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1. Introduction

The famous Cahn—Hilliard equation [7,14] offers a realistic description of the evolution phenomena related
to solid—solid phase separation processes. In this paper, we are interested in the mathematical investigation
of it and aim to analyze questions like existence and continuous dependence of solutions for a generalized
Cahn—Hilliard equation with dynamic boundary conditions and mass constraints on the boundary. Actually,
we can solve the mathematical problem and, in particular, characterize the constraint with the help of a
Lagrange multiplier.

Let 0 < T < 400 and let Q C R%, d = 2 or 3, be the bounded smooth domain occupied by the material.
Also the boundary T of €2 is supposed to be smooth enough. We recall the isothermal Cahn—Hilliard equation
in the following generalized form:

P
F?_A“:O inQ:=9Qx(0,T),
p=r O Nut ()~ f, €€f) i@

where the unknowns u := u(z,t) and p := u(x,t) stand for the order parameter and the chemical poten-
tial, respectively. Moreover, 7 is a viscosity coefficient which can be greater or equal to 0 (we treat both
cases); 8 stands for the subdifferential of the convex part B and 7 stands for the derivative of the concave
perturbation 7 of a double well potential W = 3 + 7, for example W (r) = (r? —1)?/4 with 3(r) = r® and
m(r) = —r for all » € R. In general, § is assumed to be a maximal monotone graph in R x R. Recently, this
equation was treated in some papers [11,12,16,17] when coupled with a dynamic boundary condition of the
following form:

ur =u;. on X :=Tx(0,T),

8UF B

3yu+ﬁ

Arur + &r + WF(UF) =fr, &re ,BF(UF) on Y,

where, u), denotes the trace of u and 0, represents the outward normal derivative on I'. Ar stands for the
Laplace—Beltrami operator on I' (see, e.g., [19, Chapter 3|), fr and nr have the same property as 8 and ,
respectively.

About dynamic boundary conditions, let us point out that the mathematical research for the various
problems was already running in the 1990’s. For example, the Stefan problem with dynamic boundary
conditions was treated in the series of Aiki [1-3]. Recent advances in the Cahn-Hilliard equation with
dynamic boundary conditions can be found in [11,16-18,24] and the references therein.

As is well known, conservation of u is required. Therefore, under the homogeneous Neumann boundary
condition

Oyt =0 on X,

we can realize that
! /u(t)d:c m, ! /u dx forallt € [0,T]
Ol = Mo ‘= 757 0 s L]y
ol J @l

for a given initial data ug. The new issue of this paper is the setting of a mass constraint on the boundary.
More precisely, we require that the solution u satisfies
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ke < /wqu(t)dI‘ <k* foralltel0,T],

T

where k, and k* are fixed constants fulfilling k, < k* and wr is given weight function on I'. This kind
of problem for the Allen-Cahn equation was treated in [10], by applying the abstract theory developed
n [15]. In the case of the Cahn-Hilliard equation, the essential structure of the constraint has been studied
in [21,22]. We can also find a similar treatment for the preservation of the constraint in [3,9].

A brief outline of the present paper along with a short description of the various items is as follows.

In Section 2, we present the main results, consisting in the well-posedness of the Cahn—Hilliard equation
with dynamic boundary conditions and mass constraints on the boundary. We write the system as an
evolution inclusion and characterize the solution with the help of the Lagrange multipliers. We also remark
that actually there will be two Lagrange multipliers.

In Section 3, we prove the continuous dependence and of course this result entails the uniqueness property.

In Section 4, we prove the existence result. The proof is split in several steps. First, we construct an
approximate solution by substituting the maximal monotone graphs with their Moreau—Yosida regulariza-
tions, in the case when 7 > 0. The solvability of the approximate problem is guaranteed by the abstract
theory of doubly nonlinear evolution inclusions [13]. Moreover, arguing in a similar way as in [15], we show
that the solution satisfies suitable regularity properties and obtain a strong characterization of the approx-
imate problem by the Lagrange multiplier: in fact, we are able to prove uniform a priori estimates on all
the components of the solution. And finally, from these estimates, we can pass to the limit and conclude
the existence proof in the case 7 > 0. Next, we can proceed by considering the limiting problem as 7 — 0
and derive the well-posedness result in the pure Cahn—Hilliard case as well.

2. Main results

In this section, we present our main result, which states the well-posedness of the Cahn—Hilliard equation
with the dynamic boundary conditions and mass constraints on the boundary. We apply the treatment of
the dynamic boundary conditions as in [8,10] and exploit the abstract theory of the evolution inclusion,
essentially referring to [15,21].

2.1. Definition of the solution by the Lagrange multiplier

Let 0 < T < 400 and Q C R?%, d = 2 or 3, be the bounded domain with smooth boundary I' := 9Q. We
use the notation:

Hy:=L*(Q)y := {z € L*(Q) : /zd:c = 0},
Q
Hyr := LX), Vo:=HYQ)NHy, Vr:=HT),

with usual norms | - |p,, |+ |5y,

1
2

|zlvy := V2|2 for z€Vh,  |or|w = /(|Zr|2 + |Vrzr|?) dT for zr € Vr,

T

respectively. Here, Vr denotes the surface gradient on I' (see, e.g., [19, Chapter 3]). Moreover, let Vi be
the dual space of Vp and F': Vj — Vj;* denote the duality mapping defined by
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(Fy,z)vgy vy = /Vy -Vzdzx for all y,z € V.
Q
Then, the form (-,-)y; : V5 x V5" = R,

(", 2 vy = /VF_ly* SVF 2%z for all y*, z* €V,
Q
yields the inner product in V. Here, F~! is the inverse operator of F and its restriction to Hy works as
follows: if z € Hy, y = F~'z uniquely solves the boundary value problem

—Ay =2z a.e. in(,
Ay

/yda: =0,

Q

0 a.e.onl,

and consequently lies in H?(Q2), due to well-known elliptic regularity results. The reader can check that
testing —Ay = z by some 2 € V} leads to

/Vy -Vidr = /z%d:c for all zZ € Vj,
Q Q

that is, z = F'y as expected. Finally, by virtue of the Poincaré-Wirtinger inequality there exists a constant
Co > 0 such that

|2, < Colz|y, forall 2 € V. (2.1)

Then, we obtain Vp < < Hy — <V}, where “— —” stands for the dense and compact embedding, namely
(Vo, Ho, V') is a standard Hilbert triplet. The same considerations hold for Hr and Vr. Now, we set
Hy:=Hyx Hr, Vgy:= {(U,UF)GVOXVF Doy

. = Ur a.e.on I‘},

where v, denotes the trace of u. Observe that Hy and Vg are Hilbert spaces with the inner products

(uw, z)m, = (u,2) g, + (ur, 2zr)g. for all w := (u,ur), z := (2, 2r) € Hy,

(u, z)v, = (u, 2)v, + (ur, 2r). for all w:= (u,ur), z :=(z,2r) € Vo

and related norms. Then, we obtain V< < Hy < < V7 (see, e.g., [10, Appendix]). As a remark, let us
restate that if w = (u,ur) € V| then ur is exactly the trace of u on I', while, if u = (u,ur) is just in Hy,
then u € L?*(Q) and ur € Hr are independent.

The initial-value problem for the Cahn—Hilliard equation with dynamic boundary conditions can be set
as the following system (2.2)—(2.7):

ou .
i Ap=0 in @, (2.2)

ou

1o = AutEn(u)—f. E€pu) inQ, (2.3)
=0 onx, (2.4)
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ur = U|p, on Za (25)

8ur
dyu+ e Arur +&r +7r(ur) = fr, & € fr(ur) on X, (2.6)
u(0) =up inQ, wur(0)=upr onT, (2.7)

where 7 > 0 is a viscosity coefficient. Testing (2.2) by the constant function 1 and using the boundary
condition (2.4), we realize that Ou/dt has zero mean value in €. Then, a formal test of (2.2) and (2.3) by
an arbitrary element z € Vj and a subsequent combination produce, with the help of the definition of F
and the conditions in (2.4)-(2.6), the variational formulation

1 {Ou ou our

1 ou ou gur

/F (8t (t)) zdx + T/ 5 (t)zdx + 5 (t)zpdl’
Q Q r

+/vu(t)~VZd.Z'+F/VFuI‘(t)'VFZFdF+/§(t>zdﬂ?+/£p(t)2rdr

Q Q T

+/W(u(t))zdx—l—/Wp(up(t))ZFdF:/f(t)zdac—l—/fp(t)deF, (2.8)

Q

for a.a. t € (0,7), for all z € Vj with 2r = .. We are now interested to deal not directly with (2.8) but
with a variational inequality replacing it, where the solution and the test function vary in a suitable convex
set.

Concerning the data, we assume that
(A1) B, fr, maximal monotone graphs in R X R, are the subdifferentials
B=0B. Pr=0br
of some continuous and convex functions
B, Br : R — [0,400) such that 3(0) = Br(0) = 0;

(A2) 7, mr : R — R are Lipschitz continuous functions with Lipschitz constants L and Lr, respectively;
(A3) f:=(f, fr) € L*(0,T; L*(Q)) x L*(0,T; Hr) and ug := (ug, uor) € H'(Q) x Vp, where uor := uq|,..

In particular, by (A1) we are asking that D(5) = D(8r) =R, 0 € 8(0) and 0 € Sr(0).
In this paper, we are interested in the setting of the constraint

ke < /wpu|r(t)df <k* forallte[0,T], (2.9)
r

for the solution to the related variational inequality (cf. (2.8)). Here, k. and k* are real constants with
k. <k* and w := (0, wr) € Hy is fixed. We require that the weight function wr satisfies

(A4) wp € Hr, wp > 0 a.e. on I and 0¢ := [ wrdl > 0.

The last inequality can be seen as a nondegeneracy condition on the weight element w.
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Hence, let us term (P) the initial-value problem related to the variational inequality and to the constraint

in (2.9). Now, we define precisely the notion of solution to the problem (P) by means of a Lagrange multiplier.
In order to set Hy as the pivot space, put mq := (1/|Q) [, uodz and let v(z,t) := u(x,t) — mg be the new
unknown function and define analogously vy := ug — mg in £2, vor := uor — mg on I', h, := k. — mgog and

h* := k* — mgog, respectively.
Definition 2.1. The quadruplet (v, &, w, A) is called the solution of (P) if
v=(v,or) with ve H'(0,T;Ho)NC([0,T]; Vo) NL*(0,T; H*(R)),

()
op € H'(0,T; Hr) N C([0,T); Vi) N L*(0,T; H*(I)),
&€= (¢ &) € LX(0, Ty Hy), w,\€ L*0,7),

and v, vr, &, &p, w, A satisfy

Ft (%) —I—T%—AU—Ff—Fﬂ'(U—l—mo):f—Fw a.e. in Q,

e pv+mpy) ae. inQ,
61}1“

ur = v, v+ 5 Arvr +&r + mr(vr +mo) + Awr = fr a.e. on X,

&r € Pr(vr +mg) ae. on X,

v(0) =vy a.e.in, wvp(0)=vor a.e. onl,

hy < /wpvp(t)df <h* foraa.te(0,7),
r
A(t) /wp (vr(t) — zr)dl’ >0 for a.a. t € (0,7)
r

and for all z = (z,2r) € V such that h, < /wp,zF dl’ < h*.
r

In the case 7 = 0, the regularity of v should be modified into
ve HY(0,T; V)N L>®(0,T; Vo) N L*(0,T; H*(2)).
2.2. Remark for the Lagrange multipliers

By comparing (2.3) with (2.10)—(2.11), we realize that

ov

p=—F1 (E) +w a.e. in @,

so that w turns out to be the mean value of the chemical potential u

1
wlt) = Q/ J(t)dz.

(2.16)

On the other hand, A has the role of a Lagrange multiplier related to the constraint in (2.15) on the
boundary. Then, the two Lagrange multipliers w and A have different meaning; in particular, A is obtained
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by solving the problem and it explicitly appears in the variational formulation, while w does not show up in
the variational inequality and it can be only identified a posteriori. Indeed, if we test (2.10) by a function
z € Vp, then w disappears and we obtain (cf. also (2.8))

Ov
/F (at()>zdx+7/at t)zdx +/ 5 (t)zpdl’
Q

+ [ Vo(t) - Vzdx + | Vrop(t) - Veerdl + | £(t)zdx + | &p(t)zrdD
/ / o]

Q T

+ [ w(v(t) + mo)zdz + [ wr(vr(t) + mo)zrdl + [ A(t)wrzrdl
f f f

r r

= / f(t)zdz + / fr(t)zrdl, (2.17)
Q T

for all z € Vp satisfying 2. = 2r, because (w(t),z)r, = 0. On the contrary, if we simply integrate (2.10)
and set

qg:=+7m(v+mg)—f ae inQ, gqr:=& +ar(or+me)— fr a.e onX, (2.18)

with the help of (2.12) we obtain

1 Our
“lt) = Q/q@)d“r/( L)+ ar(r )—s—)\(t)wp) dar '\ for all ¢ € [0, 7. (2.19)

In the last part of this section, we show how to recover (2.10) and (2.12) from the variational equal-
ity (2.17). Define the projection Py : L?(Q2) — Hy by

1
Pyz =2z — 9] /zdm for all z € L*(Q).

Take z € Hj(Q) (so that 2, = 0 a.e. on T') and use Pyz as test function in (2.17). We note that (Pyz)|, =
—(1/1€]) [, zdx and infer

ov 8’[){‘
/F (615( )) zdﬂc+7/ 5 t)zdx + T —(t)dT _ﬁ
Q r

Vou(t) - Vzdz &) +m(v(t) +m - dz | dx
+Q/ +Q/< + +mo)
+ [ (604 melor(®) + mo) — felo)dr |~y / 2z | =0

T

Then, recalling the notation (2.18) we easily obtain the equation in the interior, i.e.,
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ov ov Ovur .
F- <3t>+TE Av + Pyqg — |Q|/< +qr>df—0 a.e. in @

and, in view of (2.19), we find out that

v Ov
P <6t>+T8tAv+q w a.e.in Q.

Next, we take a general z := (z,2r) € V| and note that (2.17) reduces to

/F—l (%(t})zdm—kT/%(t)zd:ﬂ—k aatr( t)2pdl — /Av(t)zdm+/8l,v(t)zde
Q Q r

Q T

+/Vrvp(t)-szde+/q(t)zdm+/qp(t)deF—i—//\(t)wpzrdf =0,
r Q r

r
which means that
8’1)F
ZdSC + ( ) — Arvr(t) + QF(t> + )\(t)w[‘ ZrdF =0.
r

By virtue of the fact that [, w(t)zdzx = w(t) [, zdx = 0, we finally have (cf. (2.12))

L — Arvr +gr +Awr =0 a.e. on 2.

v
81,’1] + E

2.8. Well-posedness

The first result states the continuous dependence on the data. The uniqueness of the component v of the
solution is also guaranteed by this theorem.

Theorem 2.1. Let 7 > 0. Assume (A1)~(Ad). Fori = 1,2, let (U(i),ﬁ(i),w(l) )\(')), with v = (v, v('))
and €9 = (f(i),fﬁz)) be a solution to (P) corresponding to the data f© = (f® f(Z ) and vol) (v(()l),vér)
Then, there exists a positive constant C > 0, depending on L, Ly and T, such that

oD — 0@ + o) — e @), + o 0 - o O,
/|v(1 )| ds+2/|V (O 1) )—Vrv§2)(8)|2gd‘9

<C |vél)

B A 1 1 ] /!f“ — IOy

+ /|f1£1)(5) - 1(“2)(’9)|?{Fd$ for allt € [0,T]. (2.20)
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The second result deals with the existence of the solution. To the aim, we further assume that

(A5) there exist positive constants cg, ¢ > 0 such that

|s| < co(1+ B(r)) for all r € R and s € B(r), (2.21)
|s| < o1+ Bp(r)) for all r € R and s € Br(r), (2.22)
Bo(r)| <o ﬁ{i(r)‘ +¢o forallreR; (2.23)

(A6) for the initial data vg = (vg, vrg) € Vo the compatibility conditions

hy < /wr’vordF < h*, B(Uo +mg) € L'(9), BF("UOF +mg) € LY(T) (2.24)
r

must hold.
The minimal section 3° of § is specified by 3°(r) := {r* € B(r) : |r*| = mingep() |s|} and the same definition
applies to S2. The reader can compare these assumptions with the analogous ones in [10, (2.17)-(2.21)].
We have to distinguish between the cases 7 > 0 and 7 = 0. To this aim, we introduce the additional
regularity assumption for f:

(A7) f€ HY0,T;L*(Q)) or f € L*(0,T; H(Q)).

Theorem 2.2. Let 7 > 0. Then, under the assumptions (A1)—-(A6), there exists a unique solution of (P).
Moreover, if T =0 and (A7) holds, then the problem (P) has a unique solution as well.

2.4. Abstract formulation
In this subsection, an abstract formulation of the problem is given. We can write the problem as an
evolution inclusion governed by a subdifferential operator, with essentially the same approach as in [10,21,22].
The point of emphasis is that our mass constraint (2.15) reads
*
he < ('w,v(t))HO <h* forallte|0,T],
with w := (0, wr) € Hy. Then, by introducing the convex constraint set

K = {ze Vo @ he <(w,2)H, gh*},

let I : Hy — [0, +00] denote the indicator function of K. Now, define the proper, lower semicontinuous
and convex functional ¢ : Hy — [0, +00] by

1 ~ 1 —~
§/|Vz’2dx+/ﬁ(z+mo)dx+§/|Vrzp|2df+/ﬂp(zF+mo)dF
Q Q T T

if z € Vo, B(z+mg) € LYQ) and Br(zr +mg) € L*(D),

+o0o  otherwise.
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Then, the problem (P) can be stated as the Cauchy problem for an evolution inclusion with a perturbation,
namely

AV (t)+0(p+ Ik)(v(t)) > P(f(t) - Hg(v(t))> in Hy, for a.a. t € (0,7), (2.25)
v(0) = vy in Hy, (2.26)

where Arz := (F~'z + 72,2p) for 7 > 0, Pz := (Pyz,2r — (1/]9]) [, zdz) and IIy(2z) := (w(z + mo),
mr(zr + myg)) for all z € Hy.

Hence, let us recall the paper [13] and express our expectation that (2.25)—(2.26) can be solved by the
abstract theory of doubly nonlinear evolution inclusions. All this will be discussed in Section 4. On the
other hand, Theorem 2.2 allows a characterization in terms of regularity of the solution and presence of the
Lagrange multipliers.

We aim to point out that analogous remarks were emphasized in [10] for an Allen—Cahn equation with
dynamic boundary conditions and mass constraints; the reader can compare the two problems. In connection
with [10], we also quote the abstract approach carried out in [15], which however does not comply here with
the structure of (2.25)(2.26).

3. Continuous dependence

In this section, we prove Theorem 2.1.

Proof of Theorem 2.1. For i = 1,2 let (v®,£® w® A®) be a solution of (P) corresponding to the
data (f@, fl(j), ’U(()i), v(()?). We consider the difference between (2.10) written for v (s) of v (s) =
(v(l)(s),vl(})(s)) and (2.10) written for v(?)(s) of v (s) = (0(2)(3),1)?2)(8)) at the time s € (0,7). Then,
we take the inner product with v(V(s) — v (s) in L?(Q). Using the monotonicity of 3 and the fact
Jo (W (s) = v@(s))dz = 0, we obtain

1d, 4 9 Td, 4
5@@”( s) — ()(8) +§d—‘v()(5)— |H0
+ oM (s) = v @ (s)]5, = (0D (s) = 00D (5), 0 (5) — 0 (5)) .
< (f(l)(s) - f(z)(5)7 U(l)(s) - U(z) (S))LZ(Q)
- (71'(1/(1)(5) +mg) — 71'(1)(2)(5) + mo),v(l)(s) —v® (8))L2(Q), (3.27)

for a.a. s € (0,T). Moreover, we take the difference between (2.12) written for vél)(s) of and (2.12) written

for vlg )( ) of at the time ¢ = s, and take the inner product with v(l)( ) — vl@(s) in Hr; hence, we can
replace the term

— (0,00 (5) = 9,0 (5), 0 (5) = v ()

r

with the corresponding quantity in (3.27). Then, by exploiting the monotonicity of fr and the Lipschitz
continuities of m and 7, we obtain

js {100 5) = 0@ (s)[7,. +7]o M (5) =@ (s)[}, + |v£”<s> — o )5 }

+ 2/ (s) — @ (s)[;, + 2|Vl (s) - Vrof |Hd

< [FD(8) = F2(8)] gy + (14 20) [0 () =@ () [, + [ (5) = 12 ),
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+(1+ 2LF)’111(})(3) - v(p2)(s)\ilr7

for a.a. s € (0,T). If 7 > 0, by applying directly the Gronwall lemma, it is straightforward to find a constant
C > 0, depending only on L, Lt and T, such that the continuous dependence holds. If 7 = 0, a known
compactness inequality (see, e.g., [23, Thm. 16.4, p. 102]) states that for each 6 > 0 there exists a positive
constant Cs such that

|z|m, < 0lzlv, + Cslz

v for all z € V.

Therefore, taking 6% < 1/(2 + 4L) we have

(1+2L) v (s) =@ (s)| 7,

< (1+20) {20200 () = v (s)[, + 2030 D (s) =@ (57, }

2

< [v®(s) - U(Q)(S)’?/O +CloM(s) - 0(2)(8)|Vo*’

for a.a. s € (0,T) and some constant C > 0 depending only on L. At this point, we can analogously apply
the Gronwall lemma and find a constant C' > 0, with the same dependencies as above, such that (2.20)
holds. Thus, Theorem 2.1 is completely proved. O

4. Existence

This section is devoted to the proof of Theorem 2.2. We make use of Yosida approximations for the
maximal monotone operators 3, Sr and of well-known results of this theory (see, [4,5,20]). For each ¢ € (0, 1],
we define 3¢, fr : R = R, along with the associated resolvent operators J., Jr . : R = R by

Ba(r) = %(r ) = é(r (I +eB)7 (),
Br.e(r) = i(r — Jre(r)) == i(r — (I +e0Br)~'(r)) forallreR,

where ¢ > 0 is the same constant as in (2.23). Note that the two definitions are not symmetric since
in the second it is o and not directly € to be used as approximation parameter. Now, we easily have
Be(0) = Br.(0) = 0. Moreover, the related Moreau—-Yosida regularizations 3., fr of 3, fr : R — R fulfill

seR 2e

Bg(r) := inf {%7’ —s|? —|—,§(s)} = i}r - Jg(r)|2 —|—,§(JE7") = /BE(S)ds,
0

Bpﬁg(r) := inf {%r — s+ Ep(s)} = /ﬁp’g(s)ds for all r € R.
o
0

seR

It is well known that (. is Lipschitz continuous with Lipschitz constant 1/¢ and fr. is also Lipschitz
continuous with constant 1/(ep). In addition, we have the standard properties

1B:(r)] < |8°(r)], |Br,e(r)| < |BR(r)| forall 7 € R,
0< Bg(r) < 3(7“), 0< B\F,E(’r) < Br(r) for all » € R.

Here, we note that from the assumptions (2.21), (2.22) and the above properties we also obtain
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[B=(r)] < co(1+ Be(r), (4.28)
|ﬂ1"’5(7")| <co(l+ Bp,g(r)) for all r € R, (4.29)
with the same constant ¢g. Moreover, thanks to (2.23) and [8, Lemma 4.4], the inequality
|ﬂg(r)| < Q|B1"75(7")| +c¢o forallreR, (4.30)
holds for 3. and fr..
4.1. Approximation of the problem

In this subsection, we consider the approximation of problem (P) in the case when 7 > 0. The limiting
case as T — 0 will be discussed later. We introduce the following Cauchy problem: for each € € (0, 1] find v,
satisfying

A1) + 0l + Tie) (v-(1) 3 P(F(1) = T (ve (1))
in Hy, for a.a. t € (0,T), (4.31)
v:(0) =vy in Hy, (4.32)

with vy = (vg,vor) € K satisfying the compatibility conditions (2.24). Here, ¢, : Hy — [0, 400] is defined
by

%/|Vz|2dx+/§5(z+mo)dx
Q Q

= 1 x>
PR L e [ s modr+ 5 [apar itz e v,
T r r

4o ifze Ho\Vo,
moreover, it is understood that A,z := (F~'z 4 7z,2r), Pz := (Pyz,2r — (1/|Q]) [, zdz) and TI(z) :=
(m(z +mg), 7 (2r +myg)) for all z = (z,zr) € Hy.

As a remark, thanks to the Poincaré—Wirtinger inequality for functions with 0 mean value, there is no
need to introduce an approximating term like (£/2) [, [2[*dz in the expression of ¢. above. Denote by

Owpe the subdifferential of ¢, : Vo — [0,+00] from Vi to V§. From [10, Lemma 3.1], we obtain the
characterization of 0,¢. by

<8*<¢05(Z)7 2>V6,V0 = (V27 v’z) L2(Q)d + (/BE(Z + m0>7 2>L2(Q) + (VFZF7 VFEF)Hg

+ (Br.e(er +mo), 2r) y +e(er, Zr)m. forall z = (z,2r), 2 = (2, 2r) € V. (4.33)
Moreover, there exists a positive constant C. depending on € > 0 such that
’[“)*gog(z)|v6 < Ce(1+4p(2)) forall z € V. (4.34)
Now, we recall the fact that the closure K of K in Hy is characterized by

K={zeHy : h.<(w,z)ug, <h*},
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which is closed convex subset of H. Moreover, there exists a function z. € C'(Q) such that

1
cd =0, clp =
/Z X Z‘F o0
Q

whence z. := (2¢,1/09) € V. Then, we can deduce the following result.
Proposition 4.1. Let 7 > 0. For each € € (0, 1], there exist a unique
v. € H'(0,T; Ho) N L>®(0,T; Vy)
and a pair of functions v € L?(0,T; Hy) and \. € L?(0,T) such that
u.(t) € K forallt€[0,T),
and

A0 () +vE (1) + Ae(w = P(f(t) — 1, (vs(t))) in Hy, for a.a.t € (0,T),

(
vi(t) = (v:(t),vl’iﬁ(t)) = 0p:(ve(t)) in Hy, for a.a. t € (0,T), (4.3
Ae(t)w = A(t)(0,wr) € OIg(ve(t)) in Hy, for a.a.te (0,T), (4.37
’UE(O) =y mn Ho. (43

Proof. We sketch the basic steps of the proof.
1. We claim that for a given v € C([0,T]; Hy) there exists a unique

veH(0,T;Ho)NL>(0,T; Vo) C C([0,T); Ho)
such that
A () + (e + Ixc) (v(t) 3 P( F(t) — T, (ﬁ(t))) in Ho, for a.a. t € (0,T),
v(0) =vy in Hy.

Indeed, it suffices to apply the abstract theory of doubly nonlinear evolution inclusions (see, e.g.,
[13, Thm. 2.1]). We point out that, thanks to 7 > 0, the operator A, is coercive in Hy. Then, we construct
the map

U:u+—u,

from C([0,T); Hy) into itself.
2. For given ") € C([0,T); Hy), put u® := Wa® for i = 1,2. Then, using the monotonicity of d(p.+Ik )
and the special form of A, it is not difficult to deduce the estimate

’u(l)( ) —u@(t H <C- /’u(1 —aP(s )| m,ds forallt e[0T, (4.39)

where C; > 0 is a constant depending on L, Lr and 7. Owing to (4.39), we can prove that there exists a
suitable £ € N such that ¥* is a contraction mapping in C([0,T]; Hy). Hence, being 7 > 0, there exists a
unique fixed point for ¥ which yields the unique solution v, of the problem (4.31)-(4.32).
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3. The third step is essentially the same as in the abstract theory developed in [15]. Put

y.(t) == — A () + P(f(t) ~ 10, (UE@))) in Ho, for a.a. t € (0,T),
and observe that y. € L?(0,T; Hy). In general, for each z € V; we have that
Npe + 1k)(2) C Oulpe + 1K) (2) = Orpe(2) + Ok (2).
Thus, there exists v:*(t) € Ik (v:(t)) such that
Y. () = 0upe (ve(t)) + vi*(t) in V7, foraa. t e (0,T).

Moreover, taking advantage of [15, Prop. 2] and using z. = (2.,1/0q) € Vg, we set

Ac(t) = (y.(t), zc) my — <8*<p8 ('vg(t)),zc>V*y0 for a.a. t € (0,7) (4.40)

and obtain
v (t) = Ae(t)w € I (v:(t)) in Hy, for a.a.t e (0,T),

where w = (0,wr) (cf. (A4)). Note that A\, € L?(0,T) thanks to (4.40) and (4.33). As a consequence, both

*k

v:* and v} = d.¢(v.) are in L?(0,T; Hy) and (4.35)-(4.37) follow with the right regularity. O

Let 7 > 0. Using Proposition 4.1 with the characterization (4.33) of 0,¢p. we obtain the following weak

formulation:
41 {Ov ov ovr
1 e € 5
/F ( 5 (t)) zd:r—i—T/ 5 (t)zd:r—i—/ /Vvs - Vzdz
Q Q r Q
+/VWM@wamﬂ+/MWM%/@¢mmﬂ+/&wwww
r Q r r
=0 forall z:=(z,2r) € Vo, (4.41)
where

ge = Be(ve + mo) + m(ve +mo) — f € L*(0,T; L*()),
qre := evr . + Br.e(vre +mg) + mr(vre +mg) — fr € L*(0,T; Hy).

We also introduce the auxiliary quantity

”f:|m/% “*m/(%“ +@4HAwmﬁﬂ* (4.42)

for a.a. t € (0,7). By noting that dvr /0t and A wr lie in L2(0,T; Hr), it turns out that w. € L2(0,T).
Moreover, according to [10, Prop. 3.2], for each ¢ € (0,1] we can infer that v. € L?(0,T; H*(2)) and
vr € L*(0,T; H*(T')). By virtue of this regularity, our approximate problem can be written as
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F (8;;) +Ta@vf —Ave + g =we ae.in@,

811{‘75
ot

ve(0) =vp ae. in, ovr.(0)=vr ae. onT,

Ure = Velp, Oyve — Arvre +qre + Aewr =0 a.e. on X,

iugmuy:/wwMumrgm for all ¢ € [0, T,

r

Ae(t) € OIpp, oy (he(t))  for aa. t € (0,T).

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

Due to the regularity of the solution, v.(t) is in K for all ¢ € [0,T]. Another remark is that the last

condition (4.47) is equivalent to (see, e.g., [10, Remark 3.2])
Ae(t)w € 0Ig (v(t)) in Hy, for a.a. t € (0,T).

4.2. A priori estimates

(4.48)

Let 7 > 0. In this subsection, we obtain the uniform estimates independent of £ > 0. Moreover,

our second objective will be to study the limiting behavior as 7 — 0. Therefore, under the additional

regularity assumption (A7) for f we also obtain some uniform estimates independent of ¢ > 0 and

7> 0.

Lemma 4.1. There exists a positive constant My, independent of € € (0, 1], such that

|U5|H1(0TV0)+7'/ [Ve | 1 (0,7 F0) + Vel Loo (0,13v5) + sup)/ﬁs ve(t +m0)
te(0,T

(0,T;vp) + sup / e (vr,e(t) +mg)dl’ < M;.
te(0,T)

+ |vrelar 0,78 + v e

Moreover, if (A7) is assumed, then My > 0 is obtained independent of € € (0,1] and 7 > 0.

Proof. We test (4.43) by v. = dv. /0t € L?(0,T; L?(£2)). Moreover, we add vr . to both sides of (4.44) and

use it as the boundary condition, obtaining

ZM@

t

1 N
+/MAMQ@+ijm;+/m4mﬂﬂmmﬂ+;wAm;
0 N

t
1 N
f/o*ds+7/‘v;(s)|20ds—|— i}vg(t)ﬁ/o —|—/55(va(t) + mo)da
0 Q

t

+ [ [urh (i s

0 r

< f|vo\V0 /BE vo + mo)dx + = |”0F|Vr /ﬂpg vor + mo)dl + = |v0p\Hr

[\)
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+ [ () = 7(ve(s) +mo) vis)) | ds

L3(Q)

S O~

+ (fr(S) + vre(s) — mr (vr e (s) + mo), v’r,g(S))Hr ds (4.49)
for all ¢t € [0,T]. We note that (cf. (2.24))
/Bz—:(vo +mog)d / vo + mg)dx < 400, (4.50)
/ <(vor + mg)dl’ < / (vor + mg)dl’ < 4o0. (4.51)
r r

Also by the chain rule differentiation lemma (see, e.g., [4, Lemma 4.4, p. 158] or [5, Lemme 3.3, p. 73]) and
in view of (4.46)(4.47), the last term on the left hand side is exactly

t

/)\E(s)h'g(s)ds = I, p1(he(t)) = Iip, e (ho) =0 for all ¢ € [0,T], (4.52)
0
where hg := (wr,vor)m.. We easily see that there exists a positive constant M, depending on L, Lr,

|7 (mo)|, |7r(mo)|, || and |T'| (but independent of € € (0,1] and 7 > 0), such that

t

/(f(s) — m(ve(s) + mo),v;(s)) ds

L2(Q)
0
T / 1 2
< 5/}1} 1o ds + ;/ <|f(5)|2LQ(Q) + ’W(UE(S) +my) Lz(Q)) s
0
t M t
<5 [1o s + 22 (14 760 gy + oo, ) .
0 0
and
t
/(fF(S) + UF,&(S) — Tr (’U]_")E(S) + m()),U/r\’E(S))H ds
0
< %/|vf,a(8)|ilrds+l\~41/(l+!fr |H + Jor( )|2F)ds (4.54)
0 0

for all ¢ € [0,T]. Now, we collect the information in (4.50)—(4.54) and then apply the Gronwall lemma to
the inequality resulting from (4.49). Hence, we prove the lemma in this case and we see from (4.53) that
the constant M; depends on 7 > 0.

On the contrary, if (A7) is assumed, the key estimate (4.53) is modified. Thanks to the Young inequality,
we see that
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¢
/ (s) +mo), /(s L2 d8<5/|v
0

for all 6 > 0. If we assume f € H'(0,T; L*(9)), then we can integrate by parts and use the Young inequality

t

d %/14—!@5 12, )ds. (4.55)

0

and (2.1), as follows:

t

/ (£(5). 04(5)) o gy s

/ LQ(Q)dS + (f(t)’ Us(t))L2(Q) - (f(0)7 UO)Lz(Q)
0

t

1 Co 2 1 2 1
<3 /|f' oz + 5 /|UE(S>\vod5 + 7|V, + 7lvoli, + (Co+ DIf o,y
0 0

for all t € [0, T]. Thus, taking ¢ < 1 we can apply the Gronwall lemma to obtain the estimate with a certain
positive constant M; independent of 7 > 0. On the other hand, if we assume f € L?(0,T; H(Q)), then we

have
t
/ L2(Q yds < 5 /’U
0

Thus, by taking 6 < 2/3, the Gronwall inequality works again to the conclusion. O

t
1 2
9|2 ds +%/’f(s)‘Hl(Q)ds for all £ € [0,7].

0

Thanks to the growth conditions (2.21)—(2.22) (see also (4.28)—(4.29)), we obtain the following estimate.

Lemma 4.2. There exists a positive constant Ms, independent of € € (0,1], such that
[Xelr2(0,m) < Mo.

Proof. From the expression of A., given by (4.40), we infer that

A(t) = —!{F‘l (a(;f(t)) +7881;€( t) + q-(t )}chx—!va(t)~Vzcdx

1 67){"5
- {W(t) + QF,s(t)} dar,

go

for a.a. t € (0,T"). Therefore,

T T
_ 2 2 2
|)‘€|%2(O,T) S 6|ZC|%-IO / {’F l(v;(t)) Ho +72|vé(t)|Ho} dt + 6|Zc|é(ﬁ) /|q€(t)|L1(Q)dt
0 0

T T T
2 6 2 6 2
+6|zc|%/o/’ve(t)|vodt+ ;|F|/‘Uf‘,e<t>‘}[rdt+?/|QF,E(t>‘L1(F)dt
0 0
0 0 0
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By virtue of (4.28) (4.29), there exists a positive constant My > 0 depending only on ¢o, L, Lr, |m(mg)|
and |7 (mg)| such that

|q5(t) ’Ll(ﬂ)

< /co(lJrBE(vs(t) +m0))d;ﬂ+/{L|vs(t)| + |7r(m0)|}dx+/|f(t)|dx

Q Q Q

<M< 1+ /Bg(vs(t) +m0)d$+ ”UE(t)|L1(Q) + |f(t)|L1(Q)
and

‘qr,s(t) ’Ll(r‘) <

E”Up,g(t)’dr + /Co (1 + //B\F,E (Urﬁ(t) + mo))df

T

+/{L|U1“,e(t)| + |ﬂr(m0)|}dF+/|fr(t)|dF
r

T

—

S M2 1+ /B\F,s (UF,E(t) + mO)dF + |UF,E(t)|L1(F) + |fF(t)|L1(F)

for a.a. t € (0,T). Therefore, using Lemma 4.1 and taking into account that

|FH (L)) [, < Col (L ()], = Colvl(2)

V*)

we can find a positive constant Mo, independent of € € (0, 1], to prove the assertion. 0O
Lemma 4.3. There exists a positive constant Ms, independent of € € (0, 1], such that
|we |L2(0,1) < Ms.

Proof. From the expression of w,, given by (4.42), we have

T T T
4 2 4 2 4 2
|w5|L2(0T < Q—/ )’Ll(ﬂ)dt—f— W/’v%xf(t)|L1(F)dt+ W/‘qnf(t)’ua‘)dt
0 0 0

T
4 2
+ Wlwﬂ%l(r)/P\a(t)‘ dt.
0

Thus, Lemmas 4.1 and 4.2 ensure the existence of a positive constant M3, independent of € € (0, 1], which
yields a bound for |w.|z2(0,7y. O

Lemma 4.4. There exist two positive constants My and Ms, independent of € € (0,1], such that

|Be (ve + m0)|L2(O,T;L2(Q)) +]Be(vr,e + mO)‘LQ(O,T;Hp) < My,

Vel 20, 13372 () T 10w Vel L2(0,750) < M.



1208 P. Colli, T. Fukao / J. Math. Anal. Appl. /29 (2015) 1190-1213

Proof. Testing (4.43) by B:(ve +mg) € L2(0,T; H'(Q)) and using (4.44). Then, integrating it over 2 x (0, t)
with respect to (z, s), we infer that

t
/ 5 vs —|—m0)|VvE |dxds+/ L2(Q)ds

Bs (Us( ) + mO)

4gé/%%(vrﬁ(8)4ﬂuﬂ|VH%mﬁ(sH2dFds

+ /F/ Br.e (’Ur,e(S) + mo)ﬂE (vne(s) + mo)dFds

L2(Q)

< /(f(s) - Fﬁl(vé(s)) - TU;(S) - W(Ue(s) + mO) + we(s), Be (Ua(s) + mO)) ds
0

+ /(fr(s) — v{aﬁ(s) — 7T (Ur,e(S) + mo) — Ae(8)wr, Be (vpyg(s) + mo)) ds

Hr

T

t
s/ vr,e(s), Be (vr,e(s )ero)) ds forallt e [0,T],
0

where we should take care that (8-(ve + mo)). = Be(vr, +mg) € L*(0,T; H'(')). Here, we use the
assumption (4.30) to deduce that

t
[ rc(ar.6) 4 o) a.(5) 4 o)t

or

= O/F/‘ﬂr,s (vr,e(s) ero)’

t

Al
=y

0

Be (vr.(s) -+ mo) |dTds

BE vr.e(s) +mo ‘dFds

Be (vr () + mo) dFds—_//

2
ds — ;—OT|F| for all t € [0, 77,
0

2
v —|—m
56 Fe O) Hr

because S (r) and fr -(r) have the same sign for all r € R. We also note that

/ BL(ve(s) 4+ mo) |Vv5(s)|2dxds >0,

/ BL (vng(s) + mo) |vap75(s)|2dfd8 >0

for all ¢ € [0, T]. Moreover, using the Young inequality and the fact e < 1 we have
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t
E/ orc(s), Be UI‘E()"‘mO)) ds

0 r
t
<3/
2
0

for all t € [0,7] and 6 > 0. Now, there exists a positive constant M, which depends only on Cy, L, Lr,
|7 (mo)|, |7r(mo)l, |£2], |T'] and T', such that

2
55 ur.e(s +m0 ds—&——/‘vrg ’HdI‘

/(f(s) - Fﬁl(vé(s)) - TU;(S) - W(UE(S) + mO) + we(s), Be (UE(S) + mo)) ds

L2 (Q)
1 /
2

0

2

ds
L2(Q)

Be (UE( )+ mO)

~ 2 2 20,712 2 2
+ My (1 + 1 f1220,m52200)) + |v;|L2(0,T;VO") + 72 T2 0.1 m0) T Vel F2 (0. 70010) + \Ws|L2(o,T)> )

and

/(fp(s) —vp (s) — 7 (vr,e(s) +mo) — A(s)wr, B: (vr e (s) + mo)) ds

5 r
t
<3/
2
0

M
+ — 2% (1+|fF|L2(0THF)+|UF5|L2(OTHF +‘UFE

2
ds

Hr

55 ur, 5 + mO)

(0,75Hp) T e 72 0T)|wF|Hp> )

for all t € [0,T] and § > 0, with the help of the Young inequality. Thus, choosing 6 < 1/(2¢) and recalling
Lemmas 4.1-4.3 we deduce that there exists a positive constant My, independent of € € (0, 1], such that

|Be (ve + mo)‘Lz(O,T;LQ(Q)) +[Be(vre + mo)’LZ(O,T;Hp) < Ms.
Next, we can compare the terms in (4.43) and conclude that
|Ave|2(0,1;22(0)) is bounded independently of ¢,

whence, taking Lemma 4.1 into account and applying the theory of the elliptic regularity (see, e.g.,
[6, Thm. 3.2, p. 1.79]), we have that

Vel L2 (0,7 01972(52)) < M,
and, owing to the trace theory (see, e.g., [6, Thm. 2.25, p. 1.62]), that
|0,0e | 12075110y < M,

for some constant Mj independent of € € (0,1]. O
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Lemma 4.5. There exist positive constants Mg, My and Mg, independent of € € (0,1], such that
|Br.e(vre + mO)|L2(0 romyy < Mo |vrele2ommzry) < Mz, |velp2 0,02 (0)) < Ms.

Proof. We test (4.44) by frc(vr . +mg) € L*(0,T; Vr) and integrate on the boundary, deducing that

t
/B\F,s (UF,E (t) + mO)dF + / Bfﬁ (Ur75<8) + mo) |VFUF7€(S) ’2drd5
T

t

+ /‘ﬂf‘,a (vr,e(s) 4+ mq)

0

2
ds

Hr

r

¢
S/B\F,E(UOF+mO )dI' — / evre(s) + Oyvrq(s ),ﬁr,e(vr,e(s)-i-mo)) ds
0

+ /(fp(s) — 7 (vr,e(s) +mo) — Ae(s)wr, Br.- (vr e (s) + mo))deS’ (4.56)
0

for all ¢t € [0, T]. We note that

/ Br < (vre(s) + mo) |vap’6(s)|2dfds >0,
or

due to the properties of Gr ., and
/ < (vor +mo)d / (vor + myp)dIl’ < 400,
r r

by virtue of (2.24). By applying the Young inequality in the last two terms of (4.56), we see that there exists
a positive constant Mg independent of € € (0, 1] such that

|Bree(vr,e + mO)‘L%O,T;Hp) < M.
Hence, by comparison in (4.44) we also infer that
|Aror el p20, 7.0 < My

and consequently (see, e.g., [19, Section 4.2])

1
2
v el 20,3 m2(r)) < (‘UREFLQ(QT;VF) + ‘AFUPH%Z(&T;HF))

< (M2T + Ni2)* = M.

Then, in view of Lemma 4.4, using the theory of the elliptic regularity (see, e.g., [6, Thm. 3.2, p. 1.79])
along with the boundedness of |vr ¢|r2(o 7, ms/2(r)), it turns out that

Ve | L2 0,512 (02)) < Mg

for some positive constant Mg independent of € € (0,1]. O
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Remark 4.1. All constants My, for k from 1 to 8, are obtained independently of 7 > 0 provided that (AT)
is assumed. Actually, under the additional assumption (A7) the positive constant M; in Lemma 4.1 is
independent of 7 > 0.

4.3. Passage to the limit as € — 0
In this subsection, we keep 7 > 0 fixed and conclude the existence proof by passage to the limit of the

approximate solutions as € — 0. Indeed, owing to the uniform estimates stated in Lemmas from 4.1 to 4.5,
there exist a subsequence of € (not relabeled) and some limit functions v, vr, &, &r, w, A such that

ve v weakly star in H'(0,T; Ho) N L>(0,T; Vo) N L*(0,T; H*()), (4.57)
vr. — or  weakly star in H'(0,T; Hr) N L>(0,T; V) N L?(0,T; H*(I)), (4.58)
Be(ve +mo) — & weakly in L*(0,T; L*(12)), (4.59)

Pr.e(vre +mo) = & weakly in L*(0, T; Hr), (4.60)

we = w weakly in L*(0,7), (4.61)

Ae = A weakly in L?(0,T), (4.62)

as € — 0. From (4.57) and (4.58), due to strong compactness results (see, e.g., [25, Sect. 8, Cor. 4]) we have
that

ve = v strongly in C([0,77; Ho) N L*(0,T; Vo), (4.63)
vr. = vop  strongly in C([0,T]; Hr) N L*(0,T; Vr), (4.64)

as € — 0. Moreover, on account of (4.46) and (4.58) it is a standard matter to deduce that
he — h weakly in H*(0,T) and strongly in C([o,17), (4.65)

where

he < h(t) = /wpvp(t)dl“ < forall te[0,T].

r

We point out that (4.44), (4.57) and (4.58) imply that vr = v, a.e. on X, while (4.45), (4.63), (4.64) entail
v(0) =vy a.e.in ), op(0)=vor a.e.onl.
Now, (4.62) and (4.65) and the maximal monotonicity of 9Ij, ;) allow us to conclude that
A€ 0, p=y(h) ae. in (0,T),
that is equivalent to (2.16). Moreover, (4.63)—(4.64) and the Lipschitz continuity of 7, 7p imply that

m(ve + mg) = w(v 4+ mp)  strongly in C([0,T]; L*(9)),
mr(vr,e +mo) — wr(vr +mg)  strongly in C([0,T]; Hr),

as € — 0. At this point, we can pass to the limit in (4.43) and (4.44) obtaining (2.10) and (2.12). Moreover,
by applying [4, Prop. 2.2, p. 38] and using (4.59)-(4.60) with (4.63)-(4.64), we obtain
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EeBv+mgy) ae inQ, & €Pr(vr+my) ae on 3.

Thus, it turns out that the pair v = (v, vr) yields, along with & = (§,&r), w and A, a solution of the limit
problem, which can be stated exactly as in (2.10)—(2.16). Also, we note the regularities v € C([0,T]; V)
and ur € C([0,T]; Vr) for the solution as a consequence of (4.57)(4.58).

4.4. Passage to the limit as T — 0

In this subsection, we discuss the limiting problem as 7 — 0. We need to assume the additional regularity
(A7) for f. For each 7 > 0, let now v, := (v, vr ;) be the solution to (2.10)—(2.16) with related w,, A, and

h(t) :== /wpvpﬁ(t)df for all t € [0,T7.
r

On account of Lemma 4.1 with Remark 4.1, we use the uniform estimates in Lemmas 4.1-4.5 to perform
the limit procedure as 7 — 0.

As in the previous passage to the limit as e — 0, also in this case a subsequence of 7 (not relabeled) and
some limit functions v, vr, &, &r, w, A can be found in order that the same convergences as in (4.58)—(4.62)
and

v; — v weakly star in H'(0,T;Vy') N L>(0,T; Vo) N L*(0,T; H*()) (4.66)

hold as 7 — 0. We can still deduce the same strong convergences as in (4.63)-(4.65) and the passage to
the limit can be carried out in a similar way. Of course, here we have to point out that (cf. the estimate in
Lemma 4.1)

vl — 0 strongly in L?(0,T; Hy)

as 7 — 0, which is important when we pass to the limit in Eq. (2.10), obtaining

F-1 (%) —Av+E+m(v+mg) =f+w ae in @, (4.67)

to be coupled with (2.11)—(2.16).

Remark 4.2. On the side of the proof, one can make the remark that the solution component v = (v,vr) of
the problem solves the abstract formulation (see Subsections 2.4 and 4.1)

ve HY0,T;VE)NL®(0,T;Vy),
v e HY (0, T; Hy) if >0,
v* = (=Av +£,0,v — Aror + &) € L2(0,T; Hy),
A e L0,T),
AV () + v () + MN)w = P(f(t) —1II, (v(t))) in Hy, for a.a. t € (0,7),
v*(t) € dp(v(t)) in Hy, for a.a.t € (0,T),
Mt)w € 0Ig (v(t)) in Hy, for a.a. t € (0,7),
v(0) = vy in Hy.
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Moreover, let us point out that
v (t) + At)w € d(¢ + Ik)(v(t)) in Hy, for a.a. t € (0,T).

Therefore, it is clear that v is the solution of the Cauchy problem expressed by (2.25)-(2.26). We note that
although the solution v of this problem is uniquely determined, the auxiliary quantities v* and A are not
unique in general (cf. [10, Remark 3.3], [15, Remark 2]).
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