Sl isioc b RS i B S i s WA

H

Consiglio Nazionale delleRicezche

s SR R s

PISA

VLSI IMPLEMENTATION OF FAST SOLVERS FOR BAND
LINEAR SYSTEMS WITH CONSTANT COEFFICIENT MATRIX| -

B. Codenotti, G. Lotti, F. Romani

“ Nota interna B84-11

Agosto 1984




L R T T P S S et N e bt S s i i ot o mindl TR i e k don o £ it

EL. INFE. |
%&Q%l w€&3§j§§§%
B&L-1r

YLST IHPLEMENTATION OF FAST SCLYERS FOR BAKD LINEAR SYSTEHS

WITH CONSTIANT COEFFICILENT EATEIX
B. CODENOTTIY, G.LOTTI? and F. .ROHANI?

vilstitétg di Elaborazione dell®Informazione ~ CER,. via S.HMarxia
46, PISh, TIALY.
2pipartimento di Scienze dell®*Informazione - University of

Pisa, Corso Italia 40, PISA, ITAIYa‘

KEEY - ¥ORDS. VLSI Models, Area-Time  Conmplexity,

.Elliyticwﬁguétionsp Linear Transforns

ﬁ,:IHThOBUCTIQN

‘ in this paperx, ‘some special  iinea; ttansfo:mations of a

‘ :véctor g'by a matrix A Qi{h couétapt entries are studied. The

moé& significant exanmnple in this class’is p:obably.the DF¥T, for

4w§i¢h‘ sevéral - optimal VLSI designs have been - obtained

{SIL,TBOja The traansforms here-coﬁSidered involve the inverses
oilfixed (2k¥1)~diagonal mafrices.; |

Such t#ansformations"sdlve" ihe associated band jlinear

sfétems which éften 4§riéé frcm'tﬁe discxgtizatién gf boundary

~vaiae prcbléms bQ' difference méthods.ﬂAs,an ex#mple, consider

the one dimenSiénal ?robleh:'




-f% =g on (a,b),
(1. 1) fla)=c,
£i{b) =a:
which leads to the systen
{1.2) & x'n b,
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~The  sPeciai structurgf_of the inverses of Eandi natrices
;éllows detecﬁing VLSi layouts which <can be splitted into two
p@rts with reciprocal low flow of informaticn,ﬁ Xémely a
iecursive VLSI design is derived requiring a time |

‘T = 2log m + 2log k + 2 - and an area

A= 0{n k log2n log k) ,-. - t0 solve the problem..
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2. THEOREZICAL RESULTIS
In this section, we prove some rTesults about the rank of

certain pinors of the inverse of a baad natrixe .

PROPOSITION 2.1

Let B be an nxn matrix partitioned as
U v , .

B = ' , where U and 2 are sguare matrices of size
o2 ' : -

pxp and [a~p)x{n-p) respectivelyalﬂorecverg assume &, U, Z to

be nomsingular., Then the following relations hold

-1
C X
-1
B = -1 ¢ ¥hexre
Y D
-1 w1
=0 -V Z ® 4 V=2~ HU V 4
-9 -1 -3 -9 -1 -1 -1 -1 -1 -1
C =0 # U0 ¥D WU 4, "D =% + 2 ¥ C Y2 4
-1 - -1 -1 -1 e =1 -1 o=-1 -4
X==-0 VD =-C V. 2 5 Y = -2 "H C = =D B U ..

~ The proof fcllows by a straightfarwara application of LDR block

faétorixation and Woodbury formula [HCU pp. 123-127 J. .

In the following, #e.éssﬁﬁe A to be a {(2k+i1)-diagonal matrix
fi-e. & = (a ), a = 0, 1i-j{>k) |
o 13 ‘
PROPOSITION 2.2
‘Let A be factored as in Proéésition'é.T, with the conditions

ka, n-p2k. Then theyfcllowing properties hold
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C, D are [2k+1)~diagonal matrices,

X, ¥ have rank ke

=1
The socluticm A D of the linear system A X = b can

be uritten as follousS. .

|, b= , where x , b are p-vectors
: b |7 S1 T

D b +Y5b D b #6GHD
2 1 2 i

P e

where %, Y are respectively px{n-p) and {n-p)xp matrices,

E, H are pxk matrices, T, G are (a-p) xk matrices and

EF =X ,- 6H =1Y.,

3. RECURSIVE VLSI DESIGN

Assuée that, in our VL3I implementation, multiplication aad

- ' p
addition reguire one time unit and let n = k 2 .

. Formula {2.1) leads to the recursive desigm of fig.i, where
ﬁddules of kind I implement the transform of size n/2, modules
of_kind, II and III perfornm the matrix—vector product of size

X x n/2 and n/2 x k respectively. These nodules and the
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Fige1 Recursive module structure. .




transform of size k use the well Kknown structure of meshiof
trees. A pxg matrix-vector product can be perfoxmed by a ﬁesh
of +trees of height H:Ggp log q) and hasé”L=O(q log p) in
log p+ log g+ 1 time units [ LEI ..

N&te that the flow of ianformatiom across the dashed lime in

fig. 1 is 2k.
PROPOSITION 3.1

Let t{n) be the time required by the algorithm to solve a
problem of size D. Then

t[n) =2 logn + 2 log k + 2 = Oflog D). .

"Froof.-
Let n=k; we use the  kxk mesh of trees mciule followed by
2 log k + 1 delay units to get't(k)=4 log k¥ + 2. Assume |

t(nﬁ =2 log n ¢ 2 log k + 2 ; then it is easy to see that

it

t{2a) = HAX [ t(n), 2 log n + 2 log k+ 2 ]+ 2=

il

'2log 2n + 2loqg k + 2,‘

and the thesis is proved by induction.

A more accﬁ:ate design>is’presented in fig;zn The size of
' tﬁis, layout'can be estimated by simple consjderqtions.u In
féct, it is easj>£o sée that ;' ~

o :H(k) % O(k lo§nk), frdmyﬁhich

"H{2n) = MAX [2 H{n) ¢+ n, O(n log k) + n + 2k, 2nJe .
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Fig. 2. . Recursive VLSI design.




Then, by induction, the bound H{n) = O(n log k) can ke

_obtaineda

L {2Zn}

that yields the bound

1ia)

Analcogousiy, from L(k) = k log k, we get

= L(p) + 2 k logn + k ¢ 2,

2 a
0{k log n) if. k = Q{log & ),

It

a
O(k icg n) if k= 0fn }o.

Hence, we get -

2
AT =

.

4 o - . .
Ofn kX log r log k) if k

1),

it

- 0flog

3

; a
o{n k log n log k) if k

afn ).

It

The case k=1 (tridiagonal systems) deserves a special

treatgenta

It is easy to see that
7= log n + 2 ,

H

0f{ n) .

S 5 .
L = 0{log n ), from which we get
AT = O{n log n ).

" A possible application of this design is the solution of the

Tinear systen (1.2)..

4, APPLICATIONS

Any linear system with constant ‘band coefficient matrix canm

 be. solved

using the above ‘tecniques. In particular, the

discretization of an elliptic partial differential“éguation on

Aa'réctangular domain often,leaas to linear systems with 0(n2?)

unknowns and a square coefficient matrix of size ©O{n2) and an

-6~
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0in) bands

An interesting special case 1is the Poisson equation iﬁ a
rectangular region [ SHAJ. The application of Fourier
technigues to this problem cam be implemented in VLSI with the
same'cmmpiaxity of an O ([n)x0(fn) bidimeansicnal DFT, yielding the
bound AT2=n%lcg%n [BIL].

Stralghtiocwaxd agpllcatxon of 6ur» algorithm yields the
bound ATZ=0{n3log%n} , for any differential problen leading'to a
System with Oﬁnz).unknowné and Ofn) band Batrix. .

Eor the Poisson problenm it is possible to derive an "ad hoc™®
ViSI design of 51mple structure. The discrete approximation of
Poisson eguation on a uniform grid of size mxn with various

types-of boundary conditions, leads to a linear system with mn

‘unknowns. The associated 'matrix is mxm block sparse and

" stroangly structured. ihe unknowﬁs and the right hand terms of

the system can be conveniently arranged to form two Bxn

matrices, say X and B respectively.. A common direct method to
“solve this problem [SWA] consists of applylng to the rows of B

~a Fourier transform {iamplemented _w1th the FFI algoclthm)

yleldlng an intermediate matrix C..
Then n tridiagonal TOLPllta systems are solved: their right

hand terms are the columns of C and the pxmn coefficient

‘matrices T have the form:

p

sifasbidi o




g -1 0. .. O
P
”3 g '"‘1 ® o .o
: P _
I= 0 o o a 4] ¢ g depending on the type
P P
o o @ -1 g -1 of boumndary conditions.
. . |
@ e B @ s ‘“1 q

. The inverse of T has the form:
‘ P

| S (g) s {9) /S ), izj,

-1 ; o i-t p n-j p n p '
T o= ('), t' = 4 , , |

P i3 ij S (g9)s l9)/ s (9). i<,
-1 p a~-i p a p

where S {x) is the i-th Chebyshev peclinomial of first kind [BAN]. .

i
Let. D be the matrix of the solutions of the tridiagonal

systens; the solution X of: the problem is finally obtaiped by

' applying to the rows of D the inverse of the - previousiy:used

Fourier transforn.

This aigotithm can be implemeﬁted"in VLSI, aqcording to tbe
-layout presen£ed in £fig.3. . The input data is the matrix B
- arranged by rows; eaeh‘row is transformed by an FFT module (S)
giving a row of the intériediate matrix C. The col@mns }of C
are ‘then ptoceésed by n modules {I) solving the éssociated
tridiaéonal systems;,vThe inverse trasforms . are performed by n
modules {(T). The constaﬂis for the FFT and fo: the soluticn of
- Toeplitz tridiagonal systems are present at start time in the

layout.
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VLSI Poisson SolveT.

Fig.3;
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