by neuroscience is: what are the relevant coarse-
grained order parameters to study in order to build a theory of neural computation?
Deep learning faces the same question, where neural networks today are trained with
billions or trillions of parameters to perform extraordinarily intricate tasks. Which order
parameters can we measure to begin to understand the computations performed by these
neural circuits? The geometry of neural representations offers one promising such set
of order parameters. As we have seen, both DNNs and sensory hierarchies reformat
manifold geometry in such a way that is useful for downstream computations by simple
neural circuits. The compact object manifolds which emerge as a result of this formatting
enable rapid learning of novel objects and concepts by simple decision rules, such as
prototype learning. Furthermore, manifolds in deep neural networks and in the brain
share intriguing similarities, while also exhibiting striking differences. Understanding
which microscopic features of neural circuits give rise to these macroscopic geometric
quantities, why they are sometimes similar and sometimes different in the brain and
in deep networks, and what computational role they play, are central questions for
neuroscience and deep learning in the future.
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