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Abstract

The stochastic dynamics of flagellar beating for micro-swimmers, such as flagellated
cells, sperms and microalgae, is widely thought to include a feedback mechanism be-
tween flagellar shape and the rate of activation/de-activation of the N > 1 driving molec-
ular motors. In the context of the so-called rigid fillament models, where the axoneme is
described by a single degree of freedom X (t), we investigate the effect of direct coupling
between the activity dynamics of adjacent motors, parametrized by K > 0. A functional
Fokker-Planck equation for X and the state of the N motors is obtained. In the limit of
small coupling K < 1, we derive a system of equations governing the dynamics of the
Fourier modes of the active motor density, obtaining estimates for several observables
and the fluctuations’ quality factor Q. For larger K we resort to numerical simulations.
The effect of introducing the coupling K > 0 is to increase characteristic times and the
beating period. Moreover for large Ks the limit cycle becomes bi-stable, with abrupt
avalanches of the motor dynamics. Increasing K is similar to what observed in the case
K = 0 when the confining elastic force is strongly reduced. The quality factor of fluctu-
ations has a non-monotonic behavior: it first increases with K, then decreases. This is
accompanied by the reduction and eventual disappearance of regions where the fraction
of activated motor is nor 0 neither 1.
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1 Introduction

The dynamics of active biological structures, such as motorized organelles, cilia and flagella,
results from a complex interplay of elasticity, hydrodynamics and active driving [1]. The last
ingredient, usually in the form of several molecular motors converting chemical energy into
mechanical displacement, deserves investigation from many different perspectives: biochem-
istry, thermodynamics, non-equilibrium statistical physics [2]. The energy injection rate of
molecular motors is a stochastic process, only partially understood, and its impact on the
mechano-hydrodynamics of mesoscopic objects is still far from a clear picture [3-5]. Fluctu-
ations of the observed oscillations in these systems can provide a powerful magnifying lens,
disclosing internal details that are not yet directly accessible in vivo [6-8]. However this mag-
nifying lens needs theory to be fully exploited, exactly as in the primordial example of this
kind, Brownian motion: Einstein provided an essential model, Perrin exploited it in experi-
ments, and the properties of atoms were disclosed to the eyes of scientists, previously blind [9].
Even more than a century later, now in the biological context, good models and their analysis
are still crucial to fill the gap between microscopic mechanisms, occurring at the nano-scale,
and mesoscopic observation, at the micro-scale [6,10,11]. The presence of energy conversion
from a chemical storage into directed motion, and finally dissipation, imposes a time-arrow in
these systems, breaks time-reversibility and implies the impossibility to apply the principles of
equilibrium statistical physics [10,12,13].

A neat example of this problem is provided by flagellar beating, such as that occurring in
cilia and flagella as appendices of eukaryotic cells, e.g. in sperms, certain micro-algae, or in
several epithelia [1]. In all such examples, the internal structure of a flagellum is the same
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and takes the name of axoneme. An extreme simplification of this structure reduces it to 9
doublets (excluding the central one which is not fundamental for the rest of the discussion)
of microtubules (MTs), running parallel to each other all along the length of the flagellum.
Each doublet is decorated by thousands of dyneins, which are proteins (ATP-ases) acting as
molecular motors by keeping an arm anchored to the first MT and attaching/detaching from
the second one. This attaching/detaching process follows a stochastic dynamics that consumes
ATP and induces local sliding between the MTs. Several mechanical constraints in the axoneme
convert such a relative sliding into local bending. How hundreds of thousands of stochastic
bending strokes coordinate to generate a smooth travelling wave is a fascinating and debated
matter [14]. Many models assume a feedback mechanism is needed: active motors induce
local bending, bending makes (locally) the motors de-activate, but then the bending relaxes
and the motors activate again [15,16]. Other models support the possibility that oscillations
can arise from mechanical instability even in the absence of such feedback [17-20]. Feedback
loops, which take place in space and time, can be realised according to several scenarios. For
instance the feedback response can be sensitive to different local observables, such as relative
parallel displacement between the MTs [21], curvature [22, 23] or its time-derivative [24],
or normal/tangential forces/deformations [25]. Experiments have provided some discrimina-
tion, but not unique across different biological objects [14]. Much less studied is how fluctu-
ations are affected by these feedback mechanisms. Theory and experiments, according to our
view, are still in their infancy for this particular problem [6,10]. A fundamental model taking
into account the finiteness of the number of motors, and therefore their fluctuations, has been
used only a few times to analyse experimental data: in the following we call it Jiilicher-Prost
(JP) model [16].

A modification of the JP model has been recently proposed to understand new experi-
mental observations: the modification consists in adding a direct coupling between adjacent
motors, inducing stronger correlations and consequently more complex fluctuations in the
spatio-temporal beating pattern [10]. The impact of noise correlation (analogous to motor
coordination) for fluctuations of the beating limit cycle has been studied also in [7,11,26]. In
the rest of the paper we call this model JPK i.e. JP with coupling constant K (when K — 0 the
original JP model is reproduced).

We mention that another class of models exists, the so-called crossbridge or “power-stroke”
models [15,27,28], where the motors are described as flexible springs, with their heads bind-
ing to specific sites of the filament and remaining stuck until unbinding. The motors switch
between conformational states. The dynamic instability is associated to a variation of the un-
binding rate with spring tension, in particular the rate should be increasing with the spring
stretching. An interesting connection between the crossbridge model and the JP model - in-
volving also nano-tribology, has been made in [29].

In the present paper we investigate, numerically and analytically, the JPK model, with the
aim of illustrating the main macroscopic modifications induced by the direct nearest-neighbor
coupling with respect to the original JP model. These modifications can be summarised as: 1)
for larger and larger K new dynamical interactions between spatial modes appear, i.e. more
and more time-scales are relevant, making relaxations and cycle periods much longer; 2) for
small K > 0, analytical predictions can be obtained for the evolution of the motor density
modes, for the quality factor of fluctuations and approximated estimates of the critical con-
dition for the appearance of limit cycle and its critical frequency; for larger K, numerical
simulations show a change in the shape of the beating limit cycle, with a much less uniform
dynamics or - said differently - more rapid - bi-stable or avalanche-like - switching between
extreme values: for very large K in a given region motors are all-attached or all-detached; this
is accompanied by a non-monotonous behavior of the quality factor of fluctuations: for small
K the precision increases but for larger K it strongly decreases. Interestingly, from the point
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of view of the width and uniformity of the limit cycle, increasing K is similar to decreasing
elastic confinement in the original model at K = 0. We mention that the model analysed here
is slightly different from the one studied in [10] and for this reason the results do not entirely
overlap but are qualitatively consistent, see B.1 for details.

In Section 2 we review the JP model and define the new JPK model under investigation.
Then in Section 3 we re-derive the functional Fokker-Planck equation for the “slow” variables
of the JPK model, that are the active motor density field p(x, t) and the flagellar wave phase
variable X (t). In Section 4, we consider the small K limit, obtaining a system of equations
for the Fourier modes of p(x,t) coupled among themselves and to X. The last subsection
of Section 4 employs some stronger approximation and truncations of the dynamics of the
modes, leading to simpler interpretations and estimates for the transition to the limit cycle
regime and its critical period. In Section 5 we discuss the results of numerical simulations
of the model, which for small values of K agree with the analytical theory, while for larger
values depart from it and provide an interesting counterpart of recent experiments on sperm
cells [10]. Finally, in Section 6 we draw conclusions and propose perspectives. Two Appendices
are present: the first discusses with details and examples a spatially homogeneous model, for
pedagogical completeness; the second one presents all main analytical derivations of the main
results presented in the paper.

2 Models

In this Section we recall basic facts of the JP model (K = 0) and we introduce the new JPK
model investigated in the present work.

The general strategy of flagellar models with feedback is to decompose a flagellum into
two main objects: a mechanical body and the motors; the body influences the motors and
the motors influence the body. The body represents the beating part, made of microtubules
and the wrapping material: in the real cell this part is subject to elasticity and hydrodynamics
constraints, but for the purpose of a simplified model it can be strongly reduced to few variables
characterizing the configuration of the traveling wave. The motors constitute the active source
of energy for the excitation of the elastic body, they can also be modelled in more or less realistic
ways.

The model we address in the present work (JPK, see Sec. 2.2) belongs to the class of 1 +N
models: the mechanical body is considered rigid and therefore is reduced to a single configura-
tional variable X (t), subject to a restoring elastic force with coefficient k and viscous damping
&, while the N motors, located along the filament, are each described by a binary variable
s; € {0,1} encoding their active (bound) or inactive (unbound) state. The switching rates
between the two states depend on X(t), closing a feedback loop that sustains spontaneous
oscillations. A nearest-neighbour coupling K > 0 between adjacent motors is additionally in-
troduced, modifying the transition rates and favouring configurations in which neighbouring
motors share the same state. This is a refinement of the Jiilicher-Prost model (JP 2.1), which
falls in the same category and which is recovered when K = 0. The reduction of the mul-
tifilament axoneme to a single filament and its elastic energy landscape to a rigid potential
modulated by a single effective degree of freedom, originally introduced in the Julicher-Prost
papers, is justified by experimental evidence - eg. from principal component analysis showing
that the flagellar dynamics is low-dimensional (for instance in [6] they show that the 95%
of movement of the flagellar centerline can be captured by the first two shape modes of its
tangent angle). Already the observation of a stable limit cycle suggests a simple description in
terms of a minimal oscillator model.
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Figure 1: Schematic representation of the axonemal structure and its corresponding
simplified mathematical model used in this study, highlighting the aspects captured
by the model and those it neglects. In the mathematical description, molecular mo-
tors interact with the filament only when attached and exert forces derived from the
potential W(x —X).

Note that in Appendix A we also revisit a a 1 + 1 model, i.e. both body and motors are
represented by a single variable. We decided to summarise with some details this simpler
model because it is pedagogical for the more detailed models [30].

We anticipate that, from a qualitative point of view (e.g. looking at the shape of the limit
cycle), the effect of increasing the coupling K among neighbouring motors is not very different
from reducing the relative elasticity of the body, i.e. the parameter k or its rescaled adimen-
sional counterpart v = k/(£w) in the original, uncoupled, JP model. As already observed
in [31], when k is large the limit cycle is smooth while reducing k leads to larger excursions
and - consequently - a bi-stable cycle shape. The same happens in the 1+ 1 (“homogeneous”)
model, discussed in the Appendix. We recall the difference between k and K: the elasticity k
represents the action of an external harmonic potential confining the motion of the filament,
while the coupling parameter K represents the tendency to be in the same state for adjacent
motors.

2.1 The Jiilicher-Prost model with a spatial profile

With respect to a homogeneous model where the state of motors is described by the number
of active ones only (see for instance the model described in Appendix A), introducing N vari-
ables for the motor state allows for more realism and, most importantly, for the possibility of
observing fluctuations. A model with emerging collective dynamics of N motors coupled to
a filament, represented by a collective coordinate X (t), has been introduced in [16]. It was
built upon a previous work [32], where the same basic ingredients were already present but
- in the absence of a confining elastic external force - the model illustrated indefinite directed
motion instead of oscillations. The original model therefore displayed a transition from rest
to motion, in the shape of a discontinuous transition, at increasing ATP concentration (a value
that in the model represents the breaking of detailed balance). In [16] the presence of the
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elastic confinement converted the direct motion into oscillations, leading to a Hopf-like bifur-
cation from a fixed point to limit cycle. The model was then studied in details in [31] where
it was shown generically that the dynamical instabilities are associated to a non-monotonic
force velocity relation. Bidirectional motion in this model (due to finite size fluctuations and
without elastic confinement) has been studied in [33-35].

In the JP model, see Fig. 1, the system consists of an ensemble of N independent motors
that cyclically bind to a common filament (the “backbone”), which is considered rigid, whose
collective position is described by X(t). Each motor i is at position z; and can be in a bound
state (s; = 1) or an unbound state (s; = 0), interacting with the filament through a potential
which is periodic with period ¢£:

W(x)= Uo[l—cos(zz[fx)] , M

where x is the relative position between the motor position and the filament coordinate, see
below. Motors can be thought as regularly spaced along the filament but with a period which
is incommensurate with £: the precise form of z; is however not important, the only necessary
ingredient is that in the limit of N — oo they have a homogeneous density (£ does not scale
with N). The binding and unbinding rates satisfy the uniform-rate condition w,, + w.gf = Q,
which simplifies the analytical treatment while preserving the essential physical features. They
take the following analytical form:

Wen(x) =0 [n - acos(zlg)} , Wo(x) = Q— wn (). (2)

The parameter 7 is the fraction of bound motors averaged over x and is sometimes called the

duty ratio:
¢ ¢
1 W,y (x) 1
=-1|d on =— | d . 3

K efo X on(3) + op s () mJO X @on(x) )

The motion of the filament is governed by viscous and elastic forces, characterized respec-
tively by the drag coefficient & and the elastic coefficient k, as well as by active forces derived
from the potential (1). Introducing the dimensionless parameters

k 2m2aUyN

VZS_Q’ Y= Q€2§ 5

and considering £ and 1/ as units of space and time, the equation of motion becomes:

dX :
I =—yX + MLNZSI- sin[27(z; —X)] . 4)

We highlight, in passing, that the force exerted by the motors is evaluated at the position
x; = z; —X(t) i.e. that it takes into account the time-dependent shift X(t) of the filament.
For the same reason the transition rates w,, and w,; must be evaluated at the positions
x; = 2;—X(t) (explicit in [6,35], but also taken into account in [16,31,32]). We also underline
that in the following we study the model when N changes but y is kept fixed (analogous to
a rescaling U, ~ 1/N), similarly to what done in [6]. This implies that apparently the force
is of order 1 and N has an effect on its fluctuations only. We say apparently because the real
impact of the force depends upon the state of coordination of the motors, which is influenced
by N and the coupling K (introduced below).

In Section 4 we describe - directly applied to our model - an analytical strategy for large
N which was already proposed by the authors [16,32] and in successive works [6,31] for the


https://scipost.org
https://scipost.org/SciPostPhysCore.9.3.046

SC|| SciPost Phys. Core 9, 046 (2026)

original JP model which is a particular case (K = 0). The main results of the study of the
model at K = 0 are briefly recalled here. The analytical strategy is based upon expanding in
spatial Fourier modes the density of motors, see Eq. (17). Then one notes that the two modes
at the largest wavelength, characterized (in the frame of reference where the motor profile
is comoving with X(t)) by coefficients a;(t), Bl(t), dominate the description of the filament.
These modes obey the following stochastic differential equations, coupled with X (t):

1 =—(a; +1—yb? +27mvb X)) + L (1),

Q-

S

1 == (by + b1y —2mva,X) + §(0), ©)
X = Lgl —vX.
27
The noises [6] {4, {}, are Gaussian, with

(Ci(0)E;(t)) =2D;5;;6(t —t"),

_ 1 [4n(1—mn)
Pa = ZN[ o b ©)
1 1—
D=L [M _ 1] _
2N a?
Neglecting the noises, one has a dynamical system that has a unique fixed point at @} = —1,

T);‘ = 0 and X = 0 with X* = 0. The linearised equations for small force f = yb;/(2m) and
small X read

f = _f + YX ’
. (7)
X=—vX+f.
These equations can be cast into the following second-order equation for X:
X—eX+vX=0, (8)

where we have defined the parameter € = vy — 1 — v. When € < 0 the fixed point is stable,
when € > 0 a limit cycle is reached. The second-order equation allows us also to estimate the
oscillation frequency at the bifurcation point wy = w. = 4/v. Therefore the natural oscillation
frequency of this flagellum model increases with the rescaled elastic coefficient ».

In the Appendix of [6] the stochastic differential equations, Eqs (5) have been reduced to
a stochastic Hopf normal form close to the bifurcation. In this regime, the oscillation phase
undergoes stochastic diffusion characterized by a coefficient D, which quantifies the temporal
loss of coherence, while the quality factor Q measures the regularity of the motion: large Q
values correspond to more stable and coherent oscillations. These quantities take the form:

2
Wy Wo
D=|1+(—=2) |D,, =2, 9
[ (M )] b Q 2D 9
with explicit parameters:
_ 372Qv(1+2v) 1 e(1+4v)
b= 0 +4n T2 31 +2v)’
w, = Qv w; =—uVv/(1+2v), Wy = w,— wiA.

We also recall that +/A represents the amplitude of oscillations and w,, their frequency. It
follows that Q o< N, confirming that oscillation coherence increases linearly with the number
of motors [11]. It is also useful to note that Q o< 1/Dy, a relation that will be recalled later
when discussing the effects of coupling.
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2.2 The model with nearest-neighbour interactions

In [10], Maggi and collaborators proposed an extension of the JP model introducing local
interactions between adjacent motors, modeled by a quadratic potential:

Uping,i =K [(si —siz1)* + (s;—si1)?] (10)

where K quantifies the coupling strength. Minimising this energy term favors configurations
in which neighboring motors share the same state, promoting local coordination.

The coupling energy modifies the transition rates. How the rates depend upon this energy
in the original paper and how differently is considered in this paper is explained in the Ap-
pendix, see B.1. Here we give only the expressions used in the present work. Assuming that

0) ,—-AU e
on.i @ , one obtains:

2m(z; — X
Won,i = §2 [n —a cos(%)] e—2K(1=si1—s11) ,

2n(z; — X
Woffi = Q—Q [n —Qa cog(%)] e_ZK(l_si—l—SiH) .

the effect of the potential appears as an exponential correction w

(11)

This formulation preserves the uniform-rate condition and introduces cooperative dynamics:
a motor tends to bind if its neighbors are bound, and to unbind otherwise.

3 Functional Fokker-Planck equation

As a starting point, we derive the functional Fokker-Planck equation in the model with nearest-
neighbor couplings in the large N limit. To achieve this goal, we adopt the following strategy,
similar but not identical to the derivations found in [6,16,31]. The filament is divided into m
equally spaced sites, each containing N /m motors. We introduce the probability P({n;},X, t)
of finding the vector of motor states (i = 1...N) in configuration {n;}, while the filament is at
position X at time t. In the limit N > 1, one obtains a general Fokker—Planck equation valid
for arbitrary choices of the rates wqy /o

op _ 0 W'(z; —X)n; _
| ()

+Zaini|:(woff(zi_x)ni — won(%; —X)(N/m—ni))P] (12)

= 8_22 Wose(2; —XIN; + won(z; —X)(N/m—n;) )P |.
+2 T on;

Since the variables s; are discrete, the model is reformulated in terms of the mean density of
bound motors at site i, defined as p; = n;/(N/mf). Except for edge motors (negligible in
number), the neighbors s;_; and s;,; belong to the same site j, one obtains, in the mean-field
approximation:

(i) = (six1) = pjt.

The mean transition rates for site i thus become:

2z — X
Won,i = 9 [n - acos(#)} e—2K(1=2p;t) )

271(z; — X) )} o—2K(1=2p;0)
— )

(13)
Wofri = 22— [n — acos(

8
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We stress the fact that, though the notation remains the same, the meaning of the rate is
slightly different, passing from a variable at motor level to a site-averaged variable. In the
continuum limit p; — p(z), one obtains:

2 —X
a)on(z —X) =0 |:fn —a COS(M)] e—ZK(l—Zp(z)Z) )

4 (14)

woff(z _X) =0 won(z _X) .

In the continuum limit, a functional Fokker-Planck replaces the discrete one. The functional
formulation reads:

8P 2 e fop)+ [ de oA, )P
ot axt\P , Fep@) P
¢ ¢ (15)
if dzJ dy6(z— )—52 [B(z,X,p)P]
Tan ), ) T e @ee P
where .
v(X,[p]) = %f W'(z—X)p(z)dz— X,
0
A=, X, 0) = ag(s = X0p(z) — 0n(s =) | § = 3) | (16)
1
B(&,X,p) = 0oz =X)p () + ona —X) | { —p(3)]
4 Linear analysis for small coupling
The local density of bound motors can be expanded as a Fourier series:
p(z,t) =aay(t)+ a; [an(t) cos(nzlg) + b, (t) sin(nztg)] , (17)

where a, and b,, are the Fourier components and « is the same parameter introduced in the
rates definition. In the following we consider the deterministic (noise-free) limit, neglecting
the noise terms in the functional Fokker—Planck equation.

At first order in K, the system of equations for the evolution of the filament position and
the Fourier modes becomes:

X = Lezﬂ(b1CX _alsx)_ 'VX,
2n

i Q
ap=—| (1 —4nK)ay— z(l —2K)ﬁ + 20K a(cya; —|—st1)] ,
L a
. [ Q
a, =—| Q1 —4nK)a; + ?(1 —2K)cy +2QKa(2cxay + cxas + sy bz)] , (18)
. - 9]
bl =— Q(l—4nK)b1 +?(1—2K)Sx+ZQKa(23Xa0 +3Xa2+be2):| 5 fornZ 2,

a, =—[Q(1 —4nK)a, + 2QKa ((am41 + an_1)cx + ((bppr — bpo1dsx ],
bn = [Q(l - 47’K)bn +20Ka ((an+1 + an—l)SX + ((bn+1 + bn—l)CX))] >

with the definitions ¢y = cos(2nX/{) and sy = sin(27tX /{£). The resulting dynamics is phys-
ically equivalent to that of JB although the equations are not written in the same form, since

9
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they are derived in a different reference frame. In (23) below, we rewrite the dynamics in the
frame co-moving with the flagellum; in that representation, setting K=0 recovers exactly the
JP equations (i.e. Egs. (5), neglecting noise).

To simplify the expressions we introduce dimensionless variables by setting { = 1 and
Q =1, so that all quantities are expressed in natural units. We then expand the Fourier modes
to first order:

a=a®+Ka®, b, =b®+KBD.

At zeroth order we recover the original JP model:

aéo) [aéo) ﬁ] >

a
O _[o® 4],
B =[5 45, a9

n=2: c'l,(lo) = —aglo),
hO = b

At first order the system becomes:

dgl) =— [—47} ago) + agl) + 2ﬂ
a

+ 2a(ch(O) +st(0))}
dgl) =— [—4n ago) + agl) 2cx +2a (Zcxa(()o) + chgo) + sy b(o))]
(1 0 1 0 0 0
bg ) = —[—4n bg )+ bg )25, +2a (2$Xa(() )+5Xa§ ) ey b( ))] (20)
. 0 0 0 0

nx=2: afll) =—[—4naf10)+afll)+2a(( (0) +a( ) )CX+(bfl+)1 b( ) )SX)]

bpz_pmw9+wuaq(gﬁﬂm)&+@gﬁwm))]

In the long-time regime, the variables ago) and aglo) for n > 2 relax to their fixed points, yielding:

X = ZL [(bgo) + Kbgl))cx — (a§0) +Ka11))sX] — X,
m

0_Mm
Clo —a
60 =—[a® +;],

. (0 0
bg )=—|:b§ )+Sx] 5
07(10):0’ b(O):o, forn>2,

4 alV + 2” +20(cxal” + st(O))] , 1)

B

(1) _
a4y

0, (1)

dgl) —4na;” +aq

—2cx + 4ncX]
dgl) a,” + 2a( (0) bgo)sx)] s
b + Za( (O)SX + bgo)cx)] ,

agll) =0, bgl) =0, forn=>3.

-[-

b{Y = —[—4n b + bV — 25y +4msy |,
[

b§Y = —[ b

The system displays a clear hierarchical structure: first-order equations are directly driven
by the zeroth-order solutions, which act as forcing terms, while the zeroth-order dynamics is
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completely unaffected by first-order corrections, as expected from a perturbative expansion.
All equations contain a negative linear relaxation term of the form y = —y +..., implying dissi-
pative dynamics. As a consequence, the system possesses dynamical attractors (fixed points or
limit cycles) that determine its long-time behaviour. Moving from zeroth to first order in K also
makes the equations for n > 2 nontrivial: the truncation, which in the uncoupled limit effec-
tively occurs at n = 1, naturally shifts to n = 2. This reflects the structure of the unperturbed
problem, where the linear term in K couples neighbouring modes, linking a,(ll) and bgl) to aflo_)l

and bgo_)l. We also highlight that the structure of the linear system is highly non-reciprocal
(e.g. the coefficient of variable a, appearing in a,, is different when n and m are swapped),
a fact which is in line with the active nature of the model under investigation [36-40]. The
non-reciprocal structure of the linear system is a direct consequence of the full model being
non-potential.

An analysis of the full system (18) can be performed via numerical integration. For our
purposes, the integration is done by truncating the system at index n = 60, with a time step
dt =0.001, up to t = 300, using the same parameters reported in Table 1, shown in the next
Section. As displayed in Figure 2, the maxima of the oscillating coefficients a,(t), b,(t) after
a certain transient (taken as 90% of the total time) differ by orders of magnitude depending
on K. Most importantly there is a clear difference between the cases K = 0 and K > 0: in
the former case a,, and b,, fall to zero starting with n = 2, while in all other cases a,, and b,
decrease exponentially with n: this is a clear evidence that even small couplings modify the
structure of the density profile.

For Fourier coefficients with larger indices, the double-logarithmic scale plot reveals a
power-law dependence of the maxima on K, at least for K < 0.4. At K = 0.5, the sign of
(1 —4mK) changes, causing the coefficients to increase exponentially instead of decreasing;
thus, the perturbative approach is no longer physically meaningful. For each coefficient, the
exponent of the power law ~ K% (M-~ K@) js extracted, and a linear dependence of these ex-
ponents on the coefficient index n is observed and fitted (Fig 2) (only for n > 2). The obtained
dependencies are:

a,(n)=1.04n—0.97, ay(n) =1.04n—0.86. (22)
Additional Fourier coefficients with larger indices are reported in the Appendix B.5, where they
further confirm the persistence of the exponential decay regime for coefficients with n > 2.
4.1 Comoving frame of reference

To maintain consistency with JP framework, in particular with the relation between noise and
quality factor, we study the system also in the frame co-moving with the filament by defining
p(x) = p(x+X(t)) and consequently the coefficients d, and b, for the corresponding Fourier
decomposition. Inserting this transformation into the Fokker-Planck equation yields:

Xzzli)l—vx, (23)

. i )
Gy = —| 21— 4nK)do — (1 —2K)g + 2QKa&1] ,

B Y . -
a; =—|[Q(1—-4nK)a, + ?(1 —2K) +2QKa(2d, + dy) —

YB% 2711151
L x|,
14 14

2 1 7 B d —2 :

by = — |91 —4nK)b, +20Kab, + 1= — nevalx]’

| - bb, 2myvnb

i, =— 9(1—47]K)&n+2QKC‘(&H+1+&“_1)_Ynfl a m;n X]
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nb,d 2myna
Y 1 n__ nX:|’

b, =— [9(1 —4ni)by + 20K a(byy +By) + ;

which reduces to the uncoupled case when K = 0. An important result, already mentioned
before but more evident in this frame of reference, is the fact that, for the fixed point of the
system, when K = 0 one has @, = 0 for n > 2, while when K > 0 such coefficients have
non-zero values (but smaller and smaller with growing n).

A fundamental result, that is more clear in the comoving frame of reference, is that the
rate of self-decay (the coefficient of —a,, in @, or the coefficient of —b,, in b,,), in each mode,
decreases with K as Q(1—4nK). The correction (1—4nK), at all orders reveals a main effect of
K for the dynamics, which becomes slower and slower with larger values of the coupling. This
observation is consistent with the estimate of the oscillation frequency (see next subsection)
that decreases as ~ 4/ (1 —4nK) and the measurement of the limit cycle period in simulations
which increases exponentially with K. From the observation that for large K the period grows
exponentially with K, see Fig. 4(d), we conjecture - at least phenomenologically - that the
correction (1 —4nK) can be prolonged for large K as e~ *7X.

30 4 (h)

a5

—— Fit aa(n)

10 +

max|a,|, max|b,|
2
]

2x10° () o (@ . (e
L ]

1.8 x 10° e a e a 10° 4 a
—— Fita —— Fta

m b

T -- fith oo o ¥

1.6 % 100 _ e___
sevrewe

=
5

1.4 x 100

max|ao|

0 -
12 x 10 .-

L]
max|a;|, max|b;|
"
max|a;|, max|b.|
\
\
\
\
\
\

1071 4

Figure 2: Numerical results about the decay of the maximum of the Fourier mode
from the solution of the system (18). (a) maxima as a function of the mode index
n (the dashed line connecting square symbols corresponds to the coefficients b,,);
(b) fitted values of the exponent a,(n), governing the power-law scaling ~ K% (™
shown as a function of n; (c-e) maxima of the first Fourier coefficients as functions
of K; dashed lines indicate power-law fits ~ K% and ~ K@,
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Reintroducing noise in the flagellar frame, using the same definitions and the same proce-
dures as in the original model [6], the noise intensities become:

Da—-l[4“1‘”)_

K
3} + vz [10a? + 2a + 12— 32na® — 4na — 161° — 47 |
a

2N a?

_ 1o €)

_ﬁ(d& +Kd"), 24

_ 1 14n(1—n) K 2 2 2 3
DE_E[T_l +W[2a +2a+12n° —8na® —4na—16n —477]

_ 1o 1)

_N(dg +kdV), (25)

where d(V) denotes the linear correction due to coupling and d® corresponds to the same
results found in [16].
Since the quality factor scales as Q o< 1/Dj, the corrected expression becomes:

1 N
Qox — =

Dy d© 4 gd®’ 20)
b b

showing that even weak coupling directly affects the temporal coherence of the oscillations.

From this formula, in the small-coupling limit, we also expect Q to receive a correction that

scales linearly with N.

Following the choices commonly adopted in previous works and in the simulations of this
study, we set the parameters a =1 = % With this choice, the correction dél) is equal to —6.
Consequently, in the small-coupling limit, we expect that the quality increase with increasing
coupling strength K. Numerical result, see below, reveal that the quality in fact increases for
small K, but for large K decreases, contradicting the prediction at linear order.

4.2 Stability of an effective coarse-grained system

In this subsection we discuss some approximation which is justified by the fair comparison
observed with numerical simulations. The advantage is the reduction to a minimal set of
degrees of freedom and the possibility of a simplified linear stability analysis. Despite the
infinite hierarchy of modes, simulations for small K show that rapidly d,(t) — d; = 1:2711;2
and - even more rapidly - the system reaches d, ~ @, and b, ~ 0 for n > 2, with a ., <a,
enabling a substantial empirical reduction. It can be verified, numerically, that the dynamics of
the reduced set (X, d,, by ) is quite similar to the behaviour observed in the microscopic model.

This empirically reduced system reads:

X:LBI—VX,
27

1 =—[qd, +p+4aKa; —yb?+2nvbh X], (27)

© Qe

Bl =_[q51 +YC~1151 —ZVﬂle] 5

with ¢ = 1 —4nK and p = 1 —2K. The above system has a fixed point in X = X* = 0,
b, = ET =0, d; = @ = —(p +4Kad})/q. The equations linearised around the fixed point
show that the fluctuations 6d; = d; — dj are decoupled from the other two variables (as it
happens for K = 0), leaving
8a; =—qbd,,
X=f—1X, (28)

f=—qf —vaiX,
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Figure 3: Critical v as a function of K from the stability analysis of the system reduced
to only three variables, Eqs. (27). When v > v, the fixed point is stable, while if
v < v, a limit cycle appears.

where f = yb, /2. The last two equations can be recast into
X—(e+6e)X+v(1—4nK)X =0, (29)
where € = y —1 — v was the parameter defined in Section 2.1 and
Se =—y(1+a})+4nK ~ —2[y(1—4n) —2n]K + O(K?). (30)

The system is unstable when € + 6¢ > 0, or equivalently € > —¢€. From the point of view
of physical parameters, when K increases the unstable space enlarges, for instance the critical
v.(K) (above which the fixed point is stable) increases with K, see Fig. 3. Comparison of the
numerical solution of the reduced system with a system reduced to a larger set of variables
shows that the critical point is not exactly estimated, however its qualitative behavior is repro-
duced. Eq. (29) gives also a first estimate (at small K) of the frequency of the limit cycle close
to the transition, that is &~ 4/ (1 —4nK).

In conclusion, the effect of coupling K > 0 (at least when it is small) is an increase of the
possibility to observe limit cycles, together with a reduction of the limit cycle frequency at the
critical point. This conclusion is qualitatively coherent with the observations of the numerical
simulation of the microscopic model, see next Section and in particular Fig. 8.

5 Beyond the linear analysis: The effect of strong couplings

In order to investigate the behavior of the system beyond the regime of small K we need to re-
sort to numerical simulations of the microscopic stochastic model. Note that in the expansion
discussed above, the coefficients change sign when K is large and 1 —4nK < 0, which repre-
sents the limit of validity of the expansion itself. The results in this Section are obtained by
numerically integrating the following dimensionless equations (which are the same as those
presented in Section 2.1, we repeat them for the benefit of the reader):

dx
E =—vX +F(t),
N v (31)
F()=>s — sin[ 27(x; —X(1))],

i=1
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Table 1: Simulation parameters.

Parameter Description Value
Y Active force 1.2m2

v Elastic constant 10

n Mean fraction of active motors (for K = 0) 0.5

a Transition—rate parameter 0.5
At Time step 0.001

where s; € {0, 1} is the state of motor i and x; = i/N its position. At each time step, the state
of a motor is updated with probability p taking the following expressions:

5;:0—>1, with p=wy(x;—X)dt, s;:1—>0, with p=wu(x;—X)dt.

It is useful to note that, in the coupled case, the typical time of a transition scales as 1/wy,
which scales as ~ e =K with ¢ of order ~ 1, depending on the state of neighboring motors. For
large values of K, this implies that transition times become extremely short, much shorter than
the integration time step dt accessible in simulations. For this reason, the range of simulated
values of K is restricted to K < 3. Within this range, we observe that the qualitative behav-
ior of the model does not depend on the specific update scheme used for the motor states,
whereas deviations appear for larger values of K. The integration of Eq. 4 is performed us-
ing a fourth-order Runge—Kutta scheme, and the parameters employed are listed in Tab. 1.
The binding—unbinding process is treated using a fixed time-step renewal scheme (with the
same At as for the continuous part of the dynamics). At each step, transition probabilities are
evaluated, and switching events are implemented via pseudo-random sampling. A Gillespie
algorithm is not used, as the continuous dynamics already requires a fixed small time step.

With the chosen parameters, a limit cycle is observed for all values of N we have studied;
for instance, it is well visible in the (X, F) plane. See Fig. 4 a and b, representing spontaneous
irreversible oscillations of the filament configuration {X, o, ...,0y}, fully consistent with the
theoretical predictions. We first note that increasing the number of motors N has the qual-
itative effect of suppressing the noise and sharpening the cycle. More interesting is the fact
that the shape of the cycle substantially changes when K is increased. For K = 0, the cycle is
nearly elliptical; when interactions between motors are introduced through a positive K, the
cycle becomes distorted with larger displacements of X(t) and forces F(t). We explain such
larger displacements and forces as a consequence of the slower dynamics, according to the
previous estimate of the decay rate of the modes, decreasing with K: a slower dynamics of
the density profile induces more persistent effects of the motors and therefore a more effective
driving force. This is reflected also in the the measurement of the period of the limit cycle in
numerical simulations, see Fig. 4(d): we observe an exponential increase of the period 27/ w,
(where wy is the angular frequency of flagellar beating, see below) as a function of K, coherent
with the predicted decrease of the frequency at small K, estimated in Section 4.2.

Since the limit cycle is neither centered nor aligned with the coordinate axes, the angular
variable 6(t) = arctan(F /X) is not well suited to track the dynamics. Instead, we introduce a
more appropriate phase variable by applying a rotation by principal component analysis (PCA)
that diagonalizes the covariance matrix of (X, F) [6]. The PCA yields two eigenvectors, ¥, and
v, associated with the directions of maximal and minimal variance. The first eigenvector, ¥,
identifies the direction along which the limit cycle stretches the most. The angle 3 between the
original X axis and ¥, is therefore the rotation needed to realign the cycle along its principal
directions and remove the cross—correlation between X and F. The rotation by 8 defines two
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new components (X, Fyo), from which a well-defined phase can be constructed:

cosfBX —sinfSF sinfX +cosfP F
p p , sin@ = p P ,

2w, 2wg

cosf =

where w, = w; are the eigenvalues of the covariance matrix. The PCA rotation is particularly
effective in the case K = 0, see Fig. 4 frame c. On the contrary when K increases, even after
PCA rotation, the limit cycle results non-symmetric with respect to the principal axes.

We then introduce the complex autocorrelation function of the phase 9:

c(t) = (ei[e(t+r)—9(t)]> )
Its real part exhibits a damped oscillatory behavior, which can be accurately fitted with
Cre(7) = € "7 cos(wo 1),

allowing us to extract the phase diffusion coefficient D and the mean angular frequency w,
(the period 27/w, is shown in Fig. 4(d)). Two examples of the curves C(7) are shown in
Fig. 5.
Having extracted the oscillation frequency w, and the phase diffusion coefficient D, the
quality factor is defined as "
0

Q= 2D (32)
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Figure 4: (a,b): Force-position limit cycle in numerical simulations with increasing
N at fixed K = 0.5 (a) and effect of increasing coupling K at fixed N = 5- 10 (b).
(c) PCA rotation of (X, F) variables: effect of varying K at fixed N. (d): Limit-cycle
period in function of K for several values of N.
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Figure 5: (a,b) Autocorrelation analysis: extraction of diffusion coefficient D and
angular frequency w, from Re{C(7)}, shown for N = 10* at K =0 and K = 1. (c,d)
Quality factor Q as a function of N and K.

The numerical results for the quality factor are shown in Fig. 5. In (c) the growth with N
is shown. For weak coupling (K < 1), the simulations show that Q grows linearly with the
system size N, in agreement with the theoretical prediction. For moderate to strong coupling
(K Z 0.5), the quality factor for large N deviates from the linear behavior, in almost all cases
bending down (with the only exception of the case K = 3) indicating that temporal coher-
ence becomes limited by interaction-induced fluctuations rather than by finite-size noise. We
suggest that the results in Fig. 5(c) could explain apparently contrasting results in the recent
literature, i.e. the linear behavior seen in [11] and sublinear behavior observed in [10] could
correspond to different intensity of the motor-motor coupling in the two different experiments.
In the same Figure it is seen that at constant N the quality factor first increases with K, as an-
ticipated by the linear analysis, and then - roughly at the values of K that break the validity of
the linear expansion - always decreases with K.

Regarding the density of active motors, the numerical profile is obtained via spatial binning,
choosing a number of bins such that each contains a sufficiently large number of motors (here:
100 bins for N = 100000). This empirical density can then be directly compared with the
theoretical prediction, as illustrated in Fig. 6. In the numerical integration of the evolution
equations for the Fourier modes, a truncation had to be imposed. Since the results indicate that
the mode amplitudes decay exponentially with increasing index, truncating at a sufficiently
high index introduces only negligible errors. We therefore chose n,,, = 10.

From the numerical density profiles we can extract several interesting features:

1. For K =0, the profile is Gaussian and always satisfies p < 1 without the need to impose
any explicit physical constraint.

2. For K > 0, a region with p > 1 appears. This is unphysical, and enforcing the bound
p < 1 corresponds to a saturated plateau with p = 1, which is precisely what we observe
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in the simulations.

3. Forsmall K, the theoretical prediction agrees well with the simulations, both in the shape
of the density profile and in its temporal evolution. As K increases, theory progressively
overestimates the width of the saturated region and its temporal dynamics becomes
less accurate. The magnitude of the mean deviation, averaged over space and time,
between the theoretical density profile and that obtained from simulations increases
with K (K =0, |[Ap| =1.3%; K =0.1, |Ap| =5.7%; K = 0.2, |Ap| = 7.4%).

4. For large K, where the perturbative theory loses validity, simulations nevertheless show
a clear qualitative behavior: strong coupling promotes motor cooperativity to the point
that the system splits into two domains, one where all motors are active and one where
all are inactive, with only weak modulation induced by the filament motion.

A second interesting observable characterising the effect of K is the total number of ac-
tive motors. The time behavior of this observable is shown in Fig. 7, left graph. From the
simulations we observe that:

1. The time series N,.(t) exhibits a pronounced initial peak, corresponding to the spatial
reorganization of motors; this peak becomes stronger as K increases.

2. For small K, the average fraction of active motors remains nearly constant around
1~ 0.5.

3. For large K, the system undergoes a sharp transition toward a regime where the average
fraction of active motors is an increasing function of N, going from values slightly smaller
than 50% to values larger than 50%, saturating to ~ 56% at very large N.

The effect of K is also visible in the stabilization of the system’s limit cycle. In the uncoupled
case, the parameter € = y — v— 1 defines two distinct zones: € > 0, where a limit cycle exists,
and € < 0, where it does not. By varying K, we can show that the critical value €, depends
on K and is no longer fixed at 0. This result is shown in Figure 8. The data were obtained
by simulating the system up to a final time T = 1000, saving the values of X versus F from
Ty, = 500 onward to eliminate the initial transient. Two conditions must be satisfied to classify
the system as exhibiting a limit cycle:

1. The ratio between the peak and the noise of the FFT of the signal must be greater than
500.

2. The variance of X, expressed in dimensionless units, must be greater than 10~*. This
condition avoids false positives: if the FFT noise is very low, for example when the
point oscillates only slightly around a fixed point, the peak-to-noise ratio could become
artificially large and incorrectly indicate the presence of a limit cycle.

p(2)

Figure 6: Density of active motors at the final step, for different values of K. Blue
histograms represent numerical simulations. In the weak-coupling regime, they are
compared with the analytical prediction (red curve).
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Figure 7: Time evolution of the total number of active motors N,.(t). The total
number of motors is N = 10°. (a), average number of active motors as a function of
N (b) and K (c).

From this phase diagram, we can see that increasing the coupling K enlarges the region of
€ values for which the limit cycle exists. This indicates that the coupling promotes collective
oscillations, effectively extending the accessible parameter space where a limit cycle can be
sustained. The critical value €.(K) decreases with increasing K, initially rapidly for small K
and then more slowly for larger values. These observations are consistent with the predictions
of Section 4.2.

6 Conclusions

We have studied numerically and analytically a “rigid” model for active flagellar beating, driven
by stochastic molecular motors, under the external effect of elastic confinement and viscosity.
The model investigated here is a modification of a model introduced by Julicher and Prost
in the 90s [16,32]. The modification is a direct coupling between adjacent motors, favour-
ing them to be in the same state. This ingredient, with some technical differences, was pro-
posed recently to understand experimental results concerning phase fluctuations in bull sperm
beating [10]. The direct coupling allowed to explain the low quality factor observed in the
experiment. The investigation here includes an analytical approach for small coupling and
numerical simulations that span a larger range of coupling constant K. The analytical results
clearly indicate that increasing K rapidly leads to more and more Fourier modes to become
relevant in the spatial distribution of activated motors and that the main relaxation time-scale
becomes slower and slower as K increases. This is reflected in an oscillating period that rapidly
increases with K. When the linear approximation fails (visible only in the simulations), this
effect is accompanied by a distortion of the limit cycle shape, with an avalanche-like dynamics:
the motors attach and detach in large groups. Correspondingly, the quality factor, which in the
small K regime increases with K, starts decreasing, coherently with the observations of [10].
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Figure 8: Phase diagram showing the transition from fixed point to limit cycle as a
function of K. Results are obtained with N = 50000.

An interesting observation emerging from our study is the similarity between the effect of
increasing the motor coupling K and the effect of reducing the elastic confinement coefficient
k (or its rescaled counterpart v). This qualitative similarity includes the increase of the period
and the width of the oscillations, as well as the deformation of the limit cycle shape. This
observation suggests a possible interpretation of the consequence of large motor couplings:
such couplings, by inducing a slower dynamics, lead to a more persistent stochastic active
force. The force, acting for longer times in the same direction, stretches more the filament,
similarly to what would happen if the elastic force was reduced. Note that when going from
K = 0 to K = 3 the magnitude of the force goes from ~ 1 to ~ 6 (see for instance the maximum
excursion of F in Fig. 4(c)) while the period goes from ~ 2 to ~ 50.

In summary, a direct coupling among adjacent molecular motors in elastic flagella has the
effect of coordinating larger and larger groups of motors, such that the generated driving force
is slower and more effective in producing the oscillation dynamics, eventually breaking the
smooth linear beating and creating an avalanche-like (or stick-slip) dynamics. Interestingly,
our results could be a first hint to reconciliate apparently contrasting results in the recent
literature [10,11].

We remark that the conjecture that, in an axoneme, a molecular motor has a direct inter-
action with its nearest neighboring motors, is supported by the observation (in micrographs
by scanning electron microscopy, etc.) of nonrandom grouping of dynein states and by the
evidence that interactions between adjacent dyneins may be inevitable because of the size of
dynein arms [23,41,42].

Extending the model to allow for traveling-wave solutions goes through the removal of the
elastic confinement [32] and adding a source of spatial symmetry breaking. An asymmetric
motor coupling is very likely to break the symmetry inducing a base-to-tip traveling wave.
Ideally an investigation of our model with these suggested modifications and a more complex
fluid-filament coupling, allowing for real swimming, is a valuable direction for future work.
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A Details of the spatially homogeneous model

In this Appendix we give some detail of the spatially homogeneous model, starting with a brief
discussion of a simplified Markovian model for a molecular motor, which justifies a velocity-
load relation qualitatively similar to what is observed and used in the spatially homogeneous
model.

A.1 A single molecular motor

One of the simplest stochastic modes for a molecular motor is a Markov jump process with 3
states [43,44]. The presence of more than 2 states allows for breaking detailed balance. The
transition rates from state i to state j are denoted by W;;. Solving the Kolmogorov (Master)
equation in the steady state gives the following stationary probabilities to find the motor in
state i:

P — Wio(Wog + Wop) + Woo Wi,y
0 — )
Wio(Wag + Woq + Wog) + Wao(Wop + Wig) + (Woy + W )(Wyy + W)
p WooWo1 + Way (Wop + W) (A.1)
1

 Wyo(Wag + Way + W) + Wag(Woy + Wig) + (Wop + Wop)(Way + Wip)”
PZ == 1—(P0+P1)

The steady state current in the system reads:
J = PoWyy —PWig = PyWip — PoWoy = PoWoo — PoWoa, (A.2)

whose full expression in terms of the rates is not reported here since it is immediate to ob-
tain (by substituting Eq. (A.1) into (A.2)), long and not particularly transparent. At equilib-
rium, that is in the absence of energy sources and in the presence of thermal fluctuations only,
W;]tp = 0 for all pairs ij, so that P; oc e Fi/(ksT) (where E; is the free energy of state i and kg T
is thermal energy at temperature T) and J = 0.

Transition rates are characterised by a local detailed balance relation of the kind [44]:

VV’-J _EjiEifwizjtp
—=e BT (A.3)
Wi
where wy,, = —wy,, is the work energy provided, in the reaction i — j, by ATP hydrolysis.
The minimal assumption, when ATP is present and the motor can work, is that w}), = 0 for

atp
all pairs ij but one, e.g. i = 1, j = 2, such that for instance w‘llgp = w* —y where y is the
external load. In Fig. 9, left plot, we show the result of the load-current graph for this model.
Actually, motility assays experiments show a slightly different characteristic, for instance see
[30] Fig. 2. In the following we discuss the spatially homogeneous model for filaments - i.e.
with many motors - using a model where the load-current characteristic is of the form shown
in Fig. 9 right plot, similar to what seen in motility assays experiments.

A.2 Motors on a filament: A spatially homogeneous model

The model, described in [30], considers N motors that can be detached or attached (walking on
it) to a “rigid filament”, which is at a variable position X (t), while keeping their tails attached
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Figure 9: Load versus velocity characteristic. Left: simple kinesin model. Right:
model adopted in the paper, similar to what observed in motility-assay experiments,
see for instance [30] Fig. 2.

to a load (e.g. the spring resistance due to elongation toward a second filament). Here there
is no information about the position of the motors: the N motors are grouped into N, active
motors and N — N, inactive motors. The active motors all apply the same velocity-dependent
load y(X), independently of where they are located. The model, based upon experimental
evidence through the so-called motility assays [45], assumes that y(X) is a decreasing function
with a stall value y, = y(v = 0) and an unloaded velocity v, such that y(v,) = 0. The filament
feels the forces of all attached motors, which are in a number N,(t) < N, that of a spring
attached to a substrate, and the viscous drag (with filament mobility 1/y) of the surrounding
fluid, which neglecting inertia leads to

)/X =—kX + na(t)y(X), (A4

where we introduced n,(t) = N,(t)/N the fraction of active motors. Here, with respect to the
discussion in [30], we decided to consider an active force which is of order 1 (relatively to the
number of motors): this is for coherence with the choice to study the main JP and JPK models
with a parameter y, in Eq. (4), which is constant in N (the sum of the effects of the N motors
is rescaled by N).

Equation (A.4) must be complemented by an equation for N,(t), which comes from the sec-
ond important assumption of the model that is a detachment rate that depends upon the load
&o55(y), and therefore upon the velocity w,¢(v) = @,f¢(y(v)) leading to the Kolmogorov
equation

g = —[Worp(X) + wonlng + wey - (A.5)

Fundamental parameters of this model are also

,_dy
.y - )
4X lx=o0 (A.6)
/_dwoff _dQOff ! A .
w=—" =—| y=Q%y,
where we recall that y, = y(0).
Model in Egs (A.4)-(A.5) has a fixed point in
X =0,
_ xJYo
Xt=n"" (A7)
w
n = 6"” ,
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where w = w,, + W, being wy = w,¢¢ (X =0)= Q,ff(yo)- Linearization around the fixed
point by replacing X (t) = X* +x(t) and n,(t) = n}, + n(t) and keeping only linear terms, gives

(y —nly")x =—kx + yon, (A.8)

n=—-wn—wnix, (A.9)

whose stability can be studied in two ways, i.e. writing the system as d/dt(x,n)’ = M(x,n)?
and studying the real parts of the eigenvalues of

__ —k Yo
C (r—nzy") (w’n?;k —[oly —niy )+ w’n’;yo]) ’ (A.10)

or as an instructive alternative multiplying Eq. (A.8) by @ d/dt + 1 which brings to
o (y—niy)i+x=—ko 'x—kx+yy(w 'd/dt+1n, (A.11)

and the last term can be replaced by looking at Eq. (A.9) which gives
(@ 'd/dt+1n=—w ! w'n’ x and therefore

o (y— iy )i+ (y—niyx = —k& % —kx + yo(—w w'n’x), (A.12)

that is straightforwardly recast into the following oscillator equation

myX +7y.,x+kx=0, (A.13)
with . )
m,=w (Y_nzy )’
k Q' (A.14)
Ye:}’+:+(yo_ —1)n2y’.
w w

The effective viscosity can become negative, signaling immediately the loss of stability of the
fixed point in favour of oscillations, which of course should be stabilised by non-linear terms
not retained here. It is easy to verify that the real part of the eigenvalues of M is the same as
that of the second-order oscillator problem and reads —y,/(2m,).

A concrete possibility for the functions y(X) and , rr(y)is

YX) = Yinin— o= Ymin) 5———>
X ~ Vmin (A 15)
Q eay .
Qoff()’) =17 =

—)
0 __ a
o 1+exy

where y,,;, < 0 is the minimum load (attained at infinite velocity'), y, is the stall load (at zero
velocity), Vpin < 0 is the minimum velocity attained at infinite load, Q. is the detachment
rate at infinite load (minimum velocity), while Q is the detachment rate at zero load which
is attained when X = yoVpin/Ymin- With these functions, the function w, £ (X) has a positive
MiNiMum @iy = Qyf ¢ (¥min) for infinite X (which becomes 0 if the load model goes to —o0
for infinite velocity), and goes to infinity when X — v,,;, < 0 (from above), passing through
wq. With these choices one gets the following results. In Fig. 10 the effective viscosity v, is
shown as a function of a (which determines the slope of the dissociation-load characteristic),
demonstrating a range where it becomes negative.

!We should check if in a simple molecular motor model the velocity becomes infinite at a finite or infinite
negative load.
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An example of temporal evolution of X (t)—X* and n,(t)—n}, together with the limit cycle
in that plane, is shown in Fig. 11, for two different values of k. The lesson of this simple model
is that when k is large the evolution of the system is smooth with fast periods and the limit
cycle is an ellipse; on the contrary, when k is small the period is much longer and the cycle is
hysteretic: there is a moment where the elongation of the filament is minimal (such that the
total load is small), at that moment the motors attach very rapidly up to the point where the
filament elongation starts to grow, then the motors detach slowly together with the growth of
the filament and its load force, this slow growth continues up to the rupture moment where the
motor abruptly detach to their minimum value, and remain at that value for all the time needed
to the filament to relax back. Then the cycle starts again. Basically there is the presence of
two “avalanches” of motor attaching and detaching. The strong increase of the period and the
deformation of the limit cycle with larger excursions when k is reduced is strongly reminiscent
of what happens in the JPK model when the motor coupling K is increased.

B Analytical derivation of main results

In this appendix, we present all the analytical results obtained during the study. We show the
results valid for both models (with and without coupling), and those specific to the coupled
case (which, in the limit K = 0, can also be applied to the uncoupled model). Here there is a
table with all the tools to interpret the results of the chapter.

Table 2: Summary of notation used in the derivations.

Symbol Meaning

N Total number of motors

m Number of discrete binding sites

€; =n;/N Fraction of active motors at site i

X Filament (flagellum) position

Z Spatial coordinate in lab frame

p(2) Motor density field on interval [0, £]

Cn> Sn cos(zrznz), sin(z’;#)

x> Sx cos (#), sin (*7)

a,, b, Fourier coefficients of p(z)

a,n Parameters of the rate of attachment

K Coupling strength between motors

Q Characteristic transition rate

v Adimensional friction coefficient

3 Drag coefficient

flz—X)=mn—acos (M) Spatially modulated attachment function
Dre, Dr?fl Diffusion matrix components for noise analysis
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Figure 10: Effective viscosity v, as a function of a for y,,,;, = —1, ¥y = 10, v,;, = 0.1,
Qoo = 10, Qg = 0.5, w,, = 0.5, N = 103, y = 1, with two different values for
k =0.01 and k = 10.
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Figure 11: Numerical simulation of the homogeneous model. Left: temporal evo-
lution of the two variables of the model shifted by their respective fixed points:
X(t)—X* and n,(t) —n} for the first case and N,(t) — N (where N; = n’N) for
the second case. Right: limit cycle in the force-position phase plane of the model,
i.e. in abscissa we have the shifted elongation X(t) —X*, in ordinate we have the
shifted active force n,(t)y[X(t)]— n’y(0). The cycle runs clockwise. Top graphs
are with k = 1, bottom graphs are with k = 0.01. Other parameters are the same
in all graphs: N = 1000, w,, = 0.5, a = 0.25, y,;n, = —1, v;yin = —0.1, yo = 10,
Weo =10, wg=0.5.
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B.1 Rates in the coupled model

When couplings between adjacent motors are introduced, modelled by a quadratic potential
and the attachment and detachment rates change compared to the uncoupled case. In the
model presented in [10], the rates take the form:

2m(z; — X(t
W= Q[n—acos (%)]e‘AU‘ﬁﬂdi ) w?ff: Q—w", (B.1)
where AUy,,q; represents the change in the coupling potential associated with the state tran-
sition of s;. This potential is given by:

Ubind,; = K [(s; —si41)* + (5; —si-1)%] , (B.2)

with K quantifying the strength of the interaction between neighbouring motors. The system
penalizes configurations where a motor is in a different state than its neighbours, thereby
promoting collective coordination.

Since s; is a Boolean variable, AUy,;,q ; can be computed explicitly. Letting 5; = 1—s; denote
the negation of s;, and Uy,q,; the potential computed with §;, we find:

AUpind,i = Ubind,i — Upind,i
=K[(i—si31)? + G =51 ] — K [(s;—si01)* + (i —521)%]
=2K(1—2s;)(1 —si_1 —si41)-

Noting that the initial state for w?" is s; = 0, and for w?ff

w?n —q I:n _ qcos ( 27(z; ;X(t)) )] o—2K(1=s;_1=5111) )

0f=0-—0 [n —acos (—2n(zi —X®) )] e2K(=sim1=si41) |
L 15

is s; = 1, we can write:
(B.3)

However, this formulation breaks the uniform rate hypothesis, i.e., w{" + w?ff = ), which
simplifies the problem and enables analytical treatment. From a physical perspective, the
exponential term in w?" favours activation of s; when both neighbours are active (i.e.,
S;_1 = S;+1 = 1), but in the case of co:.’ff, if both neighbours are inactive, motor i is discouraged
from switching off. This breaks the desired symmetry in coordination.

Therefore, in this study we consider a slightly modified model compared to [10], in which:

w?n _q [77 _ wcos (27‘5(21' ;X(t)) ):| 2K (1=5;_1—5141) ’

0f=0—0 [7) —acos (—277:(zi —X(®) ):| e 2K(=sim1=sin) |
! L

(B.4)

In this way, we recover both the condition w?™ + w?ff =  and a dynamics that promotes
coordination: the motor is more likely to turn on if its neighbours are active, and to turn
off if its neighbours are inactive. Another issue that arises when defining the rates is the
explicit presence of the s; states, which are discrete variables and do not directly appear in the
coarse-grained description we are adopting. To overcome this limitation, we can switch to a
formulation in terms of average density using a mean-field approach. Let us divide a segment
of the filament of length ¢ into m sites (or “bins”) containing a total of N > m motors. Each
bin then contains approximately N /m motors. If the number of motors per site is sufficiently
large, we can assume that, except for those at the bin boundaries, the neighbouring motors
i+ 1 and i—1 are included in the same bin as motor i. If the density of active motors in site
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J is pj, this represents the probability per unit length that a motor is active. Therefore, the
expected value of the state s; of a motor in that site is:

Assuming that neighbours i + 1 and i — 1 also belong to the same bin, we have:
(si41) = (5i21) = (53) = Pje-

We can then replace the average value of s; in the transition rates, obtaining an average form
of the rates that depends on the local density p;:

P [7} e (277:(21 ;X(t)))] ¢~2K(=2p,0)

w})ff =0—-0Q [n —acos (—2n(zj ;X(t)))] e 2K(1=2p;0)

(B.5)

Alternatively, in a continuous formulation, replacing the discrete variable p; with a spatial
density field p(z), we obtain:

oMz—X(t)=Q [n — acos (M)] e 2K(=2p(x)0)

Wz —X (1) =0—Q [n — cos ( 2n(z ;X(t)) )] o—2K(1-2p(=)0)

(B.6)

B.2 Derivation of the Fokker-Planck equation

Regardless of the specific form of the attachment and detachment rates, a Fokker-Planck equa-
tion can be derived, which therefore holds in both the coupled and uncoupled cases.
First, we define the intensive quantity €; = % We can define the transition rates for a

master equation as:
N
W(n; - n;+1) = n; oz —X), W(n —»n—1)= I Won(z; —X).
In both cases, the meaning is clear: there is a combinatorial factor counting how many ways
we can choose a motor among the active ones at site i (n;) or the inactive ones (% —n;),

corresponding to detachment or attachment, respectively.
Expressing them in terms of ¢;:

A A N
W(e; —» € +1)=Ne;wop(z; —X), W(e;—e—1)= (— _Nei) won(2; —X),
m

and denoting by w(X — X’) the transition rates from X to X’, we can write a master equation
for the joint probability of the flagellum position and motor states:

OP(X, (e}, 1) _

Fo f wX — X )P(X’ {e}, t)dX’ —f w(X — X)P(X,{e}, t)dx’

+ZP(X€+1 t)W(e+1—>e)+P(Xe ! t)W(e 1—>e)
» € ) i T i > T T [ i
- N N N N
ZP(XE t)[W(e —€ 1)+W(6 —>6+1):|
- > Cis i [ i i T .
- N N
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Following Van Kampen [46,47], we can express the rates as functions defined from an
initial point a; and a jump r, in particular: W(a; — a;+r) = W(a;; ). In the master equation,
we therefore have terms of the type:

1 - 1 1
Pl X,e,x—,t |Wle;x—;F—=].
N N N

We now expand them for N > 1 up to order ]%:

P(X,el-:l:l,t)W(eiil;q:l)zp(X,ei,t)W(ei;:Fl)
N N N N
:l:l 9 [P(X €; t)W(e-':Fl)}
Naei P ¥ 1 N (B.7)
+La—2[P(X €, )W (e--xl)]
ZNZaEiZ » S i N .

We can then rewrite the master equation as a Fokker-Planck equation for the variable ¢;:

OP(X, {e}ht) _

PR JW(X — X)P(X’',{e}, t)dX’ —f w(X — X )P(X,{e}, t)dX’

1 0 . 1 - 1
+ Naei [P(X: €i, t)W (el)_]v)_P(X) €i, t)W (el:+ﬁ):|

1 92 _ 1 _ 1
+Ma—elz P(X,Ei, t)W Ei;—]v +P(X,€i,t)W Ei;+ﬁ .

For X, we have a deterministic equation coming from the balance of forces:

NEX = W/(z—X)n;—KX.
i

From here, we extract X and plug it into the Fokker-Planck equation. By also inserting the
explicit expressions for the W rates, we get:

aa_lt’ :_%[(i W(ZigX)Ei —VX)P:|
) [(woff(zi—X)NEi—won(zi—X)(%—Nei))P] (B.8)

1 < 92 N
" mza_elz [(wOff(Zi _X)Nei + won(zi _X)(; _NEi))Pi| .

i=1

We thus recover the same equation obtained in the uncoupled [35], identifying n; = Ne; We
can then follow the same procedures used by the uncoupled models to derive a continuous de-
scription of the problem, obtaining the functional Fokker-Planck equation for P([p(z)],X, t):

8_P_ i X P+ ld Az, X p
50 = ax VPRI | ds ot 4G X, )] .
, .

1 (Y 5
+ﬂJo dZJo dy5(2—y)m[B(Z,X,P(Z))P] ,
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where:

l

v(X,[p]) = % f dzW'(z —X)p(z) — X,
0

Az,X, p) = Wopt(z = X)p(2) — won(z —X) [% - p(z)] , (B.10)

B(z,X,p) = woff(z—X)p(z)won(z—X)[%—p(z)] .

B.3 Equations for the Fourier modes

Equation B.9 provides a deterministic equation for the evolution of the filament position and a
stochastic equation for the evolution of the density field p(z). However, the stochastic equation
includes a noise term that scales as % and can therefore be neglected in the thermodynamic
limit. The deterministic equation for the evolution of the density then becomes:

P(2)=—A(z,X,0) =—wu(z —X)p(2) + Won(z — X) [% —p(z)] . (B.11)

In our case, we impose the uniform rate hypothesis, so the equation simplifies to:

P(:) = ~0p(z) + 0on(5 =X (D)7 -

This equation still remains difficult to solve, mainly because, in the presence of coupling, w,,
depends on the density through an exponential. If one wanted to follow the same analytical ap-
proach as Guérin et al. [35], decomposing the density in a Fourier series to obtain an equation
for each mode, the expansion of a function like e” would lead to convolution terms involving
all the Fourier coefficients. This would result in a purely formal solution, difficult to handle
both analytically and interpretatively. In light of this, we choose to consider weak coupling
between motors (K < 1). Under this approximation, w,, can be expanded as follows:

@ = Qf (z —X)e 2K072p(0 ~ O f (z — X)(1 — 2K(1 — 2p(2)0))

(B.12)
=Q(1-2K)f(z—X)+4KQf (z—X)p(z),

where, for brevity, we define:

fe—X)= [n—acos(wﬂ

=n— acos(zn}e{(t))cos (%) - asin(%&)) sin(zlg) .

Note that the uniform rate hypothesis is crucial for obtaining a linear problem in p. Without
it, even at first order in K, the problem would involve quadratic terms in p, and the equations
would couple all Fourier coefficients through convolution terms, similarly to what happens
with the function e” mentioned earlier. We now introduce a few abbreviations to lighten the

notation:
2TTNg . (21nz
€, = COS i s S, = sin ; s

(27'CX) . (ZnX)
Cx = COS -~ ) Sy = sin - )

SO we can rewrite:
f(z—X)=n—acxc; — asxs; .
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The drift term A(z,X, p) thus becomes:

Alz,X,p)=Qp(z)— %(1 —2K)f (2 —X)—4QKf(z—X)p(z). (B.13)

At this point, we can expand the function p(z) in a Fourier series, since z € [0, £], multi-
plying by a factor a:

oo oo
2 2
p(2) =aay+ aZancos( nenz) +b, sin( 7;“2) =aag+a E a,c,+b.s,.
n=1 n=1

However, the term A(z, X, p) also includes the product f (z—X)p(z) and, since f contains sines
and cosines, this product leads to coupling between Fourier coefficients of different orders. We
therefore analyze this term separately.

flE—x)p(z)= (77 —QcxC — asXsl)p(z) =np(z)—acxc; p(z) —asys; p(2).

Using the following trigonometric identities:
1
cosAcosB = E[cos(A + B) + cos(A— B):I ,
L 1
sinAsinB = E[COS(A— B)—cos(A+ B)] ,

1
cosAsinB = E[sin(A+ B)— sin(A—B)] ,

we find
oo oo
ap)=q (aao + aZancn + bnsn) = aayc; + aZanclcn + b,515,
n=1 n=1
o a ab
n n
= adpCq + aZ E(Cn+1 + Cn—l) + T(5n+1 +Sn_1) ,
n=1
and

oo oo
s1p(2) =5, (aao + aZancn + bnsn) = aaps; + aZanslcn + b,s1s,

n=1 n=1

abn(

oo
an
= Qaaps; + O‘Z E(5n+1 +5-1) + (oot —Cna1) -
n=1

We now rescale the sums so that only ¢, and s, terms remain:

e3¢} e3¢} e3¢} [e%}
n+l-n n—1-n
z anCn+1 an—16n> E :ancn—l ? AQnt16Cns
n=1 n=2 n=1 n=0
e3¢} e3¢} [e%) [e%) [e%)
n+l-n n—1-n
E :ansn+1 - An—15n> E :ansn—l - Any1Sn = E :an+lsn .
n=1 n=2 n=1 n=0 n=1
Hence,

oo oo
a
c1p(z) = aapc; + 5 |:a1 +axe; + Z(an+1 +ap_1)cp +bysy + Z(bn+1 + bn—l)sn:| )

n=2 n=2

oo oo
a
s10(2) = ados; + 5 |:61251 + Z(an+1 +ap1)sp + by +bacy + Z(bn+1 - bn—l)cn:| :
n=2 n=2
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Therefore,
fz—X)p(2)
=np(z)
az o oo
- ?{CX |:2a0C1 +apc1a; +aze; + Z(an+1 +an_1)cp +bysy + Z(bn+1 + bn—l)sn]
n=2 n=2
oo o
+sx [20051 tass; + Z(an+1 +ap_1)Sy + by +bycy + Z(bn+1 - bn—l)cni| }
n=2 n=2
=np(z)

2
a
— ?{cxal +sx by +(2ag + ay)cxcy + (2ag + ay)sxsy + ba(cxsy +5x¢q)

o0
+ > (@i +@pen)ex + (Brar — basi)sk e

n=2
o

+ D (@1 + @y )+ (brgr + bn_l)cX]sn}.
n=2

Thus, I can rewrite the drift term A as follows:

A(z,X,p)

= p() — T (12K = X) 49K s~ X)p 2)

2
=Q(l—4nK)p(z)—%(1—2K)f(z—X)—4QK(—%){...}
—Q(1—4 K)i( +bs)— 21— 26)m + 21 = 2K)ac oy + 2(1—2K)

+ ZQKaZ{chl +sxby +(2ag + ay)cxcqy + (2ag + ay)sxsy + ba(cxsy +5x¢1)

[e%} e3¢}
+ Z [(an+1 + an—l)CX + (bn+1 - bn—l)sX] Cn + Z [(an+1 + an—l)sX + (bn+1 + bn—l)CX]Sn} .

n=2 n=2
Using the fact that
o
)= D (e, + bysy),
n=0

and that sine and cosine form an orthonormal basis in Fourier series expansion, we can view
the equation p = —A as an equation for the time evolution of the individual Fourier coefficients,

leading to the following set of equations:

i Q
o =—| 21 —4nK)ao — 5 (1 - 2K)2 +20Ka(cya; +st1)] ,

[ Q
a, =—|Q(1—4nK)a; + Z(l —2K)cx +2QKa(2cxagy + cxas +st2)] ,

. [ Q
b]. = — Q(]. _4T)K)b1 + z(l _ZK)SX + ZQK(Z(ZSXaO +5Xa2 + bez)] 5 forn> 2,

dn = [Q(l _47)K)an +2QKa ((an+1 + an—l)CX + (bn+1 - bn—l)SX)] 5
bn = [Q(l _47)K)bn +20Ka ((an+1 + an—l)SX + (bn+1 + bn—l)CX)] :
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To this system of equations, we must also add the equation governing the time evolution
of the filament’s position. From the Fokker-Planck equation B.9, we can write:

l
X =v(X,[p]) = %f dz W' (z—X)p(z)— X .
0

We can again connect this to the Fourier coefficients of p:

l

!
_1 g _ oy = 2 (2 —X) _
—gf dzW'(z—X)p(z)—vX = I dzsm( , )p(z) vX
= Z&U dz(slcx clsx)anz(:)(a nCn + bpsy) —

Using the fact that the trigonometric functions form an orthonormal basis, the only nonzero

integrals are:
l l
2 _ 2_ %
J dzs] —f dzcy =
0 0
nUa

X = _(b]_CX alsx)— X = ZLEZQ(bICX —a]_Sx)— vX.
T

3

Therefore, the full system of equations governing the time evolution of the system is:

Thus,

X = lKZQ(b]_CX —alsX) - 'VX,
27

Q
o = | 21 —4nK)ao — 71 — 217 + 20K a(cyay +5Xb1)} ,
L a
. Q
a; =—| Q1 —4nK)a; + Z(l —2K)cx +2QKa(2cxay + cxas +st2)] , (B.14)
. ' )
by =—|Q(1—4nK)b; + Z(l —2K)sy + 2QKa(2syag + sxa, + chz):| , forn>=2,

an, = _[Q(l _47’K)an +20Ka ((an+1 + an—l)CX + (bn+1 - bn—l)sX)] )
bn = _[Q(l _4nK)bn +20Ka ((an+1 + an—l)sX + (bn+1 + bn—l)cX)] .

The system of equations described above has several interesting structural properties. First
of all, the equations for the harmonic coefficients show a local coupling structure: each coeffi-
cient is coupled only to its nearest neighbours. This type of “nearest-neighbour” interaction is
typical of systems with discrete translational symmetry, such as chains of oscillators or tight-
binding models. All coefficients a,, b,, (including a,, a;, b;) are subject to a dissipative term
proportional to themselves, with prefactor Q(1 —4nK). This term plays a key role in the sta-
bility of the system: if the prefactor becomes negative, i.e., if K > %, dissipation turns into
exponential growth, leading to linear instability. This sets an upper bound on K, which is
necessary to ensure stability, and marks the point where the small-K approximation (K < 1)
clearly breaks down. The equation for X is also important: the dynamics of the collective vari-
able X is driven by an active force proportional to a linear combination of a; and b;, weighted
respectively by —sy and cy. This means that the feedback between the internal configuration
(encoded in the harmonics) and the collective motion is mediated by the first spectral com-
ponents. Finally, the equation for a, contains a constant term (independent of a,,, b,,), which
acts as a constant driving force, scaled by 1/¢ and the parameters 7, a, and K. This term can
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potentially push the system toward a non-trivial steady-state configuration, even in the ab-
sence of higher-order harmonics. The system can be simplified by introducing dimensionless
variables, in which we set £ = Q = 1, so it becomes:

X = l(bch —aysx)— X,
27

o =— [(1 — 4nK)ag— (1 — ZK)g + 2K acxay +st1)] ,
—[(1—4nK)a; + (1 —2K)cx + 2Ka(2cxag + cxas +sxbsy)], (B.15)
—[(1—=4nK)b; + (1 —2K)sx + 2Ka(2sxay +sxas +cxby)],
=—[(1—4nK)a, + 2Ka ((aps1 + ap—1)ex + (bry1 — bp1dsx))],
—[(Q=4nK)b, + 2Ka((ap+1 + an—1)sx + (b1 + by1)cx))] -

B.4 A perturbative approach

To obtain Egs. B.15, a perturbative approach has already been used, expanding the exponential
in the rates so as to make the problem linear. The resulting equations are therefore valid in
the limit K < 1 and to first order in K.

At this order we can expand the coefficients as

gy ~a® +Ka®, b, =b@ KD,
Thus the system, to first order in K, becomes
o V[0 m (0) m _
X—Zn[(bl + KbV ex — (a? + Ka{V) s | - v,

(0) +K‘1(1) [(1 - 47)K)a(()0) + Ka(l) -(1- 2K)a +2Ka (ch(O) +sx b(O))} ,
(0) + Ka(l) [(1 — 4nK)ago) + Ka(l) +(1—2K)cxy +2Ka (ZCXCI(()O) + chgo) +sy b(o))] )
bgo) + Kbgl) =— [(1 — 47)K)b§0) +Kbgl) +(1—2K)sx +2Ka (ZSXaE)O) +sXago) +cy bgo))] ,
n=2:
c'lflo) +Ka$ll) = —[(1 —47)K)a£l0) +Kaf11) +2Ka (( ©) +a(0) ) (bgl — b(O) ) )] ,

b + Kb = —[(1—4nK)b® + KbD + 2K a ((af 0 L +a® s+ (60 + 9 ) e )]

At zeroth order in K we get

.(0) _ 0_"n
=[],
(

ago) =— I:alo) + CX] ,

: (0 0 B.16
b0 = [ +5,], (B.16)
n=2: dflo) =—a,(10),

i.(0) _ 0
b0 =—p©,

From this system it is straightforward to see that a(o) decays exponentially to g, so that

aa(()o) = 1), representing the mean number of active motors when K = 0. The terms with
n > 2 instead decay exponentially to zero. Thus the only non-trivial dynamics occur for n = 1.
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The truly distinct phenomenology of the model with weak couplings emerges at first order
in K. In this case, we obtain:

c'z(l) =— [—4n ago) + agl) + 2 +2a (c ago) +s b(o))]
a

dgl) [ —4n a(o) + agl) 2cx +2a (ZCXagO) +cx ago) +5x b(o))

]
bgl) =— [—4 b(o) + b(l) —2sx +2a (ZSXa(()O) + sxago) +cx (O))] (B.17)
n=2: c'zfll) = [ —4n a(o) + a(l) +2a (( fgr)l + a(o) ) (bfgr)l b(o) )SX):I

b =—[—4nb@ +bD +2a((a, +al? )sx + (B + 5 ) ex )] -

This system is less trivial than the previous one and is coupled to zero-order terms. However, if
we look at it for sufficiently long times to use the previous stationary values, namely ago) =n/a
and aflo), bflo) =0 for n > 2, then the system reduces to:

2
c'lgl) =— |:—4731 + aél) + 22 +2a (chgo) +sx bgo)):| ,
agl) [ —4n a(o) + agl) 2¢x + 47]CX] s
b = —[—an b + bV — 25, +4nsy ],

agl) _ [ O 2a( (o) bgo)sx)] , (B.18)
bgl) =— [bgl) +2a (ago)sx + bgo)cx)] ,
n=3: C'lgll) = —agl),

(1) — 1
bt =—pWM),

For n > 3, the modes decay exponentially with unit characteristic time, they are therefore
irrelevant in the long term, and it is reasonable to truncate the perturbative expansion at
n = 2 without significant information loss.

The system that describes the problem after a sufficiently long time is thus:

X—2 [(b(O)Jer(l))cX ((0)+Ka(1)) :I—vX,
(0) n

G T4
6 = —[a® 4y,

BO = _[40 45y,

a® =0, b(°)=o, forn>2,

(1) 4L +agl) +2ﬂ +2a(ch(0) +st(0))] (B.19)

b(l) b(o) b(l) —2syx + 4nsx] R

o Za( go)cX bgo)sx)] ,
bV + 2a( go)sx + bgo)cx)] .

a’(11):0’ br(ll):0, forn>3.

(1)

(1) [ —47) ago) + agl) 2cy + 4?’)CX:| >
~[-
-[

b(l) [
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The system exhibits a strongly hierarchical structure, in which the time derivatives of the
0) 1,0
1%

first-order coefficients depend directly on the zeroth-order coefficients a , which act as
forcing terms. No inverse coupling is present: the zeroth-order dynamics is unaffected by the
first-order correction, in agreement with a perturbative approach.

All equations contain a negative linear relaxation term of the form y = —y +..., implying
dissipative dynamics: in the absence of forcing, all components decay exponentially to zero.
This suggests the existence of dynamical attractors (fixed points or limit cycles) to which the
system converges in the long term.

It is interesting to note how moving from order O to order 1 makes the equations for
higher n non-trivial (the truncation moves from n = 1 to n = 2). This is due to the structure
of the unperturbed problem, which links nearest neighbours through the coupling constant K,
creating a link between ag), bfll) and a,(lo_)l, b,(f)_)l.

One could investigate whether this feature, where at perturbative order K™, the terms
up to afn"fr)z, b;"fz survive holds more generally. However, this makes no sense in our case,
since a linear approximation was already made before expanding the coefficients in series. If
this initial approximation could be avoided, this feature could potentially be explored. In the
simulations, we will use a = n = %, so the equations can be further simplified by removing
the dependence on these parameters, leading to the following easier system:

X = ﬁ [(bgo) +Kbgl))cx — (ago) +Ka§1))sx] — X,
a(()o) =1,
dgo) = _[ago) + cX] s
5O = —[b 45,].
ad®@=0, p®=0, forn>2,

6 = —[a® +6xa® +5,b°] (8.20)

d1 =— —2a§0) + agl)] s

[
[
B = —[-26@ 4+ 5]
[
[

a; =-— agl) + ago)cx — bgo)sx] ,

bgl) + ago)sx + bgo)cx] ,

agl):(), bfll)zo, forn>3.

B.5 Numerical results for the decay of the coefficients

In this section, we complete the numerical evidence for the power-law decay of the Fourier
coefficients as a function of the coupling parameter K, already introduced in Fig. 2 of the
main text. In particular, Fig. 12 extends the analysis by including panels (f-h), which display
the maxima of the Fourier coefficients a,, and b, as functions of K on a log-log scale, for
n=1,...,6. In each panel, dashed lines represent power-law fits of the form ~ K% and
~ K% showing excellent agreement with the numerical data over several decades in K.
These results indicate that, starting from n = 2, the decay progressively approaches a clear
power-law behaviour.
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Figure 12: Numerical results about the decay of the maximum of the Fourier mode
from the solution of the system (18). (f-h) maxima of the Fourier coefficients as
functions of K; dashed lines indicate power-law fits ~ K% and ~ K™,

B.6 In the flagellum frame

We can switch to the reference frame of the flagellum, where the main results of the uncoupled
model have been achived [35], by changing variables as 5(x) = p(x+X). For convenience,we
can rename the density as p, we obtain the following drift terms:

[
V)= %f dx W/ (x)p(x) =X,
0
Ax,p) = 0o (p() — ()| § ~p00) | - VIPIZE 5.2
Bx,p) = 0gi()p(x) + 0n(0)| 1 (1) .

At this point, we can proceed with calculations exactly as in the reference frame where the
motors are fixed. This leads to the following system for the evolution of the system:

leb—vX,
21

[ Q

[ Q 2
dlz— Q(]_—4T)K)a1+?(1—2K)+29Ka(2a0+a2)—$b1i|,
. - 5 (B.22)
by = — | Q(1 — 4nK)by + 20K ab, + %al] ,
: 2
a, =—|2(1—4nK)a, +2QKa(a, 1 + a,—1) — 77;nv bn} ,

. - 2
b, = —| Q(1—4nK)b, + 2QKa(b,., + b,_1) + nl"v an] :

We observe that in this reference frame, the symmetry between a; and b, seen in the other
frame is lost. The interactions between a,, and b,, only appear because of the velocity term v.

Moreover, except for the term proportional to the filament speed v, this system can be
obtained from the one in the frame where the motors are fixed by setting cy = 1 and sy =0,
that is like assuming the filament is stationary for those terms. Also in this case, we can proceed
with a perturbative expansion as in the previous case. At order K°, defining 8 = 27tv, and
rescaling lengths and times so that £ = Q = 1, we obtain:

o __[o_n
=[]
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(0)

—[a?+1-y "2+ ppVx],
0 0 0) (0 0
() —[69 4+ 500 - pa®x],
(0) = [a,(lo) + nyb(o)b(o) np b(O)X]
br(lo) =— [bno) — nybgo)ar(lo) + n/jaflo)X] .
This is exactly the same system that appears in the uncoupled model. Also here, as in the
other reference frame, the only non-trivial terms are a( ) and b(o) while a( ) tends exponen-
tially to 1 and aglo), bglo) tend exponentially to zero (the matrix that governs the1r evolution has

trace -2 and determinant greater than 1).
At order K!, the system becomes:

(1) [ 4n a(o) (1) + 27’ + 2aa(0)]
(1) [ —4n a(o) + a(l) 2+ 2a(2a(0) + a(o)) 2yb(0)b(1) +p b(l)X]
b(l) [=anb® + 50— 2.4 206 + 75V + bVa?) - pax |,
n=>2: (1) = [ —4n a(o) + a(l) + 2a(a(0) (0) ny(b(o)b(l) + b(l)b(o)) +np b(l)X]

0 0 0 1
bfll) =— [—417 bflo) + b,(ll) + 201(bfl+)1 + bfl_)l) + ny(bg )ar(ll) + bg )a’(10)) — n[jar(ll)X] .

Using the asymptotic values from the system at order O, we can write:

2

d(()l) =— [_477 + a(()l) + 277 + Zaa(o)] s
a

dgl) —4n ago) + agl) 2+4n— 2yb(0)b(1) +p bgl)X] ,

bV =—[-4n b + bV —2+y(6PaV + ba(”) - palVx ],

(1) _
b2

-1-
-1

a3 =—[a$" +2aa” —2ypPbP +2p5x |,
—[ 65 + 206 + 2¢bValY - 28a57x |,
-

n=3: c'lfll) = m_ nyb(o)b(l) +nf b(l)X]

bg) =— [bfll) + n}fbgo)afll) —np aS)X] .

For terms with n > 3, the matrix form is the same as the one found at order O for n > 2, so these
terms decay exponentially to zero. As in the previous reference frame, the correction at order
K forces us to keep more terms compared to the simple K° order, increasing the truncation
limit fromn=1ton=2.

The system at order K that describes the evolution of the problem is therefore:

;L (O ) _

X=- (69 +kb()—9x, (B.23)
©_"
T T

il =~[a?+1-y()* + 6% ],
b = [ + 760 - pa”x ],
a’(10) = b’(10) =0, for n>2,

2
dgl) =— |:—4n + agl) + 277 + 2aa(0)] S
a
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(1) 4"r)a§0) + agl) 2+4n— 2yb(0)b(l) + fa’b(l)X] R

-1

(1) —[4nb® + 6P — 244 (60 + 5Va®) - paVx ],
e
-2

(” ) 2aa(o) 2rbb +2pb5x |,

b(” bs" +2ab” +2yb"al’ —2palVx | .

The fixed points of this system can be found. It is easy to verify that one fixed point of the
system is:

4n? 2
X=0, ago)_n’ agl):%—;n-kz(x, a®=-1

5

QI

(1) =2—8n, agl) =2a, and all the other terms vanish.

This leads to a motor density corrected at order K:

p(x)= az a,cp+bps, =n+K (47)2 —2n+ 2a2)+(—1 +2K(1—4n))ac; +2Ka?c,. (B.24)
n

B.7 The role of noise

To analyse the noise, we work in the reference frame of the flagellum, following the same
approach as in the uncoupled case [6], in order to compare the effects of coupling with the
results obtained in the uncoupled system.

The noise term from the Fokker-Planck equation is given by:

~ 1
B(x,p) = wog(x)p(x) + won(x) [Z — p(x)] . (B.25)
Noting that wyg(x) — won(x) = Q2 —2w,,(x), we obtain:

B(x,p)=Qp(x)—2w

l

In the case with coupling-dependent rates, we can expand the exponential for small coupling
constant K, as done previously:

o) = [n — cos (2%)} e K200 o £(x) (1 —2K(1—2p(x)0)) . (B.26)

Given this, we can rewrite B(x, p) in the following form, assuming for simplicity £ = 1:

B(x,
% =(1-2n)p +4Knp +2ac,p —4Kac,p

—8Kfp?+n(1—2K)—(1—2K)ac; +4Kfp.

As we can see from this expression, in this case B is not linear in p but quadratic. From an
analytical point of view, developing this expression would require introducing all the coeffi-
cients from the expansion of p, which would make the equations formal but not very practical.
To obtain usable results, we instead expand p(x) using the asymptotic values found in the de-
terministic case, corrected up to order K:

p(x)=n+K(@4n?—2n+2a%) + (—1 +2K(1 —4n)) ac; + 2Ka’c,

(B.27)
=n+Ky+(=1+K¢p)c; +2Ka?c,.
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In this expression, vy = 41n? — 21 + 2a® and ¢ = 2a — 8an. The equation further simplifies
when considering terms like Kp(x), since some coefficients become of order K2, and thus at
order K we obtain:

Kp(x)=K(n—ac;).
We have:

Kp(x)f (x) =K(n—ac)* =K(n*—2anc, + a*c}),
Kp(x)f?(x) =K(n—ac,)® =K(n* —3an’c; + 3a’nc? — a’c?).

From these expressions, we find:

B(x,p)
0

=(1—=2n)(N+KY +(—=1+K¢p)c; +2Ka’cy) +4Kn(n—ac;)
+2ac;(n + Ky + (=1 +K¢p)cy +2Ka?cy) —4Kacy () — acq)
—8K(n® —3an?c; + 30L2’r)c1 —a c3) +n(1—2K)
—(1—2K)ac; +4K(n? —2anc;, + ach)
=2(1—n)n+K [(1—2n)Y —2n +4n> —8n°]
+c [—a(l —2an)+K ((1 —21)¢p —4a + arp — 4an + 24an? + 2a — 8an)]
+ cf [—2a2 +K(2a¢ +8a®— 24a2n)]
+ cf[8a3] + ¢y [2K(1 —2n)a?] + cycp[4a%].

As in, we define the components of the diffusion matrix as:

2 (!
aa __
DIt = NaZ , B(x) ¢y cpdx,
9 1
ab _
= N | B(x)c,,s,dx, (B.28)
1
2
DTZ;IT’I = N2 ] B(x)s,;s,dx.

0

The only non-zero coefficients are D, = D}{ and D, = Dflb. The only relevant integrals for
their computation are:

1 1 1 1 1
1 3 1 1
J c%dx=f s%dx=—, J cfdx=—, f cfs%dx=—, J cfczdx=—.
0 0 2 0 8 0 8 0 4

We thus obtain the coefficients:

1 1—
D, = [4’0( ) 3]
2N a?
3¢a o 2
N — | Q=2 — 2n+4n*>—8n° + (1—2n)a* + —— 5 +6a“—18na“ |,
1—
= L[4,
2N a?

N 2|:(1 20 —2n + 4n* — 81> — (1 — 21n)a? +¢7+2a —6na}
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By substituting the explicit expressions of ¢ and v in terms of 1 and a, we obtain the final
expressions for the coefficients:

1 [4n(1— K
D, = —[M—3]+N—[10a2+2a+12—32na2—4na—16n3—4n],

2N a2 a2 (B.29)
_ 1[40 —=mn) K 2 2 2 3 .
Db—E[T—l +N—az|:2a +2a+12n —87](1 —47’)(1—167) —47)]

The structure of these coefficients is of the form D; = N _1dl.(0) + KN _1dl.(1). The di(o) matches

exactly the coefficients found in the model without coupling, so we can interpret the di(l) as
the linear corrections due to weak coupling.
In that article, the diffusion coefficient D, is also related to the quality factor Q:

1 N

S S (B.30)
Dy d®+kdV

Qcx

In most of the simulations of this and previously cited articles, the valuesn =a = % are used.

In this case, we find dl()l) = —6, so as K increases, the quality factor should increase too, at
least in the zone K < 1. It is also interesting to note that this equation for Q provides another
physical constraint on K. In fact, since Q must be > 0, the condition dl()o) + Kdl()l) > 0 must
hold wherever the formula is valid.

B.8 Reduction of the system

In this section, we present a series of heuristic considerations based on the full system of
equations obtained via Fourier expansion of the motor density. The goal is to derive a simplified
yet effective description of the system’s behaviour by means of progressively more drastic
reductions.

The full system for the Fourier coefficients a,(t), b,(t) and the position of the filament
X(t), linearized to first order in K, reads:

X = ﬁ [b,(t)cos(2mX (t)) — a;(t)sin(2nX (t))]— vX(t), (B.31)
C.10 =—[—q+qa0(t)+Kcl(t)], (B.32)
a; = —[qa; (t) + qcos(2mX (t)) + K (2 cos(27X (t))ag(t) + c5(t))], (B.33)
by =—I[qb,(t) +gsin(2nX(t)) + K (2sin(2mX (¢))ag(t) +55())] - (B.34)

For n > 2, we have:

=—[qa,(t) +Kd,(t)cos(2nX(t)) + K6b,(t)sin(2nX(t))],

C..l“ , . (B.35)
b, =—[qb,(t) + Ka,(t)sin(27mX (t)) + Kb, (t) cos(2nX (¢))],

with the following auxiliary definitions:

g=1-2K,
cy(t) = cos(2mX(t))a,(t)+ sin(2nX (t))b,(t),
s,(t) =sin(27X(t))a,(t) + cos(2mX (t))b,(t),
an(t) = any1 () + ap1 (1),
bn(t) = byy1 (£) + by (1),

6b,(t) = b1 (t) = by (1).
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Figure 13: Effect of truncation on the system analysing the shape of density at
t, =100.
f

This infinite hierarchy can be truncated at n = 1, which still yields good agreement with the
full N-motor numerical simulations.
We first consider a reduced system that retains only the coefficients a,, a;, and by:

X = % [b;(t)cos(2nX(t)) —a,(t)sin(2mX (t))]— vX(t), (B.36)
ao =—[—q +qao(t) +Kcy ()], (B.37)
a; =—[qa;(t) +qcos(2mX(t)) + 2Kay(t) cos(2mX(t))], (B.38)
by = —[qby(t) + gsin(2nX(t)) + 2Kay(t) sin(2mX (t))] . (B.39)

Now we can consider the time evolution of this coefficients.
Since ay(t) quickly converges to a value close to 1, we can approximate:

ap(t)~ 1,
which leads to the simplified system:
X = 2 [by(6) cos(2nX (1)) — ay(€)sin(2mX (1))] = X (0), (B.40)
a; =—[qa;(t) + cos(2mX (¢))], (B.41)
by = —[qb;(t) +sin(2X(t))] . (B.42)

Similarly, a;(t) also tends to a nearly stationary value around —1. Therefore, we further
approximate:

al(t) ~—1 >
and obtain a reduced system:
X = ﬁ [bi(t)cos(2mX (t)) + sin(2X (t))] — vX(¢t), (B.43)
by = —[qb(t) +sin(2mX(t))] . (B.44)

Replacing the trigonometric expressions with their local linear approximations:

by (t)cos(2mX(t)) — by(t),
sin(2ntX(t)) — 27X (t),
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Figure 14: Evolution in time of the Fourier coefficients in case K = 0.1.

we obtain the minimal system:

X = zl [by(£) +sin(27X (£))] — vX (), (B.45)
i

by =—[qb;(t) +21X(t)]. (B.46)

Interestingly, replacing sin(27tX) — X directly in Eq. (B.45) leads to instability in the dynamics

even if the dissipative term dominates. This suggests that the sinusoidal term plays a crucial

role in confining the system’s trajectories.
The second equation admits a formal solution:

by(6) = J e 1) (—2m)X (s) ds.

This expression shows that b;(t) acts as an exponentially weighted memory of the variable
X(t). As q decreases, i.e., as K increases, the memory becomes longer. In other words, in-
creasing motor coupling leads to a stronger temporal integration of the filament position.
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