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Abstract

Within the general framework of isogeometric methods, collocation schemes
have been recently proposed as a viable and promising low-cost alternative to
standard isogeometric Galerkin approaches. In this paper, isogeometric col-
location methods for the numerical approximation of Reissner-Mindlin plate
problems are proposed for the first time. Locking-free primal and mixed for-
mulations are herein considered, and the potential of isogeometric collocation
as a geometrically flexible and computationally efficient simulation tool for
shear deformable plates is shown through the solution of several numerical
tests.
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1. Introduction

Isogeometric analysis (IGA) is a relatively new computational framework
introduced by Hughes et al. [17, 24] with the main goal of bridging the
gap between Computer Aided Design (CAD) and Finite Element Analysis
(FEA) and of simplifying the expensive mesh generation process required
by standard FEA. The basic IGA paradigm consists of adopting the same
basis functions used for geometry representations in CAD systems - such as,
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e.g., Non-Uniform Rational B-Splines (NURBS) - for the approximation of
field variables, in an isoparametric fashion. Thanks to the high-continuity
properties of its basis functions, IGA is also characterized by an increased
accuracy and robustness on a per-degree-of-freedom basis in comparison to
standard FEA [8, 10, 18, 25, 30], and opens the door to new possibilities
such as the construction of geometrically flexible discretizations of higher-
order partial differential equations (PDEs) in primal form [2, 21, 28, 31, 35].

One of the main issues with IGA regards its efficient implementation and,
in particular, the development of computationally efficient integration rules
reducing assembly costs. In fact, in Galerkin IGA formulations, element-
wise Gauss quadrature, typically adopted for standard FEA, is sub-optimal,
since it does not take into account the inter-element higher continuity of
the basis functions. More efficient quadrature rules have been developed by
[6, 26, 34], but the development of a general and effective integration strategy
for Galerkin isogeometric methods is still an open problem.

In an effort to minimize the computational cost, still preserving the ad-
vantages of IGA in terms of geometrical flexibility and accuracy, isogeometric
collocation methods have been recently developed [3, 4]. Isogeometric col-
location is based on the discretization of the strong form of the governing
PDEs within an isoparametric framework, taking advantage of the higher-
continuity properties of the shape functions typically adopted in IGA. Isoge-
ometric collocation has been proven to be an efficient tool able to attain high
accuracy in combination with low computational costs, in particular when
higher-order approximation degrees are adopted. An accurate comparison
with (both IGA and FEA) Galerkin approaches has been carried out in [33].

In particular, isogeometric collocation looks extremely advantageous for
explicit structural dynamics, where the computational cost is dominated by
stress divergence evaluations at quadrature points for the calculation of the
residual force vector [4], and, more in general, in all those situations where
evaluation and assembly costs are dominant. In addition, it has been shown
in [3] that, for a given bandwidth, IGA collocation typically achieves bet-
ter convergence rates than IGA (or FEA) Galerkin. It should be however
remarked that IGA collocation gives rise to non-symmetric (but diagonally
dominant) stiffness matrices.

Within the isogeometric collocation context, several promising significant
studies have been recently proposed, including phase-field modeling [22], con-
tact [19], and hierarchical local refinement [33]. Among the many possible
applications of IGA collocation, structural elements appear to be particu-
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larly interesting. Within this framework, Bernoulli-Euler beam and Kirch-
hoff plate elements have been recently presented [32]. Also shear-deformable
Timoshenko beams [12] and spatial rods [5] have been considered, using both
primal and mixed formulations. Here, the peculiar structure of IGA colloca-
tion methods allows the construction of locking-free mixed methods indepen-
dently of the approximation degrees for the three fields, and such a unique
property has been proven analytically and extensively tested numerically.

Following the positive results obtained in the case of shear-deformable
one-dimensional structures, in this paper, IGA collocation schemes are pro-
posed for the first time for the numerical simulation of Reissner-Mindlin plate
problems. We consider both primal and mixed formulations and show the
potential of collocation methods to overcome shear locking within a geomet-
rically flexible and computationally efficient framework. Several numerical
tests are presented, proving the capabilities of the proposed formulations
when different geometries and boundary conditions are considered.

The paper is organized as follows. In the second section, the PDEs gov-
erning the Reissner-Mindlin plate problem are introduced; both primal (i.e.,
based on displacements and rotations) and mixed (i.e., based on displace-
ments, rotations, and shear forces) formulations are presented. In the third
section, a brief introduction to B-Splines and NURBS is given, and the ap-
proximation of the geometry and of the field variables within the isogeometric
analysis framework is presented. The fourth section is devoted to the descrip-
tion of the proposed collocation schemes for the approximation of the primal
and mixed formulations previously considered. The fifth section is then de-
voted to numerical experiments showing the performance of the proposed
methods, while, in the last section, conclusions and possible future research
directions are drawn.

2. The Reissner-Mindlin plate problem

We consider a plate of constant thickness which is represented by its
middle surface and the thickness t. The middle surface is comprised in the
x-y-plane, while the z-direction is considered as the “thickness direction”.
The typical assumption for shear deformable plates is made, i.e., cross sec-
tions are assumed to remain straight during deformation but not necessarily
normal to the middle surface. Also if unusual in finite element literature, in
the following, the governing equations are not presented in matrix form but
component-wise. This seems more appropriate for the collocation methods
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developed in this paper, since the final collocation equations are scalar equa-
tions associated to different sets of collocation points, as it will be discussed
in detail below.
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Figure 1: Plate stress resultants and rotations.

2.1. Governing equations

The equilibrium equations are expressed in terms of stress resultants, in
particular, the bending moments mxx,myy, the twisting moments mxy=myx,
and the shear forces qx, qy. Figure 1 shows the stress resultants acting on an
infinitesimal plate element dA= dx·dy subjected to an external transversal
load f . The plate equilibrium equations comprise the transversal equilibrium:

qx,x + qy,y = −f (1)

and the rotational equilibrium in x and y:

mxx,x +mxy,y − qx = 0 (2)

myy,y +myx,x − qy = 0 (3)

Let w denote the transversal displacement, and let ϕx, ϕy denote the
rotations of the plate cross section, with their orientation defined as depicted
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in Figure 1. Shear strains are denoted by γx and γy, with the same orientation
definition as for the rotations. Then, the following kinematic equations hold:

w,x = −ϕx + γx (4)

w,y = −ϕy + γy (5)

Furthermore, we define the curvatures as the components of the symmetric
gradient of the rotations:

κxx = ϕx,x (6)

κyy = ϕy,y (7)

κxy = κyx =
ϕx,y + ϕy,x

2
(8)

Assuming to deal with a linear elastic isotropic material and given the
Young’s modulus E, the Poisson’s ratio ν, the shear modulus G = E/(2+2ν),
and the plate thickness t, we define the plate bending stiffness parameter Kb

and the shear stiffness parameter Ks as:

Kb =
Et3

12(1− ν2)
Ks = αGt (9)

The shear correction term α accounts for the non-constant distribution of
shear stresses through the thickness. In the context of this paper, the stan-
dard value of α = 5/6 is adopted.
According to the positions so far introduced, bending moments are related
to the curvatures through the following relations:

mxx = Kb(κxx + νκyy) (10)

myy = Kb(νκxx + κyy) (11)

mxy = Kb(1− ν)κxy (12)

and shear forces are obtained from the shear strains by:

qx = Ksγx (13)

qy = Ksγy (14)
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2.2. Possible problem formulations

We use the equilibrium, kinematic, and constitutive equations presented
above in order to derive both a primal and a mixed formulation, which will be
then used as basis for the collocation methods. For the primal formulation,
we employ the standard approach of considering displacement and rotations
as primal variables. An alternative approach could be to consider the dis-
placement and the shear strains as primal variables, as shown in the context
of Galerkin formulations in [11] for plates and in [20, 29] for shells. For
the mixed formulation, instead, shear forces are considered as independent
variables additionally to displacement and rotations.

2.2.1. Primal formulation

Substituting the kinematic equations (4)-(8) into the constitutive equa-
tions (10)-(14), we can express bending moments and shear forces in terms
of displacements and rotations:

mxx = Kb(ϕx,x + νϕy,y) (15)

myy = Kb(νϕx,x + ϕy,y) (16)

mxy = Kb
1− ν

2
(ϕx,y + ϕy,x) (17)

qx = Ks(w,x + ϕx) (18)

qy = Ks(w,y + ϕy) (19)

Substituting equations (15)-(19) into the equilibrium equations (1)-(3), we
can express the equilibrium in terms of the primal variables:

Ks (w,xx + w,yy + ϕx,x + ϕy,y) = −f (20)

Ks(−w,x − ϕx) +Kb

(
ϕx,xx +

1− ν
2

ϕx,yy +
1 + ν

2
ϕy,xy

)
= 0 (21)

Ks(−w,y − ϕy) +Kb

(
ϕy,yy +

1− ν
2

ϕy,xx +
1 + ν

2
ϕx,xy

)
= 0 (22)

Equations (20)-(22) represent the equilibrium equations in the interior of the
domain while, at a Neumann boundary, the equilibrium is given by:

q · n = q (23)

m · n = m (24)
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where q is the vector of shear forces, m is the tensor of bending moments,
n = [nx, ny]

T is the outward normal vector to the boundary, q is a external
shear force applied at the boundary, and m = [mx,my]

T is the vector of
external moments applied at the boundary.
Using equations (15)-(19), the boundary equilibrium equations (23)-(24) can
be rewritten as follows:

Ks (nxw,x + nyw,y + nxϕx + nyϕy) = q (25)

Kb

(
nx(ϕx,x + νϕy,y) + ny

1− ν
2

(ϕx,y + ϕy,x)

)
= mx (26)

Kb

(
nx

1− ν
2

(ϕx,y + ϕy,x) + ny(νϕx,x + ϕy,y)

)
= my (27)

Equations (20)-(22) and (25)-(27) are the equilibrium equations of the Reissner-
Mindlin plate in a primal formulation in terms of displacement and rotations.
These equations, together with the Dirichlet boundary conditions, are the ba-
sis for developing corresponding collocation methods as it will be shown in
Section 4.1.

2.2.2. Mixed formulation

To establish a mixed formulation, we substitute again the kinematic (4)-
(8) and the constitutive (10)-(14) equations into the equilibrium equations
(1)-(3), but consider the shear forces qx, qy as additional independent vari-
ables:

qx,x + qy,y = −f (28)

Kb

(
ϕx,xx +

1− ν
2

ϕx,yy +
1 + ν

2
ϕy,xy

)
− qx = 0 (29)

Kb

(
ϕy,yy +

1− ν
2

ϕy,xx +
1 + ν

2
ϕx,xy

)
− qy = 0 (30)

The relation between the shear forces and the primal variables is given by
the constitutive equations (18)-(19):

Ks(w,x + ϕx)− qx = 0 (31)

Ks(w,y + ϕy)− qy = 0 (32)

Equations (28)-(32) represent a mixed formulation of the Reissner-Mindlin
plate problem, being a system of five equations in five unknowns.
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At Neumann boundaries, the equilibrium equations in the mixed formulation
read as follows:

nxqx + nyqy = q (33)

Kb

(
nx(ϕx,x + νϕy,y) + ny

1− ν
2

(ϕx,y + ϕy,x)

)
= mx (34)

Kb

(
nx

1− ν
2

(ϕx,y + ϕy,x) + ny(νϕx,x + ϕy,y)

)
= my (35)

The boundary equilibrium equations are complemented by the the constitu-
tive equations (31)-(32), which hold equally in the interior of the domain and
at the boundary. Equations (28)-(35), together with the Dirichlet boundary
conditions, are the basis for developing a mixed collocation method as it will
be shown in Section 4.2.

3. Isogeometric discretization with NURBS

For solving the equations presented in the previous section by isogeo-
metric collocation, the unknown variables are discretized by Non-Uniform
Rational B-Splines (NURBS).

3.1. B-splines and NURBS

B-splines are piecewise polynomials defined by the polynomial degree p
and a so-called knot vector [ξ1, ξ2, . . . , ξn+p+1], where n is the number of basis
functions. The knot vector is a set of parametric coordinates ξi, the so-called
knots, which divide the parametric space into sections or knot spans. A knot
can also appear repeatedly, in this case it is called a multiple knot. At a single
knot the B-splines are Cp−1 continuous, at a multiple knot of multiplicity k
the continuity is reduced to Cp−k.

B-spline basis functions of degree p are defined by the following recursion
formula. For p = 0:

Ni,0(ξ) =

{
1, ξi ≤ ξ < ξi+1

0, otherwise
(36)

while for p ≥ 1:

Ni,p(ξ) =
ξ − ξi
ξi+p − ξi

Ni,p−1(ξ) +
ξi+p+1 − ξ
ξi+p+1 − ξi+1

Ni+1,p−1(ξ) (37)

8



A bivariate NURBS function Rij is defined as the weighted tensor-product
of the B-spline functions Ni,p(ξ) and Mj,q(η):

Rij(ξ, η) =
Ni,p(ξ)Mj,q(η)ωij

n∑
k=1

m∑
l=1

Nk,p(ξ)Ml,q(η)ωkl

(38)

where ωij are called control weights. A NURBS surface S(ξ, η) is defined as
a linear combination of basis functions and control points Pij:

S(ξ, η) =
n∑
i=1

m∑
j=1

Rij(ξ, η)Pij (39)

As in Galerkin-based isogeometric analysis, also in isogeometric collocation
the isoparametric concept is adopted, i.e., NURBS are employed both to
represent the geometry and to approximate the solution. Accordingly, the
unknown variables are approximated by:

wh(ξ, η) =
nw∑
i=1

mw∑
j=1

Rw
ij(ξ, η)ŵij (40)

ϕhξ (ξ, η) =

nϕξ∑
i=1

mϕξ∑
j=1

R
ϕξ
ij (ξ, η)ϕ̂ijξ (41)

ϕhη(ξ, η) =

nϕη∑
i=1

mϕη∑
j=1

R
ϕη
ij (ξ, η)ϕ̂η

ij (42)

qhξ (ξ, η) =

nqξ∑
i=1

mqξ∑
j=1

R
qξ
ij (ξ, η)q̂ξ

ij (43)

qhη (ξ, η) =

nqη∑
i=1

mqη∑
j=1

R
qη
ij (ξ, η)q̂η

ij (44)

As indicated in equations (40)-(44), different spaces can be employed for the
discretization of the single fields. This fact is used, for instance, when creating
the so-called rotated spaces for the rotations, as explained in the following
section. We highlight that for the methods presented in this paper, different
polynomial degrees might be used for the different fields, however, the same
knot mesh is assumed for all discretized fields. Furthermore, continuity Cp−1

is assumed for fields of order p, unless indicated otherwise.
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3.2. Rotated spaces

A common problem of primal formulations in terms of displacement and
rotations for Reissner-Mindlin plates is known as shear locking [7, 13, 23, 27].
The problem typically appears for small values of the thickness parameter
t and it is due to the fact that the spaces for displacement and rotations
cannot represent the constraint of vanishing shear deformation, also known
as the Kirchhoff constraint. In the thin limit (t→ 0), the shear strains must
vanish and equations (4)-(5) reduce to:

ϕx = −w,x (45)

ϕy = −w,y (46)

In order to satisfy these equations in the discrete model, the spaces for ϕhx
and ϕhy need to be chosen carefully. The isogeometric compatible spaces
described below where introduced in [14, 15] for electromagnetic problems,
and first used in [9] for Reissner Mindlin plates with Galerkin IGA.

Let Sp,qα,β denote the space of bivariate functions with polynomial degrees
p, q and continuity indices α, β in ξ- and η-direction, respectively. We assume
an isotropic discretization, i.e., p = q and α = β, for the displacement:

wh ∈ Sp,pα,α (47)

Accordingly, the spaces for the derivatives with respect to the parametric
coordinates ξ, η are:

∂wh

∂ξ
∈ Sp−1,p

α−1,α (48)

∂wh

∂η
∈ Sp,p−1

α,α−1 (49)

The derivatives with respect to the physical coordinates x, y are obtained
from the derivatives with respect to the parametric coordinates ξ, η by the
following mapping:

∂wh

∂x
∂wh

∂y

 =


∂ξ

∂x

∂η

∂x
∂ξ

∂y

∂η

∂y




∂wh

∂ξ
∂wh

∂η

 (50)
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For a more compact notation in the following derivations, we use index no-
tation (x1 =x, x2 =y, ξ1 =ξ, ξ2 =η) where the classical summation convention
for repeated indices is used. Accordingly, equation (50) can be rewritten as:

∂wh

∂xi
=
∂ξl
∂xi

∂wh

∂ξl
(51)

In order to have compatible spaces in equations (45)-(46), the spaces for
the rotations ϕx and ϕy need to be chosen to according the gradient of the
displacement, following the same steps as described in equations (48)-(51).
First, the spaces for ϕhξ and ϕhη are chosen according to the spaces of wh,ξ and

wh,η:

ϕhξ ∈ S
p−1,p
α−1,α (52)

ϕhη ∈ S
p,p−1
α,α−1 (53)

This is easily obtained due to the tensor product structure of the employed
functions which allow choosing the polynomial degree and continuity inde-
pendently for the two directions. Then, the rotation vector is mapped from
the parametric space (ϕhξ , ϕ

h
η) to the physical space (ϕx, ϕy) by the same

mapping as used for the gradient of the displacement described in (51):

ϕhxi =
∂ξl
∂xi

ϕhξl (54)

The first and second derivatives of the rotations in the physical space are
then obtained as:

∂ϕhxi
∂xj

=
∂2ξl
∂xi∂xj

ϕhξl +
∂ξl
∂xi

∂ϕhξl
∂xj

(55)

∂ϕhxi
∂xj∂xk

=
∂3ξl

∂xi∂xj∂xk
ϕhξl +

∂2ξl
∂xi∂xj

∂ϕhξl
∂xk

+
∂2ξl

∂xi∂xk

∂ϕhξl
∂xj

+
∂ξl
∂xi

∂2ϕhξl
∂xj∂xk

(56)

Equations (54)-(56) represent the Piola mapping of the rotations and their
derivatives, and the resulting spaces are referred to as rotated spaces. A
discretization employing such spaces satisfies the compatibility conditions
(52)-(53) and, as a consequence, is free of shear locking [9].

It is important to note that the rotated spaces (52)-(53) require the un-
derlying spaces to be polynomial. This precludes the use of rational functions
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and B-Spline have to be used instead of NURBS to approximate the solution
fields. As a consequence, the approach with rotated spaces is not isopara-
metric in a strict sense when the geometry is modeled by rational NURBS,
as typically done for circular geometries. In Section 5.2 of this paper such
an example is considered and successfully tested. The same approach has
been employed in the context of an isogeometric Galerkin formulation for
Reissner-Mindlin plates in [9] where the convergence of the approach is also
proven analytically.

3.3. Boundary refinement

The Reissner-Mindlin plate problem can exhibit boundary layers [1], de-
pending on the plate geometry, boundary conditions, and loading. Such
boundary layers typically have a characteristic length O(t). While their ef-
fects on the numerical solution are of minor importance for low-order finite
elements, this is not the case for high-order and high-continuity isogeometric
methods. As long as the mesh of the numerical model is not fine enough to
properly resolve these layers, significant deterioration of convergence occurs
[9]. Moreover, as shown in Section 5.3 of this paper, the use of a correct
refinement in the presence of boundary layers seems even more important for
collocation schemes than for Galerkin methods. In order to properly resolve
the boundary layers but avoiding excessively fine meshes, the mesh refine-
ment scheme needs to be adapted near the boundaries. In a NURBS-based
model, this can be easily done by inserting additional knots near the bound-
ary as shown in Section 5.2 of this paper. Within this study, we perform such
refinement for problems where boundary layers are to be expected. Clearly,
it would be interesting to develop an adaptive refinement algorithm which
detects boundary layers and automatically performs problem-adapted mesh
refinement, which, however, is beyond the scope of this work.

4. Collocation schemes

For the isogeometric collocation approach, the discretized strong form
equations are collocated on the physical images of the Greville abscissae
[3, 4, 5, 12]. The Greville abscissae ξ related to a spline space of degree p
and knot vector {ξ1, . . . , ξn+p+1} are points of the parametric space defined
by:

ξi =
ξi+1 + ξi+2 + . . .+ ξi+p

p
(57)
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For two-dimensional problems, a Greville point is defined by (ξ, η), which
are the Greville abscissae in the two parametric directions. For a shorter
notation, we write ξ = (ξ, η). It should be noted that according to equa-
tion (57), the first and the last Greville abscissae are located at the bound-
aries. Since the equilibrium equations to be collocated are different at the
boundary and the domain interior, we introduce the following notation for
different sets of Greville points: {ξ} denotes the set of all Greville points
of the associated space, i.e., {ξ} = ξij(i = 1 . . . n, j = 1 . . .m), while

{ξ}Ω denotes the set of the Greville points excluding the boundaries, i.e.,
{ξ}Ω = ξij(i = 2 . . . n−1, j = 2 . . .m−1) and {ξ}Γ denotes the Greville

points on the boundaries, i.e., {ξ}Γ = {ξ} \ {ξ}Ω.
If rotated spaces are used as described above, different sets of Greville points
are obtained for the different fields. For a clear distinction, these are denoted
by ξw, ξϕξ , and ξϕη referring to the different spaces of displacement and ro-
tations. Finally, the physical image of a Greville point is obtained by the
NURBS mapping S(ξ).

4.1. Primal formulation

In the following, we develop two collocation schemes based on the primal
formulation, one using equal orders for the different fields and one using
rotated spaces. For this purpose, we discretize the equilibrium equations
(20)-(27) and write them in a residual form, i.e., R = 0, with R being the
residual. In particular, we define the residual of the transversal equilibrium
equation on the domain interior (20):

RΩ
w = Ks(w

h
,xx + wh,yy + ϕhx,x + ϕhy,y) + f (58)

Similarly, we define the residual of the interior domain equation of rotational
equilibrium in x (21):

RΩ
ϕx = Ks(−wh,x − ϕhx) +Kb

(
ϕhx,xx +

1− ν
2

ϕhx,yy +
1 + ν

2
ϕhy,xy

)
(59)

and of rotational equilibrium in y (22):

RΩ
ϕy = Ks(−wh,y − ϕhy) +Kb

(
ϕhy,yy +

1− ν
2

ϕhy,xx +
1 + ν

2
ϕhx,xy

)
(60)
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In an analogous manner, we define the residuals corresponding to the equi-
librium equations at the boundary (25)-(27):

RΓ
w = Ks

(
nxw

h
,x + nyw

h
,y + nxϕ

h
x + nyϕ

h
y

)
− q (61)

RΓ
ϕx = Kb

(
nx(ϕ

h
x,x + νϕhy,y) + ny

1− ν
2

(ϕhx,y + ϕhy,x)

)
−mx (62)

RΓ
ϕy = Kb

(
nx

1− ν
2

(ϕhx,y + ϕhy,x) + ny(νϕ
h
x,x + ϕhy,y)

)
−my (63)

4.1.1. Primal formulation with equal orders

For the collocation scheme with equal orders, i.e., all the discrete spaces
in (40)-(42) using the same knot vector and polynomial order, there is one
unique set of Greville points, which is used to collocate the equilibrium equa-
tions as given in (58)-(63). In particular, equations (58)-(60) are collocated
on the domain interior, while equations (61)-(63) are collocated on Neumann
boundaries1. Accordingly, we propose the following collocation scheme.

Collocate :

RΩ
w = 0, RΩ

ϕx = 0, RΩ
ϕy = 0 on S({ξ}Ω) (64)

RΓ
w = 0, RΓ

ϕx = 0, RΓ
ϕy = 0 on S({ξ}Γ) (65)

The equations above describe a free plate, i.e. with full Neumann boundaries.
For clamped or supported boundaries, the associated Dirichlet conditions are
directly applied to the respective degrees of freedom and substituted to the
related equation in (65).

4.1.2. Primal formulation with rotated spaces

In a primal formulation with rotated spaces, different NURBS spaces are
used for the three fields w,ϕξ, ϕη, and, accordingly, there are three different
sets of collocation points. Inspired by the variational formulation of the

1Here and in the following, we choose to directly collocate Neumann boundary con-
ditions on Neumann boundaries in agreement with what has been typically done in the
IGA collocation literature. However, we remark that it has been recently shown in [19]
that such an approach may not be optimal in singular situations, in particular when non-
uniform meshes are adopted. To properly deal with those situations, simple alternative
strategies have been therein proposed, and could be verbatim adopted also in the context
of this paper.
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problem, we propose to collocate the equation of transversal equilibrium on
the Greville points related to the displacement space, and the equations of
rotational equilibrium on the Greville points related to the respective rotation
spaces. It is important to note that the residuals given in (59)-(60) and (62)-
(63) refer to the equilibrium of rotations in x and y, i.e., to ϕx and ϕy.
The collocation points, however, are defined by the Greville abscissae of the
spaces for ϕξ and ϕη. Consequently, the equations of rotational equilibrium
must be formulated in terms of ϕξ, ϕη, which is obtained by the following
transformation of the residuals:

(
Rϕξ

Rϕη

)
=


∂ξ

∂x

∂ξ

∂y
∂η

∂x

∂η

∂y


(
Rϕx

Rϕy

)
(66)

This transformations is applied to the residuals of rotational equilibrium both
on the domain interior (59)-(60) and at the boundary (62)-(63).
Accordingly, the following collocation scheme is proposed for the primal for-
mulation with rotated spaces:

Collocate :

RΩ
w = 0 on S({ξw}Ω) (67)

RΩ
ϕξ

= 0 on S({ξϕξ}
Ω) (68)

RΩ
ϕη = 0 on S({ξϕη}

Ω) (69)

RΓ
w = 0 on S({ξw}Γ) (70)

RΓ
ϕξ

= 0 on S({ξϕξ}
Γ) (71)

RΓ
ϕη = 0 on S({ξϕη}

Γ) (72)

The same observations of Section 4.1.1 regarding Neumann and Dirichlet
boundary conditions apply in this case.

4.2. Mixed formulation with equal orders

For the mixed formulation, equal orders are used for all variables in (40)-
(44). Accordingly, there is a unique set of Greville points as basis to collocate
the corresponding equations (28)-(35). Nevertheless, it must be distinguished
between equations to be collocated on the domain interior, at the boundary,
or on the whole domain.
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Accordingly, we propose the following collocation scheme for the mixed for-
mulation:

qhx,x + qhy,y + f = 0 on S({ξ}Ω) (73)

Kb

(
ϕhx,xx +

1− ν
2

ϕhx,yy +
1 + ν

2
ϕhy,xy

)
− qhx = 0 on S({ξ}Ω) (74)

Kb

(
ϕhy,yy +

1− ν
2

ϕhy,xx +
1 + ν

2
ϕhx,xy

)
− qhy = 0 on S({ξ}Ω) (75)

nxq
h
x + nyq

h
y − q = 0 on S({ξ}Γ) (76)

Kb

(
nx(ϕ

h
x,x + νϕhy,y) + ny

1− ν
2

(ϕhx,y + ϕhy,x)

)
−mx = 0 on S({ξ}Γ) (77)

Kb

(
nx

1− ν
2

(ϕhx,y + ϕhy,x) + ny(νϕ
h
x,x + ϕhy,y)

)
−my = 0 on S({ξ}Γ) (78)

Ks

(
wh,x + ϕhx

)
− qhx = 0 on S({ξ}) (79)

Ks

(
wh,y + ϕhy

)
− qhy = 0 on S({ξ}) (80)

where equations (73)-(75) represent the equilibrium equations on the domain
interior, (76)-(78) the equilibrium equations on the Neumann boundaries,
and (79)-(80) are the constitutive equations valid on the whole domain in-
cluding the boundaries. As in the primal formulations, Dirichlet boundary
conditions are directly applied to the respective degrees of freedom.

5. Numerical tests

In this section, we perform numerical convergence analysis of the pro-
posed methods using two different test examples. The first example consists
of a simple square plate with clamped supports having a known analytical
solution. The second example, consisting of a quarter annulus plate, includes
non-linear geometrical mapping and different types of boundary conditions,
and exhibits boundary layers.

5.1. Square plate with clamped support

We consider a problem for which an analytical solution is available (see [16]).
This test consists of a unitary square plate [0, 1]2 with clamped boundary
conditions on all four sides and a distributed load given by the following

16



1.3 1.4 1.5 1.6 1.7 1.8 1.9
−6

−5

−4

−3

−2

−1

0

log10(n)

lo
g 10

( |
|w

ex
 −

w
h|| L2 /

 ||
w

ex
|| L2 )

 

 

p=2
p=3
p=4
p=5
c1*n−2

c2*n−4

(a) t = 10−1

1.3 1.4 1.5 1.6 1.7 1.8 1.9
−1.5

−1

−0.5

0

0.5

1

log10(n)

lo
g 10

( |
|w

ex
 −

w
h|| L2 /

 ||
w

ex
|| L2 )

 

 

p=2
p=3
p=4
p=5
c1*n−4

(b) t = 10−3

Figure 2: Square plate with clamped support solved by a primal formulation with equal
orders. L2-norm approximation error of displacement for (a) a thick plate and (b) a thin
plate.

function:

f(x, y) =
E

12(1− ν2)

[
12y(y − 1)(5x2 − 5x+ 1)(2y2(y − 1)2

+ x(x− 1)(5y2 − 5y + 1))

+ 12x(x− 1)(5y2 − 5y + 1)(2x2(x− 1)2

+ y(y − 1)(5x2 − 5x+ 1))
]

(81)

The analytical solution for displacement and rotations is given in [16] as:

w(x, y) =
1

3
x3(x− 1)3y3(y − 1)3

− 2t2

5(1− ν)

[
y3(y − 1)3x(x− 1)(5x2 − 5x+ 1)

+ x3(x− 1)3y(y − 1)(5y2 − 5y + 1)
]

(82)

ϕx(x, y) = −y3(y − 1)3x2(x− 1)2(2x− 1) (83)

ϕy(x, y) = −x3(x− 1)3y2(y − 1)2(2y − 1) (84)
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(b) t = 10−3

Figure 3: Square plate with clamped support solved by a primal formulation with rotated
spaces. L2-norm approximation error of displacement for (a) a thick plate and (b) a thin
plate.

From this, we also deduce the exact solution for bending moments and shear
forces:

mxx = − Et3

6(1− ν2)

(
y3(y − 1)3(x− x2)(5x2 − 5x+ 1)

+ ν(x3(x− 1)3(y − y2)(5y2 − 5y + 1))
)

(85)

myy = − Et3

6(1− ν2)

(
ν(y3(y − 1)3(x− x2)(5x2 − 5x+ 1))

+ x3(x− 1)3(y − y2)(5y2 − 5y + 1)
)

(86)

mxy = myx = − Et3

12(1 + ν)
3y2(y − 1)2(2y − 1)x2(x− 1)2(2x− 1) (87)

qx = − Et3

6(1− ν2)

(
y3(y − 1)3(20x3 − 30x2 + 12x− 1)

+ 3y(y − 1)(5y2 − 5y + 1)x2(x− 1)2(2x− 1)
)

(88)

qy = − Et3

6(1− ν2)

(
x3(x− 1)3(20y3 − 30y2 + 12y − 1)

+ 3x(x− 1)(5x2 − 5x+ 1)y2(y − 1)2(2y − 1)
)

(89)
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(b) t = 10−3

Figure 4: Square plate with clamped support solved by a primal formulation with rotated
spaces. L2-norm approximation error of rotations for (a) a thick plate and (b) a thin plate.

The material parameters are given as E = 10.92 · 106 and ν = 0.3. In the
following, the problem is solved by the proposed collocation methods, where
for each study a thick plate with t = 10−1 and a thin plate with t = 10−3 are
considered in order to investigate the presence of shear locking.

5.1.1. Primal formulation with equal orders

Firstly, we solve the problem by the primal collocation approach with
equal orders, i.e., the same polynomial degree is used for displacement and ro-
tations. A refinement study is performed for polynomial degrees p = 2, 3, 4, 5
and Figure 2 shows the L2-norm approximation error of the displacement
plotted against the square root of the total number of degrees of freedom
n =
√

#dof. Dashed lines indicate the order of convergence. As can be seen,
the error converges well for all polynomial degrees in the case of a thick plate
while shear locking is clearly present in the thin case. Regarding the thin
plate, the results for p = 4 and p = 5 converge after some mesh refinement,
while the results for p = 2 and p = 3 show no convergence at all in the range
of considered meshes. Furthermore, it can be seen in Figure 2(a) that even
degrees converge with a rate of p while odd degrees converge with p − 1.
This characteristic even-odd switch in the convergence rates is typical for
isogeometric collocation methods [3].
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Figure 5: Square plate with clamped support solved by a primal formulation with rotated
spaces. L2-norm approximation error of bending moments for (a) a thick plate and (b) a
thin plate.

5.1.2. Primal formulation with rotated spaces

Secondly, the problem is solved by the primal approach with rotated
spaces, as described in equations (47)-(53). The same refinement study as
described above is performed. It is important to note that for the rotated
spaces as described in (52)-(53) functions of degree p− 1 are involved, and,
consequently, the minimum polynomial degree in this study is p = 3. Figure
3 shows the convergence of the L2-norm approximation error of the displace-
ment. As can be seen, the results converge well for both the thick and the
thin plate, confirming that the primal formulation with rotated spaces is
locking-free. Again, we can observe the characteristic even-odd switch, but
now even degrees converge with p−1 and odds with p−2 due to the fact that
analysis of degree p involves functions of degree p− 1. Additionally, we plot
the convergence of the L2-norm approximation error of the rotations, bend-
ing moments, and shear forces, see Figure 4-6. Also these figures confirm the
locking-free behavior of this method. Furthermore, it can be observed that
displacement, rotations, bending moments, and shear forces are converging
with the same convergence rates.

5.1.3. Mixed formulation with equal orders

Next, the mixed formulation with equal orders is employed to solve the
problem and the results are displayed in Figures 7-10 depicting the error
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Figure 6: Square plate with clamped support solved by a primal formulation with rotated
spaces. L2-norm approximation error of shear forces for (a) a thick plate and (b) a thin
plate.

of displacement, rotations, bending moments, and shear forces. The results
show that the mixed formulation is locking-free and that all variables con-
verge with the same convergence rates.

5.1.4. Speed comparison

In this section, we want to compare the presented methods in terms of
computational time effort. For the comparison, we measure the total time
needed for assembly and solving of the plate problem presented above for
the finest meshes and different polynomial degrees p = 3, 4, 5, comparing it
for the approach with rotated spaces and the mixed formulation. The primal
formulation with equal orders is not further considered here since it signifi-
cantly suffers from locking. The mesh consists 50×50 elements for the primal
formulation and 38 × 38 elements for the mixed formulation such that the
total number of degrees of freedom is comparable. Additionally, we perform
the same test with a corresponding Galerkin formulation, in particular, an
isogeometric Galerkin formulation with equal orders using 50× 50 elements
as in the primal formulation. We remark that all methods have been pro-
grammed in Matlab using the same subroutines for shape functions etc., and
all computations are run on a Laptop. We highlight that the following com-
parison serves just to give a speed estimate and surely is not to be considered
as a precise measure of efficiency.
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Figure 7: Square plate with clamped support solved by a mixed formulation with equal
orders. L2-norm approximation error of displacement for (a) a thick plate and (b) a thin
plate.

The results of the test are gathered in Table 1. As can be seen, the
mixed formulation is significantly faster than the one with rotated spaces.
This is because the mixed formulation requires only the evaluation of shape
function derivatives, see (73)-(80), while the approach with rotated spaces
requires additionally the Piola mapping of the rotations and their derivatives
as described in equations (54)-(56). It is this additional mapping which makes
the method with rotated spaces more costly in terms of computational time.

Moreover, it can be seen that both collocation methods are significantly
faster than the Galerkin method especially for high polynomial degrees. We
highlight again that this study is to be considered just as an estimate in terms
of computational time efficiency, comparing the methods for a certain size of
the system matrix, without taking into account the absolute error obtained
by the different methods. For a very detailed and comprehensive study on
the efficiency of collocation methods based on error comparison, we refer to
[33].

5.2. Quarter annulus

As a second example, we investigate the problem shown in Figure 11 rep-
resenting a quarter of a circular annulus. The plate is subjected to a uniform
load f = 1 and is simply supported at the straight edges while the curved
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Figure 8: Square plate with clamped support solved by a mixed formulation with equal
orders. L2-norm approximation error of rotations for (a) a thick plate and (b) a thin plate.

Method p = 3 p = 4 p = 5
Collocation rotated spaces 15 s 17 s 18 s

Collocation mixed 5 s 6 s 7 s
Galerkin 37 s 56 s 93 s

Table 1: Computation time for assembly and solving of the quadratic plate example with
different methods for the finest mesh and different polynomial degrees.

edges are free. The material and thickness parameters are E = 108, ν = 0.3,
and t = 0.01. As reported in [9], this problem exhibits boundary layers whose
characteristic length is O(t). In order to resolve these boundary layers, the
following refinement scheme is employed. Given that the knot vectors of the
initial model range from 0 to 1, a first refinement near the boundaries is
performed by inserting knots at 0.01 and 0.99 in both directions, as shown in
Figure 11. Based on this boundary-refined model, uniform refinement of the
given knot spans is performed in the following. For solving the problem we
employ both the primal formulation with rotated spaces and the mixed for-
mulation with equal orders. As in the previous example, convergence studies
are made with polynomial degrees p = 2, 3, 4, 5 for the mixed formulation
and p = 3, 4, 5 for the formulation with rotated spaces. Since no analytical
solution is available for this example, the reference solution is computed on a
very fine mesh with 120×120 quintic elements. Figure 12 shows the L2-norm
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Figure 9: Square plate with clamped support solved by a mixed formulation with equal
orders. L2-norm approximation error of bending moments for (a) a thick plate and (b) a
thin plate.

approximation error of the displacement for the two methods.

5.3. On the importance of compatible spaces and boundary layer resolution

In this section, we study the importance of two special aspects of the
presented methods, in particular, the use of compatible spaces, i.e., rotated
spaces with Piola mapping in case of a primal formulation, and boundary
refinement in case of boundary layers. It is noted that these techniques are
also necessary in corresponding Galerkin formulations [9] in order to obtain
optimal convergence. However, it appears that their correct application is
much more significant in collocation methods. In order to demonstrate these
effects, we repeat the annulus example, once without boundary refinement
and once without compatible spaces for the primal formulation.

Firstly, we rerun the annulus example with the same formulations as
before, but without the proposed boundary refinement. The results are de-
picted in Figure 13. As can be seen, the results of the primal formulation
are diverging, and also for the mixed formulation convergence is obtained
only for p > 2 and after some refinement. This behavior is quite different
from corresponding Galerkin formulations where not resolving the boundary
layers just leads to lower convergence rates, see [9].

Furthermore, we solve the same example performing boundary refinement
as described above but using the primal formulation with equal orders. While

24



1.3 1.4 1.5 1.6 1.7 1.8 1.9
−7

−6

−5

−4

−3

−2

−1

0

log10(n)

lo
g 10

( |
|q

ex
 −

q h|| L2 /
 ||

q ex
|| L2 )

 

 

p=2
p=3
p=4
p=5
c1*n−2

c2*n−4

(a) t = 10−1

1.3 1.4 1.5 1.6 1.7 1.8 1.9
−7

−6

−5

−4

−3

−2

−1

0

log10(n)

lo
g 10

( |
|q

ex
 −

q h|| L2 /
 ||

q ex
|| L2 )

 

 

p=2
p=3
p=4
p=5
c1*n−2

c2*n−4

(b) t = 10−3

Figure 10: Square plate with clamped support solved by a mixed formulation with equal
orders. L2-norm approximation error of shear forces for (a) a thick plate and (b) a thin
plate.

in the example of a square plate with clamped boundaries typical locking be-
havior was observed, i.e., the plate behaves “too stiff” for lower orders, cf.
Figure 2(a), the behavior is quite different in this example and cannot be
classified as a typical locking problem. As can be seen in Figure 14(a), the
results look rather “chaotic” and the L2-norm error takes on values larger
than one. Plotting the deformation of the plate we have observed even nega-
tive deformations, i.e., deformations in the opposite direction of the loading.
Similar results are also obtained if rotated spaces are used for discretizing
ϕξ, ϕη but without the correct Piola mapping as described in (54)-(56), see
Figure 14(b).

As a conclusion from these tests, one can observe that the presented
collocation methods exhibit problems in the same cases as corresponding
Galerkin formulations, but the negative effects are more severe. The reason
for such behavior is not completely understood yet and will be subject of
further research. Nevertheless, the methods work well if compatible spaces
(or a mixed formulation) are used and boundary layers are properly resolved
as proposed in this paper.
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Figure 11: Quarter annulus with boundary refinement on all four sides. The closeup shows
a zoom of this refinement in the corner.

6. Conclusions

In the present paper, we have introduced isogeometric collocation schemes
for the approximation of Reissner-Mindlin plates. Both primal (i.e., based
on displacements and rotations) and mixed (i.e., based on displacements,
rotations, and shear forces) formulations have been studied. In particular, we
have considered a primal formulation based on equal order approximations,
a primal formulation based on “rotated” (compatible) spaces complemented
by a suitable Piola mapping, and a mixed formulation based on equal order
approximations. Such formulations have been carefully tested in different
geometric and boundary condition situations. Moreover, their performance
in the thin limit has been tested as well, and, in particular, it has been
shown that the primal formulation based on rotated spaces and the equal
order mixed formulation appear to be free of shear locking. The numerical
tests have shown that the use of compatible spaces and the correct resolution
of boundary layers is even more important than in corresponding Galerkin
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Figure 12: Quarter annulus with boundary refinement. L2-norm approximation error of
displacements using (a) the primal formulation with rotated spaces and (b) the mixed
formulation with equal orders.

formulations, a fact, which will be subject to further investigations in future
research. Also, some preliminary comparisons in terms of computational time
have been presented, giving indications about the efficiency of isogeometric
collocation.

Possible interesting lines of future research include the extension of the
presented formulations to the nonlinear regime, as well as to the approxima-
tion of shell structures.
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