" « a -~ © .
Consiglio Viazionale delleRicezche

|

ISTITUTO DI ELABORAZIONE
DELLA INFORMAZIONE

e

VLST LINEAR TRANSFORMATIONS OF. BANDED MATRICES

B. Codenotti, G. Lotti -

Nota interna B84-17

Settembre 1984




VILST LINEAR TRANSFORMATIONS OF BANDED MATRICES
B. CODENCTTII! and G. LOTTIZ2

~iIstituto di Elakorazione dellt*Informazione - CHER, via S.Maria

46, PISA, ITALY.

A

2pipartinmento di Scienze dell'Informazione =~ University cof

Pisa, Corso Italia 47, PISa, ITALY. . : . v -

ABSTRACT
The complexity of the multiplication of a banded matrix ty a
vector is studied, with respect to the VISI model.
Upper and lower bounds are showed, which 3iJmprove the knowun
gesults. ' '  * -
- An upper bound, which is optimal up to logarithmic factors,

is obtained for the case of fixeq band.
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1« INTRODUCTION
In this paper, the linear transformation of a vector GLy a
(2k+1)-diagonal matrix with variable entries, is studied. |

"This vproblem has been investigated in [XUNG], wvhere the
systolic arréys structure has been proposed; producing
AT2 = 0{n2k). | | |

By comparing this result mith‘ the lcwer bound obtained ty
using the well known +tecnigue of minimal information flow
[THO ], it seens possible to improve either the lower and the
upper bound.

In fact,' the wminimal information flow results to te
dependent on k and not on ‘the size =n of the wmatrix, while
simple comnsiderations Lased on the nunmber of‘inpnts, yield an’
£ (nk) lower .bound. ”

| On the other hand, the‘above, mentioned upper bound can-te
also improved, in the case of (2k+1)-diagonal matrices, with k
not increasing with B =

This assumptioﬁ does not influegge the validity of our
result, since (2k+1)4diagonal natrices with fixed k represent a
very impértant class of banded nmatrices (e.qg. matriceé arising
from'differential protlenms) . |

In section 3, the upper bound AT2 = O{n X io0g3 n), is
obtained, which ﬁeéts the lower ltound df section .2 up tc

logarithmic factors.




2. LOWER BOUNDS
In this section, the well known technique introduced &Ly
Thompson [THO ] to give lowet bounds £n the mirimpal information
flow across a VLSI circuit is considered. This technigue has
been succesfully arplied to the case o©f a linear transforn,
whose matrix has constant entries {(e.g. DFT transform). |
OQur problem can be seen as a linear transform defined by a

(2k+1) ~-diagonal matrix A(x), i.é. A{(x)={a ), a =0 for
» ij i3

ji-ji>k, with varible entries.

Let
3 (x) B {x)
» 11 12
A{x) = ;, the copputation of the n-vector
A (%) 3 ixy ‘
21 22 '

z(x)=h{x)y is now splitted as :

i

z (x) A (x)y + A (X)7 .
1 11 1 12 2

i

z (x) A {(x)y + 3 [x)y ,
2 21 1 22 2

where z (x)nz (X)=9, z (0)0z (N=z(x), Iz (X)1=1z (x)1=0/2,
1 2 1 2 1 2 A

yny =9, y Uy =y, 1y I+ly |=n.
1 2 12 1 2

The straightfoxwardk extension of Thompson approach yields
‘the following lower bound to the minimal flow I:
"I 2 max rk 2 (x) + tk 3 {(x) .
X 12 : 21 S
It is trivial to see that the above rélaiion, in the case of

banded matrices, gives a lower bound not depending on the size

i




o of the matrix. A more significant lower bound can Le

obtained by the fcllowing arguments.

If p=0{(nk) and r=8inkx) are respectively the numkter of input
gates and of input variables, then A=52{p) and T=Sz{r/p), that
is at2=8l (n2x2/7) = SL(nk) . | - S

The best known upper bound is AT2=0(n2k) [Kung] obtained Ly
sistolic arrays. In the mext section an area-time upper bound

of order C(n 1og3n) is shovn.

3. UPPER BOUNDS

h .
Let 1n=2 , 1let A be a ({2k+1)~diagonal nmatrix of size =z,
partitioned as

U v 1 - A
B = 1 , where U and 2 are (2k+1)-diagonal square
W 4 ‘
matrices of size n/2. o = , T

. The conmputation of the matrix-vector product 2z=ARy <can te

performed as follows.

: /
. T T T - T T T : ;
let y=159 ,7Y Jez=1[2,2 ], where y , 7 »
) 1 2 1 2 , 1 2 %
Z s Z are n/2~vectors: then , -;
1 2 ’ 3
z = Ty +Vy ‘ ' |
' 1 B 2 : : ‘
{31} ‘ o : g
' z = Wy +2Zy o - o :
2 1 2

' Formula {3.1) leads to the récursive design of fig. 1, where

gdtes of type (7}, (2), {3) transmit respectively the entries
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Fige1 Recursive module structure.
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of Uy ¥ 5 V; modules of type I perform the transform of size
1 ;

n/2; modules of type IT perform the " matrix-vector product of
2 2
size k, which requires A = C(k log k) and T = O0{(log k), using
the well known structure of mesh of trees [LEI].
In order to allow a correct recursive implementation, the
r={k+71) {2n-k) inputs have to be sent with the following order
a ’ a o o W a b a -5 D a h - . a '..no a & &
1 21 k1 1 12 k+1,2 2 n-k+1,n nn 0

throught the r input gates.

In fig.2, the recursive circuit is shown in more detail, in
the casé n=4, k=1. ,

The ‘inner Tecursive stép consists of (k+1)x(k+1) ‘(kxk)
matrix-vector product, for k odd {even), which can te pgrformed‘
53 using mesh cf trees. i V

lLet T{n), H{n), L{n) be rtespectively tﬁe time, +the heigkt
and the width requirgd by the circuit .related to the problem of
size Do .

It readily fcllows thats

Tin) = pax {'T(n/Z) » O{log kj} }. + 0{1) = €{log n),

Hi{m)

2B{n/2) + O{nk) = O0{nk log 1),

1 {m) I1{ns2) + 04{k 1cg k) = O(log n),

frop which an AT2 upper bound of order O(nk log3n) is obtained.
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Fig. 2. Detailed design for n=4 and k=1.
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