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Abstract: In this paper, we present a new integral representation for the Jacobi polynomials
that follows from Koornwinder’s representation by introducing a suitable new form of
Euler’s formula. From this representation, we obtain a fractional integral formula that
expresses the Jacobi polynomials in terms of Gegenbauer polynomials, indicating a general
procedure to extend Askey’s scheme of classical polynomials by one step. We can also
formulate suitably normalized Fourier—Jacobi spectral coefficients of a function in terms
of the Fourier cosine coefficients of a proper Abel-type transform involving a fractional
integral of the function itself. This new means of representing the spectral coefficients can
be beneficial for the numerical analysis of fractional differential and variational problems.
Moreover, the symmetry properties made explicit by this representation lead us to identify
the classes of Jacobi polynomials that naturally admit the extension of the definition to
negative values of the index. Examples of the application of this representation, aiming to
prove the properties of the Fourier—Jacobi spectral coefficients, are finally given.
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1. Introduction

Systems of orthogonal polynomials are important tools for the numerical analysis of
several computational methods, spectral and spectral element methods (see [1-3] and the
references therein). On bounded domains, the Jacobi polynomial class, which includes
ultraspherical polynomials, is the most commonly adopted. Jacobi polynomials are used in
several fields of mathematics, e.g., in spectral methods in PDE [1,4-6], in techniques for
the solution of high-order ordinary differential equations [7,8], in systems of PDE [9], in
approximation theory [8,10] and in finite element methods [11]. Most of their relevance
in spectral methods arises from the close relation of Jacobi polynomials with the Laplace
operator on compact rank-one symmetric spaces, where they represent the spherical func-
tions on these spaces, playing thus a key role in the description of the spectral projections
and of the spectral measure associated with the Laplacian [12]. In mathematical physics
and applied research, they are used, for instance, for the efficient computation of tensor
fields in geophysical and astrophysical problems [13], high-energy physics [14], condensed
matter physics [15], signal processing [16] and data compression [17].

In the hierarchy of Askey’s scheme of hypergeometric orthogonal polynomials, the
Jacobi polynomials, denoted by Py(l'x'ﬁ ) (x), are above the ultraspherical (or Gegenbauer)
polynomials since they have one extra degree of freedom; hence, Legendre and Cheby-
shev polynomials are also particular cases of Jacobi’s. In this paper, we present a new
Dirichlet-Mehler-type integral representation for the Jacobi polynomials (see Section 2)
by introducing new radial and angular coordinates, which lead to a new form of Euler’s
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formula in these coordinates. Using this tool, the new integral representation is obtained
from Koornwinder’s. As a by-product of this new representation, we attain a fractional
integral formula that expresses the Jacobi polynomials in terms of Gegenbauer polynomials,
enabling us to extend the Askey scheme by one step. In principle, this procedure could
be generalized to introduce an additional step in Askey’s scheme, representing Hahn’s
polynomials in terms of Jacobi's.

The new Dirichlet-Mehler representation of Pr(l'x’/S ) (x) allows us to prove, in Section 3,
that suitably renormalized Jacobi spectral coefficients of a measurable function can be
expressed in terms of the Fourier cosine coefficients of the fractional integral of the function
itself, showing (once more) in a manifest way the known strict connection between Jacobi
polynomials and fractional calculus. From this point of view, the way in which we represent
the Fourier-Jacobi coefficients appears to be particularly well suited for the spectral analysis
of fractional differential equations. Moreover, this representation of the spectral coefficients
through suitable Fourier cosine coefficients yields also computational benefits, particularly
for large values of 7, since it allows us to exploit the efficiency and accuracy of the Fast
Fourier Transform. Proceeding along these lines, Section 3.2.2 further shows that the
spectral coefficients of the derivative and anti-derivative of a function take a very simple
form in terms of spectral coefficients of the function itself.

Finally, the symmetry properties that emerge from the new representation of Jacobi
polynomials and the associated spectral coefficients lead us to identify, in Section 3.1,
the classes of renormalized Jacobi polynomials that naturally admit the extension of the
definition to negative values of the index n.

The role of integral representations in problems of function theory is very well known.
In particular, integral representations of orthogonal polynomials, along with the associated
spectral expansions, represent a powerful apparatus in several branches of theoretical and
applied mathematics—for instance, for the explicit representation, asymptotic analysis,
investigation of the properties and numerical computation of solutions of differential
equations, boundary value problems and singular integral equations. Concerning Jacobi
polynomials, the integral representations available in the literature are relatively few.
By employing algebraic methods based on the unitary group, Koornwinder has proven
the addition formula and, as a consequence, found the following Laplace-type integral
representation for the Jacobi polynomials, which holds for « > > —% [18,19]:

PP () _ 2T (x4 1)
PP (1)  T(B+3)T(a—p)I(3)

1,7 (1 _ 2 n
X / / [1 X él x)r +ivV1—x2rcosf| (1—r2)* P 142+ (sin 9)%F dodr.
Jo Jo

1)

Some time earlier, Braaksma and Muelenbeld proved the following integral representa-
tion ([20], Formula (2.3)), characterizing the Jacobi polynomials as spherical harmonics in g
dimensions, which are invariant for certain orthogonal transformations:

)" T(n+a+1)T(n+p+1)
n(@2m)! T(a+3)T(B+5)

1 1 1 1
X / / (tw +iv1 — 20)"(1 — w?)* 2 (1 — v*)P~2 dwdo.
-1J-1

P (1 o) = |
()

This work was later extended by Dijksma and Koornwinder, proving an integral rep-
resentation of the product of two Jacobi polynomials P,(,'X'ﬁ ) (1- 2t2)P,§'X’ﬁ ) (1 —2s%) ([21],
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Theorem (2.1)), which, as a particular case, yields an integral representation for Jacobi
polynomials in terms of Gegenbauer polynomials ([21], Theorem (2.2)):

1
pleb) (1 —22) — —o*)""2do. (3)

2( 1) (Dé—i-ﬁ—Fl Tl+0€+1 / CaJr’[;Jr]
VI T(a+ HT(n+a+p+1)

Aomoto’s work is also worth mentioning, where an integral representation for P,E“’ﬁ ) (x)
has been obtained by studying an extension of Selberg’s beta integral ([22], Formula (17)).
(a,B) (x)

Integral representations for P, are available also in terms of other classes of
classical polynomials. Feldheim proved integral representations of Jacobi polynomials
in terms of Laguerre polynomials ([23], Formula (24)) and of Jacobi’s themselves ([23],

(a+p,B) (x)

Formula (24)), while Askey and Fitch give a fractional integral formula for P,

é“rﬁ*‘ﬂ) (x)

(or, similarly, P, ) in terms of the Jacobi polynomials P,S“’ﬁ ) (x) themselves ([24],
Formulae (3.7) and (3.8)). Finally, we recall the integral representations for the product of
two Jacobi polynomials given by Chatterjea ([25], Formula (2.13)), whose result follows from
the analogous properties of the terminating Gauss hypergeometric series » F; (see also ([26],

Formula (16)) for a representation of this product involving Laguerre polynomials).

2. A New Integral Representation of Jacobi Polynomials

In this section, we prove a new integral representation for the Jacobi polynomials. Then,
this representation is used to obtain an integral formula expressing the Jacobi polynomials
in terms of Gegenbauer polynomials.

2.1. Preliminaries for Jacobi Polynomials

For areal «, p and x € [—1, 1], the Jacobi polynomials can be defined by Rodrigues’
formula [27]:

Py(la,ﬁ)(x) _ (27:1)'” (1-2x)"*(1+ x)fﬁ% ((1 . x)oc+n(1 + x),3+n)‘ 4)

Expanding the n" derivative in (4) yields the explicit expression for the polynomials

PLA) (1) — 1n O (MY ey 1)), (5)
2 () (00

which can be written in terms of the Gauss hypergeometric »F;-series as

1
PP ) = CED R (1 et e mat 130 - 1), ©)
where (y), = I'(y +n)/T(y) denotes the Pochhammer symbol.
Equation (5) shows that PP (x) is a polynomial for any real value of « and B. Dif-
ferently from other classical polynomials, the index 7 is not always the degree of the poly-

(,B) ( x)

nomial, since degree reduction can occur [27]. Precisely, the degree of P, is n only
if the parameters satisfy the relationa + f+n ¢ —1,—2,..., —n. The Jacobi polynomials
are orthogonal on [—1, 1] with respect to the weight function w(“#) (x) = (1 — x)*(1 + x)P
ifa > —1and B > —1,i.e., when the weight function w(®#) (x) belongs to L(—1,1) ([28],

Table 18.3.1):
1
[ PP R ()t (x) dx = n P 5, ?)

where
pep) _ 2Pt a+ D+ p+1)

"o nlnta+B+D)In+a+p+1)

(8)
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Moreover, they satisfy the following three-term recurrence relation ([28], 18.9.1):
P () = (A o+ BEP ) P () — P P () (n> 1),
(4,6) (2,6) 1 1 ©)
BP0 =1, PP ) = Sat B2+ ya—p)
where
p)  (n+a+p+1)2n+a+p+2)
A = , 10
" 2n+1)(n+a+p+1) (102)
(@p) _ (> —pH(2n+a+p+1) (10b)
" 2n+1)(n+a+p+1)2n+a+p)’
clwp) _ (n+a)(n+p)2n+a+p+2) (100
" (m+l)(n+a+p+1)2n+a+p)
Finally, P,(l'x”g ) (x) satisfies the following symmetry condition:
PP (—x) = (~1)" PP (). )

More information on Jacobi polynomials can be found in Szego’s book ([27], Ch. 4).

2.2. A New Integral Representation of Jacobi Polynomials

We can now prove the following integral representation for the Jacobi polynomials.

Theorem 1. Fora > 8 > —%, the Jacobi polynomials P,S'X"g )(x)

(a,,B) 7i(/3+%)7r
(1 —x) (1+x)P
1
></ dR (1— R)* B~ 1Rn+2ﬁ/
1+x

2

(“ﬁ)(x

i’l

2t—vx(R)

where cos vy (R) = 1% — 1 and

K(a,,g)_ 2(”‘_%)1"(114—044—1)
" myAT(a—-BT(B+3)

gl(ntBr3)t (cosvy(R) — cos t)ﬁ_% dt,

can be represented as follows:

(12)

(13)

Proof. We commence by considering Koornwinder’s representation (1), which, for conve-

nience, we rewrite by introducing the variable 0 < u < 71, with x = cos u:

(xB-3%)
B o) wpd) [0 (1 b off) r,cosu) o
ap-3%) (1)

(n>0,>0a>p—1),

(5)(

where we have denoted by @,/ (r, cos u) the integral

7T n
of) (r,cosu) = / (cos2 g — r?sin® g + irsinu cos go) sin?~1 g de
0

(n>0,>00<r<1

with the constant c(“#) reading
C(‘X’ﬁ) _ 2F(DC+1) ‘
VAT(a—B)T(B+3)

(14)

(15)

(16)
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It is worth noting that, forr =1, q>,(f ) (1, cos u) represents an integral representation for the
Gegenbauer polynomials C,(qﬁ ) (x); in fact, we have ([28], Eq. 18.10.4)

n!22A=112(B)

(B)
NCEST) Cy’ (cosu). (17)

CD,(q’g) (1,cosu) =

(B)

Our goal now is to reformulate suitably the integral ®,;”’ (7, cos u) in order to make explicit
the role of the parameter 8 as the order of a fractional integral. With this in mind, for
every u € [0, 7r] and r € [0, 1], we define new radial and angular variables R = R, (r) and
v = vy(r) as follows:

Rcosv = cos? g — 2 sin? %, (18a)
Rsinv = rsinu. (18b)

Therefore, we have (see Figure 1)

2

R, (r) = cos % +r?sin? 2 (19a)

E/
rsinu
cos?(u/2) — r2sin®(u/2)’

vy, (r) = arctan (19b)

0.5

-0.5 -

-1

Figure 1. Integration path in the ¢!"-plane for the evaluation of integral (15). For each (r,u), the path
in the e'T-plane that corresponds to the original integral (15) is the oriented linear segment do(v(r, 1))
starting at R(r, u)el” and ending at R(r, u)e ™. For the analyticity in the unit disk of the integrand
in (15), the arc 64 (v(r, 1)) on the circle of radius R(r, 1) can be equivalently chosen as the integration

path, leading thus to representation (28) for @E,ﬁ ) (r,cosu).

Then, we introduce into integral (15) the new integration variable 7(¢), defined by

: u o U
Re™(®) = cos? = — r2sin? —

5 5 +irsinucosg, (20)

and note that

cos?(u/2) —r?sin®(u/2) +irsinu

it(p)
¢ R R

COS ¢ = €Os vV +1sinvcos ¢. (21)
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Py(,“’ﬁ) (cosu) =

Now, we write the integrand in (15) in terms of the radial and angular variables R and v
and of the new integration variable 7. From (21), we have

26T (cos T — cosv) = (&7 — €¥) (el — e71?) = sin® vsin? ¢, (22)
which yields
Sin g — (2617 (cos T - cos v))l/z. 23)
sinv
From Formula (21), we have /" d7 = — sinvsin ¢ dg, which, using (23), gives
ei-r/ 2
dp = —— dr. (24)
(2617 (cos T — cos v))l/2
Finally, grouping all of the terms, the integrand in (15) becomes
(cos2 % — 12 sin? % + irsinu cos (p) ! (sin )P~ 1deg
i(n+p)t (25)
=-R W(Z(cos T — cos v))(ﬁfl) dr.

Regarding the choice of the integration path in the complex T variable, it is useful to
consider the intermediate step in which e'” is set as the integration variable. For a given
(r,u), the path in the e!"-plane that corresponds to the original integral (15) (with ¢ € [0, 7t])
is the oriented linear segment dy(v) starting at ¢” and ending at e ~'” on the circle of radius
R(r,u) (see Figure 1). If we choose as the integration path the arc 6, (v) = {eiTs.t. T =
o <t < 2m—o}, we have cost < cosv. In order to choose the correct specification
in (25) of the (B — 1)th root of a positive number, we note that, when €'” € &), we have
(elT —€¥) (el — e71) > 0. If eiT € R, we have (/T — ¢l?)(¢l" — e71?) > 0, and, in particular,
the latter relation holds true even for T = 7. Then, referring to the leftmost equality in (22),
this implies that the following specification holds on the path 6 (v):

B—1

((eiT —é?)(el" — e_iv)> = (2(cosv — cos 7))L (T (A1), (26)
which amounts to stating that
(cost —cosv)P ™1 = ¢ 7B (cos v — cos t)P 1. (27)

Finally, from (15), (25) and (27), we have

. n 2=y (r) .
(Dglﬁ) (r,cosu) = 2B—1,—ipm ML Z) A(n+p)t (cos vy (r) — cos t)‘B_l dt. (28)

Inserting (28) into (14), shifting the index § —  + % and recalling sinv = rsinu/R (see
(18b)), we obtain the following integral representation for the Jacobi polynomials:

K(“lﬁ) e*i(ﬂﬂ*%)ﬂ

Y T
2¢=P~1(sin u)?p 29)
1 2m—vy(r) 1 1
% / drr (1 _ rZ)tx—,B—l (Ru(r))n-&-zﬁ o el(n+/5+§)t (COS Uu(i’) — COS t)ﬁ—i dt,
0 o (r
where :
(a=3)
cep) 2 2T(n+atd) 30)

n!Val(a—BT(B+3)
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and cos vy (r) = ESZZEZ;§;+:Z :2 Zﬁ) (see (18) and (19)). We can now change in (29) the

integration variable from r to R. From (19a), we have r? = 2B=1=C0SU 1.4y — dR /(1 —cosu),

and, from (18a) and (19a), it follows that cos v, (R) = M . Then,

(1 —cosu)*(1+ cos u)ﬁp,ﬂ""ﬁ) (cosu) = K,(f"ﬁ)g*i(ﬁ+%)ﬂ

1 21—vy(R) .
x /( dR (1— R F-1Rm+28 [ °

31)
gi(n B+t (cos vy (R) — cos t)ﬁ_% dt.
1+czosu) UH(R)

Finally, returning to x = cos u, from (31), we obtain (12). O

Representation of Jacobi Polynomials in Terms of Gegenbauer Polynomials

From (17) and (28), we readily obtain an integral representation for the Gegenauer
polynomials. Since, for r = 1, we have R, (1) = 1 and v,(1) = u (see (19)), plugging (28)
into (17) yields

C(ﬁ) (cosu) =

n—+2 e~ imp 27— . B
2ﬁ(n' rZ([/?) S /u (") (cosu — cost)P It (B> 0). (32)

We can thus express the Jacobi polynomials in terms of Gegenauer polynomials (see also
the formula of Dijksma and Koornwinder given in (3)). Plugging (32) into (29), we obtain,
fora > B> —5

( ﬁ)(cosu) = 13)/ zx B—1 2ﬁ+1( (r))n Cr(l’gH/Z)(cosvu(r))dr, (33)

where R, (7) is given in (19a) and

wp)  2¥TT(n+a+1)I(B+3)

T = AT — pT(n+26+1) 9

Equation (33) can be reformulated as a fractional integral by setting w = tan?(u/2) and
introducing the integration variable y = wr?. We obtain, fora > g > —3,

PP (1 T w)
w
&) » i (1= (35)
=m0 a—p—1, B ﬁ+1/2 -
2w“(1—|—w)”/0 (w—y) yw(a+y)"C <1+y> dy (w>0),

which is essentially related to the fractional integral ([29], Formula (3.4)) (see also [28],
18.17.10), which, in turn, is a consequence of the classical Bateman integral for the Gauss
hypergeometric series:

1
2Fi(a,b;c+p;x) = Im/() ycfl(l — y)”*l 2Fi(a,b;c; xy) dy (u>0). (36)

The above passage from Gegenbauer to Jacobi can be viewed as the first step in a more
general procedure that aims at extending the Askey scheme of classical polynomials.
A more general example will be, for instance, the passage from Jacobi polynomials to
continuous Hahn polynomials, as given by Koelink in [30], where a procedure based on
the Fourier transform is adopted. In a forthcoming paper, we therefore plan to extend
the procedure presented in this work, which is based on integral representations, to this
more general case, using the properties of Jacobi polynomials to prove the corresponding
properties of Hahn's.
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In the next section, concerning the representation of Fourier-Jacobi coefficients, the
tight connection between Jacobi polynomials and fractional integrals will be made explicit.

3. Fourier-Jacobi Coefficients

In this section, we use the integral representation (31) to obtain a formula for the
computation of the Fourier-Jacobi coefficients of a function f(x) from the Fourier coeffi-
cients of a suitable transform associated with a fractional integral of f(x). Moreover, the
symmetry properties of this latter transform allow us to define a class of renormalized

p)

Let f(x) be an integrable function that we wish to describe in terms of Jacobi polyno-

Jacobi polynomials ],(1“’ , which are well defined also for negative values of the index n.

mials, i.e.,

fx)~ Y PP (x) (xe[-1,1)), (37)

where the coefficients are

wp _ 1 1 (a,B) «
o ) /,1f (x) e (x) (1= %)% (14 x)P dx -

- %@ /Onf(cosu) PP (cosu)(1 — cosu)* (1 + cosu)P sinudu,
e

with h,(f"ﬂ ) being given in (8). In view of the equiconvergence theorem for the Jacobi se-
ries ([27], Theorem 9.1.2), the assumptions on f(x) that guarantee the uniform convergence
of expansion (37) in the compact intervals contained in (—1, 1) are analogous to the condi-
tions necessary to have the uniform convergence of a Fourier series. Uniform convergence
in x € [—1, 1] requires instead stricter conditions on f(x) (see, e.g., [31]). For example, if
f(x) is analytic on the closed segment x € [—1,1], then the spectral convergence of (37)
is attained in the complex x-plane within the Bernstein ellipse with foci at x = £1 ([27],
Theorem 9.1.1).

We now define the renormalized Fourier—Jacobi coefficients El,(f"ﬁ ) as follows:

@p) . 2/TT(m+B+ 1T —B)  (wp)
b T GntatprUIntarprn (39)

We can prove the following theorem.

Theorem 2. Fora > B> —L and n > 0, the coefficients ﬁ,(f"’g ) can be represented as follows:
1 1
ﬁgx'ﬁ) — / (1 _ R)afﬁfan+2ﬁ+1q)}(1.B+z) (R) dR, (40)
0

where, for every R € [0,1], (p,(f ) (R) (n = 0) denote the Fourier coefficients of the 2r-periodic
Abel-type transform I?I(f)(t) of Fr(x) = f(2R(1 —x) — 1), i.e.,

o P (R) = / TEP (e (0> 0), @1)
and
B (1) = ePe®) 10 [Fe) sin®(£/2) (B > 0), ()

with I(P)[FR](-) denoting the Riemann—Liouville fractional integral of Fg(x) and e(t) being the
sign function.
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Proof. In Formula (38), we apply representation (31) of the Jacobi polynomials and obtain

) 1
aﬁ{’"ﬁ) _ ,ygltx,ﬁ)eﬂ(@r%)ﬂ /07T du f(cosu) sinu/l

+cosu
2

dR (1 _ R)th‘Bfl Rl’l+2ﬁ
(43)
2m—vy(R) .
X / T i pg)e (cos vy (R) — cos t)’gf% dt,
v4(R)
where 751“’/5) = K,S’X’ﬁ) /hS;"'/S) (see (8) and (30)) and cos v, (R) = (1+ cosu — R)/R. Now, we
swap in (43) the first two integrals:

2P — aﬁ)/ dR (1 — R)*F~1 Rr+26
44)
. T 2m—vy(R) . (
X e_l(ﬁ+7)”/ du f(cosu) sinu/ gl(ntpp)t (cos vy (R) — cos t)ﬁ_% dt,
ug(R) ou(R)

where 1(R) = arccos(2R — 1). Our goal now is to manipulate the last two integrals in
(44) to obtain a representation in terms of the Fourier coefficients of a proper Abel-type
transform of f(x). The integration domain in the (u,t)-plane is the curvilinear triangle
whose sides are the curves v (1), 271 — vg(u) and the segment u = 1((R) (see Figure 2).

21

Ug 2 T
u

Figure 2. Integration domain (shaded) in the (1, t)-plane for the evaluation of integral (44). The sides
of the curvilinear triangle are the curves t = vg(u) = arccos((1 +cosu — R)/R), t = 2t — vg(u) and
the segment u = 1y(R) = arccos(2R — 1) (in this plot, R = 0.7).

Then, swapping the last two integrals in (44), we have

2m—vg (1)

w (B2 (cos v (1) — cos t)ﬁf% dt
rR\U

—i(p+i)m / " g - /
e urlcosu)smu
(i) L f(c0s ) ;

R
/ dt el ”+/3+2)t/ ®) f(cosu) (cosvg(u) —cost)ﬁ_% sinu du (45)
ug

27 . 2m—0vy (t)
+ / dt el(”””%)t/ ® “ " fcos u)(cos v () — cos t)P 2 sinudu |,
T ug(R

where v ! (t) = arccos(R cost + R — 1). In the second term on the right-hand side of (45), we
shift the integration variable t — t -+ 277, which, since vg ! (t +27) = 271 — v ! (t), becomes

oR! (1)
¢t 2”/ dt el /uo(R) f(cosu)(cosz(u)—cost)ﬁf%sinudu. (46)
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1 . sin(t/2)
‘Agﬂ%)(t) — 0B+ R pi(BH5)[t—me(h)] /0 fR(1—x)—1) (Sinz(t/Z) _ x) dx

Finally, from (45) and (46), we have
. 1 T 2n—og(u) . 1 1
e_‘(ﬁ"’f)”/ du f(cosu) sinu/ (B2 (cos v (1) — cos )P 2 dt
up(R) og (1) (47)
7T 1 .
_ / AP (1) eint qt,
-7
where

! ; R (1)
A%ﬁJr%)(t) = l(B+3)[t=e(t) /UR f(cosu)(cosvg(u) — cost)ﬁf% sinudu,  (48)

ug(R)

with €(t) denoting the sign function. We introduce in (48) the integration variable x =
1—cos?(u/2)/R, and we use cos vg () = (1+cosu — R)/R and vg ! (t) = arccos(R cos t +
R — 1), so the Abel-type transform (48) can be written in the following form:

=3
(49)

—_ 2[3+%I“(‘B + %) Rei(.BJr%)[t*ne(t)}I(ﬁjL%)[FR] (51n2(t/2)),

where Fr(x) = f(2R(1 — x) — 1), and IM[g](x) denotes the Riemann-Liouville integral

IVlsl(w) = o [ ) (=)' Tdx (ReA>0) 60

which, for Re A > 0, is well defined for a locally integrable function g(x) and represents
a bounded linear operator on L?(0,1) (p > 1). It is worth recalling that I(}) [g](y) enjoys
the properties

ci/ Wl (y) = 1V [gly), TV [gll(y) = 17 [g] (), (51)

and I™[g](y) is a Fourier multiplier: £(IM)[g])(s) = s~*£[g](s). Finally, from (44), (47)
and (49), the statement of the theorem follows. [

Representation (40) and, in particular, Formula (42) for the Abel-type transform I?I({ﬁ ) (t),
which is given in terms of a Riemann-Liouville integral, make explicit and manifest the
strict connection between Jacobi polynomials and fractional calculus. This already known
fact appears, e.g., in Formula (35), which describes the Jacobi polynomials as a fractional
integral involving the Gegenbauer polynomials. Another example in this sense is the
Bateman fractional integral (36) for the hypergeometric series »F;, which can be easily
reformulated for the Jacobi polynomials via Formula (6). Due to the non-local nature of
the fractional derivatives, several attempts have been made to develop spectral methods
for the solution of fractional differential equations and fractional variational problems. In
this setting, it is therefore not surprising that Jacobi polynomials and the related associated
functions, e.g., generalized Jacobi functions [32,33] and Jacobi poly-fractonomials [34], have
shown attractive fractional calculus properties and remarkable capabilities in approximat-
ing functions, even with singular behaviors at the boundaries [32] (for applications of
Jacobi polynomials to fractional calculus, see, e.g., [35-40] and the references therein). From
this point of view, representation (40)—(42) of the Fourier-Jacobi coefficients appears to be
particularly well suited to the construction of spectral schemes for the numerical solution
of fractional calculus problems.

The representation of the Fourier—Jacobi coefficients given in Theorem 2 can be benefi-
cial also from a computational viewpoint. Criticality in the computation of the coefficients
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a,(f"ﬁ ) emerges when the index 7 is very large and integral (38) becomes a highly oscillating

integral. In this case, the quadrature of this integral becomes a difficult problem requiring
the choice of exceedingly small subintervals. On the other hand, Theorem 2 shows that the
burden of the oscillatory analysis is shifted to the Fourier integral (41), allowing us to take
advantage of the computational efficiency and accuracy of the Fast Fourier Transform [41].

3.1. Extension of the Fourier—Jacobi Coefficients dﬁf"ﬁ ) to Negative Index n

For some values of the parameters « and j, the definition of Fourier-Jacobi coefficients
can be extended to negative values of n. The most direct method to extend a given
sequence {py}n>0, indexed by nonnegative integers, to negative integers {p_, },>1 is
through recurrence relations among the elements py,, if any. In fact, if {p,, },>0 satisfies a
homogeneous linear recurrence relation, then it can be uniquely extended to all integers
n by requiring the recurrence relation to hold for all n € Z. Hereafter, in order to extend
the definition of Fourier-Jacobi coefficients to negative values of 1, we adopt a different
approach based on the symmetry emerging from representation (40). It is interesting
to note that some works in the literature arbitrarily assume the values of the Fourier—
Jacobi coefficients to be null for negative values of n. For example, in the analysis of the
generalized Jacobi polynomials [42], the proof that different definitions of these polynomials
do actually coincide and lead to equivalent generalized Jacobi polynomials is given under
the assumption that P,S""ﬁ ) (x) =0forn < 0and «, B € R ([42], Remark 2.4, p. 78). Similarly,
in Ref. [43], Lewanowicz proposes methods for the construction of recurrence relations for
the Jacobi polynomials. Even in this case, these procedures assume Pr(l'x”3 ) (x) =0forn <0
if &« # B of &« = B but 2a + 1 is not a nonnegative integral. As we will see in the following,
these assumptions contradict the fact that, for certain sets of the parameters « and §, the
values of the Fourier-Jacobi coefficients with n < 0 are linear functionals of the coefficients
with n > 0 as a consequence of the symmetries of the Jacobi polynomials and, in general,
are different from zero. Moreover, we will see how these symmetries lead naturally to the
definition of a class of Jacobi polynomials with well-defined n-parity symmetry.

We start by noting that the Abel-type transform ?ff ) (t) in (42) enjoys the
following symmetry:

-~

which, for 28 € Ny (Ny = NU {0}), induces the following index symmetry for the Fourier
coefficients (p,(f ) (R):
9P ap) (R) =T 9P (R)  (n>0). (53)
Relation (53) indicates a procedure to extend the definition of the normalized Fourier—
Jacobi coefficients by symmetry to negative values of n by using those with a nonnegative
index. Extending directly Formula (40) to negative values of # is not a feasible possibility
in view of the divergence of the integrand in R = 0 for n < —28 — 2, unless (p,(f ) (R) has in
R = 0 a zero of order higher than any power of R for n < —2f — 2. In fact, q)glﬁ ) (0) =0 for
n < —2B — 2, but the order of the zero depends on the function f(x). Nevertheless, we can
select values of « and f that lead to the proper definition of the Fourier—Jacobi coefficients
for n < 0 independently of f(x).

For the sake of convenience, let us consider the normalized Fourier-Jacobi coefficients
(at3,8-3)
n

N

, which, in view of (40), can be written as

11 1
gt thma) /0 1—R*PR$ P (R)AR (1> 0a+1>p>0). (54



Mathematics 2025, 13, 483

12 of 25

_(a+3,8-3
uf(niZ,B) ’

1p_1
Now, consider the normalized Fourier—Jacobi coefficient with negative index a (f(: frf 8) 2)

(n > 0 and 28 € N), which we aim to write in terms of well-defined normalized Fourier—
Jacobi coefficients with a nonnegative index. From (54) and exploiting the symmetry
relation (53), we formally have

R 1
- eﬂﬁ”/ (1—R)*PR-228Rn+28 ) (R)AR (n> 0,26 € N,a > p—1), (55)
0

which has a structure similar to (54) but for the factor R~2""2F, which makes the in-
tegral divergent for n > 1. This latter factor can be rewritten by making use of the
binomial expansion

R-21-2p _ i (“‘2”‘225 - 1) (1-R)"  (JR] <1). (56)
=0

After plugging (56) into the right-hand side of (55), swapping the series and integral and
re-indexing, we obtain formally

_ i 2 (0+2n+2 _ :
A gy = eGP Y ( p B) o P (n=02peNy).  (57)
=0

Formula (57) can be taken as the definition of the normalized Fourier—Jacobi coefficients
with a negative index, provided that the series on the right-hand side converges. In this case,
its validity can thus be extended by continuity to any value of « > —1 and 28 € {—1} UN,.

Convergence issues in (57) are related to the divergence of integral (40) forn < —28 -2,
as discussed previously. The series in (57) is summed over the values of the first parameter,
i.e.,, « + ¢, and therefore the convergence analysis requires uniform asymptotic estimates
of ﬁgf’ﬂ ) for a — oo, which is a problem that is much less studied than the analogous one
investigating asymptotics for n — oo. For instance, assuming that f(x) is analytic in the
Bernstein ellipse with fociin x = +1 and the sum of the semi-axes p > 1, we can make use of
the uniform bound given by Zhao et al. [44] (Theorem 2.5), which yields, for «, § > —1, the
estimate 7 TP = O(¢~"=2F=2) for £ — 0. Hence, we have (HZZHﬁ)ﬁg[‘Hé'ﬁ) =0(m2)
for { — oo, guaranteeing the convergence of (57) only for n = 0. Nevertheless, as we will
see later, representation (57) provides the Fourier—Jacobi coefficients with a negative index
in important particular cases, which correspond to selected sets of values of « and .

Remark 1. The reverse formula of (57), which gives the coefficients with a nonnegative index
in terms of the coefficients with a negative index, can be obtained similarly. In fact, plugging the
symmetry relation (53) into (54) yields

14 l, -1 —i2B7 1 n— n —n
ﬁEz +tah-7) _ 2B /0 (1 — R)* PR2"+2P [R ( +2ﬁ>+25q)(_ﬁ()n+2ﬁ)(1{)] dR

(n>0,2eN,a>p—1).

(58)

Again, if 2B € N, the factor R>"+2P can be expressed in terms of powers of (1 — R) by using the
binomial expansion

R™ = 12(1)1' (’?) (1-R)  (0<R<1), (59)

with m being a finite nonnegative integer. Hence, from (58), we have formally
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. 2n+2B ) 1 .
A bBD) _ gy <_1y<?”-;2ﬁ> A;(1—-R)W+”’ﬁ[R*”¢92HQW(R)}dR,(60)
j=0

which, using (54) (and after shifting the indexes « and ), gives the following relation:

) 2n+2B+1 ) .
g = iy () <2n +?ﬁ + 1) a(f(tz]fz)ﬂ+1) (n>028€N,y).  (61)
j=0

There are many possible ways to normalize the Jacobi polynomials, and each one
may have advantages and disadvantages. Jacobi polynomials, as defined through (4), are
orthogonal on [—1,1] with respect to w(®#)(x) but, when divided by (hg,“’ﬁ )) ?,lead to a
system of orthonormal polynomials, which yields advantages in the analysis and numeri-
cal computation of Fourier-Jacobi series. Nevertheless, definition (4) makes simple and
transparent the x-parity (or a <+  swap) symmetry given in (11). Similarly, representation

(@p)

(40) of the normalized Fourier—Jacobi coefficients a,
of the Fourier coefficients q),(f ) (R) (see (53)). Hereafter, we will see how this symmetry
can be exploited to define in a natural way suitably normalized Jacobi polynomials with

n-parity symmetry.

makes clear the symmetry property

Proposition 1. For «, B > —1, let the renormalized Fourier—Jacobi coefficients j,(f"ﬁ ) be defined as

(@+p+1)  (B+Dn  _@wp
2n+a+B+1) (a+B+1)y "

@p) . ) (B+Du (8p)
L N RS

(a # B,2p € Ny), (62a)

(a=p#—-32p€Ny),  (62b)

1 T(n+3) (-
JaTmn+1) ™

2 (a=p=-1), (620)

where aﬁ[x’ﬁ ) are the Fourier—Jacobi coefficients defined in (38). Then, for 2B € {—1} UNy, the
corresponding Fourier—Jacobi coefficients with a negative index are given by

i(2p+1)7 v €+2n+2ﬁ>(o¢_ﬁ)€,(“+f,ﬁ)
f(2B+ z;)< ! e T (a # B,2B € Np), (63a)

(a,B) - .
Jonlop = ¢267 (B P) (. =B,2B € Np), (63b)

o

NI

(k=p=—3). (630

(@,p)

Proof. By using definition (40) of the normalized coefficients a, "/, let us rewrite

Formula (57) in terms of the standard Fourier—Jacobi coefficients a,(f"ﬁ ) (a0, > —1). We
have formally

oi2p 1) I'(—n—B) (@P)

(0 =2n =3 —-1)T(a — B —n) —n—2p-1
_ i <€+2n+2[3)1"(0c—,8+£) T(n+B+1) wrep) (64)
= 1 Fla—p) @n+a+B+l+)I(n+a+p+L+1)" ‘
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Formula (64) suggests that we define the class of Jacobi polynomials that admit the defini-
tion by symmetry of the corresponding Fourier-Jacobi coefficients with negative index n as
a linear combination of Fourier—Jacobi coefficients with nonnegative n. First, we observe

that Formula (64) simplifies if x = § # —% anda = = —%, which in these cases becomes
T(=n—p) p)  _ jopr L tB+1) (pp) g 1
T(—n) 7261~ ° Ttop+1)™" (e=p#—3) (65)
I(-n+3) (33 _Tm+3) 11 o
)™ )™ (e=p="2) (66)

We are then led to define the following Jacobi-type coefficients (associated with an integrable
function f(x)):

j;ga,ﬁ) - p(ﬂl,ﬁ)q;(f‘//g)asl"‘/lg), (67)
where (see (64)—(66))
I(n+p+1)
f
Qntat L ntatpr1y Ore7h
@p) _ ) T+ p+1) gl

dn T(nt26+1) fora =B # 3, (68)

T(n+ ;) a1

i) fora =p=—3,
(a,B)

and p(*P) is a constant that is independent of 1, still to be defined. The coefficients j,
are supposed to be spectral projections of the function f(x) over the renormalized Jacobi

polynomials ],(f"ﬁ)(x) = clwh)ple /5)( )

,l.e.,
(@,p) 1 (ap)
/ flx X)(1—x)*(1+x)Pdx = G I P, (69)
(w,B)
8n
with gﬁf"ﬁ ) being the normalization constant
1 2 2
i = [ () =0t +xfax = () mi, (70)

where h,(f"ﬂ ) is defined in (8). Therefore, from (69) and (70), we have jﬁ,’x’ﬁ ) = a,(f"ﬂ ) / C,(f"ﬁ ),
and, consequently, from (67), Cﬁ,‘x"g ) = (p(”"ﬁ) q,(f’ﬁ ))_1. Now, we assume that, for n = 0, the
polynomials ](g“”g ) (x) and P(ga’ﬁ ) (x), which, in this case, are constant, do coincide, i.e., we
assume Cé')‘”8 ) = 1. It then follows that pleh) =1/ L](()Mg ) and therefore C,(f"ﬂ ) = q((f‘”s )/ q,(;"ﬁ ),
Hence, the renormalized Fourier-Jacobi coefficients are defined by (see (67))

( «,p)
j](f‘fﬂ) (,x 5 a("‘ ﬁ), (71)
90
whose explicit expression is given by Formula (62). Correspondingly, the renormalized
Jacobi polynomials are defined by ]n'x’ (x) = (qq () q ) piF )( ). Finally, plugging
definition (62) of ]( #) into (64), we obtain Formula (63) for the coefficients ]( )2;3 ; witha
negative index. [

The case « = B = —1, given in (62c), corresponds to the coefficients associated

11
with the Chebyshev polynomials of the first kind, T,,(x) = ],5 272) (x)=y/nT(n+1)/T(n+
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_1_1 _1_1
%)Py(l z 2)(x) ([45], (10.11.5), p. 184), whose coefficients t,, = ],(1 272) satisfy the symmetry
t_n =ty for n € Z (see (63¢)). It is worth observing that the factor I'(—n + 1)/T(—n +1)
is indeed what makes t_; finite and well defined, compensating for the divergence of
_1_1
a(_nz' 2 forn > 1. The case a = B = J (see (62b)) represents the Chebyshev polynomials of
the second kind ([45], (10.11.6), p. 184),

_ b VT T(+2) G
Un(x) = 7% (x) = 3 T(n +3/2)P” (x), (72)
11
whose coefficients u, = ]'512’2) satisfy the symmetry relation u_,_, = —u, (see (63b)). More
generally, adopting the standard notation, whena = g = A — % (A > 0), from (62b), we
have the coefficients associated with the ultraspherical (Gegenbauer) polynomials ([45],
(10.9.4), p. 174):

~1a-1 2)\) (A=1a=1y

C()‘)xz()L 2A 2)x:(inp 277 2 (x), 73

D= e = T ) @
_1i -1 .

whose coefficients cﬁlA) = ]ﬁlA 242) enjoy the symmetry relation C(—/\;z—z)\ = —em”c,(f‘)

when 2A € N.

Evidently, the series in (63a) is affected by the convergence issues discussed earlier for
the series in (64). Nevertheless, from (63a), we can select a subclass of Jacobi polynomials
that are well defined even with negative values of n. Let &« — = —m, m € Ny. The sum on
the right-hand side of (63a) terminates since lim,_g)_, (¢ — )¢ = (=1)!m!/ (m — £)! for
¢ < m and zero for ¢ > m. Formula (63a) thus becomes

m /
(B—mB) _ i i(2p+)m C+2n+2p (-1) (B—m+L,B)
Fongpa = mt e Y ( ¢ )m—0@E-mr2) - A

As an example, let § = % and m =1 (i.e, a = f%). Formula (74) yields the Chebyshev
coefficients of the third kind [46],

=== (75)
and, correspondingly, the symmetry relation (74) reads

(—

11 1 —1)¢ _l.41 _11 11
] 77/22) — Z <€+27’l+1> ( ( 1) ( 2+£'2) :]51 2'2> _ (n_‘_l)]'ﬁlZ’z)‘ (76)

n P ¢ 1- 0Tl +2)"
11
Now, making use of the recurrence relation (A9) for the polynomials ],(1 22) given in
11 11 11
Appendix A, ],S 22) _ jﬁl_%'z —n jflz_’lz), we obtain the usual symmetry relation for the

coefficients associated with the Chebyshev polynomials of the third kind: v_,,_; = vy,.

3.2. Relations Between Coefficients o‘lﬁ,‘x”g ) with Different Parameters

In this subsection, we see how the connections between coefficients ﬁ,(f"ﬁ ) (see (39))
with different parameters follow from the corresponding relations satisfied by the Fourier

coefficients (pgﬁ ) (R) through representation (40) of Theorem 2. Similarly, we also prove the

(a,8)

relation between the coefficients a,, " of the derivatives and anti-derivatives of a function
and the coefficients of the function itself.
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3.2.1. Recurrence Relations

For notational convenience, it is useful to denote E(A)gt) = iAlt=me®)] TV (1) =
IM[FR](sin?(t/2)), and hence we rewrite Formula (42) as I?RA)(t) = EM () TN(t). We

first prove the following lemma.

Lemma 1. Forn > 0, 8 > 0,0 < R < 1, the Fourier coefficients (pEI (R) (see definition (41))
satisfy the following relation:

ol R) = (o (R) - oy (R)), 77)
where " 1
B _
TP T (78)

Proof. The first step is to obtain a suitable relation between the Abel-type transforms

l?l(f ) (t) with different values of B (see (42)). To this end, we compute the derivative of
the Riemann-Liouville integral I1*#) (t) in two different ways. Equating the two results
will give us the sought formula for flgﬁ ) (t). Using definition (50) for T1+A)(t) (9; = 9/0t),
we have

A 10FP) (1) = Lsint 9 10FF) [Fe|(sin?(t/2)) = Lsint [P (1), (79)

with the last equality following from property (51) of the Riemann-Liouville integrals.
Then, in view of (42) and recalling that E0+P) (t) = E() (¢) E(P) (1), we can write

EQHA) (1) 9, TO+E) (1) = Lsint ED) (¢) EB) () 9,T8) () = Lsint ED (1) EP) (1) (80)

On the other hand, we can also use Formula (42) for I1*#)(t) and obtain

A(1+B)
E0+) (1) 3, T0+) (1) = EO+) (1) 3 <M) _ 9 EU) (1) — TU) (1) 0, E0A) 1) 81)

The comparison of (80) with (81) gives us the relation
Lsint EO(¢) EP) (t) = o, B\ TP (1) — TOHA) (1) 9, ECHR) (1), (82)

Since E(1A) (t) contains the discontinuous function (), the derivative 9;E(1*A)(¢) is un-
defined in ¢ = 0, but it can be computed as a Schwartz distributional derivative (weak
derivative) [47]. In this sense, we recall that d;e(t) = 25(t), where 6(-) denotes the Dirac
delta function. Hence, with this prescription, we have

QBT (1) = (1 -+ BEIH (1) 3y (1 — me(r)) = i(1+ HETP (1) (1—278(r)).  (8)

Plugging (83) into (82) yields the following formula relating Abel-type transforms flgﬁ ) (t)

with different orders §:

Lsint EO(0) BP () =0 B P (0 — i1+ pEP (1) (1-2m8(). 89)
Now, the subsequent step towards obtaining the relation among Fourier coefficients (p,(f ) (R)

with different values of n and B is through definition (41). Thus, in (84), we multiply both

sides by ¢ and integrate over [—7t, 7]:
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%/;i[ E(l)(t) f]({ﬁ)(t) Sinteintdt — /;7; atflgl+ﬁ)(t) eintdt

m 7 (85)
—i(1+p) /77T ﬁl(gprﬁ)(t) e dt + 27i(1 4 B) /771 ﬁl({lﬂg) (1) 6(t) é™dt.

The rightmost integral on the right-hand side of (85), which contains the Dirac delta

function, is null since Fy EIHP) (0) = 0 (see (50)). Moreover, by the periodicity of Fy EUIHP )( t)

and recalling the expression for the Fourier coefficient of the derivative of a functlon,
we have

7T N . T .
/ atFI({H’g)(t) eMdt = —in/ F1g1+ﬁ)(t) e"dt = —in go£ll+ﬁ)(R). (86)
7 -
It remains to compute the integral on the left-hand side of (85); we have
I N ) T . N .
2i / ED (1) ) (¢) sinte™dt = / (et — ety ED () EP) (1) e it
—7T

f/ i(t—re(t )F )() i(n+1)tdt_/n ei(t_ﬂe(t))ﬁl({ﬁ)(t) A=t gy

-7t

(87)

Let us calculate the first integral on the right-hand side of (87), with the computation of the
second integral being similar:

/n ei(t—ne(t))flgﬁ) (t) A gy

—7T

_ /.0 ei(t+n)?1(zﬁ)(f) A Egy 4 /0” ei(t—n)f}({ﬁ)(t) A+ gy

= / T i MEP () e ittt 4 / "= B (1 il Dty (89)
0

— /O TEB (i (1) [e b=t | g0r421] gy

_ /ﬂﬁlgﬁ)(t)eflﬁ(tfn) {671((H+2)t+ﬁ(t77r)) _’_el((n+2)t+/5(t771))} dt,
0

where we use also the parity property of I? ) (t) in (52). In a very similar way, we have also
o N .
[ﬂ el(tfne(t))FI({/S) (te i(n—1)tqp — / F ﬁ) 1) [ ~i(nt+p(t-m)) 4 el(ntJr,B(th[))} dt. (89)

Therefore, from (87), we obtain

/n EN () B (#) sinte™dt = — /n EP) (1) 1B(t=m)
n A

(90)
% {{e—i(ntﬂs(t—n)) _i_ei(ntﬂ%(t—n))} _ [e—i((n+2)t+,5(t—n)) 4 (2Bt n))} } dt.

From definition (41) and using (52), we see that (p(ﬂ ) (R) can be written also in the following
alternative way:

B oy — [T 2B gy int g0 — [T [2B) —int , p(B) (4 pint
ol ®) = [ EPmemar= [[BF (—he B e at

AI({ﬁ)(ﬂ |:€fi2/5(t771) o int + eint} dt (91)

J
:/n A(ﬁ)(ﬂefiﬁ(tfn) [efi[ntﬁlﬂ(tfn)]+ei[nt+[3(t7n)]} dr
0
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Thus, comparing (90) and (91), we have
T ~ . 1
| EO@EL @) sintedr = = (9 (R) - g, (R)). 92)
—7T

Finally, from (85), (86) and (92), the recurrence Formula (77) follows. O
(ﬁ) (R)

In the next proposition, we see how the relation among Fourier coefficients ¢,

S(w6)

induces the recurrence relation for the Fourier—Jacobi coefficients a,

(@,p)

Proposition 2. For a > > —%, n > 0, the renormalized Fourier—Jacobi coefficients a,
(see (39)) satisfy the following recurrence relation:

alh) = alttP) _2a{ttP) 4 (P 2 (20 4 28 + 3)a TP, (93)

Proof. Let us multiply both sides of Formula (77) by (1 — R)* A~1R"*2f+2 and integrate
over R € [0,1]. We have

1
/O (1- R)zxf(ﬁ+1)Rn+2(ﬂ+1)(P£’1+l3) (R)dR

(94)
1 1
_ g’(q,B) {/0 (1- R)(oc—l)—BRn+2/5 R2 (Pz({B)(R) dRrR — /0(1 _ R)(“_1)_/5R(”+2)+25(P£1B+)2(R) dR|,
which, in view of (54), yields
1
i dPa Y P [fa- Rt P mar 09

Concerning the computation of the integral on the right-hand side of (95), we use For-
mula (59) to represent R? in terms of powers of (1 — R), which, in this case, reads
R? = (1—R)?>—2(1 — R) + 1. From (95), we then have

1
/ (1— R)(&D-BRm+26 R2 ,(F)(R) dR

_/ )@t ﬁRn+2/3¢£l/5)(R)dR
(96)
/ Rn+2/§ (ﬁ)( dR+/ ( 1)7/3Rn+2‘6 ¢£,ﬁ)(R)dR
a+3.6-3) zﬁgx%/ﬁ G 2 )

Plugging (96) into (95), shifting indexes &« — & + %, B— B+ % and accounting for (78), we
finally obtain the recurrence relation (93). O

Let us see now an alternative procedure to obtain recurrence relations from represen-
tation (40).

(@,p)

Proposition 3. For a > B > —%, n > 0, the renormalized Fourier—Jacobi coefficients a,,
(see (39)) satisfy the following recurrence relation:

a ) — 2(a— p—1)al P gl _glep), (97)
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_ feR-1EP()

Proof. Consider the integral

(=]

1
@wh) _ /0 (1—R)*PR™28 3,0\ (R) dR, (98)

where dg = d/0dR. This integral can be computed in two ways: the first is integration by

parts and the second involves computing explicitly the term dr (pgf3 ) (R). The equality of
the two results will lead to a relation among the normalized Fourier—Jacobi coefficients.

Integrating (98) by parts, we have

1
31(104,[3) :/O [( B)(1— R)(u—l)—ﬁRn+2ﬁ_ (n+2p)(1 _R)a—ﬁRn+2ﬁ—1} (P’(f) dr %)
1 1
— (a—p)ay PV — (n28yWiP),
where, for convenience, we have named
1
Wb /0 (1— R)* BRr+26-1 ¢$lﬁ)(R) dR. (100)

Consider now the term dg (p,(f3 ) R)=[ _”n 3Rﬁ1(<ﬁ ) (t) e dt. From (42), integrating by parts
(we denote f(")(z) = d"f(z)/dz"), we have

EB) (1) psin’(t/2) . )
T'(B) /0 f(l)(ZR(l —x)—1)(1—x) (51n2(t/2) B x)ﬁ 1 dy
EP) (1) sin(t/2) . )
T(B) Osz(t/Z) /0 f(l)(ZR(l—x)_1)(51n2(t/2)_x)/3 1y

+/-sm t/z D(2R(1 - x) — 1)(sin?(t/2) — x)P dx]

(101)

[f(2R —1)(sin?(t/2))P1
—(B —1)cos*(t/2) /OSinz(t/z) F2R(1 — x) — 1)(sin(£/2) — x)P~2 dx
—B /Osin2(t/2) F(2R(1 — x) — 1)(sin2(t/2) — x)P~? dx]

(sin(£/2))P " — & cos(t/2)EV ()EE (1) — BEP 1),

R r'(p)

Now, plugging (101) into the formula for dg q),(f ) (R), we remain with the following inte-

gral: f_”n E®)(t)(sin?(t/2))P~ el dt. Using the integral representation of 1/ B(x, y), where
B(x,y) is the Euler beta function ([48], Formula 8.381.4, p. 909), it can be shown that
this integral is proportional to 1/B(2p + n, —n) and therefore it is null for n € Nj. Then,
we have

P (R) = = / )(1 — sin(t/2)) B~ ”()i"fdt—%pﬁf”(R). (102)
Since

/71 E(l)(t)ﬁl({ﬁfl)(t) At — /:; efing(t)ﬁl(zﬂfl)(t) A+t gy — q)l(’l’[jrll)< R), (103)

—7T
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it is easy to see that the integral in (102) can be written as

[ EO 0 - sin2e/2) BV (ear = — 93V (R) - 1950 (R) - 1oV (R). (108
-7

Finally, making use of (77), Formula (102) becomes

oo (R) = 52 (9P37(R) + 9 (R) — 20+ 28)9lf (R) ). (105)

If we multiply both sides of (105) by (1 — R)*~F R"+2f and integrate on R € (0,1), we
obtain an expression for 3(*#) that, after manipulations, reads

1z 3 15 3 1g 3
F@p) — ;<ﬁ7(1”;12//5 z)+a£la 2B 2)_a1(11x+2'ﬁ z)> _(n+2lB)W1(1a,ﬁ), (106)

where W,(f"ﬁ ) is given in (100). Finally, equating Formulae (99) and (106) and shifting the
parameters & and 8, we obtain the recurrence relation (97). O

For the sake of completeness, in Appendix A, we summarize some recurrence relations

for the coefficients ﬁ,(f"ﬁ ), which follow from (93), (97), and for the coefficients j,({x'ﬁ ), which
follow from definition (62).

3.2.2. Fourier-Jacobi Coefficients of Derivatives and Anti-Derivatives

Our purpose here is to give the relation between the normalized Fourier—Jacobi coeffi-
cients of the function f(x) and those of its derivatives f*)(x) (k = 0,1,2,..., fO) = f). Let
us consider the case of the first derivative, with the successive ones following readily by
induction. For convenience, we update the notation and denote by aEf"ﬁ ) [f (k)} the Fourier—
Jacobi coefficients of the kth derivative of f(x) (see (38)). An analogous extension emerges
for the normalized coefficients El,(f"ﬁ ) [f0)] (see (40)) and the functions (p,({\) [F0)] (see (41))
and EV (0] (see (42)).

Proposition 4. The Fourier—Jacobi coefficients aP) [f®)] of the kth derivative (if k > 0) and of
the kth anti-derivative (if k < 0) of f(x) can be written as follows:

P 0] =27k BB ) (k€ Zia, B> max{—1,k—1};n > max{0, —k}), (107)

where, for integral k > 0, f®) (x) = d* f /dx*, while, for integral k < 0, f¥)(x) denotes the kth
anti-derivative f0) (x) = [* [*1 [*%1 f(x;) dag - - - dap dixy.

Proof. Let us consider 1?12’3 ) [FM](t) (see (42)); integrating by parts, we have
N (B) in(t/2)
EPFO) (1) = Er( ﬁ()t) / T ) 0R(1 — x) — 1) (sin?(t/2) — x)P 1 dx
E®B) (t)

[f(2R — 1)(sin?(t/2))F~1

~ 2RT(B) (108)

sin?(t/2)
—p-n [ FeRA - ) - 1)(sin(/2) - 02 a
_FER-1) ED ()

= Ly it e/2)P 1 = REDOFE ),




Mathematics 2025, 13, 483

21 of 25

Therefore, referring to (41), the Fourier coefficient (p,(lﬁ ) [f(M](R) associated with the first
derivative of f(x) is

AR = [ PO

_fRR=1) [T g re(t) fai2 p-1jint 3, L [T i(t—me(t) 5(B-1) int
- LR [ﬂe (sin?(£/2))F~ 1o dt 2R/fn"’ EPVIf)(bel dt (109)

1 T _(g_ ;
=R /,HFI(%'S DA e = — Lo VAR (n=0p>0),

where we use the fact that the first integral on the second line of (109) is null for n > 0,
since it is proportional to B~!(28, —n), with B(-,-) being the Euler beta function ([48],
Formula 8.381.4). Inserting (109) into (54), we obtain

-1
ﬁ}(iaJr%,B*%)[f(l)} _ /0 (1 R)* PRMH2P g,,ff) [FW](R)dR

=3 / (1— R)®-D-(B-DRID 2BV R)dr  (110)

1 _3
— a7,

which, after shifting the parameters, finally yields

_(a, 1 _(a-16-1
P = 2al P (@ B> 0 > 0). (111)
Iterating the procedure above, we immediately have the Fourier-Jacobi coefficients associ-

ated with the kth derivative () (x):

a P [f0] = %afﬂ"ﬁ*k) [f] (ke Npa,p>k—1n>0). (112)

In terms of Fourier-Jacobi coefficients a,(f"ﬁ ) (see (38)), Formula (112) gives the well-known

formula ([42], Formula (2.15))

aloB) ) — (1 + e *flf V=B kB0 1) (ke Na,p> k- Ln>0). (113)

The analysis above readily extends to the anti-derivatives of f. In fact, let us denote
f f(x") dx’; then, for B > 0, we have (see (42))

BP0 = E;ﬁ()é)t : /osm V@R - x) - 1) (sin?(1/2) - 0P dn
_ EPM) 1R 1) (sin? p
=t @R-Din(t/2)) -
-sin?(t/2) . 9 8
—2R/0 F2R(1 — x) — 1)(sin2(t/2) — x)P dx)
- %E@m (sin?(t/2))P — 2RECD () EFV[£](8).

Hence, using (41), for n > 1, the Fourier coefficient (pEl )[ FDI](R) associated with the first
anti-derivative of f(x) is
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7T

AP IR = [ BP0 e ar

—7T
_ f(il)(ZR - 1) & iB(t—7te(t)) (qi2 B int 31 T —i(t—me(t)) p(B+1) int 11
=T /_ne (sin”(t/2))Pe™ dt ZR/_ﬂe F 0 f1(k)e™ dt (115)

=2k [" BV d = 2R PVAR) (1216 > 0),

Therefore, using representation (54),

1
aﬁl“%’ﬁ_%)[f(‘l)] _ /0 (1— R)* PR+ q,glﬁ) [f(—l)](R) dR

1
—9 (1— R)(a+1)f(‘5+l)R(n71)+2([3+1)(P;(qﬁ_-:l) U] (R) dR (116)

P =20 (@ p> L), 17

Iterating the procedure above, we immediately have the normalized Fourier—Jacobi coeffi-
cients associated with the kth anti-derivative f(~% (x):

a P [F0] = 2k g W g (ke Nga, B> —1,m > k). (118)
Finally, Formulae (112) and (118) together yield (107) for k € Z. O

4. Conclusions

In this paper, we present a new integral representation for the Jacobi polynomials
by introducing a new form of Euler’s formula and new radial and angular coordinates
expressed in terms of relations in the unit circle. By using this new representation, we
also obtain a fractional integral formula expressing the Jacobi polynomials in terms of
Gegenbauer polynomials, allowing us to extend the Askey scheme of classical polynomials
by one step. In principle, this procedure could be generalized to add an additional step in
the Askey scheme and to represent the Hahn polynomials in terms of Jacobi polynomials.
It is also possible to extend this procedure to more general forms of these polynomials [49].
Moreover, it is interesting to note that this representation of Jacobi polynomials lends itself
to a fractional-order extension Pé“”g ) (x) withv € R (see, e.g., [50]).

We have shown the connection between Jacobi polynomials and fractional calculus
by expressing the Fourier-Jacobi coefficients of a function f(x) through the Fourier cosine
coefficients of a fractional integral of the function itself. This new representation of the
spectral coefficients seems to be very appropriate to develop spectral procedures for the
numerical solution of fractional calculus problems with Jacobi polynomials. Finally, ex-
ploiting the symmetry properties emerging from this new integral representation, we can
identify the classes of suitably renormalized Jacobi polynomials ],S“"B ), whose definition
can be extended to negative values of the index .
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Appendix A. Recurrence Relations for the Fourier-Jacobi Coefficients
d,(f’ﬁ ) and j,(,“’ﬁ )

Here, we summarize the main recurrence relations for the Fourier-Jacobi coefficients
‘('X’ﬁ ) (see (40)), which follow from the basic relations (93) and (97) given in Section 3.2.1,

and for the coefficients ]n &p) (see definition (62)).

(«—p)ay? = (n+a+1)al ™ + (a— p)(a— - Day P, (A1)
(n+a+1)a"%) = (@ —p-1)2n+a+p+2)a?V —(n+p+1)al", (A2
(a—B)as P = (a = B)a"P) + (2n+a+ p+2)al P, (A3)
(«—B)a'h) = (a— B)(a — p— )™ — (n+ p+ 1)al P, (A4)

(p) _ (a=B+1)(a—PB) .(a+28) (a+1,6)
)]n+2 - ((X+13+3) n —2(06—[3)]71

(A5)
(wp) (21 +2B+3)(B+1) (ar1p+1)
+ (a + B +2)jn 2 i pi3) (
(et B+ 2)]n+1 =208+ 1" + (2 - ﬁ)]'(““”g) (a+p+2)js? (A6)
0p) _ (a+1,B) a,p+1)
n 7
(oc+/3+2)] =m+a+1)jy, (/3+1) (A7)
(2B) _ Cn+a+B+2)(B+1) (ap+1) (mta+1)(a+P+2) (ap)
2 p , (A8
(B +2)j CETES I nrpr1) it A9
(a4 B+ )i = (a+ p+2)j0) + @n+a+ p+2)i 1P, (A9)
(a+B+2)j) = (B+ VI — (n+ p+ 1) P, (A10)
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