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Abstract—The energy conservation properties of SPH in the
presence of fluid-solid interactions are investigated in this paper.
Similarly to the fluid phase, the solid bodies are modeled through
solid particles so that the whole solid-fluid domain can be
described as a unique particle system. The pressure and velocity
fields are then extended over the solid particles in different
ways, taking into account consistency issues related to the SPH
differential operators and using the projection of the Navier-
Stokes equations on the solid boundary. It is shown that, when
solid particles are considered, the energy equation of the particle
system contains some extra-terms that depend on the pressure-
velocity field extensions. The presence of these extra-terms does
not affect the consistency of the SPH equation since they tend to
vanish when the spatial resolution is increased. Two prototypical
numerical test-cases are considered in order to give a quantitative
description of this topic

I. Introduction

The aim of the present work is to provide a further insight
on the energy conservation in SPH schemes by considering
the case of fluid-body interaction. Despite this topic includes
a wide range of practical engineering applications (e.g. [1],
[2], [3], [4]), it has been only partially addressed in the
SPH literature: Randles and Libersky [5] and Bonet et al.
[6] generalized the SPH energy equation in the context of
the solid-mechanics, Monaghan [7] addressed the following
topics: a) thermokinetic energy conservation, b) role of the
time integrator on the energy conservation and c) boundary
force derivation for treating fluid-solid interactions, and finally,
Bouscasse et al. [8] discussed the ghost-fluid approach when
used to simulate fluid-rigid body interactions.

A correct description of the energy exchanges between the
fluid bulk and the solid structures is at the basis of a correct
modelling of these problems. In SPH, a study on the energy
conservation in the absence of solid bodies was carried out
in its initial stages by e.g. Benz [9] and Hernquist & Katz
[10]. A general structure of the energy equation (including
the contributions from fluid-structure interactions) has been
recently derived in [11], though the numerical examples
provided in that work did not contain solid bodies.

The description of solid boundaries in SPH is a challenging
problem and different approaches have been proposed over

the years . On of these approaches is based on the fluid
extension by the use of frozen/dummy particles, that is,
particles placed in the solid domain, where the velocity,
density and pressure fields should be imposed. Along this line,
the simplest approach is setting the dummy particles velocity
field identical to the body velocity, while the density and
pressure fields derive from the continuity equation (e.g., [12],
[13]). Slightly more complex field extensions are described
in [14], [15] and [16], where the extended fluid fields are
computed using the already available fluid data.

The techniques used to derive such extensions are the so-
called mirroring procedures. About this topic, there exists a
number of theoretical works that describe the properties of
the different mirroring techniques (see, for example, [17],
[18], [19]). As pointed out in [20], different extensions have
to be considered for each SPH differential operator in order
to ensure convergence and accuracy. As shown by Marrone
et al. [21], the use of solid particles with proper mirroring
techniques provides robust and reliable schemes.

The final step to model the solid-body interaction relies on
the use of proper formulas for the computation of forces and
momenta on the solid body [8].

In present paper, a theoretical analysis of the energy
conservation properties of the SPH scheme, in the presence
of solid boundaries, is undertaken. The theoretical framework
fits with both dummy and ghost particle approaches even
if, in the present case, only the latter approach is adopted
for the application examples. It is shown that due to
the approximations done during the mirroring stage some
extra-terms appear in the energy equation. Two prototypical
numerical test-cases are considered in order to give a
quantitative description of this issue and to describe the
behavior of such extra-terms as the spatial resolution increases.

II. A brief reference to the δ-SPH method

The analysis described in the present work is completely
general and can be applied to a generic weakly-compressible
SPH model. The derivation of the theoretical expressions has
been carried out for the δ-SPH model [22]. The reason for
choosing this variant is its widespread use by SPH practitioner,
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due to the scheme’s ability to reduce the high frequency
oscillations of the pressure field. Using this scheme introduces
an extra-term in the energy balances, which is accounted for
in the derivations and that can be dropped if the classical SPH
formulation were of interest. For the ease of the reader, a brief
reference to such a scheme is reported. Equations for the δ-
SPH model follow:



dρi

dt
= − ρi

�

j

(u j − ui) · ∇iWi j V j + δ h c0Di ,

dui

dt
= − 1

ρi

�

j

(p j + pi)∇iWi j V j + gi +
µ

ρi

�

j

πi j ∇iWi j V j ,

dri

dt
= ui , pi = c2

0 ( ρi − ρ0 ) , Vi = mi/ρi .

(1)
where µ, c0 and ρ0 indicate respectively the dynamic viscosity,
the selected speed of sound and the reference density; mi,
ρi, Vi, pi, ui and ri, are respectively the mass, the density,
the volume, the pressure, the velocity and the position of the
generic i-th particle. The vector gi represents a generic body
force acting on the i-th particle. Wi j is the kernel function
and h is the smoothing length. In this work a Wendland
C2 kernel function is used with a compact support with a
radius equal to 2 h. The particles are initially set on a given
distribution of points and are associated with an initial volume
ΔV0 j. For instance, if a regular Cartesian lattice is used with a
characteristic spacing Δx, we assign ΔV0 j = Δx2 for all the j
particles. For a given initial density field ρ0 j, the mass of the
particle is evaluated as: mj = ρ0 j ΔV0 j.

Unlike the particles’ density and volume, their mass does
not change in time. In the examples, the ratio h/Δx is set equal
to 2 which corresponds to a number of about 50 interacting
neighbour particles in a 2D framework.

The diffusive term Di and the viscous term πi j in equation
(1) are given by:



πi j := K
(u j − ui) · r ji

�r ji�2 ,

Di := 2
�

j

ψ ji
r ji · ∇iWi j

�r ji�2 Vj , r ji := r j − ri,

ψ ji :=
� �
ρ j − ρi

�
− 1

2

�
�∇ρ�Lj + �∇ρ�Li

�
· r ji

�
,

(2)

where K = 2 (n+2), n is the number of spatial dimensions and
the symbol �∇ρ�Li indicates the renormalized density gradient
(see [5] for more details).

As shown in [23], the parameter δ is not problem-dependent
and its range of variation is quite narrow, Practically there is
no need for a tuning and in the present work it has been set
equal to 0.1 in all the simulations. The system (1) is integrated
in time by using a fourth-order Runge-Kutta scheme.

In the following sections, we assume that the interaction
with eventual solid structures is modelled through the use of
ghost particles. These are briefly recalled in the next section.

A. Enforcement of the solid-boundary condition through a
ghost-fluid method

In the present work the ghost-fluid technique is used to
enforce the boundary conditions along the body surface.
Specifically, the solid domain is modelled through a set of
“fictitious particles” (hereinafter denoted as “ghost particles”
and labelled with the subscript “g”) and the velocity and
pressure fields are extended on these particles through
appropriate mirroring techniques. To this end, the solid surface
is discretized in equispaced body nodes and a layer of ghost
particles is disposed in the solid region. The ghost particle
positions have been obtained by using the technique described
in [15] and in [21]. The pressure/velocity fields assigned to
the ghost particles, namely (ug, pg), are computed by using
the values obtained at specific interpolation nodes internal
to the fluid and uniquely associated with the fixed ghost
particles. Hereinafter, the interpolated values are indicated
through (u∗, p∗).

The pressure field pg is mirrored on the ghost particles to
enforce the following Neumann condition:

∂p
∂n
= ρ

�
g · n − duB

dt
· n + ν∇2u · n

�
, (3)

where uB is the velocity of the solid boundary (for details see
[15]). The last term is generally negligible for the Reynolds
numbers considered in this work. This leads to:

pg = p∗ +
∂p
∂n
· (r∗ − rs) . (4)

The velocity field for the ghost-fluid is subjected to a
specific treatment. The ghost velocity ug depends on both u∗
and uB, the latter being the velocity of the nearest body node.
[20] found that different mirroring techniques have to be used
to evaluate the divergence operator in the continuity equation
and the viscous term πi j, to avoid inconsistencies and loss of
accuracy. Generally, the mirroring techniques have to treat the
components of u∗ in the normal and tangential direction to the
solid surface in a different way.

De Leffe et al. [20] proved that the velocity-divergence
operator in (1) is convergent and consistent if the normal
component of u∗ is mirrored in the frame of reference of
the solid profile, leaving the tangential component unaltered.
Conversely, to evaluate the πi j term, the velocity field has to be
extended to approximate the no-slip conditions along the solid
bodies. In this work, the normal component is left unaltered
while the tangential component is set equal to the one of the
body.

The consistency of such extension of the tangential
component of the velocity field to compute the Laplacian was
discussed in [17] where it was given the label U0M model. For
practical applications such an extension procedure is proved to
be sufficiently accurate if the spatial resolution of the boundary
layer region is high enough (for details, see [16]). Incidentally,
we recall that different mirroring procedures can be chosen to
evaluate the viscous stresses. For a deeper discussion on this
topic, we address the reader to [17], [24] and [19].
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Summarising, we recall that:
1) the ghost-fluid fields (pg, ug) are functions of the

interpolated fluid characteristics (p∗, u∗) as well as of
the motion of the solid boundary uB

2) The ghost-fluid velocity used for the evaluation of the
viscous term πi j is, in general, different from the ghost
velocity used in the continuity equation (the latter will
be identified with the super-index C).

III. Energy Conservation in the SPH model

A. Energy Conservation equations at continuous level

In this section a general methodology to compute the energy
components is discussed. The First law of Thermodynamics,
i.e. the energy conservation, can be expressed as follows:

dEM

dt
+

dEI

dt
= Pbody/ f luid (5)

where EM and EI are respectively the mechanical and internal
energies of the fluid while Pbody/ f luid is the power delivered by
the solid boundary ∂ΩB on the fluid. The power Pbody/ f luid is
obtained by integrating the elementary power acting on each
surface element of ∂ΩB:

Pbody/ f luid =

�

∂ΩB

�nB · uB dS (6)

where uB is the velocity of the body and nB the normal unit
vector pointing inward the solid body.

For a Newtonian fluid, the stress tensor reads:

� = (−p + λ tr� ) � + 2 µ� , (7)

where � is the rate of strain tensor, i.e. � = (∇u+∇uT )/2, and
µ and λ are the viscosity coefficients. In the present work we
assume the fluid to be weakly compressible and, consequently,
the stress components related to the λ coefficient are neglected
(see e.g. [25] and [26]). Using equation (7), we can split
Pbody/ f luid in two components, one associated to the pressure
field and the other with the viscous forces:

Pbody/ f luid = Pp
body/ f luid + PV

body/ f luid,



Pp
body/ f luid :=

�

∂ΩB

uB · dFp , dFp := −p nB dS ,

PV
body/ f luid :=

�

∂ΩB

uB · dFV , dFV := 2 µ� nB dS ,

(8)
being dFp and dFV the elementary pressure and viscous forces
of the body surfaces acting on the fluid. Similarly to the
previous decomposition, we write:

Fbody/ f luid = Fp
body/ f luid + FV

body/ f luid,



Fp
body/ f luid :=

�

∂ΩB

dFp , dFp := −p nB dS ,

FV
body/ f luid :=

�

∂ΩB

dFV , dFV := 2 µ� nB dS ,

(9)

where Fbody/ f luid is the total force applied by the body on the
fluid and Fp

body/ f luid, FV
body/ f luid are the corresponding pressure

and viscous components.
Under the assumption of weakly-compressibility, the

constitutive equation for the internal energy EI is:

dEI

dt
=

dEC

dt
− PV (10)

where EC is the elastic energy due to the compressibility and
PV is the viscous dissipation (which is always negative in
the theoretical model, consistently with the second law of
Thermodynamics). Combining together equations (10) and (5),
the First law of Thermodynamics becomes:

dEM

dt
+

dEC

dt
− PV = Pp

body/ f luid + PV
body/ f luid . (11)

B. SPH evaluation of the fluid/solid force exchange through a
ghost-fluid approach

Following the works [8], [16], the pressure and viscous
components of the body force in the SPH model are expressed
as:

Fp SPH

body/ f luid = −
∗�

i

�

j

Vi V j

�
p j + pi

�
∇iWi j

FV SPH
body/ f luid = µ

∗�

i

�

j

Vi V j πi j ∇iWi j .

(12)

In the expression above,
�∗

i denotes the sum over the fluid
particles and

�
j denote the sum over the ghost particles inside

the solid domain. Incidentally, we underline that the term�∗
i ∇iWi jVi is a vector pointing inward the solid body (see

e.g. [27]), similarly to the vector nB in (9). This suggests
a close analogy between the expressions in (12) and the
theoretical contributions in (9). At the continuum, the proof
of convergence of the SPH terms to the theoretical formulas
is described in the appendix of [16].

As briefly explained in the section II-A, a ghost-fluid
approach is here used to enforce the solid boundary condition.
Therefore, a velocity field u j (which is needed to estimate the
term πi j) and a pressure field p j have to be properly defined
in the solid domain. We recall that both u j and p j depend on
the body motion (see section II-A) and that different mirroring
procedures are necessary for the ghost velocity field used in
the viscous stress πi j and in the continuity equation (i.e., the
first eq. of 1).

In analogy with equations (8) and (12), we evaluate the
power that the solid particles apply on the fluid particles
through the following formulae:

Pp SPH

body/ f luid = −
∗�

i

�

j

Vi V j

�
p j + pi

�
∇iWi j · uB j,

PV SPH
body/ f luid = µ

∗�

i

�

j

Vi V j πi j ∇iWi j · uB j,

(13)

where uB j is the actual motion of the body at the position
of the j-th fixed ghost particle, which can be different to the
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extended fluid velocity field assigned to that ghost particle. It
will be shown in the paper that such distinction needs to be
clearly maintained in the SPH model in order to write, in a
correct way, the energy conservation of the system.

C. SPH energy conservation equation

In the SPH model the kinetic and potential energies of the
particle system are:

E SPH
K (t) =

1
2

∗�

i

mi ui
2 , E SPH

P (t) = −
∗�

i

mi g · ri . (14)

The summation of the two contributions gives the mechanical
energy, E SPH

M . The time variation of E SPH
M is obtained by

multiplying the SPH momentum equation by the particle
velocity and rearranging (see [11] for details). This gives:

dE SPH
M

dt
= −

∗�

i

�

j

Vi V j

�
p j + pi

�
ui · ∇iWi j

+ µ

∗�

i

�

j

Vi V j πi j ui · ∇iWi j , (15)

where
�

j denotes the sum over both the fluid and the ghost
particles.

A further rearrangement of equation 15 (see [11] for details)
allows one to derive the final equation for the energy balance
of the SPH fluid particle system:

dE SPH
M

dt
+

dE SPH
C

dt
− (Pδ + P SPH

V ) = PV
s + Pp

s + PC
s ,



Pδ := − δ h c0

∗�

i

pi

ρi
Di Vi,

P SPH
V := − µ

2

∗�

i

∗�

j

Vi V j πi j

�
u j − ui

�
· ∇iWi j,

PV
s := µ

∗�

i

�

j

Vi V j πi j ui · ∇iWi j,

Pp
s := −

∗�

i

�

j

Vi V j

�
p j + pi

�
ui · ∇iWi j,

PC
s := −

∗�

i

�

j

Vi V j pi

�
uC

j − ui

�
· ∇iWi j.

(16)

In these formulae, the subindex s is reserved for the terms
related to the fluid energy variation rates due to the interaction
with the solid boundary. The meaning of each term is:
Pδ represents the power of the diffusive term of the δ-SPH

scheme [11],
P SPH

V is the SPH discretization of the viscous dissipation PV ,
PV

s is the mechanical power transferred from the solid to the
liquid particles through viscous diffusion,

Pp
s is the mechanical power transferred from the solid to the

liquid particles through pressure forces, and

PC
s is an spurious numerical compressible power depending

on the difference between the extended and fluid velocity
fields.

In equation (16), since Pδ represents a numerical dissipation,
it is combined with P SPH

V and moved to the left-hand side.
The term PC

s is related to the compressibility of the
fluid and, therefore, it should be negligible in the weakly
compressible regime. For a flat solid surface (where the
classical ghost approach can be used, e.g. [28]), this term
is zero by construction. Conversely, for more complex
geometries this is in general not true and this term should
be monitored during numerical simulations.

Comparing equations (16) and equations (11), a close
relation between Pp SPH

body/ f luid, PV SPH
body/ f luid and the power Ps :=

PV
s + Pp

s + PC
s arises:

PV
s +Pp

s +PC
s = PV SPH

body/ f luid + Pp SPH

body/ f luid + ΔPV + ΔPp + ΔPC ,
(17)

where the expressions for the terms ΔPV , ΔPp and ΔPC are:



ΔPV := µ

∗�

i

�

j

Vi V j πi j (ui − u j) · ∇iWi j

ΔPp := −
∗�

i

�

j

Vi V j

�
p j + pi

�
(ui − uB j) · ∇iWi j

ΔPC :=
∗�

i

�

j

Vi V j pi

�
ui − uC

j

�
· ∇iWi j .

(18)
It should be noticed again that πi j, p j and uC

j depend on the
specific mirroring/extension model applied.

Using the above notation the SPH energy conservation
equation can be rewritten as:

dE SPH
M

dt
+

dE SPH
C

dt
− P SPH

V −
�
Pδ + ΔPV + ΔPp + ΔPC

�
=

PV SPH
body/ f luid + Pp SPH

body/ f luid, (19)

where the terms in brackets in the left hand-side have to
converge to zero for consistency in the limit (Δx/L, Δx/h)→
0. For the terms ΔPV , ΔPp, this is achieved since ui has to
tend to uB j within the same limit for a proper enforcement of
the no-slip boundary condition.

In the following section two test cases are considered in
order determine the signs, the sizes and the convergence rates
of the three different power components, namely ΔPV , ΔPp

and ΔPC . For what concerns Pδ, in [11] it is shown that
this term is negative and converge to zero when increasing
the spatial resolution. Since ΔPV , ΔPp and ΔPC are affected
by the choice of the specific ghost-fluid field, the present
analysis can be regarded as an alternative approach to study
the consistency of the mirroring procedures with respect to
previous works [17], [24], [19], [18].

The different power components are integrated in time as
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follows:

E := E0 +

� t

0
E dt , ΔE := E − E0,

QV := −
� t

0
PV dt , Qδ := −

� t

0
Pδ dt,

Ws :=
� t

0
Ps dt , Wbody/ f luid :=

� t

0
Pbody/ f luid dt,

(20)
where the superscript SPH has been removed for the sake of
simplicity. A positive sign for the heats Q means that the
fluid system is losing mechanical energy and is increasing its
internal energy. Similarly, a positive sign for the works W
means that the body is doing work on the fluid. According
to equation (19), the energy conservation in the time interval
[0, t] is given by:

EM + EC + QV − Wbody/ f luid + (Qδ − ΔW) = EM0 + EC0,

Wbody/ f luid :=Wp
body/ f luid + WV

body/ f luid,

ΔW :=
� t

0

�
ΔPV + ΔPp + ΔPC

�
dt = Ws − Wbody/ f luid.

(21)
On one hand, Wbody/ f luid can be interpreted as the “nominal”
mechanical work done by the solid particles on the fluid ones,
computed by integrating in time (eq. 20) the power obtained
with particle summations (eq. 13). On the other hand, Ws

is the effective mechanical work done by the solid particles
on the fluid ones, globally computed from the SPH energy
balance (eq. 21).

Along with Qδ (which, in any case, is a numerical term),
it can be demonstrated that ΔPV is always zero or negative
if the U0M model extension (the ghost particle is assigned
the solid velocity at the ghost particle position - see [17]
for details) is used to compute the velocity Laplacian and
conjecture, based on the results of the numerical experiments
in the following section, that ΔW is always negative under
the same conditions.

IV. Numerical test-cases

A. Moving circular cylinder in a viscous fluid

In the first test case a circular cylinder moving with the time
law described in Figure 1 is considered. After the acceleration
phase, the body moves inside the rectangular domain with an
uniform rectilinear motion. The time interval is tU/D ∈ [0, 18],
where D is the cylinder diameter. At the final instant (namely,
tU/D = 18) the body approaches the right wall of the domain
but is still far enough not to be influenced by it. The Reynolds
number is Re = UD/ν = 200. For δ-SPH the flow around a
circular cylinder with this Reynolds number has been already
validated by [16].

Figure 2 depicts the main flow features through the use of
passive Lagrangian trackers. The wake shed by the cylinder
is remarkable and, because of the relatively short time of the
evolution, it remains practically symmetric with respect to the

Fig. 1. Moving circular cylinder: time law of motion.

Fig. 2. Moving circular cylinder: time evolution of lagrangian trackers
(Re=200 and D/Δx = 200).

centerline y = 2.5D. The spatial resolution is D/Δx = 200,
involving about 4 million particles.

Figure 3 reports the time histories of the mechanical power
dEM / dt, the elastic/compressible power dEC / dt, the viscous
dissipation PV and the dissipation due to the numerical
diffusion Pδ. The latter is practically negligible and, therefore,
will be ignored in the energy balance.

In Figure 4, the power terms associated with the pressure
and the weakly-compressibility assumption are displayed. The
nominal fluid/body pressure power Pp

f luid/body is practically
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Fig. 3. Moving circular cylinder: time evolution of the different power
components (Re=200 and D/Δx = 200).

Fig. 4. Moving circular cylinder: time evolution of the power components
Pp

s , PC
s and Pp

body/ f luid (Re=200 and D/Δx = 200).

Fig. 5. Moving circular cylinder: time evolution of the power components
PV

s and PV
body/ f luid (Re=200 and D/Δx = 200).

Fig. 6. Moving circular cylinder: time evolution of the power PV
body/ f luid (left)

and PV
s (right) components as the spatial resolution increases (Re=200).

superimposed to the effective pressure power Pp
S while the

compressible power PC
s is practically negligible with respect

the other two components.
On the contrary, a non negligible discrepancy appears in the

viscous components PV
s and PV

body/ f luid (see Figure 5). In this

Fig. 7. Moving circular cylinder: time evolution of the power terms ΔPV ,
ΔPp, ΔPC and (ΔPp + ΔPC) as the spatial resolution increases (Re=200).

case the nominal power PV
body/ f luid is significantly higher than

the effective power PV
s . This issue is not due to an insufficient

discretization of the fluid domain. Indeed, the adopted spatial
resolution (i.e, D/Δx = 200) is sufficiently high for simulating
a viscous flow with Re = 200 (see [16])

The results displayed in Figure 6 give a deeper inspection of
such inconsistency in the energy balance of the viscous terms.
The left plot shows the time evolution of the nominal power
PV

body/ f luid by increasing the spatial resolution. In accordance
with [16], the differences between D/Δx = 100 and D/Δx =
200 are not large, even if they are not negligible yet. On the
contrary, the effective power PV

s shows poor convergence (right
plot of figure 6). This suggests that PV

s requires a very high
spatial resolution to converge to the nominal power PV

body/ f luid.
Figure 7 shows the time histories of the power terms ΔPV ,
ΔPp and ΔPC as the spatial resolution increases. In accordance
with the consistency issue discussed in section III-C, all terms
decrease when Δx decreases. In particular, ΔPp and ΔPC are
opposite in sign and, consequently, the sum ΔPp + ΔPC is
smaller in magnitude than the two separate components (right-
bottom plot of figure 7). Note that this sum has a positive
sign during the largest part of the evolution. The convergence
rate of ΔPp and ΔPC is about 1 and their magnitudes are
practically negligible with respect to Pp

f luid/body and Pp
S . On

the contrary, ΔPV is not negligible in comparison to PV
s and

its rate of convergence is about 0.4 for the coarsest resolution
while it increases to about 1 for the two highest resolutions.

Finally, figure 8 shows the time histories of the different
energy components: (i) the mechanical energy ΔEM , (ii) the
elastic/compressible energy ΔEC , (iii) the viscous dissipation
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QV , (iv) the nominal work exerted by the solid particle
Wbody/ f luid and (v) the effective work exerted by the solid
particle Ws. The difference ΔW = (Wbody/ f luid −Ws) is
the positive extra numerical work. Even when the resolution
is relatively fine (e.g. D/Δx = 200), this term remains sensibly
different from zero.

Fig. 8. Moving circular cylinder: time evolution of the different energy
components (Re=200 and D/Δx = 200).

B. Unsteady viscous flow around an elliptical cylinder

In the second test case an inclined elliptical cylinder that
moves with a similar time law, but differently from the
previous test-case, both an acceleration and a braking stage
are considered. The main flow features are described in Figure
9 where the complex, non-symmetric behavior of the wake
shed by the cylinder is highlighted through the time evolution
of passive Lagrangian trackers. The Reynolds number is
Re = UD/ν = 200 where D is the ellipse major axis. For
the δ-SPH method, the flow around the same geometry at a
more challenging Reynolds number equal to 500 has been
validated in [29]. As for previous test-case, the maximum
spatial resolution adopted is D/Δx = 200.

The convergence of the viscous power terms PV
body/ f luid

and PV
s is sketched in figure 10. Like the previous test-case,

the nominal power PV
body/ f luid converges much faster than the

effective one, namely PV
s . Remarkably, we observe that at time

tU/D = 19 the cylinder has stopped and, therefore, PV
body/ f luid

is practically zero for tU/D > 19. On the contrary, a short
transitory is needed before PV

s goes to zero.
Finally, Figure 11 sketches the time histories of the different

energy components involved in eq. (16). The difference ΔW =

(Wbody/ f luid − Ws) (i.e., the difference between the nominal
and effective works exerted by the body on the fluid) is, as for
previous case, a positive non-negligible extra term.

Conclusions

The energy conservation of SPH method has been studied
in the occurrence of fluid-solid interactions. The solid bodies
have been modeled through solid particles so that the whole
solid-fluid domain has been described as a unique particle
system. Suitable extensions of the pressure and velocity fields
have been defined on the solid particles in order to enforce
the solid boundary condition in a consistent way.

It has been demonstrated that, when solid particles are
considered, the energy equation of the particle system contains

Fig. 9. Elliptical cylinder: Lagrangian trackers (Re=200 and D/Δx = 200).

Fig. 10. Unsteady viscous flow around an elliptical cylinder. Time evolution
of the power PV

body/ f luid (left) and PV
s (right) components varying the spatial

resolution D/Δx (see eq. 16, 13, Re=200).

Fig. 11. Unsteady viscous flow around an elliptical cylinder: time evolution
of the different energy components (see eq. 16, Re=200 and D/Δx = 200).
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some extra-terms that depend on the pressure-velocity field
extensions. For the extensions proposed in this work, those
extra-terms do not affect the consistency of the SPH equation
since they diminish when the spatial resolution is increased.
However, the magnitudes of these extra-terms are affected by
the choice of the specific ghost-fluid field and, consequently,
the present analysis can be also regarded as an alternative
approach to study the consistency of the pressure-velocity
extensions. The extra terms are due to the difference between
the nominal work done by the solid particles on the fluid
particles and the effective one (i.e., the work directly derived
from the SPH energy balance). It is conjectured in the paper
that this extra term leads to extra dissipation.

Two numerical test-cases have been considered in order to
determine the magnitude and convergence rates of the extra
power terms. Both test-cases include a solid body moving
through a viscous flow inside a confined domain with a
prescribed time law. In the first test case a circular cylinder is
considered while in the second one an elliptical profile with a
non-null angle of attack is studied. In the latter case, both an
initial acceleration and a final braking phase are described. In
fact, when the body stops, the extra power terms are not null
and decay to zero only after a transitory stage. In both test-
cases the difference between the nominal and effective work,
ΔW, is always negative and, therefore, can be regarded as a
non-negligible extra-dissipation term.
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