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ABSTRACT
In this article, an informative Bayesian approach is proposed for the bounded transformed gamma process, a novel stochastic pro-
cess recently proposed in the literature to describe bounded above, monotonic increasing, degradation phenomena. The proposed
approach is used to analyze a set of real wear data of the cylinder liners of a Diesel engine. Several scenarios, which differ in terms
of the quality of the available prior knowledge, are considered and suitable prior distributions are suggested for each of them. In
addition, detailed instructions are provided to help potential users incorporate into the suggested prior distributions all and solely
the pieces of prior information that are available and sound. In particular, weak prior distributions are also suggested for situations
in which available information is poor and/or there is no prior information to exploit. The proposed approach is used to estimate
the process parameters and some functions thereof, such as the mean degradation level, the residual reliability of a unit, and to
predict the future degradation growth and the useful lifetime. Point estimation and prediction under the (asymmetric) general
entropy loss function are also performed to properly deal with situations where overestimation is costlier than underestimation,
or vice versa. Estimates and predictions are computed by using proper Markov Chain Monte Carlo algorithms. Results obtained
by analyzing wear data of the liners are compared both with those provided by classical methods and with those obtained by
using Bayesian approaches based on vague priors. Finally, a sensitivity analysis is developed to study the impact of different prior
distributions on the estimates of the parameters.

1 | Introduction

In this article, we propose an informative Bayesian estimation
and prediction approach for the bounded transformed gamma
process (BTGP), a degradation process, recently proposed by
Fouladirad et al. [1], which has been expressly conceived to
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describe degradation phenomena where the degradation level
cannot grow indeterminately. The name BTGP indicates that it
is a bounded above version of the transformed gamma process
(TGP), introduced in Giorgio et al. [2] A distinguishing feature of
the BTGP is that it treats the upper bound of the degradation as
an unknown parameter.
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The proposed approach is illustrated by focusing on the motivat-
ing case of the degradation process of the cylinder liners of an
8-cylinder Diesel engine of a cargo ship of the Grimaldi Lines.
A numerical example is developed by using a set of real wear
measurements. The same data set was already used in Fouladi-
rad et al. [1] and in Giorgio et al. [3], in which the estimation and
prediction of the BTGP and TGP are addressed, respectively.

The main difference with respect to Fouladirad et al. [1] is that
here we focus on the Bayesian estimation on the BTGP, whereas
in Fouladirad et al. [1] the analyses are conducted by using a
classical (maximum likelihood) approach. The difference with
respect to Giorgio et al. [3] lies in the use of a different degradation
model which, in particular, involves now the Bayesian estimation
of the upper bound.

The use of a Bayesian informative approach, in the consid-
ered application, is mainly motivated by the existence of prior
knowledge about the liner wear process, which can be profitably
exploited to inform the inferential procedures. In particular, the
available prior knowledge relates to the upper bound of the degra-
dation process of the liners and to the possible presence of an
inflection point in their mean degradation function. In fact, the
proposed approach uses these pieces of information to model the
(informative) prior distribution of the upper bound of the BTGP
and to model the prior of the parameter that affects the shape of
its mean function.

The proposed Bayesian approach does not allow for closed form
estimates and predictions. Indeed, as it often happens in the case
of Bayesian methods, its implementation requires high compu-
tational costs. To cope with this problem, all the Bayesian infer-
ential procedures have been implemented by using appropri-
ate Markov Chain Monte Carlo (MCMC) algorithms (e.g., see
Gamerman and Lopes [4], and Spiegelhalter et al. [5]).

In the numerical application, the wear data of the liners are used
to estimate the parameters of the degradation process, its mean
and variance functions, and the reliability function. The predic-
tion of the degradation increment over a future time interval, of
the useful life, and of the remaining useful life is also addressed.
Point estimates of the reliability and predictions of the degrada-
tion increment over a future time interval, of the useful life, and of
the remaining useful life are also performed under an asymmet-
ric loss function, in particular the general entropy loss function
proposed in Calabria and Pulcini [6], to properly deal with situ-
ations where overestimation is much more serious (or much less
serious) than underestimation. Finally, highest posterior density
intervals are computed for model parameters, mean and variance
functions, lifetime of a new unit, remaining useful life, and degra-
dation increment in a future time interval.

Beneficial effects produced by exploiting good prior information
both for estimation and prediction are highlighted by compar-
ing the results obtained by adopting the proposed informative
Bayesian procedure with those obtained by using the maximum
likelihood (ML) estimation method.

The article is structured as follows. Section 2 introduces the
bounded transformed gamma process and summarizes its main
features. Section 3 is devoted to the formulation of lifetime,

remaining useful life and residual reliability. Section 4 provides
the expression of the likelihood function. Section 5 describes
the proposed Bayesian estimation procedure, suggests and dis-
cusses the use of suitable priors for the parameters of the BTGP,
and provides strategies for their formulation on the basis of
prior information that is usually available in practical settings.
Section 6 describes the MCMC approach used to perform the
described Bayesian analyses. Section 7 is devoted to the example
of application to a set of real degradation data. Section 8 presents
the results of a sensitivity analysis showing the impact of differ-
ent prior distributions on the estimates of the parameters. Finally,
Section 9 provides final comments and conclusions.

2 | The Bounded Transformed Gamma Process

The BTGP {𝑊 (𝑡); 𝑡 ≥ 0} is a new bounded-from-above stochas-
tic process that has been recently proposed by Fouladirad
et al. [1] to describe degradation phenomena with an upper
bound. The name BTGP indicates that it is a bounded above
version of the transformed gamma process (TGP), intro-
duced in Giorgio et al. [2] In fact, as the TGP, the BTGP
is a continuous-time continuous-state, monotonic increas-
ing, non-homogeneous Markovian process with dependent
increments.

Being a Markovian process, given an initial condition (here
𝑊 (0) = 0), the BTGP is completely defined by the conditional
probability density function (pdf) of its increment Δ𝑊 (𝑡, 𝑡 + Δ𝑡)
over the time interval (𝑡, 𝑡 + Δ𝑡), given the current state𝑊 (𝑡) = 𝑤𝑡

(0 ≤ 𝑤𝑡 < 𝑈 ), that is defined as:

𝑓Δ𝑊 (𝑡,𝑡+Δ𝑡)∣𝑊 (𝑡)
(
𝛿|𝑤𝑡

)
= 𝑔′

(
𝑤𝑡 + 𝛿

) [Δ𝑔
(
𝑤𝑡,𝑤𝑡 + 𝛿

)]Δ𝜂(𝑡,𝑡+Δ𝑡)−1

Γ(Δ𝜂(𝑡, 𝑡 + Δ𝑡))

× exp
(
−Δ𝑔

(
𝑤𝑡,𝑤𝑡 + 𝛿

))
,

0 < 𝛿 < 𝑈 −𝑤𝑡 , (1)

where:

• 𝑈 > 0 is the upper bound of the degradation process, treated
as an unknown parameter that should be estimated form the
available degradation data,

• 𝑔(𝑤) is a non-negative, monotone increasing, and differen-
tiable function of the degradation level 𝑤, called bounded
state function and defined over the domain 0 ≤ 𝑤 < 𝑈 , with
𝑔(0) = 0 and lim𝑤→𝑈 𝑔(𝑤) = ∞,

• 𝑔′
(
𝑤𝑡 + 𝛿

)
is the first derivative of 𝑔(⋅) evaluated at 𝑤𝑡 + 𝛿,

• Δ𝑔
(
𝑤𝑡,𝑤𝑡 + 𝛿

)
= 𝑔
(
𝑤𝑡 + 𝛿

)
− 𝑔
(
𝑤𝑡

)
,

• 𝜂(𝑡) is a non-negative, monotone increasing function, called
age function and defined over the domain 0 ≤ 𝑡 < ∞, with
𝜂(0) = 0 and lim𝑡→∞ 𝜂(𝑡) = ∞,

• Δ𝜂(𝑡, 𝑡 + Δ𝑡) = 𝜂(𝑡 + Δ𝑡) − 𝜂(𝑡), and

• Γ(⋅) is the complete gamma function, that is,
Γ(𝑎) = ∫ ∞

0 𝑢𝑎−1 exp(−𝑢)d𝑢, 𝑎 > 0

From the conditional pdf in (1), the conditional cumulative distri-
bution function (cdf) of the degradation incrementΔ𝑊 (𝑡, 𝑡 + Δ𝑡),
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given 𝑊 (𝑡) = 𝑤𝑡, results in:

𝐹Δ𝑊 (𝑡,𝑡+Δ𝑡)∣𝑊 (𝑡)
(
𝛿|𝑤𝑡

)
=
⎧⎪⎨⎪⎩

𝛾(Δ𝑔(𝑤𝑡,𝑤𝑡+𝛿);Δ𝜂(𝑡,𝑡+Δ𝑡))
Γ(Δ𝜂(𝑡,𝑡+Δ𝑡))

, for 𝛿 < 𝑈 −𝑤𝑡

1, for 𝛿 ≥ 𝑈 −𝑤𝑡

,

(2)
where:

𝛾(𝑥;𝑐) = ∫
𝑥

0
𝑢𝑐−1 exp(−𝑢)d𝑢, 𝑐, 𝑥 > 0,

is the (lower) incomplete gamma function. From (1) and (2), by
replacing Δ𝑔

(
𝑤𝑡,𝑤𝑡 + 𝛿

)
, 𝑔′
(
𝑤𝑡 + 𝛿

)
, and Δ𝜂(𝑡, 𝑡 + Δ𝑡) by 𝑔(𝑤),

𝑔′(𝑤), and 𝜂(𝑡), respectively, the following pdf and the cdf of the
degradation level 𝑊 (𝑡) at 𝑡, being 𝑊 (𝑡) = Δ𝑊 (0, 𝑡), are readily
obtained:

𝑓𝑊 (𝑡)(𝑤) = 𝑔′(𝑤) [𝑔(𝑤)]𝜂(𝑡)−1

Γ(𝜂(𝑡))
exp(−𝑔(𝑤)), 0 < 𝑤 < 𝑈 (3)

and

𝐹𝑊 (𝑡)(𝑤) =

{
𝛾(𝑔(𝑤);𝜂(𝑡))

Γ(𝜂(𝑡))
, 𝑤 < 𝑈

1, 𝑤 ≥ 𝑈
, (4)

respectively. Several functional forms for the bounded state func-
tion 𝑔(𝑤) have been proposed and discussed in Fouladirad et al.
[1]

In this article we use a BTGP with the bounded state function:

𝑔(𝑤) = 𝛽
𝑤

𝑈 −𝑤
, 𝛽 > 0, (5)

and with the power-law age function:

𝜂(𝑡) =
(
𝑡

𝑎

)𝑏

, 𝑎, 𝑏 > 0. (6)

The reason for this choice is that, as it is shown in Fouladirad
et al. [1], the BTGP with state function (5) and age function (6) is
the one that (among the alternatives considered therein) provides
the best fit for the wear data of the liners of the Diesel engine we
focus on. From (5) and (6), we have that:

𝑔′(𝑤) = 𝛽
𝑈

(𝑈 −𝑤)2 , (7)

Δ𝑔
(
𝑤𝑡,𝑤𝑡 + 𝛿

)
= 𝛽

(
𝑤𝑡 + 𝛿

𝑈 −𝑤𝑡 − 𝛿
−

𝑤𝑡

𝑈 −𝑤𝑡

)
, (8)

and
Δ𝜂(𝑡, 𝑡 + Δ𝑡) =

(
𝑡 + Δ𝑡

𝑎

)𝑏

−
(
𝑡

𝑎

)𝑏

. (9)

Further details about meaning and roles of state and age function
are provided in Giorgio e al. [2].

The mean and the variance of the degradation level 𝑊 (𝑡), as
well as the conditional mean and the variance of the degradation
incrementΔ𝑊 (𝑡, 𝑡 + Δ𝑡), given𝑊 (𝑡) = 𝑤𝑡, are not in closed form,
and require the following univariate numerical integrations:

𝐸{𝑊 (𝑡)} = ∫
𝑈

0
𝑤 𝑓𝑊 (𝑡)(𝑤)d𝑤, (10)

FIGURE 1 | Behavior of the mean function of the BTGP,
for 𝑈 = 10, 𝑎 = 1, 𝛽 = 1, and some selected values of 𝑏, say
𝑏 = 0.5, 0.9, 1.0, 1.1, 2.0, and 3.0.

𝑉 {𝑊 (𝑡)} = ∫
𝑈

0
𝑤2𝑓𝑊 (𝑡)(𝑤)d𝑤 − 𝐸2{𝑊 (𝑡)}, (11)

𝐸
{
Δ𝑊 (𝑡, 𝑡 + Δ𝑡)|𝑊 (𝑡) = 𝑤𝑡

}
= ∫

𝑈−𝑤𝑡

0
𝛿 𝑓Δ𝑊 (𝑡,𝑡+Δ𝑡)∣𝑊 (𝑡)

(
𝛿|𝑤𝑡

)
d𝛿, (12)

𝑉
{
Δ𝑊 (𝑡, 𝑡 + Δ𝑡)|𝑊 (𝑡) = 𝑤𝑡

}
= ∫

𝑈−𝑤𝑡

0
𝛿2𝑓Δ𝑊 (𝑡,𝑡+Δ𝑡)∣𝑊 (𝑡)

(
𝛿|𝑤𝑡

)
d𝛿

− 𝐸2{Δ𝑊 (𝑡, 𝑡 + Δ𝑡)|𝑊 (𝑡) = 𝑤𝑡

}
. (13)

Figure 1 depicts the mean function 𝐸{𝑊 (𝑡)} of the BTGP with
the bounded state and age functions in (5) and (6), for 𝑈 = 10,
𝑎 = 1, 𝛽 = 1, and selected values of the shape parameter 𝑏 of the
age function, say 𝑏 = 0.5, 0.9, 1.0, 1.1, 2.0, and 3.0. It is possible
to notice that, when 𝑏 is larger than 1 (i.e., when the age func-
tion is convex), the mean degradation function has an inflection
point. Otherwise, when 𝑏 is smaller than 1, the mean function is
concave, and hence its first derivative with respect to 𝑡 decreases
monotonically with 𝑡. For 𝑏 values close to 1, the mean degrada-
tion function initially grows almost linearly.

3 | Lifetime, Remaining Useful Life
and Residual Reliability

Degrading units are conventionally assumed to fail as soon as
their degradation level 𝑊 (𝑡) exceeds a given threshold level 𝐷.
Then, the lifetime 𝑋 of a new (unused) unit (i.e., a unit that
has age 𝑡 = 0) is defined as the operating time to the first pas-
sage beyond 𝐷. In the case of bounded degradation processes, the
threshold 𝐷 is smaller than the upper bound 𝑈 .

Likewise, the remaining useful life (RUL) 𝑋𝑡 of a unit at the oper-
ating time 𝑡 is defined as 𝑋𝑡 = max(0, 𝑋 − 𝑡). Hence, 𝑋𝑡 should be
intended as the further operating time a unit of age 𝑡 will spend
to exceed the threshold level 𝐷. From this definition, the RUL 𝑋𝑡

of a unit that is already failed at 𝑡 is equal to 0.

The residual reliability 𝑅𝑡

(
𝑥|𝑤𝑡

)
is here defined as the condi-

tional probability Pr
{
𝑋𝑡 > 𝑥|𝑊 (𝑡) = 𝑤𝑡

}
that the RUL of the unit
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𝑋𝑡, given its state 𝑊 (𝑡) = 𝑤𝑡 at the current age 𝑡, exceeds the time
𝑥 (𝑥 ≥ 0). Moreover, since the BTGP is monotonically increasing,
it also results that:

𝑅𝑡

(
𝑥|𝑤𝑡

)
= Pr

{
𝑋𝑡 > 𝑥|𝑊 (𝑡) = 𝑤𝑡

}
= Pr

{
Δ𝑊 (𝑡, 𝑡 + 𝑥) ≤ 𝐷 −𝑤𝑡|𝑊 (𝑡) = 𝑤𝑡

}
.

Hence, from the conditional pdf (1) of the degradation increment
Δ𝑊 (𝑡, 𝑡 + Δ𝑡), the following expression of the residual reliability
𝑅𝑡

(
𝑥|𝑤𝑡

)
is readily obtained:

𝑅𝑡

(
𝑥|𝑤𝑡

)
=
⎧⎪⎨⎪⎩

𝛾(Δ𝑔(𝑤𝑡,𝐷);Δ𝜂(𝑡,𝑡+𝑥))
Γ(Δ𝜂(𝑡,𝑡+𝑥)) , 𝑤𝑡 < 𝐷

0, 𝑤𝑡 ≥ 𝐷
. (14)

As discussed in Fouladirad et al. [1], if the age function 𝜂(𝑡) is
differentiable with respect to 𝑡, as occurs for the age function in
(6), the conditional pdf of the RUL 𝑋𝑡, given the state 𝑊 (𝑡) = 𝑤𝑡

of the unit at 𝑡, can be obtained by deriving the residual reliability
(14) with respect to 𝑥:

𝑓𝑋𝑡∣𝑊 (𝑡)
(
𝑥|𝑤𝑡

)
= − d

d𝑥
𝛾
(
Δ𝑔
(
𝑤𝑡,𝐷

)
; Δ𝜂(𝑡, 𝑡 + 𝑥)

)
Γ(Δ𝜂(𝑡, 𝑡 + 𝑥))

= − d
d𝑥∫

Δ𝑔(𝑤𝑡,𝐷)

0

𝑢Δ𝜂(𝑡,𝑡+𝑥)−1

Γ(Δ𝜂(𝑡, 𝑡 + 𝑥))
exp(−𝑢)d𝑢, (15)

and hence it can be expressed in an analytical form as it follows:

𝑓𝑋𝑡 ∣𝑊 (𝑡)
(
𝑥|𝑤𝑡

)
= dΔ𝜂(𝑡, 𝑡 + 𝑥)

d𝑥
1

Γ(Δ𝜂(𝑡, 𝑡 + 𝑥))

×
{
𝛾
(
Δ𝑔
(
𝑤𝑡,𝐷

)
;Δ𝜂(𝑡, 𝑡 + 𝑥)

)[
𝜓(Δ𝜂(𝑡, 𝑡 + 𝑥)) − ln

(
Δ𝑔
(
𝑤𝑡,𝐷

))]
+

∞∑
𝑘=0

(−1)𝑘
[
Δ𝑔
(
𝑤𝑡,𝐷

)]Δ𝜂(𝑡,𝑡+𝑥)+𝑘

[Δ𝜂(𝑡, 𝑡 + 𝑥) + 𝑘]2 𝑘!

}
, (16)

where 𝜓(𝑧) = d ln(Γ(𝑧))∕d𝑧 denotes the digamma function.

From the residual reliability (14), replacing Δ𝑔
(
𝑤𝑡,𝐷

)
and

Δ𝜂(𝑡, 𝑡 + 𝑥) by 𝑔(𝐷) and 𝜂(𝑥), respectively, the following expres-
sion is readily obtained for the reliability function of a new unit:

𝑅(𝑥) = Pr{𝑊 (𝑥) ≤ 𝐷} = 𝛾(𝑔(𝐷);𝜂(𝑥))
Γ(𝜂(𝑥))

. (17)

Likewise, from the pdf (16), the pdf of the lifetime 𝑋 of a new unit
is given by:

𝑓𝑋(𝑥) =
d𝜂(𝑥)

d𝑥
1

Γ(𝜂(𝑥))

{
𝛾(𝑔(𝐷);𝜂(𝑥))[𝜓(𝜂(𝑥)) − ln(𝑔(𝐷))]

+
∑∞

𝑘=0
(−1)𝑘[𝑔(𝐷)]𝜂(𝑥)+𝑘

[𝜂(𝑥)+𝑘]2 𝑘!

}
. (18)

Finally, the mean 𝐸
{
𝑋𝑡|𝑊 (𝑡) = 𝑤𝑡

}
of the RUL and the mean

lifetime 𝐸{𝑋} of a new unit are given by:

𝐸
{
𝑋𝑡|𝑊 (𝑡) = 𝑤𝑡

}
= ∫

∞

0
𝑅𝑡

(
𝑥|𝑤𝑡

)
d𝑥

= ∫
∞

0

𝛾
(
Δ𝑔
(
𝑤𝑡,𝐷

)
;Δ𝜂(𝑡, 𝑡 + 𝑥)

)
Γ(Δ𝜂(𝑡, 𝑡 + 𝑥))

d𝑥 (19)

𝐸{𝑋} = ∫
∞

0
𝑅(𝑥)d𝑥 = ∫

∞

0

𝛾(𝑔(𝐷);𝜂(𝑥))
Γ(𝜂(𝑥))

d𝑥, (20)

respectively.

4 | The Likelihood Function

Let us suppose that the degradation level of 𝑚 identical units,
which operate under the same conditions, is measured by per-
forming ad hoc inspections. More in particular, let us assume that
the degradation level of the 𝑖 − th unit (𝑖 = 1, . . . , 𝑚) is measured
at times 𝑡𝑖,1, 𝑡𝑖,2, . . . , 𝑡𝑖,𝑛𝑖 which should be intended as the ages of
that unit at the inspection epochs.

Furthermore, let 𝑤𝑖,𝑗 denote the degradation level (i.e., the state)
of the 𝑖 − th unit at 𝑡𝑖,𝑗 , where 𝑗 = 0, 1, . . . , 𝑛𝑖 and 𝑤𝑖,0 = 𝑡𝑖,0 =
0 ∀𝑖. From (1) and (5–9), the conditional pdf of the wear incre-
ment Δ𝑊

(
𝑡𝑖,𝑗−1, 𝑡𝑖,𝑗

)
accumulated by the 𝑖 − th unit over the time

interval
(
𝑡𝑖,𝑗−1, 𝑡𝑖,𝑗

)
, given the state 𝑊

(
𝑡𝑖,𝑗−1

)
= 𝑤𝑖,𝑗−1 at 𝑡𝑖,𝑗−1, is:

𝑓Δ𝑊
(
𝑡𝑖,𝑗−1 ,𝑡𝑖,𝑗

)|||𝑊 (𝑡𝑖,𝑗−1
)(𝛿𝑖,𝑗 |𝑤𝑖,𝑗−1

)
= 𝑔′

(
𝑤𝑖,𝑗−1 + 𝛿𝑖,𝑗

) (Δ𝑔𝑖,𝑗
)Δ𝜂𝑖,𝑗−1

Γ
(
Δ𝜂𝑖,𝑗

) exp
(
−Δ𝑔𝑖,𝑗

)
,

0 < 𝛿𝑖,𝑗 < 𝑈 −𝑤𝑖,𝑗−1, (21)

where 𝛿𝑖,𝑗 = 𝑤𝑖,𝑗 −𝑤𝑖,𝑗−1, 𝑔′(𝑤) = 𝛽U∕(𝑈 −𝑤)2, Δ𝑔𝑖,𝑗 =
Δ𝑔(𝑤𝑖,𝑗−1, 𝑤𝑖,𝑗−1 + 𝛿𝑖,𝑗) = 𝛽[𝑤𝑖,𝑗∕(𝑈 −𝑤𝑖,𝑗)−𝑤𝑖,𝑗−1∕(𝑈 −𝑤𝑖,𝑗−1)],
and Δ𝜂𝑖,𝑗 = Δ𝜂

(
𝑡𝑖,𝑗−1, 𝑡𝑖,𝑗

)
=
(
𝑡𝑖,𝑗∕𝑎

)𝑏 − (𝑡𝑖,𝑗−1∕𝑎
)𝑏.

Then, the likelihood function relative to the observed data 𝒘 =(
𝑤1,1, . . . , 𝑤1,𝑛1

, . . . , 𝑤𝑚,1, . . . , 𝑤𝑚,𝑛𝑚

)
of all the 𝑚 units can be

written as:

(𝒘|𝑎, 𝑏, 𝛽, 𝑈 ) =
𝑚∏
𝑖=1

𝑛𝑖∏
𝑗=1

𝑓Δ𝑊 (𝑡𝑖,𝑗−1 ,𝑡𝑖,𝑗)∣𝑊 (𝑡𝑖,𝑗−1)
(
𝛿𝑖,𝑗 |𝑤𝑖,𝑗−1

)

= 𝑈𝑁

𝑚∏
𝑖=1

⎛⎜⎜⎜⎝
𝑛𝑖∏
𝑗=1

𝛽Δ𝜂𝑖,𝑗(
𝑈 −𝑤𝑖,𝑗

)2

(
𝑤𝑖,𝑗

𝑈−𝑤𝑖,𝑗

− 𝑤𝑖,𝑗−1

𝑈−𝑤𝑖,𝑗−1

)Δ𝜂𝑖,𝑗−1

Γ
(
Δ𝜂𝑖,𝑗

) ⎞⎟⎟⎟⎠
× exp

(
−

𝛽 𝑤𝑖,𝑛𝑖

𝑈 −𝑤𝑖,𝑛𝑖

)
, (22)

where 𝑁 =
∑𝑚

𝑖=1𝑛𝑖 is the total number of measurements.

5 | The Bayesian Inferential Procedure

The informative Bayesian approach proposed in this article is
conceived to allow the potential users of the BTGP to incorporate
into the related inferential procedures prior information stem-
ming from the physics of degradation or past experiences they
may have had with similar degradation phenomena (e.g., see Tian
et al. [7]). Different informative priors are suggested, depending
on the kind and on the amount of prior information that is sup-
posed to be available. Vague prior distributions are also suggested
to be used when prior information is absent or poor.

The prior information we consider relates to the upper bound 𝑈

of the degradation process of the liners and to the possible pres-
ence of an inflection point in their mean degradation function.
Thus, for example, about 𝑈 , as in Fouladirad et al. [1], we assume
that, based on physical knowledge about the degradation process
under study and/or previous experience and/or degradation data
of similar units, the analyst may say that the degradation level can
surely grow to the maximum degradation level 𝑤M > 0 observed
in the past.

In the following, several experimental scenarios are described
and for each scenario a prior distribution is proposed for 𝑈 ,
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which is able to reflect the knowledge supposed to exist about
this parameter. Moreover, precise instructions are provided to cal-
ibrate the parameters of the prior on the basis of the existing prior
information.

1. No information is available on𝑈 , except that𝑈 > 𝑤M. Thus,
the improper (vague) prior

𝜋(𝑈 ) ∝ 1∕𝑈, 𝑈 > 𝑤M (23)

is used.

2. A lower bound 𝑤L > 𝑤M can be formulated (for some tech-
nological reasons), and hence the improper (weak) prior

𝜋(𝑈 ) ∝ 1∕𝑈, 𝑈 > 𝑤L (24)

is used.

3. An interval
(
𝑤Low, 𝑤Up

)
of equally probable values for 𝑈 ,

where 𝑤Up > 𝑤Low ≥ 𝑤M, can be formulated on 𝑈 , and
hence the uniform prior

𝜋(𝑈 ) = 1
𝑤Up −𝑤Low

, 𝑤Low ≤ 𝑈 ≤ 𝑤Up (25)

over the interval (𝑤Low, 𝑤Up) is used.

4. The analyst is able to provide prior reasonable values for the
mean 𝐸{𝑈} and the variance 𝑉 {𝑈} of 𝑈 . Then, given again
the constraint 𝑈 > 𝑤M, the following 3-parameter gamma
distribution, with location parameter equal to 𝑤M, is used:

𝜋(𝑈 ) =
𝑞𝑝
(
𝑈 −𝑤M

)𝑝−1

Γ(𝑝)
exp

[
−𝑞
(
𝑈 −𝑤M

)]
,

𝑈 > 𝑤M, 𝑝, 𝑞 > 0, (26)

where the prior parameters (usually called hyperparame-
ters) 𝑝 and 𝑞 can be computed as 𝑞 =

(
𝐸{𝑈} −𝑤M

)
∕𝑉 {𝑈}

and 𝑝 = 𝑞
(
𝐸{𝑈} −𝑤M

)
. Note that for 𝑉 {𝑈} =(

𝐸{𝑈} −𝑤M
)2 the pdf (26) reduces to a 2-parameter

exponential distribution, with location parameter equal
to 𝑤M.

In addition to the above information on 𝑈 , it is plausible to
suppose that the analyst possesses information on the shape
of the mean degradation function, with specific regard to the
presence of an inflection point. This information can be easily
converted into a prior distribution on the shape parameter 𝑏

of the power-law age function 𝜂(𝑡) = (𝑡∕𝑎)𝑏 in (6) because, as
discussed in the Section 2, the mean function has an inflection
point when 𝑏 is larger than 1 (and the larger 𝑏, the more evident
the presence of the inflection point is) and is concave when 𝑏 is
lower than, or equal to 1 (and the smaller 𝑏, the more marked
the initial concavity of the mean function is). Thus, depending
on the shape of the mean degradation function, several prior
distributions on 𝑏 are proposed in the following, reflecting dif-
ferent degrees of knowledge on the shape of the mean function.
Again, detailed instructions are provided for the calibration of
the suggested prior distributions.

1. No information on the shape of the mean degradation func-
tion is available, and hence the (improper) vague prior
on 𝑏

𝜋(𝑏) ∝ 1∕𝑏, 𝑏 > 0, (27)

is used.

2. The only prior information available is that the mean degra-
dation function has no inflection point, and hence the uni-
form prior

𝜋(𝑏) = 1, 0 ≤ 𝑏 ≤ 1, (28)

over the interval (0, 1) is used.

3. The analyst knows that the mean degradation function has
no inflection point and is also able to formulate a prior mean
𝐸{𝑏} and a prior variance 𝑉 {𝑏} on 𝑏, with 𝑏 ≤ 1. Then, the
following beta distribution is used:

𝜋(𝑏) = 𝑏𝑟−1(1 − 𝑏)𝑠−1

B(𝑟, 𝑠)
, 0 ≤ 𝑏 ≤ 1, 𝑟, 𝑠 > 0, (29)

where the hyperparameters 𝑟 and 𝑠 can be computed
as 𝑟 = 𝐸2{𝑏}(1 − 𝐸{𝑏})∕𝑉 {𝑏} − 𝐸{𝑏} and 𝑠 = 𝑟∕𝐸{𝑏} − 𝑟,
and B(𝑟, 𝑠) = ∫ 1

0 𝑏𝑟−1(1 − 𝑏)𝑠−1d𝑏 = Γ(𝑟)Γ(𝑠)∕Γ(𝑟 + 𝑠) is the
beta function

4. The analyst knows that the mean degradation function ini-
tially increases almost linearly, and hence the following
gamma distribution with unit mode and variance 𝑉 {𝑏}
is used:

𝜋(𝑏) = 𝑠𝑠+1𝑏𝑠

Γ(𝑠 + 1)
exp(−sb), 𝑏 > 0, 𝑠 > 0, (30)

where the value of the hyperparameter 𝑠 is given by
𝑠 = (1 +

√
1 + 4 𝑉 {𝑏})∕(2 𝑉 {𝑏}).

5. The only prior information available to the analyst is that
the mean degradation function has an inflection point, and
hence the (improper) vague prior

𝜋(𝑏) ∝ 1∕𝑏, 𝑏 > 1, (31)

is used.

6. The analyst knows that the mean degradation function has
an inflection point and is also able to provide reasonable
prior values for the mean 𝐸{𝑏} and for the variance 𝑉 {𝑏}
of 𝑏, with 𝑏 > 1. Then, the following 3-parameter gamma
distribution, with location parameter equal to 1, is used:

𝜋(𝑏) = 𝑠𝑟(𝑏 − 1)𝑟−1

Γ(𝑟)
exp[−𝑠(𝑏 − 1)], 𝑏 > 1, 𝑟, 𝑠 > 0, (32)

where the hyperparameters 𝑟 and 𝑠 can be obtained by
𝑠 = (𝐸{𝑏} − 1)∕𝑉 {𝑏} and 𝑟 = 𝑠 (𝐸{𝑏} − 1). Note that, for
𝑉 {𝑏} = (𝐸{𝑏} − 1)2 the pdf (32) reduces to a 2-parameter
exponential distribution, with location parameter
equal to 1.

Finally, we assume that no information is available on the other
two process parameters 𝛽 and 𝑎, and hence the uniform vague
prior pdfs:

𝜋(𝛽) ∝ 1
𝛽𝑈

, 𝛽𝑈 > 0, (33)
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and
𝜋(𝑎) ∝ 1

𝑎𝑈
, 𝑎𝑈 > 0, (34)

over the intervals (0, 𝛽𝑈 ) and (0, 𝑎𝑈 ) are used for 𝛽 and 𝑎, respec-
tively, where the values of the constants 𝛽𝑈 and 𝑎𝑈 are sufficiently
large. Obviously, if the analyst has good prior information on 𝛽

and/or 𝑎, she/he can formulate priors that are as informative as
she/he desires, by assigning to 𝛽𝑈 and/or 𝑎𝑈 values that are appro-
priately small.

From the above suggested prior distributions, and assuming prior
independence of the BTGP parameters (𝑎, 𝑏, 𝛽, 𝑈 ), the joint pos-
terior pdf of the BTGP parameters (𝑎, 𝑏, 𝛽, 𝑈 ) is:

𝜋(𝑎, 𝑏, 𝛽, 𝑈 |𝒘) ∝ (𝒘|𝑎, 𝑏, 𝛽, 𝑈 ) 𝜋(𝑈 ) 𝜋(𝑏), (35)

which can be used to formulate the posterior pdf of any process
parameter and function thereof.

From (35), the posterior predictive pdf of the degradation incre-
ment Δ𝑊𝑖 = 𝑊

(
𝑡𝑖,𝑛𝑖 + Δ𝑡

)
−𝑊

(
𝑡𝑖,𝑛𝑖

)
of the 𝑖 − th unit, over

the future time interval
(
𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 + Δ𝑡

)
, given the current level

𝑊
(
𝑡𝑖,𝑛𝑖

)
= 𝑤𝑖,𝑛𝑖

, is given by:

𝑓Δ𝑊𝑖∣𝑾 (𝛿|𝒘) = ∫𝑈 ∫𝛽 ∫𝑏 ∫𝑎

𝜋(𝑎, 𝑏, 𝛽, 𝑈 |𝒘)

× 𝑓Δ𝑊𝑖 ∣𝑊 (𝑡𝑖,𝑛𝑖 )
(
𝛿|𝑤𝑖,𝑛𝑖

)
d𝑎 d𝑏 d𝛽 d𝑈, (36)

where𝑾 =
(
𝑊
(
𝑡1,1
)
, . . . ,𝑊

(
𝑡1,𝑛1

)
, . . . ,𝑊

(
𝑡𝑚,1
)
, . . . ,𝑊

(
𝑡𝑚,𝑛𝑚

))
,

and from (1):

𝑓Δ𝑊𝑖 ∣𝑊 (𝑡𝑖,𝑛𝑖 )
(
𝛿|𝑤𝑖,𝑛𝑖

)
= 𝛽Δ𝜂(𝑡𝑖,𝑛𝑖 ,𝑡𝑖,𝑛𝑖+Δ𝑡) 𝑈(

𝑈 −𝑤𝑖,𝑛𝑖
− 𝛿
)2

1
Γ
(
Δ𝜂
(
𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 + Δ𝑡

))
×

(
𝑤𝑖,𝑛𝑖

+ 𝛿

𝑈 −𝑤𝑖,𝑛𝑖
− 𝛿

−
𝑤𝑖,𝑛𝑖

𝑈 −𝑤𝑖,𝑛𝑖

)Δ𝜂(𝑡𝑖,𝑛𝑖 ,𝑡𝑖,𝑛𝑖+Δ𝑡)−1

× exp

{
−𝛽

(
𝑤𝑖,𝑛𝑖

+ 𝛿

𝑈 −𝑤𝑖,𝑛𝑖
− 𝛿

−
𝑤𝑖,𝑛𝑖

𝑈 −𝑤𝑖,𝑛𝑖

)}
, (37)

with Δ𝜂
(
𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 + Δ𝑡

)
=
[(
𝑡𝑖,𝑛𝑖 + Δ𝑡

)
∕𝑎
]𝑏 − (𝑡𝑖,𝑛𝑖∕𝑎)𝑏.

Moreover, by using the pdf of the lifetime 𝑋 in (18), the posterior
predictive distribution 𝑓𝑋(𝑥|𝒘) of the lifetime 𝑋 of a new unit
turns out to be:

𝑓𝑋(𝑥|𝒘)∫𝑤lim
∫𝛽 ∫𝑏 ∫𝑎

𝜋(𝑎, 𝑏, 𝛽, 𝑈 |𝒘) 𝜂′(𝑥)
Γ(𝜂(𝑥))

×
{
𝛾
(

𝛽 𝐷

𝑈−𝐷
;𝜂(𝑥)

)(
𝜓(𝜂(𝑥)) − ln

(
𝛽 𝐷

𝑈−𝐷

))
+
∑∞

𝑘=0

(−1)𝑘
(

𝛽 𝐷

𝑈−𝐷

)𝜂(𝑥)+𝑘
[𝜂(𝑥)+𝑘]2 𝑘!

}
d𝑎 d𝑏 d𝛽 d𝑈, (38)

where 𝜂′(𝑥) = d𝜂(𝑥)∕d𝑥 = (𝑏∕𝑎)(𝑥∕𝑎)𝑏−1.

Likewise, by using the conditional pdf (16) of the RUL 𝑋𝑡, given
the current degradation level 𝑤𝑖,𝑛𝑖

< 𝐷 at the current age 𝑡𝑖,𝑛𝑖 of
the 𝑖 − th unit, the posterior predictive distribution 𝑓𝑋(𝑥|𝒘) of
the RUL 𝑋𝑖 of the 𝑖 − th unit is:

𝑓𝑋𝑖
(𝑥|𝒘) = ∫𝑤lim

∫𝛽 ∫𝑏 ∫𝑎

𝜋(𝑎, 𝑏, 𝛽, 𝑈 |𝒘)
Δ𝜂′
(
𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 + 𝑥

)
Γ
(
Δ𝜂
(
𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 + 𝑥

))

×

⎧⎪⎪⎨⎪⎪⎩
𝛾

(
𝛽 𝐷

𝑈 −𝐷
−

𝛽 𝑤𝑖,𝑛𝑖

𝑈 −𝑤𝑖,𝑛𝑖

;Δ𝜂
(
𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 + 𝑥

))

×

(
𝜓
(
Δ𝜂
(
𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 + 𝑥

))
− ln

(
𝛽 𝐷

𝑈 −𝐷
−

𝛽 𝑤𝑖,𝑛𝑖

𝑈 −𝑤𝑖,𝑛𝑖

))

+
∞∑
𝑘=0

(−1)𝑘
(

𝛽 𝐷

𝑈−𝐷
− 𝛽 𝑤𝑖,𝑛𝑖

𝑈−𝑤𝑖,𝑛𝑖

)Δ𝜂(𝑡𝑖,𝑛𝑖 ,𝑡𝑖,𝑛𝑖+𝑥)+𝑘

[
Δ𝜂
(
𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 + 𝑥

)
+ 𝑘
]2

𝑘!

⎫⎪⎪⎬⎪⎪⎭
d𝑎 d𝑏 d𝛽 d𝑈, (39)

whereΔ𝜂
(
𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 +𝑥

)
=
(

𝑡𝑖,𝑛𝑖+𝑥
𝑎

)𝑏

−
(

𝑡𝑖,𝑛𝑖

𝑎

)𝑏

andΔ𝜂′(𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 + 𝑥)

= dΔ𝜂(𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 + 𝑥)∕d𝑥 = (𝑏∕𝑎)
[(
𝑡𝑖,𝑛𝑖 + 𝑥

)
∕𝑎
]𝑏−1.

The posterior mean of any quantity of interest can be obtained
from the corresponding posterior pdf. For example, by using
the conditional pdf (37), the posterior mean of the (conditional)
degradation increment Δ𝑊𝑖 = 𝑊

(
𝑡𝑖,𝑛𝑖 + Δ𝑡

)
−𝑊

(
𝑡𝑖,𝑛𝑖

)
of the 𝑖 −

th unit during the future time interval
(
𝑡𝑖,𝑛𝑖 , 𝑡𝑖,𝑛𝑖 + Δ𝑡

)
is given by:

𝐸
{
Δ𝑊𝑖|𝑾 = 𝒘

}
= ∫

𝑈

∫
𝛽

∫
𝑏

∫
𝑎

(
∫

𝑈−𝑤𝑖,𝑛𝑖

0
𝛿 𝑓Δ𝑊𝑖|𝑾 (𝛿|𝒘) d𝛿

)
× 𝜋(𝑎, 𝑏, 𝛽, 𝑈 |𝒘) d𝑎 d𝑏 d𝛽 d𝑈. (40)

The most commonly used point estimator (predictor) within the
Bayes framework is the posterior mean. However, because it is
well known that the posterior mean is also the Bayes estimator
(predictor) under the squared error loss (SEL) function and such a
loss function is symmetric, the use of the posterior mean is gener-
ally inappropriate when overestimation and underestimation of
the quantity of interest produce consequences that are not equally
serious, as occurs, for example, when a point estimate of the relia-
bility function or of the mean lifetime is required. Indeed, in these
cases, overestimation is often much more serious than underesti-
mation. For this reason, an asymmetric loss function is adopted,
namely the general entropy loss (GEL) function initially proposed
in Calabria and Pulcini [6, 8]

𝐿GEL(ℎ̃(𝜽), ℎ(𝜽)) ∝ (ℎ̃(𝜽)∕ℎ(𝜽))𝑑 − 𝑑 ln(ℎ̃(𝜽)∕ℎ(𝜽)) − 1 , 𝑑 ≠ 0,
(41)

where ℎ̃(𝜽) denotes a point estimate (prediction) of a generic
function ℎ(𝜽) of the vector 𝜽 of the process parameters, which
can also be an observable quantity, and 𝑑 is the (nonnull) shape
parameter of the loss function regulating the asymmetry of GEL
function (41). This loss function is here used to compute point
estimates of reliability and point predictions of lifetime, RUL,
and future degradation increments. The advantages of using the
GEL function are that it allows to easily account for the circum-
stance that, for example, overestimating unit reliability is more
serious than underestimating it. Indeed, under the GEL function
(41), a loss parameter 𝑑 > 0 implies that, overestimation causes
more severe consequences than underestimation, and vice versa
for 𝑑 < 0. The behavior of the GEL function for several selected
values of the loss parameter 𝑑 is illustrated in Calabria and Pul-
cini [8] The Bayes estimate (prediction) ofℎ(𝜽) under the loss (41)
(i.e., the value of ℎ̃(𝜽) that minimizes the expected GEL function)
is available in closed form:

ℎGEL(𝜽|𝒘) =
(
𝐸ℎ(𝜽)

{
(ℎ(𝜽))−𝑑 |𝒘})−1∕𝑑

, (42)
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provided that the posterior mean 𝐸ℎ(𝜽)
{
(ℎ(𝜽))−𝑑 |𝒘} of (ℎ(𝜽))−𝑑

exists and is finite.

As suggested in Giorgio et al. [3], the value of the loss parameter
𝑑 can be obtained once a suitable value of the ratio 𝜌:

𝜌 =
𝐿GEL(ℎ(𝜽) ⋅ 𝜔, ℎ(𝜽))
𝐿GEL(ℎ(𝜽)∕𝜔, ℎ(𝜽))

(43)

between the expected loss 𝐿GEL(ℎ(𝜽) ⋅ 𝜔, ℎ(𝜽)) caused by overes-
timating ℎ(𝜽) of 𝜔 times and the expected loss 𝐿GEL(ℎ(𝜽)∕𝜔, ℎ(𝜽))
due to an underestimation of 𝜔 times is formulated. In particular,
a suitable value of 𝑑 can be obtained by solving numerically the
following equation:

𝜔𝑑 − 𝑑 ln(𝜔) − 1
𝜔−𝑑 + 𝑑 ln(𝜔) − 1

= 𝜌, (44)

which can be readily obtained from (41) and (43).

From (42), it is easy to verify that, when 𝑑 = −1, the Bayes esti-
mate ℎGEL(𝜽|𝒘) under the GEL function (41) coincides with the
posterior mean 𝐸{ℎ(𝜽)|𝒘} obtained under the SEL function.
Moreover, for 𝑑 < −1 (for 𝑑 > −1) the Bayes estimate under the
GEL function is larger (is smaller) than the posterior mean. It is
worth noting that the GEL function is expressed as a function of
the relative error ℎ̃(𝜽)∕ℎ(𝜽), while the SEL function is expressed
in term of absolute error. Indeed, in terms of relative error, the
SEL function assumes that consequences of an underestimation
are more severe than those of an overestimation.

6 | The Markov Chain Monte Carlo Procedure

The Bayesian inferential procedure presented in Section 4 would
require multivariate integrations to be numerically performed
by highly time-consuming algorithms. Alternatively, a Markov
Chain Monte Carlo (MCMC) method for posterior sampling is
proposed to reduce both the computational burden and the exe-
cution time of the routines.

In line with Giorgio et al. [3], we first generate a four-dimensional
pseudo-random vector sample of size 𝑀 , that is 𝜽𝑗 =(
𝑎𝑗 , 𝑏𝑗 , 𝛽𝑗 , 𝑈𝑗

)
(𝑗 = 1, . . . ,𝑀), extracted from the joint poste-

rior pdf 𝜋(𝑎, 𝑏, 𝛽, 𝑈 |𝒘) in (35) after a sufficiently large burn-in
period, which allows the influence of the starting point of the
numerical procedure on the pseudo-random sample of 𝜽 to be
negligible. Clearly, the convergence to the stationary (target)
distribution 𝜋(𝑎, 𝑏, 𝛽, 𝑈 |𝒘) of the Markov Chain is evaluated.

Hence, we use the vector sample𝜽𝑗 (𝑗 = 1, . . . ,𝑀) to estimate the
posterior mean and variance, as well as the (1 − 𝛾) HPD interval
of each parameter. In particular, the posterior mean is given by
the mean of the corresponding elements of the posterior sample,
for instance:

𝐸{𝑎|𝒘} ≅
∑𝑀

𝑗=1𝑎𝑗

𝑀
, (45)

whereas the (1 − 𝛾) HPD intervals obtained by ordering the pos-
terior sample and selecting the shortest interval containing the
fraction (1 − 𝛾) of the sample.

The posterior sample of any function ℎ(𝜽) of the BTGP parame-
ters, such as the mean degradation 𝐸{𝑊 (𝑡)} in (10), the variance
of the degradation level 𝑉 {𝑊 (𝑡)} in (11), the residual reliability
𝑅𝑡

(
𝑥|𝑤𝑡

)
in (14), the reliability function 𝑅(𝑥) in (17), the mean

of the RUL in (19) or the mean lifetime 𝐸{𝑋} in (20), is simply
given byℎ𝑗 = ℎ

(
𝜽𝑗

)
(𝑖 = 1, . . . ,𝑀), from which the posterior pdf,

the posterior mean, and the HPD interval of such a function ℎ(𝜽)
are easily computed.

For example, the posterior sample 𝐸𝑗{𝑊 (𝑡)} (𝑗 = 1, . . . ,𝑀) of
the mean degradation level 𝐸{𝑊 (𝑡)} at time 𝑡 given in (10) is
computed as:

𝐸𝑗{𝑊 (𝑡)} = ∫
𝑈𝑗

0
𝑤

𝛽𝑗𝑈𝑗(
𝑈𝑗 −𝑤

)2

(
𝛽𝑗 𝑤

𝑈𝑗−𝑤

)(𝑡∕𝑎𝑗)𝑏𝑗 −1

Γ
((

𝑡∕𝑎𝑗
)𝑏𝑗)

× exp
(
−

𝛽𝑗 𝑤

𝑈𝑗 −𝑤

)
d𝑤, 𝑗 = 1, . . . ,𝑀, (46)

from which, for example, the posterior mean estimate of𝐸{𝑊 (𝑡)}
results in:

𝐸{𝐸{𝑊 (𝑡)}|𝑾 = 𝒘} ≅ 1
𝑀

𝑀∑
𝑗=1

𝐸𝑗{𝑊 (𝑡)}. (47)

From (42), the Bayes estimate (prediction) under the GEL func-
tion of any generic function ℎ(𝜽) of the vector 𝜽 of the pro-
cess parameters, such as, for example, the residual reliability, is
given by:

ℎGEL(𝜽|𝒘) =
⎛⎜⎜⎝
∑𝑀

𝑗=1
[
ℎ𝑗 (𝜽)

]−𝑑
𝑀

⎞⎟⎟⎠
−1∕𝑑

. (48)

From the four-dimensional pseudo-random vector sample 𝜽𝑗 =(
𝑎𝑗 , 𝑏𝑗 , 𝛽𝑗 , 𝑈𝑗

)
(𝑗 = 1, . . . ,𝑀), the posterior (predicted) sample

𝛿𝑗(𝑡, 𝑡 + Δ𝑡)|𝑤𝑡 (𝑗 = 1, . . . ,𝑀) of the (conditional) degradation
incrementΔ𝑊 (𝑡, 𝑡 + Δ𝑡)|𝑤𝑡 of the BTGP, given the current degra-
dation level 𝑤𝑡, is obtained according to the method of com-
position (see, e.g., Tanner [9] by using the following two-steps
procedure: (i) for each 𝑗 = 1, . . . ,𝑀 generate a realization,
say Δ𝑧𝑗(𝑡, 𝑡 + Δ𝑡) (𝑗 = 1, . . . ,𝑀), of a gamma random variable
with unit scale parameter and shape parameter Δ𝜂𝑗(𝑡, 𝑡 + Δ𝑡) =[
(𝑡 + Δ𝑡)∕𝑎𝑗

]𝑏𝑗 − (𝑡∕𝑎𝑗)𝑏𝑗 , and (ii) each element Δ𝑧𝑗(𝑡, 𝑡 + Δ𝑡) is
transformed into the corresponding element 𝛿𝑗(𝑡, 𝑡 + Δ𝑡)|𝑤𝑡 as
follows:

𝛿𝑗(𝑡, 𝑡 + Δ𝑡)|𝑤𝑡 =
𝑈𝑗

𝛽𝑗

Δ𝑧𝑗 (𝑡,𝑡+Δ𝑡)+𝛽𝑗𝑤𝑡∕(𝑈𝑗−𝑤𝑡) + 1
−𝑤𝑡,

𝑗 = 1, . . . ,𝑀. (49)

Likewise, the elements of the posterior (predicted) sample 𝑤𝑗(𝑡)
(𝑗 = 1, . . . ,𝑀) of the (unconditional) degradation level 𝑊 (𝑡)
at 𝑡 could be obtained from the corresponding elements of a
pseudo-random sample of size M, say 𝑧𝑗(𝑡) (𝑗 = 1, . . . ,𝑀), gen-
erated from gamma random variables with unit scale parameter
and shape parameter 𝜂𝑗(𝑡) =

(
𝑡∕𝑎𝑗

)𝑏𝑗 , as follows:

𝑤𝑗(𝑡) = 𝑈𝑗

𝑧𝑗(𝑡)
𝛽𝑗 + 𝑧𝑗(𝑡)

, 𝑗 = 1, . . . ,𝑀. (50)

Equations (49) and (50) are derived from (8) and (5), by consid-
ering that, when {𝑊 (𝑡), 𝑡 ≥ 0} is a transformed gamma process
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(TGP) with state function 𝑔(𝑤) and age function 𝜂(𝑡), the trans-
formed process {𝑔(𝑊 (𝑡)), 𝑡 ≥ 0} is a gamma process with age
function 𝜂(𝑡) and unit scale parameter (see Giorgio et al. [2]).

A posterior sample 𝑥𝑗 (𝑗 = 1, . . . ,𝑀) of the lifetime 𝑋 of a
new unit can be obtained by first generating a sample 𝑦𝑗 (𝑗 =
1, . . . ,𝑀) of size M from a uniform (0,1) distribution, and then
by searching the value of 𝑥𝑗 that satisfies the following equality,
derived from the reliability function in (17):

𝛾
(
𝛽𝑗 𝐷∕

(
𝑈𝑗 −𝐷

)
;
(
𝑥𝑗∕𝑎𝑗

)𝑏𝑗)
Γ
((

𝑥𝑗∕𝑎𝑗
)𝑏𝑗) = 𝑦𝑗 , 𝑗 = 1, . . . ,𝑀. (51)

Likewise, from (14), the posterior sample 𝑥𝑗 |𝑤𝑡 (𝑗 = 1, . . . ,𝑀) of
the (conditional) RUL 𝑋𝑡|𝑤𝑡 can be obtained by the uniformly
distributed in (0,1) random sample 𝑦𝑗 (𝑗 = 1, . . . ,𝑀) by search-
ing the value of 𝑥𝑗 |𝑤𝑡 such that:

𝛾

(
𝛽𝑗 𝐷

𝑈𝑗−𝐷
− 𝛽𝑗𝑤𝑡

𝑈𝑗−𝑤𝑡

;
(

𝑡+𝑥𝑗 |𝑤𝑡

𝑎𝑗

)𝑏𝑗
−
(

𝑡

𝑎𝑗

)𝑏𝑗
)

Γ
(((

𝑡 + 𝑥𝑗 |𝑤𝑡

)
∕𝑎𝑗
)𝑏𝑗 − (𝑡∕𝑎𝑗)𝑏𝑗) = 𝑦𝑗 , 𝑗 = 1, . . . ,𝑀.

(52)
Thus, from the posterior samples 𝛿𝑗(Δ𝑡)|𝑤𝑡, 𝑤𝑗(𝑡), 𝑥𝑗 , and 𝑥𝑗 |𝑤𝑡

(𝑗 = 1, . . . ,𝑀), obtained respectively from (49–52), we imme-
diately derive the posterior pdf, the posterior mean prediction,
the Bayes prediction under the GEL function, and the (1 − 𝛾)
HPD interval of the conditional increment Δ𝑊 (𝑡, 𝑡 + Δ𝑡)|𝑤𝑡, of
the future degradation level 𝑊 (𝑡) of a new unit, of the lifetime 𝑋,
and of the remaining useful life 𝑋𝑡|𝑤𝑡, respectively.

Indeed, for example, the Bayes prediction under the GEL func-
tion of the RUL 𝑋𝑡|𝑤t is given by:

ℎGEL(𝑋𝑗 |𝒘) = (∑𝑀

𝑗=1𝑥𝑗 |𝑤−𝑑
𝑡

𝑀

)−1∕𝑑

. (53)

The main stages of the proposed Bayesian procedure are enumer-
ated in the following workflow:

1. select priors to use for parameters of the BTGP;

2. formulate the likelihood function (𝒘|𝑎, 𝑏, 𝛽, 𝑈 );

3. generate sample𝜽𝑗 =
(
𝑎𝑗 , 𝑏𝑗 , 𝛽𝑗 , 𝑈𝑗

)
, 𝑗 = 1, . . . ,𝑀 , from the

joint posterior pdf 𝜋(𝑎, 𝑏, 𝛽, 𝑈 |𝒘) by a suitable MCMC pro-
cedure;

4. check convergence and good mixing of the MCMC
algorithm: if necessary, restart from point 3 with proper
countermeasures, e.g., after increasing burn-in period or
thinning interval;

5. compute posterior mean estimates and HPD intervals of
BTGP parameters, by using the sample𝜽𝑗 , 𝑗 = 1, . . . ,𝑀 . For
example, the posterior mean of a is computed as in (45);

6. compute posterior mean estimates and HPD intervals of
mean and variance functions of BTGP. For example, the pos-
terior mean of the mean is computed as in (47);

7. compute posterior mean estimates and Bayes estimates
under GEL of reliability and residual reliability functions.
Bayes estimates under GEL is obtained via (48), where ℎ𝑗 is
ether the reliability or the residual reliability function.

8. compute posterior mean predictions, Bayes predictions
under GEL, and HPD intervals of lifetime, of remaining
useful life, and of future degradation increment, by using
samples from their predictive distribution, generated via the
method of composition. For example, Bayes predictions of
the RUL 𝑋𝑡|𝑤𝑡 under GEL is performed as in (53), using a
sample generated according to (52).

7 | Numerical Application

Let us now consider the real set of wear measurements of the lin-
ers of the 8-cylinder Diesel engine, given in Table 1.

These data, initially presented in Giorgio et al. [10], have been
collected during 23 ad hoc inspections carried out between 1994
and 2004, a period where the engine operated on similar routes in
homogeneous conditions. In Figure 2, the observed degradation
paths are depicted, where points pertaining to the same path are
connected by lines, for graphical convenience. Based on a con-
tractual clause, a liner is assumed to fail when its degradation
level exceeds the threshold level 𝐷 = 4 mm.

To fully define a Bayesian procedure for estimation and predic-
tion purposes, it is necessary to decide which is the prior informa-
tion that is possible to use. In this applicative example, we assume

TABLE 1 | Wear 𝑤𝑖,𝑘 [mm] accumulated by the 𝑖 th liner up to the inspection time 𝑡𝑖,𝑘 [h].

𝒊 𝒕𝒊,1 𝒘𝒊,1 𝒕𝒊,2 𝒘𝒊,2 𝒕𝒊,3 𝒘𝒊,3 𝒕𝒊,4 𝒘𝒊,4

1 11,300 0.90 14,680 1.30 31,270 2.85
2 11,300 1.50 21,970 2.00
3 12,300 1.00 16,300 1.35
4 14,810 1.90 18,700 2.25 28,000 2.75
5 10,000 1.20 30,450 2.75 37,310 3.05
6 6860 0.50 17,200 1.45 24,710 2.15
7 2040 0.40 12,580 2.00 16,620 2.35
8 7540 0.50 8840 1.10 9770 1.15 16,300 2.10
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FIGURE 2 | Measured liners’ wear (the points pertaining to the same
path are connected by lines for graphical convenience).

that the analyst, on the basis of previously observed similar wear
phenomena, knows that: (i) the upper bound 𝑈 is surely larger
than 𝑤M = 4.3 mm, and (ii) the mean degradation function has
an inflection point, so that 𝑏 > 1.

Moreover, we suppose that from previous studies conducted on
sets of degradation data of similar wearing units, the analyst can
also provide the prior values of the mean and variance of 𝑈 , that
is 𝐸{𝑈} = 4.6 mm and 𝑉 {𝑈} = (0.3 mm)2 = 0.09 mm2, and the
prior values of the mean and variance of the age parameter 𝑏 equal
to 𝐸{𝑏} = 1.5 and 𝑉 {𝑏} = 0.32 = 0.09. Hence, we assume that, to
use this prior information, the analyst chooses:

• the 3-parameter gamma prior (26) on 𝑈 , with param-
eters 𝑞 =

(
𝐸
{
𝑈𝑗

}
−𝑤M

)
∕𝑉
{
𝑈𝑗

}
= 3.333 and 𝑝 =

𝑞
(
𝐸
{
𝑈𝑗

}
−𝑤M

)
= 1.0,

• the 3-parameter gamma prior (32) on 𝑏, with parameters 𝑠 =
(𝐸{𝑏} − 1)∕𝑉 {𝑏} = 5.556 and 𝑟 = 𝑠 (𝐸{𝑏} − 1) = 2.778.

The parameters 𝛽𝑈 and 𝑎𝑈 of the Uniform vague prior pdf’s (33)
and (34) on 𝛽 and 𝑎 are set equal to 200 and 50,000 h, respectively,
to guarantee that these priors are “flat” over the entire region sup-
ported by the likelihood. Thus, the resulting joint prior pdf on the
BTGP parameters is:

𝑔(𝑎, 𝑏, 𝛽, 𝑈 ) ∝
𝑞𝑝
(
𝑈 −𝑤M

)𝑝−1

Γ(𝑝)
𝑠𝑟(𝑏 − 1)𝑟−1

Γ(𝑟)

× exp
[
−𝑞
(
𝑈 −𝑤M

)
− 𝑠(𝑏 − 1)

]
, 𝑏 > 1, 𝑈 > 𝑤M,

(54)

where 𝑝 = 1.0, 𝑞 = 3.333, 𝑤M = 4.3 mm, 𝑟 = 2.778, and 𝑠 = 5.556.
Accordingly, the joint posterior pdf results in:

𝜋(𝑎, 𝑏, 𝛽, 𝑈 |𝒘) ∝ (𝒘|𝑎, 𝑏, 𝛽, 𝑈 )
𝑞𝑝
(
𝑈 −𝑤M

)𝑝−1

Γ(𝑝)
𝑠𝑟(𝑏 − 1)𝑟−1

Γ(𝑟)

× exp
[
−𝑞
(
𝑈 −𝑤M

)
− 𝑠(𝑏 − 1)

]
,

𝑎 < 50.000 h, 𝑏 > 1, 𝛽 < 200, 𝑈 > 𝑤M. (55)

The estimation of the BTGP parameters from the joint posterior
pdf (55) exploits the adaptive Metropolis algorithm (Haario et al.

[11]) implemented in the OpenBUGS software (Lunn et al. [12]),
since the software library does not include the non-standard
distribution of degradation increment (1) and the 3-parameter
gamma priors (26) and (32), as already remarked in Section 6. To
handle these distributions, we developed some “zero tricks” pro-
cedures (e.g., see Mendéz-González et al. [13]) within the Open-
BUGS routine to implement the likelihood function (22) and the
3-parameter gamma priors.

To execute the OpenBUGS code, an R script (R Core Team
[14]) was developed, which employs the packages R2OpenBUGS
(Sturtz et al. [15]) and CODA (Plummer et al. [16]) to run Open-
BUGS, imports the generated samples within the R environment
and assesses MCMC convergence to the stationary posterior dis-
tribution. To the aim of reproducibility, we provide the data set
and all the code (OpenBUGS and R) performing the Bayesian
analysis presented here at the following GitHub repository:
https://github.com/fpostiglioneUniSA/BayesInferenceBTGP.

To collect a posterior sample of 𝜽 = (𝑎, 𝑏, 𝛽, 𝑈 ) with 𝑀 = 105

four-dimensional vector elements, we used a burn-in period of
105 iterations and a thinning interval equal to 200, that ensures
the convergence of the MCMC algorithm to the target distribu-
tion and an adequate mixing. The execution time of the Open-
BUGS routine for the selected priors is about 60 min (for each
chain) on a notebook based on an Intel Core i9 CPU@2.40GHz,
showing the feasibility of the proposed Bayesian procedure based
on the MCMC techniques.

In Figure 3 the resulting posterior distributions of the BTGP
parameters 𝑎, 𝑏, 𝛽, and 𝑈 are depicted. The monotonically
decreasing behavior of the posterior distribution 𝜋(𝑈 |𝒘) on 𝑈 is
the reason why the lower limit of the HPD interval on𝑈 coincides
with the maximum observed degradation level 𝑤M = 4.3 mm.

The posterior means of the process parameters are 𝐸{𝑎|𝑾 = 𝒘}
= 2708 h, 𝐸{𝑏|𝑾 = 𝒘} = 1.392, 𝐸{𝛽|𝑾 = 𝒘} = 20.28 and
𝐸{𝑈 |𝑾 = 𝒘} = 4.569 mm, while the corresponding 0.90 HPD
intervals are equal to (1509 h, 3820 h), (1.201, 1.568), (9.710,
30.49), and (4.300 mm, 4.907 mm), respectively.

Note that, since the posterior pdf on 𝑈 is monotonically decreas-
ing, the lower limit of the HPD interval on 𝑈 is equal to 𝑤M = 4.3
mm, being 𝑈 ≥ 𝑤M, and the upper limit is equal to the 0.90 per-
centile of the posterior pdf.

For a comparative purpose, we note that, the ML estimates of
the BTGP parameters, given in Fouladirad et al. [1], are 𝑎 =
2682 h, 𝑏̂ = 1.434, 𝛽 = 18.62 mm, and 𝑈 = 4.363 mm. More-
over, the approximate 0.90 confidence intervals, based on the
log-normal approximation for the distribution of the ML esti-
mators, are, respectively, (1353 h, 5314 h), (1.119, 1.838), (8.03,
43.13), and (4.300 mm, 5.506 mm). Both the Bayesian and ML
point and interval estimate of the BTGP parameters are reported
in Table 2. The advantage gained by using the available (good)
prior information is demonstrated by the HPD intervals of the
parameters 𝑎, 𝑏, 𝛽, and 𝑈 , obtained by using the suggested Bayes
approach, which are (all included in and) 42%, 49%, 41% and 50%
narrower than the corresponding classical confidence intervals,
respectively.
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FIGURE 3 | The marginal posterior distributions of the parameters of the BTGP.

TABLE 2 | Bayesian and ML point and interval estimates of the BTGP parameters.

Parameter Posterior mean ML point estimate 0.90 HPD interval ML 0.90 confidence interval

𝑎 [h] 2708 2682 (1509, 3820) (1353, 5314)
𝑏 1.392 1.434 (1.201, 1.568) (1.119, 1.838)
𝛽 20.28 18.62 (9.710, 30.49) (8.03, 43.13)
𝑈 [mm] 4.569 4.363 (4.300, 4.907) (4.300, 5.506)

In Figures 4 and 5, the posterior mean and the 0.90 HPD inter-
val of the mean degradation level 𝐸{𝑊 (𝑡)} and of the variance
𝑉 {𝑊 (𝑡)}, respectively, are depicted and compared to the empir-
ical estimates. Both the posterior mean of 𝐸{𝑊 (𝑡)} and the pos-
terior mean of 𝑉 {𝑊 (𝑡)} fit very well the corresponding empirical
estimates. These visual assessments give empirical evidence that
the considered BTGP adequately fits the considered liner data.

Figure 6 gives the posterior mean and the Bayes estimate under
the GEL function of the reliability function (17) of a new liner
with 𝐷 = 4 mm, whereas Figure 7 provides the posterior mean
and the Bayes estimates under the GEL function of the residual
reliability (14) of the liners #3 and 5, given their current degra-
dation level 𝑤𝑡 = 1.35 mm and 𝑤𝑡 = 3.05 mm and age 𝑡 = 16,300
h and 𝑡 = 37,310 h, respectively. Liners #3 and 5 have been cho-
sen because they are the liners with the lowest and the highest
degradation level, respectively, at the last inspection time. Bayes

estimates under the GEL function in Figures 6 and 7 have been
obtained by using the loss function (41) with 𝑑 = 0.784.

The value 𝑑 = 0.784 of the GEL parameter was obtained from
(44), by assuming that an overestimation of 20% (𝜔 = 1.2) of the
reliability produces an expected loss which is 𝜌 = 1.1 times larger
than the expected loss caused by an underestimation of 20%.
Figure 7 shows how the use of the considered GEL function leads
to obtain more conservative estimates of reliability with respect to
the SEL function.

In Table 3, the posterior mean (point) predictions, the Bayes
(point) predictions under the GEL function, and the 0.90 HPD
interval both of the lifetime of a new liner, computed from the
random sample generated according to (51), and of the RUL of the
liners #1–8, obtained from the random sample generated accord-
ing to (52), are given. The Bayes (point) predictions under the
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FIGURE 4 | Posterior mean, empirical estimate, and 0.90 HPD inter-
val of the mean degradation level.

FIGURE 5 | Posterior mean, empirical estimate, and 0.90 HPD inter-
val of the variance of the degradation level.

FIGURE 6 | Posterior mean and Bayes estimate under the GEL func-
tion (with 𝑑 = 0.784) of the reliability function 𝑅(𝑥) of a new liner.

FIGURE 7 | Posterior mean and Bayes estimate under the GEL func-
tion (with 𝑑 = 0.784) of the residual reliability function 𝑅𝑡

(
𝑥|𝑤𝑡

)
of the

liners #3 and 5, given the current degradation level 𝑤𝑡.

GEL function in Table 3 have been obtained by using the function
(41) with 𝑑 = 2.16. This value of 𝑑 allows to analyze experimental
situations where an overestimation of 20% (𝜔 = 1.2) of the life-
time produces an expected loss which is 𝜌 = 1.3 times larger than
the expected loss caused by an underestimation of 20%.

For a comparative purpose, Table 3 also reports the correspond-
ing (point) predictions of lifetime and RUL obtained by using the
ML method, where we intend that the ML prediction of a ran-
dom variable is performed by the ML estimate of its mean. As
expected, Bayes predictions under the GEL function of lifetime
and RUL are smaller than corresponding posterior mean predic-
tions. Moreover, by comparing Bayes and ML predictions, it is
also evident that both posterior mean predictions and Bayesian
predictions under the GEL function are more conservative than
the corresponding ML predictions, which are obtained by impos-
ing the constraint 𝑈 > 4.3.

In Figure 8, the posterior predictive pdf (38) of the lifetime 𝑋 of a
new liner and the posterior predictive pdf (39) of the RUL 𝑋𝑡|𝑤𝑡,
of the liners #3 and 5 are depicted.

Table 4 provides ML (point) predictions, posterior
mean predictions, Bayes (point) predictions under the
GEL function (with 𝑑 = −3.51), and 0.90 HPD inter-
vals of the wear increment ΔW(0,Δ𝑡) = 𝑊 (Δ𝑡) of a new
liner and of the wear increments ΔW

(
𝑡1,𝑛1

, 𝑡1,𝑛1
+ Δ𝑡

)
,

ΔW
(
𝑡5,𝑛5

, 𝑡5,𝑛5
+ Δ𝑡

)
, . . . .,ΔW

(
𝑡8,𝑛8

, 𝑡8,𝑛8
+ Δ𝑡

)
of the liners

#1–8 during the future time interval of width Δ𝑡 = 10,000 h. The
value of the GEL parameter 𝑑 = −3.51 was computed again from
(44), by assuming that an overestimation of 10% (𝜔 = 1.1) of the
wear increment produces an expected loss which is 𝜌 = 0.8 times
smaller than the expected loss caused by an underestimation
of 10%. As expected, loss parameter 𝑑 smaller than −1 provides
Bayes predictions of the wear increment under the GEL function
that are larger than corresponding posterior mean predictions. In
line with the results reported in Table 3, also Table 4 highlights
that the Bayesian predictions are generally more conservative
than the corresponding ML ones.

Finally, Figure 9 depicts the posterior predictive pdf (31) of the
wear increment ΔW(0,Δ𝑡) = 𝑊 (Δ𝑡) of a new liner and the wear
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TABLE 3 | ML predictions, posterior mean predictions, Bayes predictions under the GEL function, and 0.90 HPD interval of the lifetime of a new
liner and of the RUL of the liners.

Liner ML [h] Posterior mean [h] Prediction under GEL [h] 0.90 HPD interval [h]

New 109,994 97,264 91,131 (64,448, 127,390)
#1 78,283 65,463 56,635 (33,884, 94,441)
#2 89,760 77,215 69,435 (44,985, 107,281)
#3 95,542 83,126 75,895 (51,043, 113,753)
#4 80,941 67,997 59,289 (36,927, 98,134)
#5 72,836 60,211 51,059 (29,978, 88,571)
#6 87,546 75,040 67,080 (43,270, 105,370)
#7 90,356 77,009 68,979 (44,660, 107,496)
#8 92,212 79,136 71,384 (46,476, 109,399)

TABLE 4 | ML predictions, posterior mean predictions, Bayes predictions under the GEL function, and 0.90 HPD interval of the mean wear incre-
ment during the future interval of width Δ𝑡 = 10,000 h.

Liner ML [mm] Posterior mean [mm] Prediction under GEL [mm] 0.90 HPD interval [mm]

New 1.110 1.105 1.230 (0.521, 1.653)
#1 0.353 0.375 0.402 (0.224, 0.521)
#2 0.693 0.693 0.733 (0.441, 0.941)
#3 0.970 0.954 1.007 (0.618, 1.294)
#4 0.382 0.402 0.430 (0.246, 0.557)
#5 0.289 0.314 0.340 (0.183, 0.441)
#6 0.639 0.643 0.670 (0.412, 0.873)
#7 0.489 0.503 0.538 (0.309, 0.704)
#8 0.597 0.603 0.643 (0.374, 0.835)

FIGURE 8 | The posterior predictive pdf of the lifetime 𝑋 of a new
liner and of the RUL 𝑋𝑡|𝑤𝑡, of the liners #3 and 5.

increments ΔW
(
𝑡3,𝑛3

, 𝑡3,𝑛3
+ Δ𝑡

)
and ΔW

(
𝑡5,𝑛5

, 𝑡5,𝑛5
+ Δ𝑡

)
of the

liners #3 and 5, for Δ𝑡 = 10,000 h, given the current state and age
of these units, thus showing the ability of the proposed approach
to predict the future degradation increment.

8 | Sensitivity Analysis

In this section we report the results of a sensitivity analysis con-
ducted by assuming different prior distributions for 𝑈 , while

FIGURE 9 | Posterior predictive pdfs of the wear incre-
ment ΔW(0,Δ𝑡) = 𝑊 (0,Δ𝑡) of a new liner and wear increments
ΔW

(
𝑡3,𝑛3

, 𝑡3,𝑛3
+ Δ𝑡

)
and ΔW

(
𝑡5,𝑛5

, 𝑡5,𝑛5
+ Δ𝑡

)
of the liners #3 and 5 for

Δ𝑡 = 10,000 h.

keeping for the other BTGP parameters the same prior distribu-
tions adopted in the numerical application in Section 7. The aim
of the analysis is to investigate the influence on the Bayesian esti-
mates of the prior distribution on the parameter 𝑈 , which mainly
characterizes the BTGP. The alternative priors considered for
𝑈 are:
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TABLE 5 | Posterior mean estimates and 0.90 HPD intervals (given in round brackets) of the BTGP parameters for different prior distributions of
the upper bound 𝑈 .

Prior distribution on 𝑼 𝒂 [h] 𝒃 𝜷 𝑼 [mm]

Prior (26) with 𝐸{𝑈} = 4.6 mm
& 𝑉 {𝑈} = 0.09 mm2

2708 (1509, 3820) 1.392 (1.201, 1.568) 20.28 (9.71, 30.49) 4.569 (4.300, 4.907)

Prior (26) with 𝐸{𝑈} = 4.6 mm
& 𝑉 {𝑈} = 0.04 mm2

2677 (1529, 3774) 1.386 (1.209, 1.562) 20.53 (10.43, 30.79) 4.588 (4.323, 4.850)

Prior (26) with 𝐸{𝑈} = 4.6 mm
& 𝑉 {𝑈} = 0.25 mm2

2792 (1574, 4000) 1.409 (1.203, 1.593) 19.62 (9.07, 29.84) 4.516 (4.300, 4.916)

Prior (25) with 𝑤Low = 4.3 mm
& 𝑤Up = 6 mm

2411 (1249, 3515) 1.328 (1.139, 1.509) 25.11 (10.94, 39.05) 5.001 (4.301, 5.696)

Prior (23) with 𝑤M = 4.3 mm 2313 (1117, 3448) 1.301 (1.084, 1.490) 30.07 (9.79, 50.19) 5.542 (4.300, 6.931)
Prior (24) with 𝑤L = 4.5 mm 2224 (1108, 3322) 1.281 (1.084, 1.461) 32.03 (10.96, 52.81) 5.733 (4.500, 7.156)

Note: The prior distribution used in the numerical application of Section 7 and the corresponding posterior results are reported in the first row.

TABLE 6 | 0.90 HPriorD intervals of 𝑏 and 𝑈 . Only the four proper prior distributions of the upper bound 𝑈 of Table 5 are considered.

Prior distribution on 𝑼 𝒃 𝑼 [mm]

Prior (26) with 𝐸{𝑈} = 4.6 mm & 𝑉 {𝑈} = 0.09 mm2 (1.062, 1.928) (4.300, 4.991)
Prior (26) with 𝐸{𝑈} = 4.6 mm & 𝑉 {𝑈} = 0.04 mm2 (1.062, 1.928) (4.321, 4.872)
Prior (26) with 𝐸{𝑈} = 4.6 mm & 𝑉 {𝑈} = 0.25 mm2 (1.062, 1.928) (4.300, 5.163)
Prior (25) with 𝑤Low = 4.3 mm & 𝑤Up = 6 mm (1.062, 1.928) (4.385, 5.915)

a. the 3-parameters gamma distribution (26), already used in
Section 7, having the same prior mean 𝐸{𝑈} = 4.6 mm
adopted in the numerical application and two different val-
ues of the prior variance, say 𝑉 {𝑈} = 0.04 and 0.25 mm2

(i.e., smaller and greater, respectively, than the prior vari-
ance 𝑉 {𝑈} = 0.09 mm2 used in Section 7);

b. the other three prior distributions proposed for 𝑈 in
Section 5, say (23), (24) and (25).

The results of this sensitivity analysis are provided in Table 5.
In particular, the first row of Table 5 contains the posterior esti-
mates of the BTGP parameters (i.e., mean and 0.9 HPD interval)
obtained by using the prior adopted in Section 7. The successive
two rows of Table 5 report the estimates obtained by using the
prior (26) with prior variance𝑉 {𝑈} = 0.04 and 0.25 mm2, respec-
tively. The fourth row of Table 5 contains the estimates obtained
under the informative uniform prior (25), with 𝑤Low = 4.3 mm
and 𝑤Up = 6.0 mm. Finally, the last two rows of Table 5 give the
estimates obtained by using the improper priors (23) and (24) on
𝑈 , with 𝑤M = 4.3 mm and 𝑤L = 4.5 mm, respectively.

By comparing the results reported in the first three rows of
Table 5, it appears that the posterior estimates obtained by
using the 3-parameter gamma prior (26) are influenced (although
slightly) by the value of prior variance, resulting in that the larger
the prior variance, the wider the HPD intervals of all the model
parameters. This is exactly the effect one aims to obtain by mod-
ulating the variance of an informative prior distribution (i.e.,
attributing a higher or a lower weight to the available prior knowl-
edge).

The comparison between the estimates reported in the first three
rows and those reported in the fourth row (relative to the other
proper informative prior on 𝑈 ) shows that the functional form of
the informative prior used for influences the posterior estimates.

Finally, by comparing the estimates obtained by using the infor-
mative priors (26) and (25) (i.e., those reported in the first four
rows of Table 5) with those obtained by using the improper
priors (23) and (24) (i.e., those given in the last two rows of
Table 5), it appears that the HPD intervals of 𝑈 and obtained
under the improper priors are significantly larger than those
obtained under the informative ones. This result is a direct con-
sequence of the circumstance that improper priors do not allows
to incorporate into the inferential procedure significant (prior)
knowledge on the upper bound 𝑈 . Differently, it seems that the
HPD intervals of the parameters 𝑎 and 𝑏 of the age function (6)
are less influenced by the specific prior distribution used for 𝑈 .
The results given in Table 5 also show that the posterior mean of
the BTGP parameters is moderately influenced by the prior dis-
tribution used for 𝑈 .

In order to evaluate to what extent estimates are influenced by the
available wear data, we have compared the width of the Highest
Prior Density (henceforth referred to as HPriorD) intervals on 𝑏

and 𝑈 (provided in Table 6) with the width of the corresponding
HDP intervals given in Table 5. The HPriorD intervals on 𝑈 have
been obviously computed only in the case a proper prior on 𝑈 is
assumed, and hence only the HPD intervals given in the first four
row of Table 5 are the subject of this comparison. Likewise, this
investigation cannot involve the other two process parameters,
say 𝛽 and 𝑎, because their prior distribution (i.e., (34) and (35))
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are improper, and hence their HPriorD intervals cannot be com-
puted. Of course, the HPriorD interval on 𝑏 does not change when
different prior distributions on 𝑈 are considered. In the case of
the uniform prior (26), there are infinite 0.90 HPriorD intervals,
having one and the same width, namely 1.530 mm. The one given
in Table 6 is the equal tailed 0.90 HPriorD interval.

Comparing the width of the HPD intervals reported in the first
four rows of Table 5 with the width of the corresponding HPri-
orD intervals in Table 6, the influence of the experimental data
on the posterior estimates is evident. Indeed, the width of all the
(posterior) HPD intervals is smaller than that of the correspond-
ing HPriorD intervals, thanks to the information provided by the
experimental data. This result highlights that all the considered
prior distributions are weak enough to allow the experimental
data to make a significant contribution to the posterior estimates
and predictions (i.e., all the considered settings guarantee that
adopted priors do not dominate the likelihood function). The
same comparison also allows to notice that all the endpoints of
the posterior HPD intervals, except for the left endpoint obtained
for 𝑈 by using the prior distribution (25), are contained in the
corresponding prior intervals.

That is, the posterior estimates confirm and reinforces the prior
beliefs. This is a very positive result. In fact, in real-world appli-
cations, when a sound prior knowledge is available and the pos-
terior estimates are far from their prior beliefs, engineers decide
to remain with their prior convictions. This is because engineers
know the units they are dealing with very well (e.g., because they
designed them).

Finally, to assess the joint effect of the prior information on 𝑈

and 𝑏 on the posterior results, we have implemented once again
the Bayesian estimation procedure by assuming that the analyst
possesses only little information on the wear process. Specifically,
we have assumed that the analyst knows that:

• the upper bound 𝑈 is larger than the maximum observed
degradation level𝑤M, but no other information on𝑈 is avail-
able, so that the improper (vague) prior (23), say 𝜋(𝑈 ) ∝
1∕𝑈 , with 𝑈 > 𝑤M, is used for 𝑈 ,

• the mean degradation function has an inflection point, but
no information is available on how pronounced the inflec-
tion is, so that the improper (vague) prior (31), say 𝜋(𝑏) ∝
1∕𝑏, with 𝑏 > 1, is used for 𝑏.

Thus, using the above prior pdfs on 𝑈 and 𝑏, together to the
vague prior pdfs (33) and (34) on the other process parameters,
the resulting (weak) joint prior pdf on (𝑎, 𝑏, 𝛽, 𝑈 ) is:

𝑔(𝑎, 𝑏, 𝛽, 𝑈 ) ∝ 1
𝑈 𝑏

, 𝑏 > 1, 𝑈 > 𝑤M = 4.3 mm, (56)

from which the joint posterior pdf results in:

𝜋(𝑎, 𝑏, 𝛽, 𝑈 |𝒘) ∝ (𝒘|𝑎, 𝑏, 𝛽, 𝑈 )
𝑈 𝑏

,

𝑎 < 50.000 h, 𝑏 > 1, 𝛽 < 200, 𝑈 > 𝑤M. (57)

The resulting posterior means estimates are 𝐸{𝑎|𝒘} = 2105 h,
𝐸{𝑏|𝒘} = 1.246, 𝐸{𝛽|𝒘} = 37.07, and 𝐸{𝑈 |𝒘} = 6.313 mm,

and the corresponding 0.90 HPD intervals are (885.3 h, 3289 h),
(1.000, 1.450), (8.787, 67.700), and (4.300 mm, 8.860 mm),
respectively. Such estimates are quite different from those
obtained under the strong informative prior pdf (54) reported in
the first row of Table 5. In turns, the HPD intervals on 𝑎 and 𝑏 are
only slightly larger than those formulated under the strong infor-
mative prior (although both their lower and upper limits are quite
smaller than those of the corresponding HPD intervals reported
in the first row of Table 5), whereas the HPD intervals on 𝛽 and
𝑈 are much wider than the intervals obtained under the strong
informative prior pdf (54), due to the little informative nature of
the weak prior pdf (56) on the upper bound 𝑈 which evidently
(as already noted above) also affects the parameter 𝛽 of the state
function (5).

This comparison gives further evidence of the effect on estimates
of using prior information. An effect that is natural to expect to
be beneficial when available information is very sound and avail-
able data are limited, as in this case and as it often happens in
technological applications.

9 | Conclusions

In this work, an informative Bayesian inference and prediction
procedure for the bounded transformed gamma degradation pro-
cess (BTGP) has been proposed, when some prior information on
the upper bound for the degradation level and on the shape of
the mean degradation function is assumed to be available. The
use of different prior distributions, modeling different degrees
of information on the bounded degradation process under study,
has been proposed. Moreover, precise instructions are provided to
calibrate the prior distribution by using all (and solely) the prior
information that is supposed to exist. Computations have been
performed by adopting a Markov Chain Monte Carlo approach.

The posterior distribution of the parameters of the BTGP has been
derived. From this posterior distribution, posterior mean esti-
mates and the 0.90 highest posterior density intervals of parame-
ters, mean function, and variance function of the BTGP have been
obtained. Estimates of the reliability function of new and used
units, predictions of the mean remaining useful life, and predic-
tions of degradation increment over a future time interval have
also been addressed, both under a symmetric and an asymmet-
ric loss function. The 0.90 highest posterior density intervals of
the lifetime of a new unit, remaining useful life and degradation
increment over a future time interval are also computed.

The feasibility of the suggested Bayesian approach has been
demonstrated by applying the proposed inferential procedure to
a real degradation dataset, referring to the wear phenomenon
of the liners of an 8-cylinder engine of a cargo ship of the
Grimaldi Lines. Beneficial effects of using the proposed infor-
mative approach have also been evidenced by comparing the
obtained results with those obtained by using the MLE method
and those obtained by using a Bayesian procedure that adopts
weak or vague priors. Finally, a sensitivity analysis is also devel-
oped to show how the use of different prior distributions and/or
prior knowledge on the upper bound of the BTGP impacts the
posterior estimate of the process parameters.
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