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Abstract

Synergistic models have been employed to investigate motor coordination separately in the muscular and kinematic domains.
However, the relationship between muscle synergies, constrained to be non-negative, and kinematic synergies, whose elements
can be positive and negative, has received limited attention. Existing algorithms for extracting synergies from combined kine-
matic and muscular data either do not enforce non-negativity constraints or separate non-negative variables into positive and
negative components. We propose a mixed matrix factorization (MMF) algorithm based on a gradient descent update rule that
overcomes these limitations. It allows to directly assess the relationship between kinematic and muscle activity variables, by
enforcing the non-negativity constrain on a subset of variables. We validated the algorithm on simulated kinematic-muscular
data generated from known spatial synergies and temporal coefficients, by evaluating the similarity between extracted and
ground truth synergies and temporal coefficients when the data are corrupted by different noise levels. We also compared the
performance of MMF to that of non-negative matrix factorization applied to separate positive and negative components (NMFpn).
Finally, we factorized kinematic and electromyographic data collected during upper-limb movements to demonstrate the potential
of the algorithm. MMF achieved almost perfect reconstruction on noiseless simulated data. It performed better than NMFpn in
recovering the correct spatial synergies and temporal coefficients with noisy simulated data. It also allowed to correctly select
the original number of ground truth synergies. We showed meaningful applicability to real data; MMF can also be applied to
any multivariate data that contain both non-negative and unconstrained variables.

NEW & NOTEWORTHY The mixed matrix factorization (MMF) is a novel method for extracting kinematic-muscular synergies. The
previous state of the art algorithm (NMFpn) factorizes separately positive and rectified negative waveforms; the MMF instead
employs a gradient descent method to factorize mixed kinematic unconstrained data and muscular non-negative data. MMF
achieves perfect reconstruction on noiseless data, improving the NMFpn. MMF shows promising applicability on real data.

EMG; gradient descent algorithm; kinematic-muscular synergies; kinematics; synergy extraction

INTRODUCTION

In recent years, several motor control studies have
focused on the evaluation of muscle or kinematic coordi-
nation patterns. They have often been based on the pre-
mise that the central nervous system (CNS) relies on a
limited number of modules (1), possibly implemented at
neural level (2), to simplify the production of movement.
Consequently, by properly recruiting spatial modules
scaled by temporal activation coefficients, the CNS would

exploit a reduced set of preshaped neural pathways, called
synergies, to achieve a large variety of motor commands.
This view implicitly assumes that, if synergies are encoded
at neural level, a unique set should be used across a variety
of movements or, at least, task-specific sets should under-
lie movements requiring similar motor commands. Thus,
different movements within a task [e.g., reaching move-
ments in different directions (3)] may be generated by one
set of synergies, but different tasks may require different
or additional synergies.
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The notion of motor modules has been widely exploited
following two main lines that have remained so far mostly
separated: muscle synergies and kinematic synergies.
Although the idea of a modular organization of the motor
systemhas deep roots in neurophysiology (4–6), two decades
ago Bizzi and coworkers (1, 7–9) introduced a simple yet
quantitative model for the generation of muscle patterns
through the combination of muscle synergies, inspired by
the organization of the spinal cord (10, 11), which has become
the standard approach to characterize muscle coordination
patterns. The algorithm most commonly used for synergy
extraction is non-negative matrix factorization (NMF) (12).
Under the assumption of non-negativity, which naturally
applies to muscle activation signals, NMF provides a sparse
representation of modular control elements by factorizing
multiple muscle activation waveforms, in the most com-
monly used decomposition approach, as the product of non-
negative, time-invariant muscle weighting vectors (spatial
synergies) and non-negative time-varying coefficients.
Additional approaches for synergy extraction include tempo-
ral (13), time-varying (3, 9), and the space-by-time (14) syn-
ergymodels and algorithms.

In parallel, starting from the work of Santello et al. (15), a
comparable line was followed to describe the synergistic
recruitment of kinematic modules by grouping co-varying
joint angles. We note that, differently from electromyography
(EMG), kinematic waveforms may be either positive or nega-
tive (modeling the flexion and extension of a joint). Kinematic
synergies can be identified with algorithms such as principal
component analysis (PCA). This approach was exploited by
many authors, e.g., for locomotion (13) and hand grasps (16).
Depending on the body segment under analysis, one
approach might be preferable with respect to the other (e.g.,
kinematic synergies seem to be more effective and appropri-
ate to describe hand patterns rather than muscle synergies,
that are instead popular for the analysis of the upper-limb
and locomotion).

Although it may be easier to analyze the control of dif-
ferent body segments or gestures separately in one of the
two domains, it is clear that muscular and kinematic
analysis are related, yet complementary, approaches.
However, despite the potential advantages of the combi-
nation of the two approaches, only a few studies have an-
alyzed the relationship between muscular and kinematic
variables in terms of motor modules. Tagliabue et al. (17),
analyzing two-digit grasping, found that a reduced num-
ber of modules (2 or 3) was needed to explain the largest
part of the variation for each grasp and suggested a corre-
lation between muscle and kinematic primitives, justify-
ing synergy-based analysis in both domains. Russo et al.
(18) investigated the relationship between the dimension-
ality of joint torques and muscle patterns for reaching
movements. However, muscular and kinematic variables
have rarely been analyzed together in the framework of
synergistic control. Even if the dynamic relationship
between muscle activation and kinematic variables is in
general nonlinear, in a simple arm model it is possible to
generate any end-effector trajectory through linear com-
binations of muscle synergies (19). Thus, it is reasonable
to hypothesize that the identification of combined “kine-
matic-muscular synergies” may provide insights on the

functional role of motor modules and on the relationship,
even if approximated, between muscle synergies and the
motor output at the kinematic or kinetic level. This rela-
tionship could possibly be captured by separately extract-
ing kinematic and muscle synergies, but only qualitatively
and indirectly. In this work, we propose a novel approach
that allows to extract combined “kinematic-muscular
synergies.”

Combining an EMG and kinematic-based analyses under
a unique domain requires a new factorization algorithm.
Using algorithms without non-negativity constraints such as
PCA, factor analysis (FA), or independent component analy-
sis (ICA) (20, 21) produces spatial synergies with negative
weightings for the muscular variables that do not match the
physiological non-negativity of muscle activation and can-
not be easily interpreted. Moreover, PCA introduces con-
strains of orthogonality on extracted synergies that are also
not physiologically justified. Using the NMF algorithms is
also problematic. In fact, although EMG activation is non-
negative, kinematic waveforms are by nature not subject to
this constraint. For example, bell-shaped velocity profiles
found in human articular motion are coupled with biphasic
(positive-negative) acceleration waveforms; in other words,
at articular level, each joint can be flexed or extended. A rele-
vant attempt to include negative waveforms in combined
muscular-kinetic synergies was made by Ting and coworkers
(22, 23). Positive and negative components of each force
waveform were considered two separate non-negative wave-
forms, and “functional muscle synergies” (23), comprising
both muscular and force signals, were extracted with NMF
(from here, we will refer to this algorithm as NMFpn).
However, NMFpnmay not correctly identify functionalmus-
cle synergies, as data generated by non-negative combina-
tions of unconstrained force vectors may require a larger
number of synergies when positive and negative force com-
ponents are considered as separate dimensions. To the best
of our knowledge, there is currently no other algorithm capa-
ble of extracting synergies from combined non-negative and
unconstrained (positive and negative) signals (e.g., kine-
matic-muscular).

To fill this gap, we propose a novel factorization algorithm
to extract kinematic-muscular synergies, and, potentially, any
synergy from combined data frommultiple domains with and
without non-negativity constraints. The innovative feature is
that we do not constrain all the variables of spatial synergies
to be non-negative; on the contrary, there can be any mixture
of constrained and unconstrained variables. Thus, when
applied to combined muscular and kinematic data, we con-
strain EMG synergy components to be non-negative, while ki-
nematic synergy components are left unconstrained. To do so,
the algorithm substitutes the multiplicative update rule of the
original NMF algorithm with a gradient descent update
rule, with a regularization term to reduce redundancy and
enforce sparseness on the extracted synergies. Our paper
introduces the mathematical formulation of the mixed
matrix factorization (MMF) algorithm, presents its valida-
tion through comprehensive simulations of data generated
by non-negative combinations of known kinematic-mus-
cular synergies (ground truth), investigates its robustness
by assessing the effects of noise on the accuracy of the
reconstruction of ground truth synergies and temporal
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coefficients, compares its performance with respect to the
current state-of-the-art, and, finally, shows its applicabil-
ity to a real scenario of upper-limb movements.

METHODS

Study Design

The paper is organized as follows. First, we introduce
the formulation of the MMF algorithm and identify valid
ranges for the parameters of the algorithm. Then, we pres-
ent a comprehensive set of simulations to quantify the ac-
curacy of the reconstruction of spatial and temporal
features on biologically inspired simulated data corrupted
by different amounts of noise, to validate the algorithm.
We also provide comparison with the NMFpn algorithm
(23) to show how our algorithm overcomes the limitations
introduced by the separation of unconstrained compo-
nents into distinct positive and negative components.
Finally, we apply the MMF algorithm to real data to dem-
onstrate its applicability and potential for identifying ki-
nematic-muscular synergies.

Mixed Matrix Factorization Algorithm

We developed and implemented a gradient descent
algorithm for extracting synergies from a data matrix with
a mixture of unconstrained and non-negative compo-
nents. As the standard non-negative matrix factorization
(NMF) (12) algorithm is commonly used for muscle synergy
extraction, the new mixed matrix factorization (MMF)
algorithm factorizes a data matrix X (with time samples of
several variables arranged along the rows). However,
although NMF requires all variables to be non-negative,
MMF can be applied when only a subset of variables is
non-negative, thus expanding its range of applications. In
NMF, the original data matrix is decomposed with an iter-
ative update procedure to estimate C (temporal coeffi-
cients matrix) and W (spatial synergies matrix), under the
assumption that X = WC þ ɛ, with ɛ residual noise. In the
original NMF, C andW are both constrained to be non-neg-
ative. In the MMF algorithm, we consider vector data (x)
with the first k components unconstrained (xi [ R for i =
1,. . .,k) and the remaining m components non-negative
(xi [ Rþ for i = k þ 1,. . .,k þ m). We want to decompose
collections of such data (e.g., samples of kinematic and
muscle data collected simultaneously) as combination of
n synergies (wi with wij [ R for j = 1,. . .,k and wij [ Rþ for j
= k þ 1,. . .,k þ m):

x tð Þ ¼
Xn

i¼1
wici tð Þ

In matrix form (X = [x(1) . . . x(S)], W = [w1. . . wn], C = [c(1) . . .
c(S)], with S number of samples):

X ¼ W C:

We decompose byminimizing the following cost function:

ɛ ¼ 1
2

XS

s¼1
jjx sð Þ � W c sð Þjj2
h i

þ 1
2
kjjWjj2F;

where the first term is the squared reconstruction error and
the second a regularization term, where jjWjj2F ¼ tr WTWð Þ is
the squared Frobenius norm, enforcing minimum norm

solutions. Taking the gradient of the error with respect to the
components ofW, we obtain:

oɛ
oWij

¼
XS
s¼1

� x sð Þ �Wc sð Þð ÞT oW
oWij

c sð Þ
" #

þ k tr WT oW
oWij

 !

¼
XS
s¼1

� x sð Þ �Wc sð Þð ÞTeiejTc sð Þ
h i

þ k
Xn
k¼1

ek
TðWTeiej

TÞek

¼ ejT �
XS
s¼1

c sð Þ x sð Þ � W c sð Þð ÞT
h i

þ k
Xn
k¼1

ek
TekW

T

( )
ei

¼ ejT �
XS
s¼1

c sð Þ x sð Þ � W c sð Þð ÞT
h i

þ kWT

( )
ei

;

where ei, ej, and ek are unit vectors along the direction of the
ith component of x and the jth and kth components of c,
respectively. In matrix form:

oɛ
oW

¼ �
XS
s¼1

c sð Þ x sð Þ �Wc sð Þð ÞT
h i

þ kWT

( )T

¼ �
XS
s¼1

x sð Þ �Wc sð Þð Þc sð ÞT
h i

þ kW

¼ � X � W Cð Þ CT þ kW:

Similarly, for the gradient of the error with respect to the
components of C

oɛ
oci tð Þ ¼

XS

s¼1
� x sð Þ �Wc sð Þð ÞTW oc sð Þ

oci tð Þ
� �

¼ � x tð Þ �Wc tð Þð ÞTWei ¼ � et
T X � WCð ÞTWei;

where et is a unit vector along the direction of the tth sample
(column of the datamatrix). Inmatrix form:

oɛ
oC

¼ � X � WCð ÞTW
h iT

¼ �WT X � WCð Þ:

Then, the iterative update rules are (with learning rates μW
and μC):

DW ¼ �lW
oɛ
oW

¼ lW X � WCð Þ CT � kW
� �

;

DC ¼ �lC
oɛ
oC

¼ lCW
T X � WCð Þ:

For the non-negative components of both W and C, if the
update results in a negative value the component is set to zero.

At the end of the extraction, W were normalized to unit
vectors, and Cwere rescaled proportionally.

The innovative feature of the MMF algorithm is that the
gradient descent update rule allows a selected number of W
variables to be either positive, zero, or negative. For kine-
matic-muscular synergies, this allows to consider when a
joint is flexed or extended.

The regularization term has been introduced to avoid non-
physiological solutions. In fact, without such term, the algo-
rithm might converge to solutions in which two or more
synergies have components for the unconstrained variables
with opposite signs and, simultaneously, overlapping tem-
poral coefficients. In such solutions, the contribution of the
components with opposite signs in different synergies may
show destructive interference. Such cancellations may lead
to synergies with large components for the unconstrained
variables (e.g., the kinematic variables), which do not have a
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clear physiological interpretation. In contrast, the regulariza-
tion term penalizes large synergy components even if, due to
cancellations, they do not affect the reconstruction of the
data, and therefore the reconstruction error, leading to
sparser solutions for W and C. Moreover, such cancellations
in the kinematic variables would be essentially associated to
co-activations in muscles generating joint torques that can-
cel each other (i.e., co-contractions) and the regularization
term thus has a physiological interpretation as effort associ-
ated to co-contraction. Increasing the relative contribution
of the regularization term in the cost function, i.e., increas-
ing the parameter k, reduces or eliminates the occurrence of
cancellations. However, when k increases, the reconstruc-
tion quality, measured by R2, defined as the fraction of total
variation explained by the synergy combinations, may
decrease. The proper k should then be chosen as a trade-off
between sparseness and reconstruction accuracy.

We devised a procedure to tune the μW, μC, and k parame-
ters, as their value affects the magnitude of the update steps
of the gradient descent. As the magnitude of ||X||, which
depends on the dimension of the data set, affects the magni-
tude of the gradient descent step, we expressed the parame-
ters of the update rules as:

l ¼ ls=jjXjj

k ¼ ks= ndim � nð Þ;
where ndim = m þ k is the number of rows of W (i.e., the total
number of EMG and kinematic variables), and n is the order of
the factorization (i.e., the number of extracted synergies). The
scaled parameters μs and ks are advantageous to use because
they are independent of the specific dimensions of the data
set, ensuring that a similar gradient descent step is used in dif-
ferent data sets. Notwithstanding this scaling, μs and ks are pa-
rameters that should be tuned depending on the data set and
on the desired level of sparseness of the solutionsW andC.

The output of our novel algorithm is multidomain kine-
matic-muscular spatial synergies and time-varying combina-
tion coefficients. Each extracted synergy is a vector that
contains the components (or weights) for a mixture of the
muscular and kinematic variables. Such vectors represent
directions, in the combinedmuscular and kinematic space, in
which there is covariation among the variables, i.e., a linear
coordination across the two physical domains. The time-vary-
ing coefficients represent, for each repetition, the recruitment
of each time-invariant synergy over time.

Non-Negative Matrix Factorization Applied to Separate
Positive and Negative Components

To show the effectiveness of our novel algorithm, in this
study we have also implemented the approach used by
Torres-Oviedo et al. (23) to extract functional muscle syner-
gies from combined EMG and force data with the NMF algo-
rithm. This approach (NMFpn) uses NMF on combined non-
negative and unconstrained data after separating the nega-
tive and positive waveforms of the unconstrained signal and
treating them as separate waveforms. The positive part of
the signal (e.g., the positive part of each component of the
force vector) is used as input for the NMF; the rectified nega-
tive components (e.g., the negative part of each component
of the force vector) are used as separate input to the

algorithm. In this study, the NMFpn approach was used to
extract kinematic-muscular synergies using the standard
NMF implementation based on a multiplicative update rule
(12). To apply NMF to vector data (x) with the first k compo-
nents unconstrained and the remainingm components non-
negative, each unconstrained component is separated into a

positive part xþ ¼ x½ �þ ¼ x if x � 0
0 if x < 0

� ��
and a negative

part x� ¼ x½ �� ¼ 0 if x � 0
�x if x < 0

� ��
, and NMF is applied to

expanded 2k þ m dimensional vector data (y) with only non-
negative components (yi [R

þ , with yi = [xi]þ for i = 1,. . .,k; yi =
xi for i = k þ 1,. . .,k þ m; yk þ mþ i = [xi]� for i = 1,. . .,k). Both
spatial synergies (Z) and temporal components (C) were initial-
ized with small values. Then the update rules for spatial syner-
gies and temporal components are iterated to minimize the
chosen cost function until a termination condition is achieved.
The Euclidean distance between the input and the recon-
structed signal is used as cost function:

ɛ ¼ 1
2

XS
s¼1

y sð Þ � Z c sð Þ2
h i

:

The multiplicative update rule for the synergies can be
written inmatrix form (12) as:

ðZiÞhk ¼ ðZi21Þhk
ðY CTÞhk

ðZi21 C CTÞhk
and the multiplicative update rule for the temporal compo-
nents is given by

ðCiÞhk ¼ ðC i21Þhk
ðZT YÞhk

ðZT C C i21Þhk
;

where hk refers to the hth row and kth column of eachmatrix.
After the extraction of the synergies, the components of

the synergies corresponding to the separated negative and
positive components of the original data were recombined
(Wi = zi � zk þ m þ I for i = 1,. . .,k; Wi = zi for i = k þ 1,. . .,k þ
m) into a synergy matrix (W) with the same number of rows
as the dimension of the original data.

Validation on Simulated Data

We performed a comprehensive set of simulations to vali-
date the algorithm, as shown in detail in Fig. 1.

In particular, our main aim was to determine whether the
algorithm recovered a known set of simulated synergies and
combination coefficients used to generate the data. We also
wanted to test the effect of several noise levels added to the
input data on the extracted synergies.

Ground truth generation.
Our procedure began with the generation of a set of ground
truth (GT) synergies (WGT) and combination coefficients
(CGT) so that data input to the factorization algorithm (X)
could be computed as:

X ¼ WGT CGT þ ɛ;

where ɛ is additive noise.
Using X as input, we extracted W and C in several condi-

tions (W and C initializations, different noise levels, and
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number of iterations) and compared them to the original
WGT and CGT. So, our first step was to generate the ground
truth WGT and CGT. In previous related works (e.g., see Ref.
20), random synergies and coefficients were used as ground
truth. However, it has been reported that biomechanical and
task constraints affect the results of synergy extraction
algorithms (24). Thus, we generated data according to sim-
ple yet reasonable biomechanical constraints. At the same
time, we deemed unnecessary to use a complex musculo-
skeletal model to validate our algorithm, and we chose a
simple linear model. Indeed, our aim was to generate
ground truth synergies and temporal coefficients with bio-
logically inspired constraints, rather than proposing or
validating any biomechanical model.

To generate synergies and combination coefficients coher-
ent with the specific features of the algorithm (i.e., only a
subset of non-negative variables) and biologically inspired
(i.e., reflecting the fact that movement kinematics is affected
by muscle activation), we assumed a linear relationship
between muscular components (M) and kinematic compo-
nents (K) of the synergies. We defined a matrix A as the
“mapping operator” that associates muscle activation vec-
tors (m) to vectors of kinematic variables such as joints accel-
erations (k). Well aware of the biomechanical limitations of
this model, A can be thought as “muscle moment arm
matrix.”

K ¼ A M;

where K has dimension k � n (number of articular joints �
number of synergies), M has dimension m � n (number of
muscles� number of synergies), and A has dimension k�m.

Each A element could be either positive or negative
(depending on the sign of the torque generated by eachmus-
cle around each joint), or zero (in case a muscle did not act

on a specific joint). The elements of A, essentially expressing
the pulling directions in joint space of eachmuscle were gen-
erated simulating a set of monoarticular muscles pulling
each joint in either flexion or extension directions. We con-
sidered a four-dimensional kinematic space and an eight-
dimensional muscular space, with a pair of agonist-antago-
nist muscles for each joint:

A ¼

0:3 �0:3 0 0 0 0 0 0

0 0 0:3 �0:3 0 0 0 0

0 0 0 0 0:3 �0:3 0 0

0 0 0 0 0 0 0:3 �0:3

2
66664

3
77775:

Then, we chose the kinematic components of the simu-
lated synergies (K) as random directions in kinematic space,
assuring that the set of directions included in K represents a
basis that would positively span the kinematic k-dimen-
sional space (25). The corresponding muscular components
of the simulated synergies (M) were determined from K = A
M. Since, in general, infinite solutions for M can be found,
we selected non-negative solutions with minimum norm
(with quadratic programming optimization, using MATLAB
function quadprog). For each kinematic component of the
ith synergy ki, we identified the corresponding muscular
component mi as the solution to the following minimization
problem:

mi ¼ argmin jjmjj2

under the constraints ki = Am,mij� 0 Vij.
The simulated spatial kinematic-muscular synergies

(WGT) simply resulted:

WGT ¼ K
M

� �
:

Figure 1. Simulation overview. Each simulation was divided into three parts. The first was the generation of a set of ground truth spatial synergies WGT

and combination coefficients (or temporal components)CGT. In the second part of the simulation, we extracted the synergies with the mixedmatrix facto-
rization (MMF) algorithm and with the non-negative matrix factorization applied to separate positive and negative components (NMFpn) algorithm from
the simulated dataWGT·CGT corrupted by additive noise. Both algorithms included an initialization of the solutions (W0 and C0), an iterative update based
on gradient descent (MMF) or matrix multiplication (NMFpn), and a termination condition. In addition, both algorithms were used to extract synergies
with different noise levels to verify their robustness. Finally, the last step of the simulation was the comparison of the extracted synergies and coefficients
with the ground truth ones. This assessment was based on comparing the reconstruction R2, the similarity between extracted and ground truth spatial
synergies and combination coefficients, and a cancellation index.
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The last step for the creation of the ground truth was to
determine the time-varying synergy combination coeffi-
cients. This was done by employing again the quadprog
MATLAB function, allowing to determine non-negative coef-
ficients C with minimum norm reproducing, through the
synergy matrixWGT and the moment arm matrix A, the time
series of joint angle accelerations (26):

c #; tð Þ ¼ argmin jjcjj2

with the constraints a(#,t) = AWc, ci � 0 Vi, where a(#,t) is the
vector of angle accelerations for the sample at time t of the
reachingmovement in direction #. More specifically, we gen-
erated a(#,t) as follows.

First, a set of t targets in the four-dimensional (4-D) kine-
matic space (randomly in the space, MATLAB function
mvnrnd) were selected. Each target vector was then rescaled
to Euclidean norm 1, so that the targets lay on 4-D hyper-
sphere of radius 1. For each of the targets, we generated biomi-
metic joint minimum-jerk motion laws along a straight path
in the 4-D space [q(t)] connecting the origin to the target.
Finally, we differentiated twice q(t), to achieve a(#,t). This pro-
cedure can be used for any n-dimensional space and t target.
This allowed us to generatemultiple sets ofWGT and CGT.

An example of 4-D ground truth [WGT CGT]with five syner-
gies is reported in Fig. 2. Five is the minimum number of
synergies (bases) required to ensure complete spanning of
the original 4-D space (18, 25) and was selected for the
simulation.

Cancellations.
As mentioned earlier, when synergy elements are not con-
strained to be non-negative, there may be cancellations
between the elements of different synergies with opposite
signs. Once a set of synergies W and temporal coefficients C
is given (e.g., WGT and CGT), they produce a level of cancella-
tion. Thus, we introduced the regularization term in the cost
function (with weight k) to reduce cancellations. We pro-
vided a metric (cancellation index; CI) to measure the level
of cancellation associated to a W-C set. We defined CI as
follows:

CI ¼
Xk
i¼1

XS
s¼1

min
XN

j¼1
Pi;j;s;

XN

i¼1
Ni;j;s

	 
h i
;

where i is the ith kinematic variable, s is the sth sample of the

reconstructed signal, and Pi;j;s ¼ wijcjs½ �þ ¼ wijcjs if wijcjs � 0
0 if wijcjs < 0

�

and Ni;j;s ¼ wijcjs½ �� ¼ 0 if wijcjs � 0
�wijcjs if wijcjs < 0

�
are the posi-

tive and negative contributions of synergy j on each sample s
of variable i of the reconstructed signal.

Tuning the MMF parameters: k/μ simulation.
Before we could perform a full simulation on ground truth
data to compare the performance of the MMF and NMFpn
algorithms, we ran a preliminary simulation to determine
adequate ranges of applicability for the parameters of the
algorithm: k and μ. Surfaces depicting relevant outcome pa-
rameters were achieved by extracting data from some
ground truth sets (n = 10) with all possible pairs of k and μ
spanning the following values: k = [0 20 50 100 200] and μ =

[0.01 0.05 0.1 0.2 0.5]. k-μ surfaces were evaluated consider-
ing R2, synergy spatial similarity, temporal similarity, and
cancellation index to determine suitable values for k and μ to
be used in themain simulation.

Convergence and uniqueness of the solution.
A further analysis was performed to characterize two proper-
ties of the algorithm, i.e., convergence and uniqueness of the
solution. Convergence was evaluated by showing k/μ surfa-
ces that indicate the number of iterations needed to reach
the convergence criterion. It is indeed obvious that such
results are sensible to the choice of thresholds for conver-
gence. We also showed a k/μ surface to show the uniqueness
of the solution, here seen as three separate surfaces: the best
solution that could be achieved (higher spatial synergy simi-
larity), the median solution, and the minimum similarity
solution.

Extracting synergies from simulated data.
Following the k/μ simulation (see RESULTS), we selected the
following parameters: ks = 50; lsW ¼ lsC ¼ 0:1. The number of
ground truth synergies was set to 5. For each ground truth
data set, we extracted from 1 to 8 synergies. We generated 50
different [WGT CGT] sets.

Moreover, to verify the robustness of the algorithm to
noise, we corrupted the data by additive Gaussian noise O
(X = WGT CGT 1 O) according to five signal-to-noise ratio
(SNR) levels, expressed in decibel (dB): 0, 10, 15, 20, and 30
dB. SNR (in dB) was defined as: 10log (rs

2/rn
2), where rs

2 is
the squared sum of the components of the signal, and rn

2

was the squared sum of the components of the noise.
Summarizing, we repeated the simulation creating 50 data
sets, each one tested with the five levels of noise. For each
ground truth data set and level of noise, we performed 20
repetitions of synergy extraction and selected the one with
the highest reconstruction R2.

The simulation algorithm is structured with two nested
loops circling through a predefined number of data sets and
through a set number of noise levels. In addition, for each
data set and noise level, the algorithm was run multiple
times with random initial condition, following the standard
procedure for synergy extraction.

The parameters employed are listed in Table 1.
Finally, the termination condition for the iterations of

both algorithms was set according to the decrease in error
between two successive iterations and the absolute value of
the residual error. When the error between two successive
iterations decreased less than a given threshold (s1) amount
and the absolute error fraction of the initial error was less
than a given second threshold (s2), then the algorithm
would stop. In the present work, s1 was set to 10�3 and s2
was set to 10�3.

Simulation Outcome Measures and Statistical Analysis

As a first outcome measure, we tested the capability of the
algorithm of identifying the correct number of GT synergies.
We employed some of the criteria most commonly adopted
in the literature. First, we determined the number of syner-
gies according to two thresholds for the reconstruction R2

(0.80 and 0.90). For each algorithm and noise level, we chose
the minimum order needed to reconstruct at least the
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selected level of reconstruction R2. We also used the linear
regression method as in previous studies (18) that identifies
the number of synergies as the number at which adding fur-
ther synergies contributes to the R2 with a constant amount.
We performed a linear fitting of the reconstruction R2 curve
(MATLAB polyfit) from a given order N to the maximum (k
þ n variables) and chose the minimum order N for which
the mean square error of the fit was <10�2, indicating that

the “tail” of the curve after the “knee” was essentially
straight (as in Ref. 18). We also assessed the performance of
the algorithm in recovering the ground truth and recon-
structing the simulated data as a function of the amount of
noise. As outcome measures, we report the reconstruction
R2, the similarity between extracted and GT synergies, and
the similarity between extracted and GT synergy combina-
tion coefficients. The similarity between the WE and CE
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Figure 2. Example of ground truth synergies and combi-
nation coefficients. Top: an example of five simulated
ground truth kinematic-muscular synergies (WGT).
Bottom: simulated time-varying synergy combination
coefficients for eight different targets in the four-dimen-
sional (4-D) kinematic space (CGT). Middle: simulated
data generated by the activation of the synergies modu-
lated by the coefficients (X =WGT CGT). The dimensional-
ity of the data is 12 (8 muscle activations, 4 joint
accelerations). Each column Tn indicates a random
selection of the simulated targets used in the simulation.
The data are shown for one representative data set with
signal-to-noise ratio (SNR) = 15 dB, k = 50.
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extracted by the algorithm with the ground truth WGT and
CGTwas computed as:

sw ¼ 1
N

XN

i¼1
wiGT

T wiE;

where i refers to the ith synergy pair after synergy matching
between the two data sets. Synergies werematched by select-
ing the pair with the highest scalar product (cosine similar-
ity) between all the WGT and WE pairs and then discarding
the matched synergies from the data set, and repeating
iteratively this procedure until no synergy was left (all syn-
ergies were matched). Since wiGT and wiE have unit norm,
�1 � sw � 1. Similarly, the similarity between synergy com-
bination coefficient was computed as the mean correlation
coefficient,

sc ¼ 1
N

XN

i¼1
corr ciGT; ciEð Þ

computed on the temporal coefficients of the matched pairs.
This computation was repeated for eachWE and CE extracted
from each ground truth set and noise level. Then, for each
noise level, we generated a distribution of the best similar-
ities achieved across ground truth sets.

To assess the difference in performance between the MMF
and the NMFpn, we used a Kruskal–Wallis test, on the results
achieved with both algorithms on W, C, and reconstruction
R2. Tests were repeated for each noise level. Post hoc tests
were conducted withMATLABmultcompare.

Test on Upper-Limb Muscle-Kinematic Real Data

We tested the performance of the novel algorithm in a real
scenario involving the analysis of upper-limb reaching
movements by extracting muscular-kinematic synergies
from muscle activation patterns and joint angle acceleration
waveforms, using a similar methodology to the data set col-
lected in a previous study (26).

Participant.
We collected both muscular and kinematic variables from a
participant executing point-to-point upper-limb movements.
The participant was a 35-yr-old male, 81 kg of weight, and
1.80 m of height. The data are within a study reviewed and
approved by the CNR Ethical Committee (Rome, Italy,
Protocol Number 0044338/2018). The participant provided
written informed consent to participate in this study.

Experimental setup.
The tests were performed in the motion acquisition labora-
tory of the Italian Council of National Research (CNR) in
Lecco, Italy. The laboratory equipment included an optoe-
lectronic Vicon Vero system (Vicon, Oxford, UK), with 10
infrared cameras and a set of reflective markers for motion

tracking, and a set of wireless EMG probes (Cometa, Milan,
Italy, 14 channels). In this experiment, a 34-markers set was
used (25 for the Vicon upper limb model, 9 for the target)
and 14 EMG probes were used. A board with eight targets
was arranged on a circle (60 cm diameter) at 45	 angular
distance in points of interest. The target board was placed
in the sagittal plane with respect to the experimental sub-
ject, similarly to a previous study (3). Targets were labeled,
clockwise: forward-up (FW-UP), forward (FW), forward-
down (FW-DW), down (DW), backward-down (BK-DW),
backward (BK), backward-up (BK-UP), up (UP). An addi-
tional target at the center of the board (labeled O) indi-
cated the start position. The target board and the
participant were placed in the acquisition volume of the
Vicon system. A schematic illustration of the setup is por-
trayed in Fig. 3. Movements were performed with the dom-
inant upper limb (right).

Experimental protocol.
Point-to-point movements involve multijoint coordination
and are used in daily life activities. They are also often used
by clinicians to test motor capabilities of patients. In our ex-
perimental protocol, the subject started from a predefined
resting position, with the arm leaning along the body and
with the elbow flexed and the forearm horizontal, the hand
in neutral position, with the forearm neither pronated nor
supinated. Starting from the 0 target, the subject had to
reach toward the first target (FW-UP) of the board, and then
return to the starting position (0). Then, the subject contin-
ued the center-out/out-center motion pattern toward all tar-
gets, clockwise, until he reached the UP target, and
backward to target 0 to conclude a trial. Movements were
performed at fast speed (3).

Data acquisition.
Before each recording session, the subject was instrumented
with markers in accordance with the standard upper-limb
model designed for the Vicon system. Five markers were
placed on the trunk, one on each shoulder, three on each
upper arm, two on each elbow, and four on each forearm
and wrist (27), for a total of 25 markers. Kinematic sampling
frequency was 100 Hz. To collect muscular data, a set of 14
EMG probes were positioned on the torso and upper-limb of
the subject to sample EMG signals at 1,000 Hz. Electrode
placements was performed according to the SENIAM guide-
lines (28). The trackedmuscles were the following: latissimus
dorsi (LatD), teres major (Ter M), upper trapezius (UT), infra-
spinatus (Inf S), deltoid anterior (DA), deltoid middle (DM),
deltoid posterior (DP), pectoralis clavicular head (Pect), tri-
ceps long head (TriL), triceps lateral head (TriLa), biceps
long head (BicL), biceps short head (BicS), pronator teres
(PR), brachioradialis (Brd).

The upper limb kinematic model implemented in the
Nexus 2.1 software allowed the reconstruction of angular
coordinates of the glenohumeral joint center (shoulder cen-
ter of rotation), humeroulnar joint center (elbow center of
rotation), and radiocarpal joint center (wrist joint center).
Using these data, we selected a set of 4 degrees of freedom
describing the motion of proximal upper limb joints with the
following conventions: q1 = shoulder plane of elevation
(ShPE: þ for forward rotations, � for backward rotation);

Table 1. Parameters for the simulation

Parameter Number Notes

Kinematic variables 4 Unconstrained
Muscle variables 8 Non-negative
Noise levels 5 30 dB, 20 dB, 15 dB, 10 dB, 0 dB
Number of datasets 50
Extractions per dataset 20
Total number of extractions 5,000 50�20 � 5
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q2 = shoulder elevation (ShE:þ when elevating the arm, �
when depressing the arm); q3 = shoulder internal rotation
(ShIR: þ internal rotation, � external rotation); q4 = elbow
flexion (ElbF: þ when flexing, � when extending). For
clarity, they are reported in Fig. 3. All further analyses were
conducted inMATLAB (MathWorks, Natick, MA).

Data analysis.
Let a trial be the concatenated movements along all the car-
dinal directions of the board. Both kinematic and EMG data
recorded in each trial were preprocessed by filtering, seg-
mentation, and normalization. During the acquisition, the
Vicon system (kinematics) and EMG system (Cometa) were
synchronized via hardware from the manufacturer (the
same trigger started and stopped simultaneous acquisitions
with both signals). All EMG data were delayed for 50 ms to
account for an estimated electromechanical delay between
the signals (29).

Marker positions were filtered with a low-pass Butterworth
filter with a 15 Hz cut-off frequency, fifth order. Both kine-
matic and EMG data were then segmented in phases (a cen-
ter-out movement from target 0 to a peripheral target, an out-
center movement from a peripheral target 0) based on the
tangential velocity profile of the end effector (wrist joint cen-
ter). The beginning of each phase was defined as 200 ms
before the time at which the velocity reached 5% of the
peak velocity; the end of each phase as 200 ms after the
time at which the velocity dropped to 5% of the peak veloc-
ity. All kinematic data were derived twice to achieve joint
angular accelerations. Finally, each angular acceleration
was normalized with respect to the maximum of its abso-
lute value. This allowed to rescale accelerations in a range

between �1 and 1. Only center-out movements were
included in the analysis.

EMG signals were filtered to obtain smooth envelopes and
to remove any potential motion artifacts. The applied pre-
processing steps were the following: the signal was filtered
with a third-order high-pass Butterworth filter with 3 Hz cut-
off frequency, full-wave rectified, and filtered with a third-
order low-pass Butterworth filter with 15 Hz cut-off fre-
quency. After filtering, the EMG data were segmented in
phases using the same events obtained from the kinematics.
In addition, in each phase, the tonic component of the EMG
signal was removed by subtracting a linear ramp according
to previously employed models (30). Then, each EMG enve-
lope was normalized to its maximum absolute value and
multiplied by 2. This choice was made to make EMG values
range [0, 2] comparable with the one of the kinematic varia-
bles [�1, þ 1]. In this way, each EMG waveform was scaled,
achieving the normalized EMG envelopes. To account for
negative waveforms achieved after tonic subtraction (mini-
mal in magnitude), negative EMG data were clipped to 0 as
in previous works (18, 26). Finally, the kinematic and EMG
signal in each phase were re-sampled at 100 samples and
averaged over 10 repetitions for each target.

We decided to average trials to increase SNR and achieve
“cleaner” data. However, with this approach, trial-by-trial
variability is lost. Both choices (averaging data or consider-
ing trial-to-trial variability) were previously criticized as they
do not capture some of the features of the data. Since our ex-
perimental design involved fast reaching movements, we
were able to achieve quite clean kinematic and EMG data;
in this preliminary application, we preferred to neglect trial-
by-trial variability (not to alter the muscle-kinematic

Figure 3. Joint angles and targets. A: the following joint angles were considered: shoulder plane of elevation (ShPE: þ for medial rotations,� for lateral
rotation); shoulder elevation (ShE): þ when elevating the limb, � when going in the direction of gravity); shoulder internal rotation (ShI: þ internal
rotation, � external rotation); elbow flexion (ElF: þ when flexing, � when extending). B: targets for center-out movements, clockwise: FW-UP, for-
ward-up; FW, forward; FW-DW, forward-down; DW, down; BK-DW, backward-down; BK, backward; BK-UP, backward-up; UP, up; and 1 target in the
center (labeled O).
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relationship) averaging data from multiple repetitions and
avoiding concatenation of individual trials.

The filtered, segmented, resampled, and averaged kine-
matic data (angular accelerations of 4 upper-limb degrees of
freedom) and EMG data (14 channels) were grouped in an
aggregated muscle-kinematic matrix (MKM) before synergy
extraction. The MKM had dimensions 18� 800, where 18 is
the sum of 4 selected kinematic and 14 muscular variables,
and 8 directions were considered, each one having 100
samples.

Finally, the MMF algorithm was used for extracting syner-
gies with the setting shown previously: k = 50, μ = 0.1, num-
ber of extracted synergies ranging from 1 to 14.

RESULTS

Selection of Algorithm Parameters

To select adequate parameters of the algorithms, i.e.,
learning rates (μ) and weight for the regularization cost (k),
we performed multiple simulations with data generated by
combinations of known synergies and combination coeffi-
cients (ground truth). We tested the effect of varying μ and k

on the quality of the reconstruction (R2), amount of cancella-
tion, similarity of extracted spatial synergies with ground
truth synergies, and similarity of extracted synergy combina-
tion coefficients with ground truth coefficients (Fig. 4). As
expected, R2 was maximal for k = 0; however, increasing k
allows to reduce the amount of cancellation leading to more
physiologically plausible solutions. This can be achieved in a
large range of k values with minimal effect on R2.
Consequently, using a reasonable k is advantageous for the
physiological interpretation of the extracted synergies.
Although spatial and temporal synergies similarity slightly
decreased when increasing k, they were almost always very
high. Only when k or μ were at their maximum tested value
the spatial and temporal similarity decreased consistently.
We concluded that a reasonable choice for our simulation
was to select k = 50 and μ = 0.1. These values allowed to
reduce cancellations (toward level similar to the ground
truth) without altering reconstruction accuracy.

We also tested the properties of convergence and unique-
ness of the solution achieved with MMF. We report the val-
ues of convergence and uniqueness indicators as a function
of k and μ as surfaces in Fig. 5. Such surfaces show how the
number of iterations of the update rules required to reach

Figure 4. Dependence of the reconstruc-
tion R2, cancellation, spatial synergies sim-
ilarity, temporal synergies similarity on
algorithm parameters (k and μ). The plots
illustrate the R values achieved when
varying k and μ (A) and the cancellation
index (B). Some regions, corresponding
especially to high values of k, can reduce
cancellations but this effect is achieved
with a reduction of spatial (C) and tempo-
ral (D) similarity of the extracted synergies.
In the top panel, a three-dimensional (3-D)
surface reproduced the data of B (the can-
cellation index) together with the average
level of cancellation of the ground truth
data. We selected as values for the mixed
matrix factorization (MMF)-non-negative ma-
trix factorization applied to separate positive
and negative components (NMFpn) simula-
tions the following parameters: k = 50 and
μ = 0.1.
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the termination condition, i.e., an indicator of the speed
of convergence (Fig. 5A) and the similarity between
extracted and ground-truth synergies, i.e., and indicator of
the uniqueness of the solution (Fig. 5B) vary with k and μ.
Referring to panel A, it is possible to see that by increasing μ,
convergence is reached faster, whereas the effect of k is not
as relevant. Moreover, referring to panel B, we showed that
uniqueness of the solution is not guaranteed at every run of
the algorithm, even though themedian value for the solution
is very close to the best solution achieved for the algorithm
(indicating, in general, that the performances of the algo-
rithm are very good).

Validation with Simulated Data

In Fig. 6, we report the distributions of the R2 values for
the reconstruction of the data generated with the combina-
tion of five ground truth synergies (each one including 4 ki-
nematic variables and 8 muscular variables) when varying
the number of extracted synergies.

The number of extracted synergies was determined for
both the MMF and NMFpn according to three different crite-
ria: 1) using a R2 threshold of 0.8, 2) using a R2 threshold of
0.9, 3) using a criterion based on the flattening of the R2

curve estimated by linear regression [i.e., the number of syn-
ergies selected is the minimum number for which the R2

curve from that number to the maximum number can be lin-
early fitted with a root mean square (RMS) error below 10�2].
Results are reported for all the five levels of noise tested. We
note that with MMF, using the linear regression criterion, we
were able to select almost in all cases the correct number of
ground truth synergies, even with large amount of noise cor-
ruption (i.e., up to SNR = 0 dB).

In Fig. 7, we report the main results of the simulation for a
number of extracted synergies corresponding to the ground
truth (5 synergies). In Fig. 6A, we report the reconstruction
R2 on simulated data comparing the MMF and the NMFpn.
Themaximum amount of variance that can be reconstructed
for each of the noise levels and achieved SNR 30 dB = 0.999;
SNR 20 dB = 0.990; SNR 15 dB = 0.971; SNR 10 dB = 0.909;
SNR 0 dB = 0.5. Interestingly, for the condition with lowest
noise (SNR = 30 dB), the reconstruction achieved with the
MMF algorithm was almost perfect (R2 = 1). The Kruskal–
Wallis test revealed a significant effect of noise on the recon-
struction R2 for both MMF and NMFpn (P < 0.001).
Remarkably, MMF performed always significantly better
than the NMFpm for all SNR levels (P < 0.001). However, we

Figure 5. Properties of convergence and
uniqueness of the solution for the mixed
matrix factorization (MMF) algorithm, when
varying k and μ. This figure shows the
modification of the properties of conver-
gence (A) and uniqueness of the solution
(B) when varying k and μ. When increasing
μ, for a wide range of the parameters, con-
vergence is normally reached faster,
whereas the effect of k is not as relevant.
It is also shown that the uniqueness of the
solution (similarity of the extracted syner-
gies with respect to the ground truth syn-
ergies) is not guaranteed at every run of
the algorithm, even though the median
value for the solution is very close to the
best solution achieved for the algorithm
(indicating, in general, that the performan-
ces of the algorithm are very good).
Interestingly, the best solution across the
runs achieves almost optimal perform-
ance (synergy similarity slightly lower than
1).
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note that even at low SNR (10 dB), the MMF algorithm per-
formed well (R2 > 0.90). The values we found in the paper
are coherent with these results, excepting the case of 0 dB,
which we do not believe will occur in practice.

In Fig. 6C, we report the distributions of the similarity
between the extracted synergies and ground truth spatial
synergies (sw). Interestingly, for SNR = 30 dB, spatial syner-
gies similarity (sw) with MMF was almost perfect. Increasing
the noise, the similarity remained high even reducing SNR
to 10 dB. Similarly, sw achieved with NMFpn did not depend
on noise (except for the “extreme” case with SNR = 0 dB) but
is always below 0.90. MMF performed always better than

NMFpn in a statistically significant way for all SNR levels (P
< 0.001). In Fig. 6D, we report the similarity between
extracted and ground truth synergy temporal coefficients
(sc). Interestingly, for SNR = 30 dB, sc achieved with MMF
was almost perfect. Increasing the noise, the similarity
slightly decreased but remained well above 0.90 even when
reducing SNR to 10 dB. Similarly, with NMFpn, cw was only
slightly dependent on noise but was below the values
achieved with MMF in a statistically significant way for all
SNR levels (P < 0.001). In Fig. 6B, we report the cancellation
index. In “medium” noise conditions (SNR = 15 dB), the
MMF algorithm can reproduce quite accurately the level of
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Figure 6. Effect of noise on R2 curves and
selection of number of synergies. Average
values for the R2 vs. number of extracted
synergies and number of extracted syner-
gies depending on signal-to-noise ratio
(SNR), for both mixed matrix factorization
(MMF, blue) and non-negative matrix factori-
zation applied to separate positive and neg-
ative components (NMFpn, red) on the set of
ground truth data, based on a set of five-
dimensional set of bases (kinematic-muscu-
lar synergies). The number of extracted syn-
ergies is determined for both MMF (A) and
NMFpn (B) using two R2 threshold criteria
and a linear-fit criterion (number of extracted
synergies is the minimum order for which
the R2 curve can be linearly interpolated
with RMS below 10�2). With MMF and the lin-
ear-fit criterion, it was possible to identify the
correct number of ground truth synergies (C)
in all noise except, whereas NMFpn had
lower performance (D).
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Figure 7. Distribution of reconstruction R2,
cancellation index, spatial synergy similarity,
and temporal synergy similarity for different
noise levels. Boxplots for the distributions of
the best solutions found in the simulation for
R2 (A), cancellation index (B), spatial synergy
similarity (C), and temporal coefficients simi-
larity (D) achieved by the mixed matrix facto-
rization (MMF, blue) and non-negative matrix
factorization applied to separate positive and
negative components (NMFpn, red) algo-
rithms with different noise levels. Data for
four kinematic degrees of freedom (DoF)
and eightmuscles are simulated as combina-
tions of five ground truth kinematic-muscular
synergies. The MMF algorithm performs bet-
ter in all the considered metrics for all signal-
to-noise ratio (SNR) values, and allows to
reproduce the level of cancellation of the
ground truth with a proper choice of the
parameters.
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cancellation found in the ground truth. From this graph, it
can be deduced that when the SNR decreased, an increasing
value for k was needed to reproduce the cancellation of the
ground truth. k = 50 worked well for our conditions at 15 dB
and 20 dB, while it was too low for 10 dB, extremely low for 0
dB, and too high for 30 dB.

In Fig. 8, we illustrate an example of the performances
of the MMF and NMFpn algorithms on simulated data
(SNR = 15 dB). The R2 curve for the MMF algorithm shows
a clear slope change allowing to identify five synergies as
in the ground truth. Accuracy on the reconstructed spa-
tial synergies and temporal coefficients is also much
higher with the MMF. Data reconstruction is almost per-
fect with MMF, whereas NMFpn cannot reconstruct well
the kinematics, slightly altering the original acceleration
waveforms.

Application to Real Data

TheMMF algorithmwas used to extract kinematic-muscu-
lar synergies from point-to-point center-out movements to-
ward eight different targets on the sagittal plane (Fig. 9). The

typical movement duration of fast reaching movements was
0.320 s (0.045 s).

Six synergies were selected based on the reconstruction R2

curve using the linear regression criterion (18). The synergy
number is slightly higher than the one used for the simula-
tion, but the number of muscles included (the most relevant
muscles involved in sagittal point-to-point movements) is
larger (14 here vs. 8 in the simulation). As all movements
were point-to-point, we expected to find biphasic kinematic-
muscular links, related to the acceleration or the decelera-
tion phase typical of this class of movements (18). Moreover,
for each direction of motion, we expected that at least two
synergies would act for achieving acceleration and decelera-
tion patterns that cannot be obtained with a single synergy
(even if, in principle, the same synergy can participate to
both the acceleration and deceleration phase). This was
indeed observed in our data. The temporal coefficients (C)
are modulated so that at least two kinematic-muscle syner-
gies are properly timed and coordinated to reconstruct the
original patterns for all the directions of motion. It is for
example the case of W1 and W2, which are “antagonistic”
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Figure 8. R2, extracted synergies, and tem-
poral coefficients for one extraction from
simulated data: mixed matrix factorization
(MMF)-non-negative matrix factorization
applied to separate positive and negative
components (NMFpn) comparison. An
example of the R2, spatial synergies, recon-
structed signal, and temporal coefficients
extracted with the MMF algorithm (A; left;
R2: top, blue line; synergies: blue bars; C;
temporal coefficients: bottom, blue lines;
reconstructed signal: blue lines) and with
NMFpn (B; right, R2: top, red line; synergies:
red bars; temporal coefficients: red lines; D;
reconstructed signal: bottom, red lines),
both compared with the original ground
truth (synergies: black thick bars; temporal
coefficients: gray-colored areas; recon-
structed signal: gray-colored areas). Each
column Tn indicates a random selection of
the simulated targets used in the simulation.
The data are shown for one representative
dataset with SNR = 15 dB, k = 50. The MMF
algorithm achieves better performance in
the reconstruction R2 and in reproducing
the original spatial synergies and temporal
components.
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synergies. W1 acts in the agonist phase to elevate the limb
and extending the elbow toward the forward-down (FW-
DW), forward (FW), and forward-up (FW-UP) directions,
whereas W2 intervenes to decelerate shoulder elevation and
counteracts elbow extension (by flexing the elbow).
Moreover, most of the synergies show quite clear modulation
across end-point movement directions with distinguishable
peaks in their directional tuning, accounting for each

acceleration and deceleration phase in a plausible way.
Temporal coefficients are mostly either biphasic or mono-
phasic, and related to the acceleration or the deceleration
phase. We also noted that not all synergies can be easily pro-
vided with a clear physiological interpretation. It is the case
of W4 that shows a dominance of kinematic patterns in the
backward (BK) and backward-down (BK-DW) directions.

In Fig. 10, we also show a detailed comparison between
synergies extracted with MMF and with standard NMF from
EMG data only. Interestingly, we found that five out of six
synergies had very similar composition and temporal coeffi-
cients (for quantitative details, refer to Table 2). This indeed
remarks that MMF reproduces the results achieved with the
current state-of-the-art algorithm, adding the kinematic do-
main data without altering original muscle domain decom-
position. Only one extracted synergy is different in the two
sets, as the unmatched synergy extracted withMMF captures
mainly kinematic components that are not extracted with
standard NMF.

Finally, we report the effect of changing the value of k on
real data in Fig. 11. It is possible to see that increasing k, can-
cellations are reduced, but this is achieved with a reduction
of the R2. Detailed assessment of k in real data sets will be
investigatedmore extensively in future works.

The similarity for spatial loads and temporal coefficients
is listed in Table 2. Both spatial and temporal similarity is
always very high (i.e., the same synergies were extracted
with MMF and NMF), with exception made for W4. This
result was expected asW4 ismostly a kinematic synergy.

DISCUSSION

Summary of the Main Findings

We introduced a novel algorithm to perform a matrix
factorization of data that contains a mixture of both non-
negative and unconstrained variables and, thus, can be
employed to extract kinematic-muscular synergies. The
MMF algorithm overcomes some of the limitations of pre-
vious attempts of relating synergistic approaches applied
to EMG and kinematics, usually analyzed separately. We
first identified proper ranges for the parameters of the
algorithm. Then, we validated the algorithm on simulated
data generated by the combination of known synergies
and combination coefficients. We generated such ground
truth using a simple linear mapping of muscle activation
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Figure 9. Application of mixed matrix factorization (MMF) to experimental
data. Data collected during reaching movements to eight targets (center-
out movements) arranged in the sagittal plane were used to extract kine-
matic-muscular synergies and combination coefficients. In the top panel,
the curve of the reconstruction R2 value as a function of the number of
extracted synergies is shown (A). In the top-middle panel, the extracted ki-
nematic-muscular synergies are portrayed (B). In the middle panel, the
original data (gray areas) and reconstructed data (red line) are portrayed
(C). In the bottom panel, the coefficients used to modulate synergies are
reported (D). BicL, biceps long head; BicS, biceps short head; Brd, bra-
chioradialis; DA, deltoid anterior; DM, deltoid middle; DP, deltoid posterior;
ElbF, elbow flexion; Inf S, infraspinatus; LatD, latissimus dorsi; Pect, pector-
alis clavicular head; PR, pronator teres; ShE, shoulder elevation; ShIE,
shoulder internal rotation; ShPE, shoulder plane of elevation; Ter M, teres
major; TriL, triceps long head; TriLa; triceps lateral head; UT, upper trape-
zius (see METHODS). Movement onset and offset are shown with vertical
lines.
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to kinematic variables. We found that the algorithm accu-
rately recovered the ground truth from noiseless data. When
noise was added, the MMF algorithm correctly identified the
correct number of synergies in most cases (using as criterion
the flattening of the R2 curve) in most cases. The similarity of
the extracted synergies and combination coefficients with the
ground truth synergies and coefficients decreased with
increasing noise but was always higher than the similarity

achieved with the NMFpn approach. We then tested the algo-
rithm on real data and found that the extracted kinematic-
muscular synergies capture meaningful relationship between
shoulder and armmuscles and hand accelerations. The syner-
gies extracted with the MMF algorithm resemble the ones
achieved with standard NMF, with the addition of kinematic
components.

Simulation Results

The results of our simulation fully validated the MMF
algorithm. With noiseless data, we were able to achieve a
reconstruction R2 stably over 0.99, meaning that the algo-
rithm was able to reconstruct almost perfectly the original
kinematic-EMG signals. Although adding noise significantly
decreased the reconstruction R2, the reconstruction quality
was always very high and was always higher with MMF
rather than with NMFpn. When assessing similarity of spa-
tial synergies and temporal components, results were
equally supportive of the validity of the algorithm. In fact,
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Figure 10. Comparison between mixed
matrix factorization (MMF) and standard
non-negative matrix factorization (NMF).
The comparison between the synergies
and the temporal components extracted
with MMF (blue areas and lines; A and C)
and with standard NMF (red areas and
lines; B and D) with respect to the experi-
mental data (gray areas) is shown. From
visual inspection and quantitative assess-
ment, we found that the two methods
extract very similar muscle loadings and
thus MMF succeeds in reproducing the
muscle synergies found with the standard
NMF. Slight differences (W4) are found
due to the inclusion of kinematic wave-
forms. BicL, biceps long head; BicS,
biceps short head; Brd, brachioradialis;
DA, deltoid anterior; DM, deltoid middle;
DP, deltoid posterior; ElbF, elbow flexion;
Inf S, infraspinatus; LatD, latissimus dorsi;
Pect, pectoralis clavicular head; PR, prona-
tor teres; ShE, shoulder elevation; ShIE,
shoulder internal rotation; ShPE, shoulder
plane of elevation; Ter M, teres major;
TriL, triceps long head; TriLa; triceps lat-
eral head; UT, upper trapezius.

Table 2. Spatial and temporal synergy similarity (MMF
vs. NMF) for experimental data

W1 W2 W3 W4 W5 W6

Spatial similarity
(MMF vs. NMF) 0.996 0.934 0.980 0.532 0.979 0.982

Temporal similarity
(MMF vs. NMF) 0.953 0.933 0.946 0.432 0.978 0.912

MMF, mixed matrix factorization; NMF, non-negative matrix
factorization.
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when no noise was added to the data, we could reconstruct
the original WGT and CGT almost perfectly [sw > 0.99, sc >
0.99]. When increasing noise, as expected, there was a slight
drop of the similarity values. The drop is in any case limited
and reconstruction metrics were always reliably high, even
in the presence of noise. Even with these metrics, we also
noted that the performance of the MMF algorithm was
always higher than NMFpn. We were also able to reconstruct
effectively the original number of synergies by using the lin-
ear regression method, which we suggest to couple with the
employment of the MMF algorithm.

Selection of the Parameters of the Algorithm: l and μ

In this study, we selected adequate values for k and μ
according to tests on simulated data. It is indeed of interest
to comment on these parameters. Increasing μ results in a
higher gradient step, which may lead to faster convergence
but may miss more frequently the global minimum. On the
contrary, decreasing μ may require too many iterations to
converge to the solution. Instead k played a crucial role in
reducing cancellations and forcing sparseness on the solu-
tion. In fact, when simulating data and extracting synergies
with k = 0, we observed large cancellations between kine-
matic components of different synergies with opposite signs,
recruited simultaneously. In this condition, the recon-
structed signal may not be perfectly decomposed into the
original ground truth, and this is reflected in our findings.
We note that this condition of ambiguity is different from
NMF where contributions from different synergies can only
add up, but they cannot be cancelled. Cancellations take
place when synergy components have different signs, and
when their temporal coefficients are active with overlapped
timings.

One of our findings is that the algorithm without regula-
rizing term k can in general (and often does) find solutions
associated with high levels of cancellation. Of course, while
this is a minimum for a cost function, these solutions cannot

be accepted since they likely do not reflect the organization
at kinematic-muscular synergy level. In fact, slightly increas-
ing k has the effect of reducing the amount of cancellation at
the cost of a slight decrease in the reconstruction R2, which
is perfectly acceptable within some ranges quantified in the
paper and depending on analyzed data set. The effect was
clearly shown in the simulation and confirmed on real exper-
imental data.

Comparison with Previous Approaches

Torres-Oviedo et al. (23) used NMF to extract functional
muscle synergies from combined muscular (non-negative)
data and force (unconstrained) data. Although functional
muscle synergies extracted from separate positive and nega-
tive waveforms (NMFpm) robustly captured muscle activa-
tions and the active force vectors produced during postural
responses under several biomechanically distinct condi-
tions, it is not clear whether they represent an optimal set of
synergies. In fact, the separation of the end point forces into
positive and negative components along Cartesian axes may
lead to an incorrect estimation of the synergy set dimension-
ality. When mapping a set of force vectors whose non-nega-
tive combinations span the entire force space into vectors of
the positive/negative component space, there is no guaran-
tee that they will still span the entire force space. For exam-
ple, considering for simplicity two-dimensional vectors ([x
y]), non-negative combinations of the vectors {[1 0], [0 1], [�1
�1]} span the entire space but the non-negative combina-
tions of the corresponding four dimensional positive/nega-
tive component vectors ([xþ x� yþ y�]) {[1 0 0 0], [0 0 1 0],
[0 1 0 1]} do not span the space. In fact, the original vector [1
�1], corresponding to [1 0 0 1] in the space with separate posi-
tive/negative components, cannot be generated by any non-
negative combination of the three positive/negative compo-
nent vectors. Thus, at least four different positive/negative
component vectors are necessary for spanning a two-dimen-
sional space with non-negative combinations while three
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Figure 11. Effect of the regularization term (k)
on real data. A: the effect of k on the recon-
struction R2 and on the cancellation index is
shown. B: the cancellation index can be
reduced consistently by increasing the regula-
rization term, with a decrease of R2 as a side
effect. A relevant aspect of the application of
the algorithm consists in finding an optimal
trade-off between the improvement (physio-
logical plausibility) of the achieved solution,
and the quality of the reconstruction of the
original signals.
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vectors are sufficient in the original space. Moreover, the
region of original space not spanned by the positive/negative
components depends on the choice of the coordinates system.

The limitations of the NMFpn approach were clearly high-
lighted in our simulation. Indeed, even for noiseless data,
NMFpn could not accurately recover the ground truth. When
noise was added, the similarity of the synergies and combi-
nation coefficients extracted by NMFpn with the ground
truth was always lower than the similarity achieved byMMF.
Moreover, NMFpn failed to correctly identify the number of
ground truth synergies generating the data.

Physiological Interpretation of Real Data

To demonstrate the applicability of the MMF algorithm
to real data, we considered point-to-point multidirectional
reaching in the sagittal plane, frequently employed in
generic motion-analysis scenarios (26), rehabilitation, and
test of devices (31). We are aware that we are presenting
just an example of applicability and that reliable testing of
the novel algorithm should be provided on more struc-
tured data sets (32, 33). Nonetheless, in the reported exam-
ple, despite the limited directional variability, most of the
extracted synergies show meaningful kinematic-muscular
relationships, reflect the structure of the original input
waveforms, and capture well the biphasic nature of point-to-
point movements. As the acceleration profiles present a
biphasic pattern, with acceleration and deceleration phases
(18, 34), non-negative recruitment of kinematic-muscular syn-
ergies requires a sequencing of at least two synergies with
acceleration components of opposite signs. This can be seen
in all the considered kinematic degrees of freedom with dif-
ferent modulation depending on directions. For example, in
the forward, forward-up, and up directions, W1, which has a
positive loading of shoulder elevation associatedwith the acti-
vation of the anterior deltoid muscle, is recruited first (e.g., C1
has an earlier activation peak) and W2, which has a negative
loading of shoulder elevation associated with the activation of
middle and posterior deltoid, is recruited later (e.g., C2 has a
later activation peak). However, not all synergies have a clear
and straightforward physiological interpretation, probably due
to the approximations introduced in modeling the kinematic-
EMG relationship with a linear model. We observed some syn-
ergies in which kinematic and muscular activation are not
equally balanced, especially in the antagonist phases. For
example, the structure of W4, which loads heavily kinematic
variables and only a few muscles, may be affected by the need
to capture the biphasic kinematic patterns in two directions
(BK and BK-DW). This is not surprising considering that we are
approximating the EMG-acceleration relationship with a linear
model that does not capture the complex multijoint dynamics.
For this reason, probably our upper-limb scenario is very chal-
lenging for the application of the kinematic-muscle synergies.
However, it was in our opinion valuable to show some of the
potential of the algorithm in a typical scenario that has been of-
ten analyzed only in the framework ofmuscle synergies.

Overall, despite some limitations and open issues that
require further investigation, these results are promising
when considering real applications of the MMF to kine-
matic-muscular synergies. Even if our approach is merely
phenomenological and cannot be compared with a rigorous

biomechanical modeling, the versatility of our model may be
equally effective in representing relationships between
EMGs and joint angular velocities, or EMGs and articular
ranges of motion, or pushing this concept to the limit, also to
other domains. All these aspects are worth being investi-
gated in future applications of the algorithm.

Finally, the role of some preprocessing choices needs to be
highlighted. First, a fixed electromechanical delay was used
but it may vary across muscles and it may be necessary to
adjust it differently for eachmuscle. Second, the choice of nor-
malization across domains may affect the results. In this pre-
liminary application, we normalized each muscular and
kinematic variable by its maximum value, similarly to a recent
experiment (26); however, which normalization method is
more adequate to detect links between domains should be an-
alyzed in more detail. Also, the choice of relative scaling
between muscular and kinematic data should be assessed. In
this study, we decided to preserve maximum ranges but this
choice should be discussed and tested in more detail. Still, it is
always possible to reconstruct original waveforms by rescaling
after extraction. The best and most suitable options for applic-
ability in real scenarios will be amatter for further studies.

Advantages of Kinematic-Muscular Synergies and Other
Applications

The MMF algorithm has the potential to improve the cur-
rently available methods for extracting muscle synergies,
and especially, to extend them to multidomain scenarios. In
particular, the method was designed to capture the relation-
ships between EMGs and joint accelerations, extending the
concept of muscle synergies to kinematic-muscular synergies.
This allows not only to identify the repertoire of available
muscle synergies, but also to improve their physiological
interpretation by directly relating the synergistic organization
of muscles to themotor output they produce. Such evaluation
is currentlymissing in the literature. It is indeed an open issue
whether each muscle synergy should match to a kinematic
synergy or not, and whether the domains should have similar
or different dimensionality. Our factorization method natu-
rally solves this issue by suggesting that the two domains are
strictly interlinked, and associating each muscle coactivation
pattern with a covariation pattern in the joint accelerations
underlying the produced motion. Moreover, the minimum
number of kinematic-muscular synergies to be extracted is
the minimum number of synergies needed to positively span
the kinematic space, which is equal to the number of consid-
ered degrees of freedom þ 1. By providing such interdomain
matching, kinematic-muscular synergies implicitly consider
the dimensionality of the explored space as a constrain to be
considered, leading tomore reliable results than usingmuscle
synergies or kinematic synergies alone. This constraint is usu-
ally not considered in muscle synergies studies, while it cou-
ples naturally to our algorithm as kinematics explicitly
appears in the factorization. Kinematic-muscular synergies
are thus one of the first attempt toward a synthetic descrip-
tion of motor control and of a more comprehensive overview
of the variables that describe it. In this framework, also the
balance between muscular and kinematic components should
be investigated more in detail. In fact, the concept of “abnor-
mal synergies” can be extended also to the kinematic output,
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since muscle synergies alone can be misleading for interpreta-
tion. In general, similar muscle synergy loadings may not lead
to the same motor output. It is indeed of interest to consider
the balance of the muscular and kinematic components, to
understand whether muscle activations (usually considered
when performing muscle synergy analysis) correspond to the
expected motor outputs. Interestingly, kinematic-muscular
synergies incorporate muscle and kinematic synergies, but as
limit conditions with respect to normal motion. To illustrate
this, let us consider that when isometric conditions are found
(e.g., during a grasp in the holding phase), kinematic-muscular
synergies might downgrade to simple muscle synergies, as no
kinematics is connected to motion; while when motion is due
to external forces (e.g., when letting the upper-limb “fall”with-
out counteracting gravity), they might downgrade to kine-
matic synergies only. However, our novel algorithm is not
necessarily limited to this type of analysis, as it can be applied
to a variety of multivariate problems. Virtually, the algorithm
could be used to extend these findings to describe the EMG/
torque (18) and EMG/force (23) relationships, giving a descrip-
tion of the dynamic of the system, or linking the EMG to mus-
cle forces and torques as preliminary proposed by Russo et al.
(18) and Gopalkhrisnan et al. (35). This approach would pre-
vent the linear approximation that is implicitly made when
considering kinematic-muscle synergies that neglect multilink
dynamics typical of human limbs (in the presented approach,
EMGs are associated to accelerations rather than to torques).
Such scenarios would open novel perspectives on the analysis
and interpretation of motor control in laboratory scenarios
and even more in clinical practice. Moreover, isometric
conditions (such as holding a grasp) could be explored in
the domain of EMG/forces that are more suitable than ki-
nematic-muscular for describing synergistic organization.
The scenarios for application are indeed multiple and
might also include exploiting MMF for extracting muscle
synergies after the subtraction of the tonic components
(including negative phasic contributions as in Refs. 3 and
26). Thus, we foresee possible applications related to the
evaluation of negative EMG phasic components (extend-
ing the concepts already considered in Refs. 3 and 22). For
muscle synergies, this allows phasic components to be
negative (3), whereas in recent studies, they were con-
strained (clipped) to 0 to be compatible with NMF (26).

Conclusions

We introduced a novel algorithm for extracting kinematic-
muscular synergies that allows to remove the constrain of non-
negativity typical of previous approaches. We described in
detail the algorithm and provided comprehensive assessment
of its performances and range of applications. We believe that
this contribution will help to expand the use of synergistic
approaches tomotor control in various fields of research.
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