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ABSTRACT

Non-Abelian Thouless pumping intertwines adiabatic quantum control and topological quantum transport, and it holds potential for
quantum metrology and computing. In this work, we introduce a ladder model featuring two doubly degenerate bands and we show that
adiabatic manipulation of the lattice parameters results in non-Abelian Thouless pumping, inducing both the displacement of an initially
localized state and a geometric unitary transformation within the degenerate subspace. Additionally, we show that the structure and symme-
try of the ladder model can be understood through its connection to a Yang monopole model. The proposed Hamiltonian can be realized
using cold atoms in optical lattices, enabling the experimental demonstration of non-Abelian Thouless pumping in a genuinely quantum

many-body system.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-

NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1116/5.0245350
I. INTRODUCTION manipulation of a lattice potential in the absence of any external bias.

An important geometric aspect of quantum mechanics emerges
when the Hamiltonian of a quantum system varies adiabatically and
cyclically with time. In this case, the evolution operator over a cycle
yields a transformation that depends solely on the topological structure
of the Hilbert space and the geometry of the cycle while being indepen-
dent of dynamical details such as the energy levels or the cycle dura-
tion. When the adiabatic evolution involves a non-degenerate
eigenstate the geometric part of the evolution coincides with the
Berry’s phase,' conversely, for a N-degenerate eigenstate the geometric
evolution is a U(N) transformation, called non-Abelian holonomy.’
Beyond their significance in adiabatic quantum evolution, geometric
phases and holonomies are crucial for understanding the properties of
Bloch bands in solids’ and underlie polarization theory and many fas-
cinating phenomena, such as quantum Hall effect,” the spin Hall
effect,” and topological phases.”

The interplay of geometry, lattice symmetries, and adiabatic
dynamics emerges in particular in Thouless pumping.” Thouless
pumping refers to transport induced by the adiabatic and cyclic

Under suitable conditions, this phenomenon yields topologically quan-
tized transport, enabling the direct measurement of topological invari-
ants.” Thouless pumping has been experimentally realized in various
systems,” including cold atoms and spin in optical lattices,” "' and
photonic waveguide arrays.'” It can be employed to explore the break-
down of topological phenomena in the presence of interactions, ” '
disorder,'””” non-linearities,”* or dissipation.”” In these situations, it
can give rise fractional topological quantization”"”**" and topological
phase transitions. Recent theoretical work™ has demonstrated that
Thouless pumping can exhibit non-Abelian characteristics in systems
with degenerate Bloch bands. Subsequently, non-Abelian Thouless
pumping has been implemented in photonic””*’ and acoustic wave-
guide arrays.”' In these setups, the propagation of electromagnetic
waves is effectively described by an Hamiltonian having a tripod struc-
ture’>” and featuring a doubly degenerate flat band. Tripod
Hamiltonians have long been studied in relation to non-Abelian
holonomies in atomic transitions,” superconducting nanocir(:uits,“l
Cooper pair pumps,”” and more recently photonic systems.”®

AVS Quantum Sci. 7, 022001 (2025); doi: 10.1116/5.0245350

© Author(s) 2025.

7, 0220011

12:82:90 G20z Ae 82


https://doi.org/10.1116/5.0245350
https://doi.org/10.1116/5.0245350
https://www.pubs.aip.org/action/showCitFormats?type=show&doi=10.1116/5.0245350
http://crossmark.crossref.org/dialog/?doi=10.1116/5.0245350&domain=pdf&date_stamp=2025-05-23
https://orcid.org/0009-0004-1370-9462
https://orcid.org/0000-0003-2738-5898
https://orcid.org/0000-0002-1347-4550
https://orcid.org/0000-0002-3896-4759
mailto:carlo.danieli@cnr.it
mailto:valentina.brosco@cnr.it
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1116/5.0245350
pubs.aip.org/aip/aqs

AVS Quantum Science

In the present work, we envisage a non-Abelian Thouless pump
in a lattice with two dispersive, doubly degenerate bands—hence mov-
ing beyond the paradigm of tripod flat-band systems discussed in Ref.
28. The Hamiltonian has a ladder structure and can be implemented
with cold atoms in optical lattices, thereby enabling the demonstration
of non-Abelian Thouless pumping in an inherently quantum many-
body system. Furthermore, as we show below, its structure and sym-
metry properties’’ can be explained through a relation with a Yang
monopole model.”**” Thanks to their exceptionally high level of con-
trol and robustness, non-Abelian Thouless pumps hold s1gmﬁcant
promise for applications in quantum computing,"”*" routing,” and
metrology. *” Our work therefore has both a practical and funda—
mental relevance as it paves to the development of different holonomic
devices and the investigation of the interplay between the geometric
and dynamical properties of many-body quantum systems.

Il. RICE-MELE LADDER

The Hamiltonian describes two coupled Rice-Mele’® chains, and
it can be cast as follows:

H=Y" 3" [ ahabuse +Falaibo s + He

n M=U,D
+NZ{ nUnU —

+p Z{ wnp = b ybun +Hel, 1

nD“n D — b;Ub"»U + b;Dbn,D]

where CL_ o and ¢,y (with ¢ = a, b) are the creation and annihilation
operators of sublattice a, b in the unit cell n and chain M = U, D. In
Eq. (1), 1 and ], represent the intra- and inter-cell hopping along
the two chains, i is a staggered on-site potential, and p is a staggered
interchain coupling. The model is schematically illustrated in
Fig. 1(a).

Introducing the four-dimensional spinor creation and annihila-
tion operator W} = (ak Uiy b 5y bl ), we can recast the
Hamiltonian H in momentum space as

H= Z \'P]t [(]x‘cx +]yry) ®op+1,® (P Ox + MO-Z):I\IIIC' (2)
k

Here, J = Ji + J»¢* is decomposed as the sum of J, = J; + J, cos k
and J, = J,sink and ¢;j and t; are Pauli matrices spanning the spin
and site indices. The Bloch spectrum of the ladder consists of two dou-
bly degenerate bands with dispersion

Es(k) = £7/12 + p* + [l = A, 3)

shown in Fig. 1 for = 0 and p = 0 corresponding to the Bloch states
(see the supplementary material for details)

W ()>——[ laku) + (=1 = A)laxp) + Jelbip) |, (4)

J
Wy (k) = J [Jilaku) + (0= A)lbew) + plbeo)],  (5)
(k

so that H|y, (k) =E+(k)|y,,(k)) with m=ab and

K+ = \/m . The spectrum is thus gapless for 4 = p = 0 and
J1 = J» and gapped otherwise.
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(a)
(c) Cycle C, (d) Cycle C,
4 Ap
) )
I/ A I/ A
A H

cycle G,

Fic. 1. (a) Rice—Mele ladder describing two coupled Rice-Mele chains red and blue
colors indicate opposite on-site potential or interchain tunneling. (b) Bloch bands vs
Jy/Jy for p=0 and p =0. (c) and (d) Pumping cycles C; and C,. The blue
circles indicate the initial point. Panels (e)—(p) display the field’s intensity along Cq
and C, with initial state |v,, ) (e)~(i) and initial state v, , (I)~(p)-

lll. NON-ABELIAN THOULESS PUMPING

Thouless pumping is achieved by modulating periodically and
adiabatically at least two parameters defining the Hamiltonian H. The
non-Abelian nature of the evolution implies that pumping cycles can
not only shift but also geometrically manipulate bond and plaquette
states along the ladder. At time ¢ = 0, we initialize the system in a
Wannier state defined as |1#fo (0)) = >k, el (k))e™ belonging to
one of the two bands E+ and localized within the unit cell no.
Following Ref. 28, in the adiabatic regime, the evolution of |l//:fo (0))
can be expressed as follows:

AVS Quantum Sci. 7, 022001 (2025); doi: 10.1116/5.0245350
© Author(s) 2025

7,022001-2

12:82:90 G20z Ae 82


https://doi.org/10.60893/figshare.aqs.c.7680152
pubs.aip.org/aip/aqs

AVS Quantum Science ARTICLE

W (1)) = > e, [W=(0,T)],,, Iy ())e™™, (6)

kvn

where T denotes the driving period and the adiabatic evolution opera-
tor is given by’

T
W+ (0,T) = e% P exp |:IJ F;dt} . (7)
0

In the above equation, 0; denotes the dynamical phase
0; = fo E~(t)dt, while the geometric part of W~ is given by a
path ordered exponential & of the Wilczek-Zee connection
[CF],., = (W, (K)|id:,, (k)) associated with the two bands.”

Starting from Egs. (4) and (5), we can express the connection I';"
generated by time-dependent drivings on the different parameters of
the Hamiltonian H as follows:

= @z

+(hp — ap)(cosk, — sinkd), (8)

{(]2]1 ]ljZ)Sink&z + (jlp — ]1/))5y

where ¢; are the Pauli matrices in the basis of the degenerate eigen-
states defined by Eqs. (4) and (5). Following Ref. 28, we can express
the displacement of the state |y/;, (0)) as

Ax = Z ¢, D%, )

v

where the displacement matrix DZ, can be recast as

1 T u
D, = %L dt L dk[W] FL W], (10)
with a= =%, F, =07 —-0I}+ [1"“ I'7] denoting the non-
Abelian field strength matrix and I} indicating the k-connection
[C71,, = (W, (K)|idk|y,, (k)). Equations (9) and (10) illustrate the
topological and geometrical significance of non-Abelian Thouless
pumping. In these regards, a particularly intriguing aspect of this phe-
nomenon, rooted in its geometric nature, is the exceptional level of
control it offers over both the state’s evolution and the transport pro-
cess. By suitably designing the pumping cycles, we can indeed engineer
different combination of translations along the lattice and rotation in
the degenerate subspace. The general structure of the transformations
generated by different cycles can be analyzed using Eq. (8). For
instance, this equation reveals that variations in J; and p, while keeping
J, = 0, result in rotations around . Similarly, setting p = 0 leads to
rotations around ¢, and J; = 0 leads to rotations around a k-depen-
dent combination of ¢, and g,. Consequently, cycles confined to the
hyperplanes J; =0, , =0, or p =0 commute with one another.
Therefore, designing geometric evolutions with non-commutative
properties requires these parameters to differ from zero over a finite
time interval along the cycle.

In the construction of the pumping cycles, we impose two condi-
tions: (i) ming,|E; (k) — E_(k)|T > 1, and (ii) max|OkE=(k)|T
< a, with a denoting the lattice spacing. Condition (i) relates the driv-
ing period T with the band-gap, and it expresses the adiabaticity crite-
rion. Instead, condition (ii) relates T with the group velocity of a band,
and it requires that the displacement generated by the pumping in one
cycle, typically of the order of one unit cell, is much smaller than the

pubs.aip.org/aip/aqs

dynamically induced dispersion (see the supplementary material and
Refs. 47 and 48 for details). In flat band systems,z8 condition (ii) is
always fulfilled as OxE+ (k) = 0. Conversely, when the bands are not
flat, satisfying simultaneously both inequalities guarantees that the
pumping is adiabatic and weakly dispersive. As discussed in the supple-
mentary material, there exist a wide region in the parameter space
where both conditions (i) and (ii) are satisfied. This region is within
the reach of current cold atoms experiments on Thouless pumping
(see the supplementary material for details).

IV. PROTOCOLS AND QUANTUM STATE PROPAGATION

We consider two pumping cycles, called C; and C,. As common
starting point of these cycles at t = 0, we choose J; =, = ¢t = 0 and
p = py # 0. This choice reduces the ladder in Fig. 1(a) to a set of
decoupled dimers, as only the transversal hopping is present. As pre-
scribed by Eqs. (4) and (5), we initialize the system in a Wannier state
\l//t (0)) localized in the unit-cell 1y belonging to the = bands. We set:

o) = 2 anu) Elanp)] and v, ) = 22 [|by.0) F b))

The cycles C, and G, are schematically depicted in Figs. 1(b) and
1(c). During both cycles, J; and p change adiabatically. However, in
cycle Cy, the on-site potential remains zero, while J, varies adiabati-
cally. Conversely, in cycle Cs, ], is set to zero, and p undergoes a varia-
tion. The Wilson loops W= entering the adiabatic evolution operator
defined in Eqs. (7) and (8) can be calculated analytically using the
Wilczek-Zee connection and, up to phase factors, lead to (see the sup-
plementary material for details)

4 eik 0 . 0 1
WC1 = < 0 efik) WCZ = (_1 0) (11)

Replacing Eq. (11) in Eq. (6), we obtain that, over one period T cycle,
C, shifts the states of one unit-cell to their right/left respectively—i e,
the excitations |v;, ) and |v;, ) are shifted to v,, ., and v, |,
respectively, i.e., the cycles C; generates chiral quantlzed change dis-
placement along the ladder, as shown in Fig. 2. Cycle C, on the other
hand swaps these state within one unit-cell—i.e., the excitations |v,, )
and [v;, ) are mapped to |v,, ) and —|v, ), respectively (see the
supplementary material for details).

The numerical results in Figs. 1(e)-1(p), obtained by solving
numerically the Schrédinger equation i0,|\y) = H(t)|\}), are in agree-
ment with the analytical prediction obtained in Egs. (6), (8), and (11).
The symmetries E. = —E, of the Bloch bands allow us to focus on
the positive band E, and show results only for the states [v;, ) and
\vh .- Along both C; and C,, the conditions (i) and (ii) reduce 51mply
to 5 - < T since the weak dispersion conditions is automatically ful-
filled along these cycles. In our numerical tests, we set p, - T = 50
consistently with the experiments carried out, e.g., in an atomic quan-
tum gas microscope’” " (see the supplementary material for details).
Figures 1(g) and 1(n), respectively, show the initially states v, ) and
\vbf%} Their propagation along the cycle C; are shown in Figs. 1(f)
and 1(m) and their final state in Figs. 1(e) and 1(l). Likewise, the prop-
agation of [v;, ) and |v;, ) along one period of cycle C; are shown in
Figs. 1(h) and 1(0), and the correspondent final state in Figs. 1(i) and
1(p). Focusing at first on the time evolution along cycle C;—i.e., Figs.
1(f) and 1(m)—we notice that in the first half of the cycle, namely
0 < t < I, where only the hoppings J; and p are activated, [v,,,) and
\vb‘n ) are shlfted within the unit-cell. Then, in the second half "of the

v
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_ cycle G, C, cycle C,»C,

cycle C,

_ cycle G, C,

Fic. 2. (a)—(e) Numerically evaluated field’s intensity along C,0Cq and Cy 0 Cy

starting from state |v;", ). (c) shows the initial excited |v;", ). (b) and (d) show the
evolution according to (Q,‘z o Cy and Cy o Gy, respectlvely ( ) and (e) show the field
intensity in the final states after one pumping cycles C; o C; and C; o Cy. (f)—()
Same as (d)~(h) with initial condition [v,, ).

cycle, namely, T <t < T, where only the hoppings ], and p are acti-
vated, |v,), ) and vy, are shifted to the neighboring unit-cell. For
cycle Cz—le Figs. l(h) and l(o) in the first half of the cycle, where
only J; and p are activated, |v,, ) and |v;, ) are shifted within the
unit-cell. Then, in the second ha]f of the cycle, where only the hopping p
and the potential y are activated, the states |v} ) and |vj, ) are
rotated.

These two cycles therefore yield different chiral quantized displace-
ment, as in C; we set £(t) = 0 to avoid state rotation, while in C,, we
set J5(t) = 0 to prevent transport along the chains. Furthermore, they
allow to demonstrate the non-Abelian nature of the Thouless pumping
since their holonomies do not commute, i.e., C, o C; # C; o C,. This is
shown in Fig. 2 for the initial states |v;, ) and |vj, ). Following
C, 0 C, the states |v,, ) and |v;, ) are first shifted to their neighboring
unit-cells in opposite directions and then swapped. In the opposite case
C; o Gy, the states are first swapped and then shifted to the neighboring
unit cells. The final states in the two cases are different and they are
shown in Figs. 2(a) and 2(f) and Figs. 2(e) and 2(1).

V. MAPPING ONTO A YANG MONOPOLE MODEL

To further elucidate the topology and the physics of the ladder
Hamiltonian given in Eq. (1), it is useful to note that it can be mapped
onto a spinful Rice-Mele Hamiltonian with staggered magnetic field.
To this end, we perform a local unitary transformation % and redefine
the chain in terms of spin ¢ =7, ] and pseudo-spin coordinates
T = a, b—namely, we set

it it —iT ot it
g = e oy teta, g = —e gy teta
kT \/i k|l — \/E
. (12)
e*’ﬂfr o+ e*’EbJr e*’4bJr — et bT

+

7 b

The Hamiltonian written in terms of the spinor creation and annihila-

tion operators a = (a;T, aj ;) and bl = (b}c‘T7 bl |) reads

,
b, =

ARTICLE pubs.aip.org/aip/aqs

H =" [(~Jkajo,bx + H.c.)
k
+al(B,- &) ax+ b(By - 7) by] (13)

with B, = (0, —u, p) and B, = (0, y, p). This system is visualized in
Fig. 3(a), where the pseudo-spin components T = a, b are shown with
red and blue circles, respectively, and in it, the spin degrees of freedom
g =T, | are represented with the white arrows.

We now consider the effect of the cycles C; and C, in the new
coordinates. At t = 0, the Hamiltonian given in Eq. (13) is propor-
tional to ¢, and the initial states are localized on a or b sites with spin
T or | spin, for example, [v;, ) — |an, 1) and |v, ) — [a,, ). We
look at the evolution of these states by tracing the total density matrix
p over the spatial and spin indices, respectively, n and g, p, = Tr, ;p.
This reduced density matrix is then decomposed via the Pauli
matrices to evaluate the expectation values of the pseudospin vector
(t;) = Tr[p,7;]. Its three components are vector plotted in Figs. 3(b)
and 3(c), where we show the evolution of |a,, ;) along cycles C; and
C,. We note that at certain points along the cycles, the Bloch vector
representing the pseudospin density matrix has a vanishing length
indicating a state with maximally entangled spin and pseudospin.
Finally, we remark that the spinful Rice-Mele model of Eq. (13) can be
related to the SO(5) mean-field theory describing BCS and spin-den-
sity-wave (SDW) quasi-particles proposed in Ref. 37, the role of the
latter being played by pseudospin excitations. The non-Abelian holon-
omy characterizing the Hamiltonian in Eq. (13) can be therefore
related to a Yang monopole singularity. This is analogous to what
happens for the Zhang-Demler Hamiltonian™" and experimentally
studied in Ref 53. Spec1ﬁcally, Eq. (13) can be recast in terms of
o} = (am a l’ka’ bi 1) to describe an SO(5) spinor Hamiltonian
HM =3, ®QTl #](I)k with T, denoting Dirac T'-matrices intro-
duced in Ref 37, ie, I't =ity ® P it, ® ay, ;= it, ® 0z,
I'y=1%®o0,and I's = 7y ® 0, and Q = {il,, iJ,, i, p,0} (see the
supplementary material for details). Note that in Q the component
corresponding to I'5 vanishes and it can be activated by, e.g, turning

@< <@ -

(b) cycle C;

(¢) cycle G,

(%) (7o)
(

Fic. 3. (a) Schematic representation of the spin Hamiltonian H in Eq. (13) where the

green box indicates a unit-cell. The red and blue circles represent the pseudo-spin

components a, and by, respectively, object of the fields B, and By. (b) Rotation of

the pseudo-spin = = a and t = b represented with upward red arrow and down-

ward blue arrow, respectively, for the initial state |v;", ) along cycles C;. (c) Same
as (b) for cycle C,.
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into a complex variable the staggered interchain hopping p — p,
+ip, in Eq. (1).

VI. CONCLUSIONS

In conclusion, we have demonstrated how to realize non-Abelian
Thouless pumping in a Rice-Mele ladder with time-dependent cou-
plings. The model we propose exhibits doubly degenerate Bloch bands,
and it has both fundamental and practical significance.

First, it enables an exceptional degree of control over transport.
By appropriately combining different pumping cycles, the proposed
non-Abelian pumping protocol can (i) generate arbitrary lattice trans-
lations and (ii) provide a route to implement all single-particle gates
within the degenerate subspace. This result holds potential for quan-
tum computing and metrology, extending beyond the expectation val-
ues of observables and significantly enhancing the capabilities of
standard holonomic gates.m 1 To understand this point, it is useful to
consider Eq. (8). This equation describes the various holonomic trans-
formations that can be achieved by adiabatically manipulating the sys-
tem parameters. In particular, some of these transformations depend
on k, making their effects non-local. This happens in particular for the
cycle Cy, which produces a conditional shift of the degenerate states.
The answer to this question is thus twofold. On the one hand, Eq. (8)
illustrates how to generate all single-particle gates in k-space, and on
the other hand, it demonstrates that generating local single-particle
gates requires composing different k-dependent transformations or
enlarging the parameter space, e.g., allowing the parameter p to be
complex. By doing so, it is easy to construct holonomic cycles yielding
rotation around two orthogonal axes, therefore enabling the construc-
tion of all single-qubit gates.

Second, the Rice-Mele ladder systems discussed in this work can
be implemented not only in photonic setup”” but also using cold atoms
in optical lattices’* or quantum gas microscopy.”””” " It may thus
pave the way to the first experimental realization of non-Abelian
Thouless pumping in a quantum many-body systems—analogously to
the Abelian Thouless pumping of interacting quantum particles in
Rice-Mele chains.'* "

The experimental implementation of the model has to take into
account the effect of fluctuations and inaccuracies in the manipulation
of the lattice parameters. Nevertheless, highly accurate recent experi-
mental implementations, see, for example, Ref. 29, suggest that
extremely robust non-Abelian Thouless pumping can be generated
also in the presence of disorder and inaccuracies. Furthermore, theo-
retical and numerical evidence of this robustness has been presented in
Ref. 28. There, it was shown that there are different regimes of non-
Abelian Thouless pumping with disorder, depending on the ratio
between disorder strength and driving period. It emerged that in the
worst case, i.e., when the strength of disorder is comparable with the
inverse of the driving period, disorder affects the structure of the trans-
formation but does not generate dispersion.

Third, we show that the Rice-Mele ladder can be related to an
SO(5) spinor model for Yang monopoles, hinting at a possible strategy
to use Thouless pumps to investigate the dynamics of high-energy and
strongly correlated systems. Furthermore, it enables the investigation
of higher-order topological systems as discussed in Ref. 53.

SUPPLEMENTARY MATERIAL

See the supplementary material to detail the calculation of the
Bloch eigenstates; detail the calculation of the holonomies l"ti; detail
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the conditions for adiabatic and weakly dispersive pumping; detail the
calculation of the Wilson loops and the one period evolution of cycles
C; and C,; and detail the mapping of the ladder to an SO(5) model.
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