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A B S T R A C T

The moons of the giant planets are getting into the focus of the next exploration missions to the outer solar
system. The reason for this interest resides in their dynamical role within their respective systems and the
signs of habitability suggested in some cases by surface and subsurface features. Flyby missions offer adequate
recognition scenarios for the initial exploration phase of a celestial body, but they must be followed by orbiters
if more extended observations are required. The dynamical structures of the Circular Restricted Three-Body
Problem pave the way to such opportunities. In particular, libration point orbits around the two collinear
equilibrium points 𝐿1 and 𝐿2 of a planet–moon-spacecraft system are characterized by low speeds relative to
the moon. Heteroclinic and homoclinic connections built from these orbits allow close-up views of the moons.
The aim of this work is to determine the observational performance of heteroclinic and homoclinic connections
of planar Lyapunov orbits around 𝐿1 and 𝐿2 for three systems of scientific relevance: Jupiter–Europa, Uranus–
Titania and Uranus–Oberon. Lunar surface coverage, repeat patterns, lunar distance ranges and speed profiles
are derived and discussed for each case.
1. Introduction

The aim of this work is to propose a new approach to observe
planetary moons in the solar system. The main challenge in this frame-
work is given by the perturbing effect of the gravity of the planet.
Although low-altitude, near-polar orbits that could cover the entire
surface of the satellite are dynamically unstable [1,2], previous studies
for planetary orbiters have managed to identify long-term stable orbits
around the moons [3–6]. In particular, Paskowitz & Scheeres [3,4]
studied temporarily captured trajectories in Hill’s problem (the limit
case of the Circular Restricted Three-Body Problem, CR3BP, in which
the mass ratio of the system tends to zero, see also [7] pp. 602–
629) with application to orbits about Europa, and identified orbits that
are stable over long time spans. They analyzed the doubly-averaged
equations of motion for the orbital elements of the spacecraft at the
moon, looking for stable equilibrium solutions. By applying a global
grid search in the Jupiter–Europa CR3BP, Russell [5] identified a family
of three-dimensional periodic orbits at Europa. Similarly, Russell &
Lara [6] found long-term stable orbits in the Saturn–Enceladus unaver-
aged perturbed Hill’s model by performing a global grid search. Stable
solutions about Enceladus were identified at altitudes near 200 km and
inclinations approaching 65◦.

In this study, the effect of the planet’s gravity is included by adopt-
ing the CR3BP. The existence of periodic solutions around the collinear
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libration points 𝐿1 and 𝐿2 in the CR3BP and the characteristics of
their stable and stable hyperbolic invariant manifolds (HIMs) allow to
design trajectories that connect the two libration point regions and
coast around the moon at low relative speed. The objective of this
work is to design homoclinic trajectories, i.e., transfers departing and
reaching the same periodic orbit around 𝐿1 or 𝐿2, and heteroclinic
connections between periodic orbits at 𝐿1 and 𝐿2 [8–10] and assess
their performance as science orbits in the context of a lunar explo-
ration mission. Thanks to the periodic character of the departure and
arrival libration point orbits, several close approaches to the moon
can be carried out, and the periodic orbits can be used to park the
spacecraft between consecutive transfers. Furthermore, homoclinic and
heteroclinic trajectories requiring negligible amounts of propellant ex-
ist. Given the distances of these systems from the Earth, missions of
this type can only be operated with autonomous onboard navigation.
For the most recent developments in this area, the reader is referred
to [11].

In the past, heteroclinic connections have been used in the Sun–
Earth [12] and Earth–Moon systems [13] and proposed in the Jo-
vian [8,14], Saturnian [15,16] and Uranian systems [17]. In Jupiter’s
system, the Petit Grand Tour [14,18] described the possibility of using
low-energy transfers of all kinds to tour the moons, while Alessi &
Pergola [19] explored a temporary capture based on HIMs to observe
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Fig. 1. Representation of the CR3BP of primaries 𝑚1 and 𝑚2 in the synodical
barycentric reference frame.

Callisto. Nonetheless, to the best of the authors’ knowledge, a sys-
tematic study on the benefits of low-energy orbits for observational
purposes is missing.

In this work, the systems of Jupiter and Europa, Uranus and Titania
and Uranus and Oberon are modeled as planar CR3BPs. These moons
are chosen because the future generation of exploration missions in
the outer solar system focuses on the observation of the planetary
systems of, in particular, Jupiter and Uranus [20]. These planets host
icy moons for which scientists have predicted the existence of sub-
surface oceans [21–25]. The evidence for water vapor plumes near
Europa’s south pole supports this hypothesis, thereby calling for a
scientific search for potential habitability [22–25]. Then, since Titania
and Oberon are the most massive moons in Uranus’ system and their
composition includes rock and water ice in equal proportions, they are
suitable targets in the search for underground oceans [26].

Jupiter’s system is the scene of two fundamental missions – ESA’s
JUICE and NASA’s Europa Clipper – that will be launched in 2022 and
2025, respectively. JUICE will study Jupiter and its icy moons, focusing
on the characterization of Ganymede, Callisto and Europa, and evalu-
ating their potential to support life [27]. Similarly, Europa Clipper will
explore Europa to confirm the existence of water within its icy surface
and investigate its habitability [28]. A number of missions to Uranus
have been proposed, e.g., Uranus Pathfinder [26,29], ODINUS [30] and
OCEANUS [31]. If an orbit insertion at a given moon is not feasible due
to the propellant budget, the usual approach is to collect observational
data by means of consecutive flybys.

In this work, the kinematical and observational features of het-
eroclinic and homoclinic connections between the collinear points
𝐿1 and 𝐿2 of CR3BPs with a giant planet and one of its moons as
primaries are analyzed and some preliminary conclusions on their
possible scientific exploitation are drawn. The performance of these
low-energy trajectories as observation orbits around planetary moons
is assessed by evaluating speeds, altitudes, times of flight and lunar
surface coverage. The planar approximation of the CR3BP is assumed
because the inclinations of the orbital planes of Europa, Titania and
Oberon with respect to Jupiter’s and Uranus’ equators, respectively, are
smaller than one degree and the orbital eccentricities of these moons
are negligible [32]. Hence, their orbits are approximately circular and
744
contained in the planet’s equatorial plane. The planar Lyapunov orbits
(PLOs) around 𝐿1 and 𝐿2 and their heteroclinic and homoclinic connec-
tions are 2D orbits. Therefore, using these trajectories, the spacecraft
can make simultaneous observations of the northern and southern
hemisphere of a moon in search for extended features, such as the
mentioned subsurface oceans. Three-dimensional solutions (obtained,
for example, with the aid of halo orbits) would allow to explore the
polar regions but at the cost of a change-of-plane maneuver. This option
has been studied in a research specifically devoted to Enceladus [33].
The planar approximation presented here is aligned with previous
investigations [16,34,35], in which spacecraft cyclers of the Galilean
moons and the Inner Large Moons of Saturn are designed in 2D, using
PLOs and impulsive maneuvers or low-thrust propelled arcs.

The paper is organized as follows. Section 2 illustrates the dynami-
cal model, describes the families of PLOs around 𝐿1 and 𝐿2 used in this
work and illustrates the procedure employed to design homoclinic and
heteroclinic connections. Section 3 presents the solutions and discusses
their observational properties. The conclusions are drawn in Section 4.

2. The dynamical model, the periodic orbits and their connections

2.1. The CR3BP

The CR3BP [7] models the motion of a massless body subject to the
gravitational attraction of two primaries of mass 𝑚1 (planet) and 𝑚2
(moon) in circular orbits around their common center of mass, whereas
the third body (the spacecraft) has negligible mass. The dynamical
system is characterized by one parameter, i.e., the mass ratio 𝜇 =
𝑚2∕

(

𝑚1 + 𝑚2
)

. The equations of motion are referred to the synodical
barycentric reference frame, where 𝑚1 and the 𝑚2 occupy the fixed
positions (𝜇, 0, 0) and (𝜇 − 1, 0, 0) on the 𝑥-axis, as illustrated in Fig. 1.
In dimensionless variables, using 𝜇 and 𝑑 as reference magnitudes, the
mean motion of the primaries has unit value, whereas their orbital
period 𝑇 equals 2𝜋.

The motion of the spacecraft in the synodical barycentric reference
frame is governed by the following system of equations:

𝑥̈ − 2𝑦̇ = 𝜕𝛺
𝜕𝑥̇

,

𝑦̈ + 2𝑥̇ = 𝜕𝛺
𝜕𝑦̇

,

𝑧̈ = 𝜕𝛺
𝜕𝑧̇

,

(1)

where

𝛺(𝑥, 𝑦, 𝑧) =
𝑥2 + 𝑦2 + 𝑧2

2
+

1 − 𝜇
𝑟1

+
𝜇
𝑟2

+
𝜇(1 − 𝜇)

2
, (2)

𝑥, 𝑦 and 𝑧 are the position coordinates of the spacecraft and 𝑟1 and 𝑟2
are its distances from the two primaries, as shown in Fig. 1.

The CR3BP admits one integral of motion, the Jacobi constant 𝐶𝐽 ,
related to the mechanical energy 𝐸 of the third body by the expression

𝐶𝐽 = −
(

𝑥̇2 + 𝑦̇2 + 𝑧̇2
)

+ 2𝛺 (𝑥, 𝑦, 𝑧) = −2𝐸. (3)

Five equilibrium points denoted 𝐿𝑖, 𝑖 = 1,… , 5, further charac-
terize the system. The first three, the so-called collinear points, lie
on the 𝑥-axis at positions which depend on the value of 𝜇. 𝐿4 and
𝐿5 form equilateral triangles with the primaries. Table 1 reports the
basic parameters of the CR3BPs of Jupiter–Europa, Uranus–Titania and
Uranus–Oberon considered in this work.

2.2. The periodic orbits

The linear approximation of the dynamics in the neighborhood of
a given equilibrium point leads to families of libration point orbits
(LPOs) [7]. As mentioned before, the PLOs about 𝐿1 and 𝐿2 are consid-
ered because their periodic character makes them convenient parking
orbits in the framework of a complex multi-body observation tour [16,
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Fig. 2. PLOs around 𝐿1 and 𝐿2 in the three systems for the range of Jacobi constant values indicated in Table 2. The reference frame is synodical and centered at the moon.
Table 1
Mass ratio 𝜇, distance 𝑑 between primaries, orbital period 𝑇 and physical radius 𝑅 of
the moon for the CR3BPs considered [32].

CR3BP 𝜇 𝑑 𝑇 𝑅
(⋅10−4) (⋅105 km) (day) (km)

Jupiter–Europa 0.25285825 6.7110 3.60 1560.8
Uranus–Titania 0.39393160 4.3591 8.70 788.9
Uranus–Oberon 0.33213369 5.8352 13.46 761.4

Table 2
Minimum and maximum values of 𝐶𝐽 of the PLOs around 𝐿1
and 𝐿2 for the CR3BPs studied in this work.

CR3BP min 𝐶𝐽 max 𝐶𝐽

Jupiter–Europa 3.00158043 3.00363489
Uranus–Titania 3.00136122 3.00486510
Uranus–Oberon 3.00247570 3.00434907

17,34,36], while allowing to approach the moon in its equatorial plane.

From there, large portions of the northern and southern hemisphere
745
are visible. Table 2 reports the selected limits of the intervals of 𝐶𝐽

of the PLOs in the three systems. Fig. 2 shows the families of PLOs

around 𝐿1 and 𝐿2 in the three systems for the ranges of Jacobi constant

values indicated in Table 2. In this figure, the greek letters 𝜉 and 𝜂

denote the axes of a synodical reference frame centered at the moon.

The coordinates are rescaled to km via multiplication by 𝑑. The lower

limit of the 𝐶𝐽 range corresponds to the largest orbit in the family.

This limit satisfies a requirement on the 𝑦-amplitude set by the concept

design of the lunar cycler described in Refs. [16,34,35], in which the

PLOs of the families are used to move between moons using a planet-

spacecraft two-body approximation. The PLOs must be contained in the

region of influence of the moon and this limits their size and, therefore,

the minimum value of the Jacobi constant in the family. The maximum
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Fig. 3. Branches of the stable and unstable HIMs associated with PLOs with 𝐶𝐽 =
3.00350250 around 𝐿1 (top) and 𝐿2 (bottom) in Jupiter–Europa’s CR3BP. Synodical
barycentric reference frame and dimensionless coordinates.

Fig. 4. The planar sections employed to calculate the three types of transfers.

value of 𝐶𝐽 corresponds to the smallest orbit in the family. As shown
below, this upper limit includes all the useful orbits at the high end of
the 𝐶𝐽 spectrum.

2.3. Homoclinic and heteroclinic connections

It is known that the initial states of the stable/unstable HIMs of PLOs
can be linearly approximated by applying a suitable small perturbation
in the direction of the stable/unstable eigenvector associated with the
monodromy matrix, after an appropriate time transformation through
the state transition matrix [37]. Positive and negative branches can
then be computed by numerical propagation. The stable manifold ap-
proaches the periodic orbit forward in time; the unstable manifold does
it backward in time. As an example, Fig. 3 shows individual branches
of the stable and unstable manifolds of the PLO around 𝐿1 (top) and
𝐿2 (bottom) with 𝐶𝐽 = 3.00350250 in the Jupiter–Europa synodical
barycentric reference frame.

Heteroclinic and homoclinic connections are here computed by
propagating suitable branches of the HIMs of PLOs till their first
746
Fig. 5. Construction of a homoclinic loop from a PLO around 𝐿1 with 𝐶𝐽 = 3.00350250
in the Jupiter–Europa CR3BP. Top: Intersections of the stable and unstable HIMs with
𝛴 ∶ {𝑦 = 0, 𝑥 < 𝜇 − 1}. Bottom: the homoclinic connection in configuration space.

crossing with a suitable Poincaré section 𝛴. Three planar sections have

been used to compute the connections (see Fig. 4):

• 𝛴 ∶ {𝑦 = 0, 𝑥 < 𝜇 − 1} for homoclinic connections of PLOs around

𝐿1;
• 𝛴 ∶ {𝑦 = 0, 𝑥 > 𝜇 − 1} for homoclinic connections of PLOs around

𝐿2;
• 𝛴 ∶ {𝑥 = 𝜇 − 1, 𝑥̇ > 0} for heteroclinic connections from PLOs

around 𝐿2 to PLOs around 𝐿1 (due to symmetry, the equivalent

connections from 𝐿1 to 𝐿2, which would correspond to the condi-

tion 𝑥̇ < 0 on 𝛴, are geometrically identical to these, hence they

have not been computed).

The heteroclinic transfers designed in this work always occur be-

tween orbits with the same value of the Jacobi constant. The intersec-

tions of the HIMs with 𝛴 are the phase-space cuts of the trajectories

with a given Poincaré surface. These cuts are approximated by im-

plementing a bisection scheme on the numerical propagation of the

trajectories through 𝛴. The state vectors (position and velocity) ob-

tained in this way are then projected on the 𝑥𝑥̇-plane (homoclinic

case) or the 𝑦𝑦̇-plane (heteroclinic case) where they form curves. The

states corresponding to the points of intersections (if any) between
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Fig. 6. Homoclinic connection in the Jupiter–Europa system from/to a PLO around
𝐿1 with 𝐶𝐽 = 𝐶∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial moon-centered
frame.

curves enable the connections between PLOs. The errors in position
and velocity introduced by the approximations are 1 km and 0.1 m/s,
respectively, and can be made smaller in a more refined analysis.
Therefore, the transfer from the unstable to the stable manifold can be
considered maneuver free. As an example, Fig. 5 (top) shows the cut of
the stable and unstable HIMs of a PLO around 𝐿1 in the Jupiter–Europa
system with 𝛴 ∶ {𝑦 = 0, 𝑥 < 𝜇−1}. The intersection between the curves
indicates the existence of a homoclinic connection (Fig. 5 bottom). The
time of flight 𝛥𝑇 for this transfer is 5 days.

3. Results

For each system, the PLO families have been populated using a
constant separation in 𝐶𝐽 . The procedure starts by constructing a set
of orbits around one of the two equilibrium points in the selected 𝐶𝐽
range by a very fine continuation on the 𝑥-coordinate of the initial
state (one of the intersections of the orbit with the 𝑥-axis). Then, the
𝐶𝐽 range is divided into 𝑁 intervals, and the orbits that most closely
approximate the resulting discretization are retained. The family of the
other libration point is populated from an equivalent initial fine set of
orbits by choosing the members that best match the 𝐶𝐽 values of the
other family. In this work, 𝑁 = 25.

Homoclinic and heteroclinic connections have been obtained for the
three systems with the method described in the previous section. When
two or more connections exist for the same transfer, i.e., if the curves
resulting from the cut of the stable and unstable invariant manifold
with 𝛴 intersect in more than one point, the connection reaching
closest to the moon has been chosen. Figs. 6 to 22 show a sample
of homoclinic and heteroclinic connections for the Jupiter–Europa,
Uranus–Titania, and Uranus–Oberon systems. Each transfer is displayed
in the synodic moon-centered frame and in a frame centered at the
747
Fig. 7. Homoclinic connection in the Jupiter–Europa system from/to a PLO around
𝐿2 with 𝐶𝐽 = 𝐶∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial moon-centered
frame.

Fig. 8. Homoclinic connection in the Jupiter–Europa system from/to a PLO around
𝐿2 with 𝐶𝐽 = 𝐶∗∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial moon-centered
frame.
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Fig. 9. Heteroclinic connection in the Jupiter–Europa system from a PLO around 𝐿2
to a PLO around 𝐿1 with 𝐶𝐽 = 𝐶∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial
moon-centered frame.

Table 3
Minimum (𝐶∗

𝐽 ) and maximum (𝐶∗∗
𝐽 ) values of the Jacobi

constant for which homoclinic connections at 𝐿1 and 𝐿2 have
been found in the three systems considered.

CR3BP 𝐶∗
𝐽 𝐶∗∗

𝐽

Jupiter–Europa 3.00158043 3.00350250
Uranus–Titania 3.00136121 3.00460450
Uranus–Oberon 3.00247569 3.00424496

moon with inertially-pointing axes, initially (𝑡 = 0) parallel to those of
the synodic frame. The inertial frame representation gives an indication
of the effect of the planetary gravity on the orbit of the spacecraft
relative to the moon. The trajectories are sampled uniformly in time.
Therefore, a lower density of points corresponds to a high-speed portion
of the transfer, around the perilunes, whereas the apolunes are points of
minimum for the velocity. The filled circle and the open square indicate
the beginning and the end of a transfer, whereas the open circle refers
to the matching point between the unstable and the stable trajectory
arcs on 𝛴. The Jacobi constant 𝐶𝐽 and the total transfer time 𝛥𝑇 are
reported in the legend.

The minimum 𝐶∗
𝐽 and maximum 𝐶∗∗

𝐽 values of 𝐶𝐽 for which trans-
fers of each category (homoclinics and heteroclinics) have been found
are reported in Tables 3 and 4, respectively.

3.1. Observational parameters

The geometrical and kinematical parameters of an orbit allow as-
sessing its usefulness for observation purposes. Altitudes, speeds, flight
times, instantaneous visible areas and durations of visibility windows
are the primary factors in the design of a remote sensing mission.
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Fig. 10. Heteroclinic connection in the Jupiter–Europa system from a PLO around 𝐿2
to a PLO around 𝐿1 with 𝐶𝐽 = 𝐶∗∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial
moon-centered frame.

Table 4
Minimum (𝐶∗

𝐽 ) and maximum (𝐶∗∗
𝐽 ) values of the Jacobi

constant for which heteroclinic connections between 𝐿2 and
𝐿1 have been found in the three systems considered.

CR3BP 𝐶∗
𝐽 𝐶∗∗

𝐽

Jupiter–Europa 3.00194758 3.00314538
Uranus–Titania 3.00260864 3.00413865
Uranus–Oberon 3.00257934 3.00377664

Table 5
Minimum (ℎ𝑚𝑖𝑛) and maximum (ℎ𝑚𝑎𝑥) altitudes above the lunar surface, minimum (𝑣𝑚𝑖𝑛)
and maximum (𝑣𝑚𝑎𝑥) speeds with respect to a moon-centered inertial frame, times of
flight 𝛥𝑇 through the homoclinic connections of PLOs around 𝐿1 with Jacobi constant
𝐶𝐽 in the three systems considered.

CR3BP 𝐶𝐽 ℎ𝑚𝑖𝑛 ℎ𝑚𝑎𝑥 𝑣𝑚𝑖𝑛 𝑣𝑚𝑎𝑥 𝛥𝑇
(km) (km) (m/s) (m/s) (day)

Jupiter–Europa 𝐶∗
𝐽 455 18 493 38 1653 7

Jupiter–Europa 𝐶∗∗
𝐽 1438 13 218 111 1275 5

Uranus–Titania 𝐶∗
𝐽 1421 18 808 23 452 23

Uranus–Titania 𝐶∗∗
𝐽 1910 10 469 25 351 12

Uranus–Oberon 𝐶∗
𝐽 237 16 533 5 595 24

Uranus–Oberon 𝐶∗∗
𝐽 1645 13 160 33 355 19

They are also drivers for instrument specifications, observing program
definition and operations planning.

Tables 5 to 7 report the minimum (ℎ𝑚𝑖𝑛) and maximum (ℎ𝑚𝑎𝑥)
altitudes above the lunar surface, the minimum (𝑣𝑚𝑖𝑛) and maximum
(𝑣𝑚𝑎𝑥) speeds with respect to a moon-centered inertial frame (with axes
inertially pointing and parallel to 𝑥 and 𝑦 at the beginning of a transfer,
𝑡=0) and the times of flight 𝛥𝑇 through the homoclinic and heteroclinic
transfers shown in Figs. 6–22.
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Fig. 11. Homoclinic connection in the Uranus–Titania system from/to a PLO around
𝐿1 with 𝐶𝐽 = 𝐶∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial moon-centered
frame.

Fig. 12. Homoclinic connection in the Uranus–Titania system from/to a PLO around
𝐿1 with 𝐶𝐽 = 𝐶∗∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial moon-centered
frame.
749
Fig. 13. Homoclinic connection in the Uranus–Titania system from/to a PLO around
𝐿2 with 𝐶𝐽 = 𝐶∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial moon-centered
frame.

Fig. 14. Homoclinic connection in the Uranus–Titania system from/to a PLO around
𝐿2 with 𝐶𝐽 = 𝐶∗∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial moon-centered
frame.
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Fig. 15. Heteroclinic connection in the Uranus–Titania system from a PLO around 𝐿2
to a PLO around 𝐿1 with 𝐶𝐽 = 𝐶∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial
moon-centered frame.

Table 6
Minimum (ℎ𝑚𝑖𝑛) and maximum (ℎ𝑚𝑎𝑥) altitudes above the lunar surface, minimum (𝑣𝑚𝑖𝑛)
and maximum (𝑣𝑚𝑎𝑥) speeds with respect to a moon-centered inertial frame, times of
flight 𝛥𝑇 through the homoclinic connections of PLOs around 𝐿2 with Jacobi constant
𝐶𝐽 in the three systems considered.

CR3BP 𝐶𝐽 ℎ𝑚𝑖𝑛 ℎ𝑚𝑎𝑥 𝑣𝑚𝑖𝑛 𝑣𝑚𝑎𝑥 𝛥𝑇
(km) (km) (m/s) (m/s) (day)

Jupiter–Europa 𝐶∗
𝐽 404 18 573 32 1678 7

Jupiter–Europa 𝐶∗∗
𝐽 1222 13 357 133 1336 5

Uranus–Titania 𝐶∗
𝐽 1569 18 814 20 438 23

Uranus–Titania 𝐶∗∗
𝐽 1792 10 620 31 361 12

Uranus–Oberon 𝐶∗
𝐽 184 16 680 3 613 24

Uranus–Oberon 𝐶∗∗
𝐽 165 13 281 40 615 19

Table 7
Minimum (ℎ𝑚𝑖𝑛) and maximum (ℎ𝑚𝑎𝑥) altitudes above the lunar surface, minimum (𝑣𝑚𝑖𝑛)
and maximum (𝑣𝑚𝑎𝑥) speeds with respect to a moon-centered inertial frame, times of
flight 𝛥𝑇 of the spacecraft along the heteroclinic connections between PLOs at 𝐿2 and
𝐿1 with Jacobi constant 𝐶𝐽 in the three systems considered.

CR3BP 𝐶𝐽 ℎ𝑚𝑖𝑛 ℎ𝑚𝑎𝑥 𝑣𝑚𝑖𝑛 𝑣𝑚𝑎𝑥 𝛥𝑇
(km) (km) (m/s) (m/s) (day)

Jupiter–Europa 𝐶∗
𝐽 4282 17 151 12 989 6

Jupiter–Europa 𝐶∗∗
𝐽 2241 14 266 8 1116 5

Uranus–Titania 𝐶∗
𝐽 3643 13 295 4 303 15

Uranus–Titania 𝐶∗∗
𝐽 1652 11 217 0.1 381 12

Uranus–Oberon 𝐶∗
𝐽 5288 16 423 1 233 23

Uranus–Oberon 𝐶∗∗
𝐽 3007 14 302 0.2 273 18

The closest approach to the moon is achieved with homoclinic
connections of PLOs with the minimum Jacobi constant (𝐶∗

𝐽 ). As an
example, the homoclinic connection of a PLO around 𝐿2 with 𝐶𝐽 = 𝐶∗

𝐽
in the Jupiter–Europa system reaches a minimum altitude of 404 km
above the surface of the moon. Also the lowest maximum speed is
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Fig. 16. Heteroclinic connection in the Uranus–Titania system from a PLO around 𝐿2
to a PLO around 𝐿1 with 𝐶𝐽 = 𝐶∗∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial
moon-centered frame.

Fig. 17. Homoclinic connection in the Uranus–Oberon system from/to a PLO around
𝐿1 with 𝐶𝐽 = 𝐶∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial moon-centered
frame.
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Fig. 18. Homoclinic connection in the Uranus–Oberon system from/to a PLO around
𝐿1 with 𝐶𝐽 = 𝐶∗∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial moon-centered
frame.

Fig. 19. Homoclinic connection in the Uranus–Oberon system from/to a PLO around
𝐿2 with 𝐶𝐽 = 𝐶∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial moon-centered
frame.
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Fig. 20. Homoclinic connection in the Uranus–Oberon system from/to a PLO around
𝐿2 with 𝐶𝐽 = 𝐶∗∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial moon-centered
frame.

Fig. 21. Heteroclinic connection in the Uranus–Oberon system from a PLO around 𝐿2
to a PLO around 𝐿1 with 𝐶𝐽 = 𝐶∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial
moon-centered frame.
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Fig. 22. Heteroclinic connection in the Uranus–Oberon system from a PLO around 𝐿2
to a PLO around 𝐿1 with 𝐶𝐽 = 𝐶∗∗

𝐽 . Top: synodic moon-centered frame. Bottom: inertial
moon-centered frame.

Fig. 23. Maximum visible latitude 𝜙 from an altitude ℎ above the equator of a spherical
body of radius 𝑅.

Table 8
Ranges of maximum visible latitude through the homoclinic and heteroclinic transfers
shown in Figs. 6–22.

CR3BP 𝐶𝐽 Homoclinic 𝐿1 Homoclinic 𝐿2 Heteroclinic

Jupiter–Europa 𝐶∗
𝐽 39◦–86◦ 37◦–86◦ 76◦–85◦

Jupiter–Europa 𝐶∗∗
𝐽 60◦–84◦ 56◦–84◦ 65◦–84◦

Uranus–Titania 𝐶∗
𝐽 68◦–88◦ 71◦–88◦ 81◦–87◦

Uranus–Titania 𝐶∗∗
𝐽 73◦–86◦ 72◦–86◦ 71◦–86◦

Uranus–Oberon 𝐶∗
𝐽 41◦–87◦ 20◦–87◦ 83◦–87◦

Uranus–Oberon 𝐶∗∗
𝐽 72◦–87◦ 34◦–87◦ 78◦–87◦

in general associated with the heteroclinic connections at the mini-
mum Jacobi constant level. The time of flight and, therefore, the time
that can be devoted to the observations is not longer on heteroclinic
transfers. The pericenter altitudes and the times of flight along the
heteroclinic connections computed for the Uranus–Oberon system are
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much higher than those obtained in the equivalent connections in the
Uranus–Titania system, which might be a consequence of the different
orbital periods of the two moons.

The axial tilt of all the moons considered is approximately zero. In
other words, the moon’s equator is contained in the orbital plane of the
spacecraft. So, for planar trajectories, the instantaneous coverage from
an altitude ℎ above the lunar surface can be determined by computing
the maximum visible latitude 𝜙 (see Fig. 23):

𝜙 = cos−1
( 𝑅
𝑅 + ℎ

)

, (4)

where 𝑅 is the radius of the moon, specified in Table 1. The maxi-
mum visible latitude 𝜙 for the homoclinic and heteroclinic transfers
displayed in Figs. 6–22 are reported in Table 8. The ranges of 𝜙
account for the varying distance from the surface of the moon along the
transfer. This fact can be appreciated in Figs. 24–29 that illustrate the
instantaneous surface coverage as a function of time 𝑡 with 0 ≤ 𝑡 ≤ 𝛥𝑇
along a representative sample of transfers. Even though the altitude
above the surface is quite high (more than 10000 km) for most of
the time, a wide equatorial band (indicated by a box in the figures)
is visible during the close approaches (which reach as low as 300 km in
the case of Oberon) and these uninterrupted observation windows last
several hours.

4. Conclusions

This investigation proposes the use of three-body dynamics to over-
fly and observe the surface of three moons, i.e., Europa, Titania, and
Oberon. The motivation resides in the strong scientific interest towards
these objects, which is boosting a number of plans for their robotic
exploration. This work analyzes a possible orbital infrastructure to
support these scientific plans and provides performance parameters to
lay out a solid observing program.

The focus is on the dynamics in the vicinity of the collinear libration
points 𝐿1 and 𝐿2 in the circular restricted three-body problem with
a moon and its planet as primaries. It is known that the stable and
unstable hyperbolic invariant manifolds of libration point orbits can be
linked in the phase space to form homoclinic and heteroclinic trajec-
tories. This category of orbits have been employed in space mission
design to transfer a probe to its final destination. Here, homoclinics
and heteroclinics are proposed because their patterns of motion drive
the third body, i.e., the spacecraft, to loop around the moon while
flying between libration point orbits. The departure and destination
orbits themselves play an important role in this mission scenario as they
can serve as science orbits, parking orbits between transfers and gates
towards nearby moons in the same planetary system. The primaries
are spherical homogeneous bodies and the motion develops in the 𝑥𝑦-
plane. A recent investigation on halo orbits around 𝐿1 and 𝐿2 of the
Saturn–Enceladus system [33] provides insight into the performance of
3D heteroclinic and homoclinic connections for the observation of the
lunar poles and completes the analysis presented here. The effect of
the second zonal harmonic of the primaries on these 3D solutions is
also being considered: equivalent transfer orbits can be reconstructed
in the perturbed model and their observing properties do not differ
substantially from those of the unperturbed model, proving that the
latter can be straightforwardly used in preliminary analyses.

The planar Lyapunov orbits employed in this work to design hetero-
clinic and homoclinic connections span an energy range wide enough
to provide insight into the patterns of motion of the spacecraft and
quantify the observational performance of the proposed science orbits.
The analysis shows that the surface of the moons can be observed from
very low (300 km in the case of Oberon) to moderate altitudes (2500–
4000 km) and with low relative speeds (always below 1 km/s and
reaching below 1 m/s). The mission scenarios that arise are appealing
as they offer long and uninterrupted views of large fractions of the lunar
surface, symmetrical with respect to the equator.
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Fig. 24. Altitude above the lunar surface and maximum visible latitude 𝜙 as functions of time through 𝐿1 homoclinic connections corresponding to 𝐶∗
𝐽 (top) and 𝐶∗∗

𝐽 (bottom) in
the Jupiter–Europa system.

Fig. 25. Altitude above the lunar surface and maximum visible latitude 𝜙 (degree) as functions of time through the heteroclinic connections corresponding to 𝐶∗
𝐽 (top) and 𝐶∗∗

𝐽
(bottom) in the Jupiter–Europa system.
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Fig. 26. Altitude above the lunar surface and maximum visible latitude 𝜙 as functions of time through 𝐿1 homoclinic connections corresponding to 𝐶∗
𝐽 (top) and 𝐶∗∗

𝐽 (bottom) in
the Uranus–Titania system.

Fig. 27. Altitude above the lunar surface and maximum visible latitude 𝜙 as functions of time through heteroclinic connections corresponding to 𝐶∗
𝐽 (top) and 𝐶∗∗

𝐽 (bottom) in
the Uranus–Titania system.
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Fig. 28. Altitude above the lunar surface and maximum visible latitude 𝜙 as functions of time through 𝐿1 homoclinic connections corresponding to 𝐶∗
𝐽 (top) and 𝐶∗∗

𝐽 (bottom) in
the Uranus–Oberon system.

Fig. 29. Altitude above the lunar surface and maximum visible latitude 𝜙 as functions of time through heteroclinic connections corresponding to 𝐶∗
𝐽 (top) and 𝐶∗∗

𝐽 (bottom) in
the Uranus–Oberon system.
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In conclusion, low-energy trajectories are a viable option for plan-
etary exploration missions beyond the Earth–Moon system (see [38–
41]). This contribution focuses on the observational features of het-
eroclinic and homoclinic connections associated with 𝐿1/𝐿2 planar
Lyapunov orbits, but the proposed methodology can be applied to other
types of low-energy orbits. In particular, the benefits of planar orbits
can be further assessed by addressing the distant prograde orbits. This
type of solutions were exploited by WIND in the Sun–Earth system [42]
and analyzed in detail along with their relationship with the planar
Lyapunov orbits in [39,43,44].
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