NON-LOCAL TORSION FUNCTIONS AND EMBEDDINGS
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AssTrACT. Given s € (0, 1), we discuss the embedding of DJ?(2) in LY(Q). In particular,
for 1 < ¢ < p we deduce its compactness on all open sets Q@ C RY on which it is continuous.
We then relate, for all ¢ up the fractional Sobolev conjugate exponent, the continuity of
the embedding to the summability of the function solving the fractional torsion problem
in € in a suitable weak sense, for every open set 2. The proofs make use of a non-local
Hardy-type inequality in Dg? (), involving the fractional torsion function as a weight.
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1. INTRODUCTION

Let Q be an open set in RV let 1 < p < oo, let 0 < s < 1, and let Dy?(Q) be the homogeneous
fractional Sobolev space obtained by completion of C§° () with respect to the Gagliardo norm

>|pdzd ’
RaN |$— |N+sp v)

Let also 1 < g < p¥ (here pX = Np/(N — sp) if sp < N and pf = oo otherwise.) The continuity of
the embedding of Dg”(Q) into L(Q) is equivalent to condition A5  (Q) > 0, where

1.1 A0 (Q2) = f d d Tdr=1¢.
(L1.1) pa($) ueé‘%(ﬂ) //]Rzzv | — y|N+SP v Q [uf* de }

One aim of this short note is to relate this condition to the compactness of the embedding. To do
so, following [7] we combine variational techniques and comparison principles and in Section 3 we
give, for every open set €, a suitable weak definition of the unique solution w; , o of the problem

—A))fw=1 in
(1.2) (=8 w =1, e
w=0, in R™\ €.
The (s, p)-laplacian (—A,)® is the integro-differential operator defined (up to renormalisations) by
. u(@) — u()[P~*(u(x) — u(y))
1.3 Al =-21 d
(1.3) (=Ap)*u(x) 8_1>r61+ o—y[>e |z — y[Nsp Y,

for all smooth functions u. The function w, p o is to be called the (s, p)-torsion function on (2, since
(formally) for s = 1 the solution of (1.2) is the p-torsion function on €.

First, we have the following result.
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Theorem 1.1. Let Q C RN be open, 1 < p < oo, 1 < q < o0, and 0 < s < 1. Then the following
holds:

o [f1<q<p, then

(1.4) X5 o (2) > 0= w, 0 € Lima%(Q).
o If p<gq<pi then

(1.5) () >0 = w0 € L7(Q).

We also present a consequence of Theorem 1.1, concerning super-homogeneous embeddings. We
refer to [14] for a different proof in Sobolev spaces for s = 1.

Corollary 1.2. Let 1 < p < oo, let 0 < s < 1, and let Q be an open set. Then Dy?(Q) < LP(Q)
if and only if Dy*(2) < LI(Q) for some (hence for all) q with p < g < p.

Next, we provide a criterion for the compactness of sub-homogeneous Sobolev embeddings.
Theorem 1.3. Let 1 < g <p, let 0 < s < 1, and let Q be an open set in RY. Then the compactness
of the embedding Dy" () — L(RQ) is equivalent both to to the finiteness of ||ws pollp=1, and to the
positivity of A, ,(§2).

The proofs of these results are presented in Section 5 and they rely a new Hardy-type inequality,
involving the (s, p)-torsion function, proved in Section 4.

2. PRELIMINARIES

Throughout this note, for every open set  in the Euclidean N-space RN we will denote by
C§°(9Q) the set of all C*° smooth functions with compact support in Q. Given s € (0,1) and
€ (1,00), we define D (€2) as the completion of C§°(£2) with respect to the norm

)P »
(2.1) sp = {//}Rw P N+sp| da:dy} , u € C§(Q).

A list of properties of Dy? () is given e.g. in [4], see in particular Section 2 and Appendix B
therein. We summarise here a couple of facts we shall need in the sequel.

If © is bounded in one direction, in view of [2, Lemma 5.2] we get Dy”(€2) by completion also
starting from the norm

(2.2) l[ull e ) + [ulsp -

Instead, for a general open set the two procedures are not equivalent and adding the L? norm results
in a smaller space unless €2 supports a fractional Poincaré inequality, i.e., if there exists A > 0 with

p
(2.3) / [ul? dz < // \x |N+S)p| dx dy, for all u € C5°(Q2).
R2N —

In fact, in general D (£2) is not a space of distributions, either (for some examples, we refer the
interested reader, e.g., to [10, 11])

Incidentally, if in addition sp # 1 and €2 has a Lipschitz regular boundary then Dy* () coincides
with the subspace W{'P(€2) of the Sobolev-Slobodeckil space W*P (), given by the closure in
WP (Q) of C§°(€2) with respect to a norm different from (2.2), more precisely the following one:

(2.4) (/QIUIPdw); + (/Q QW‘{M?/);
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On the contrary, the existence of functions u € WOS P (Q) for which the integral

2.5 / / dx dy
(25) RN\ |$ - ?/|N+Sp

is infinite cannot be ruled out except if the boundary of 2 is smooth, hence in general Dy (Q2) is a
narrower space than W37 (Q), even if Q is bounded.
We set

Ps = 0, if sp > N.

In cases when sp<N, D;"(Q2) is indeed a function space, thanks to the embedding of Dy*(2) into
Lp: (Q). In these cases, the best constant in the Sobolev embedding, i.e.,

inf {[u]’;’,p: [l Lo () = 1}’

is independent of 2 and here will be denoted by S(N,s,p). We refer, e.g., to [5, 15] for a more
detailed account about this constant and the extremals viz. the functions u for which inequality

s [uz) — u@)|”
(26) S(N,S,p) </]RN |u|N dI> //]RQN |.’L'— |N+sp d dy

holds as an equality.

The following Lemma contains a well known fact about functions in the Campanato space £P*
with A > N. We include a proof for the convenience of the reader. Given u € C§°(RY), we denote
by uy,, = JCB(x,r) udy the average of u on the ball B(xz,r) of radius r about z € RV.

N .
. {N_ip, if sp <N,

Lemma 2.1. Let C > 0 and let u € C§°(RY) with

(2.7) ][ |u — g P dy < CrP=N for all z € RN and for all v > 0.
B(z,r)
Then
(2.8) [u(x) — ugr| < e(N,s,p)- Cro~ , for allz € RN and for all v > 0.
Proof. Tt is enough to show that
sp—N
1—27M57)
(2.9) [Ug 25y — Uy o-etn), | < (N, 5,p) - C Wrs_% )
ok(s=%

for all z € RY, for all » > 0, and for all k,h € N. Indeed, (2.9) implies that (u; 9-n,)hen is a
Cauchy sequence. Then, taking k£ = 0 and passing to the limit as h — oo in (2.9) we obtain (2.8).

To prove (2.9), we fix k and we denote by uy, the average of u on the ball of radius 2~ (%)
centred at z. Because of triangle inequality, (2.9) holds if for every h we have

(2.10) |uj L) <wly 2 Fem U= Lop Y forallj=1,....h

with R = 27%r. To see that (2.10) holds, we observe that for every y € B(x,277R) we have
217 Pluy oy — ui P < Jujoy — u(y) [P+ u(y) — )P

Then an integration over B(z,277 R), together with straightforward estimates, by (2.7) gives
luj_1 —w|P < wipt20=9p(9=dysp=N O gep=N

and taking the p-th root we obtain (2.10). O
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Remark 2.2. The fact that u € C%*(RY), with o = s — %, can be deduced with ease from (2.8).

The following Gagliardo-Nirenberg interpolation inequalities will be used a number of times in
the rest of the paper. For every v > 1 and for every function u, we abbreviate ||u|p-@~) to [luf,-

Lemma 2.3. Let 1 < g<p< oo andlet 0 < s < 1. Then the following holds:
o ifsp# N, for every r >0 with ¢ < r < p* and for every u € C§°(RY) we have

ey ([ ras) so ([ wiras) T ([ 0 )

-1
with ¥ = (1 - g) (1 + %q) , for a suitable Cy = C1(N,p,q,r,8) > 0;

o ifsp= N, for everyr > N/s and for every u € C°(RY) we have

(2.12) (/RN |u|’°dgc)i <y (/RN |u|qu> Ju(z) = u()l™

N #(1-%)
(// T dy)
for a suitable Cy = Co(N,r,s) > 0.

3=

Remark 2.4. Since ¢ < p, an inequality of the form

1 8
= P »
(/ |u]” da:) < (/ |u|q> (// z y|N+5)p| dx dy> , for all u € C5°(RY),
RN R2N -

can hold for a unique (ordered) pair (v, 8) of exponents. This fact is easily checked by the invariance
of the inequality under vertical and horizontal scalings.

Proof of Lemma 2.3. In the case sp < N, (2.11) is a direct consequence of the fractional Sobolev
inequality (2.6) combined with the standard interpolation inequality

—v
lull < Jlullg

-1
with ¥ = (1 — )(1 — Nqu> , and in this case

Sl

(2.13) C1=[S(N,s,p)]”
To prove (2.11) in the case sp > N, we fix u € C°(RY), x € RN, r > 0, and we observe that

1
ot — g [P dy < / / fu(y) — u(2)|P dy dz,
/B(a: r) OJNTN (z,r) J B(z,r)

by Jensen inequality. Since |y — z| < 2r for all y, z € B(z,r), we deduce

9N+sp )‘p
- Uz,r dy < —— d dz.
~/B(»L7)|u U | [ZAS //RZN |Z— |N+sp z

By Lemma 2.1, this implies that
1
lu(y) —u(=x)[? .-
dy dz s
(//RN SFiees "y

u(@) = ugr| <



NON-LOCAL TORSION FUNCTIONS AND EMBEDDINGS 5

for a suitable constant ¢ = ¢(N, s,p) > 0. By Holder inequality we have

1

g r] < (f u<y>|%zy> .
B(x,r)

The last two inequalities hold for all z € RY and for all 7 > 0, in particular with » = 1. Therefore

P »
([ ) e ([, S )

By a standard homogeneity argument, based on the invariance under horizontal scalings, the latter
can be rephrased in the following multiplicative form

\ e [u(z) = u(y)l? N = e
l|u]| Lo vy < C(N, s, p) (/ |ul dx) <//sz T y|N+Sp da:dy) .

Then (2.11) follows by the obvious estimate ||ul|, < Hu||oo_?||uH§ .
Eventually, to end the proof we assume that 1 < ¢ < p = N/s < r and we prove (2.12). Let

o= % and set =(1 — %)U—I\;. Since op < N, applying (2.11) with ¢ = p and s replaced by o we get

s0

(2.14) </RN Iulr>i < C(N,r,s) (/RN ul ) (//Rw Iw—y_lly(”) ;V)N

for all u € C§°(RY). We observe that the inequality
y)

(2.15) (//sz g |N(1+)1)V> SC(S)(/RN ) X (//R2N 2 |2NN>N

holds for all u € C§° (RN), too. Indeed, since o < s we have

—u(y)|* ju(z) —u(y)|~
dzx dy </ / drdy.
/]RN /y z|<1 “T - y|N(1+ ) RN J|y—z|<1 |IE - y‘ZN

In addition, we also have that

o N
—u(y)|* / x dy 25 +! N
drdy<2* [ () dr < ol e
/RN/Iw yl>1 |~”€—y|N1Jr o —y[VO+E) RN ly—z>1 |z —y[NO+E) N Jgw

where in the last passage we used that o > s/2. Then, (2.15) follows by a direct homogeneity
argument. Combining (2.14) and (2.15) with standard interpolation in Lebesgue spaces we obtain

=[5

A

bo

N s
(1-0(-22), A(1-22) lu(z) —u(y)|= '
(216)  flullpran < CoNorys) [l oot N // MU dwdy
R2N lz -yl

for all u € C(‘)’O(RN) with A € (0,1) being such that & = 1_)‘ + 2. We observe that by definition
we have 92 =1 — & Then (2.12) follows dividing out a term in (2 16). O

Remark 2.5. The proof above works with no difference if 0 = 35 is replaced by any other o € (3, 5).

In this case, the constant appearing in (2.12) will change, going to depend on the choice of o through
the one appearing in (2.14). Note that in view of (2.13) the latter blows up as o — s
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3. THE FRACTIONAL TORSION FUNCTION

3.1. Compact case. Throughout the present subsection, we shall assume that the embedding of
DP(£2) into LY(Q) is compact, and we list some properties of the fractional torsion function under
this assumption.

Definition 3.1. Let Q be such that the embedding of Dg?(£2) into L (£2) is compact. Then we call
the (s, p)-torsion function on {2, denoted by Ws p.q, the unique solution of the minimum problem

)|p / }
3.1 dz dy — dz o .
(3.1) uEDSP(Q){ //]Rzzv |x—y|N+SP 4 Qu v

By a standard homogeneity argument, the minimum value in (3.1) equals —pTTl(Tsm(Q))ﬁ,
where the (s, p)-torsional rigidity is defined by

(3.2) Ts () == maX{HuHil(Q): u € DyP(Q), [u}f;p = 1} .

We point out that no Lavrentiev’s phaenomenon occurs between C5°(€2) and Dy (2) in (3.1).
More precisely, we get the same value in (3.1) if instead of minimising over Dy*(§2) we take the
infimum over C§°(Q2). Indeed, it is clear that the latter is a quantity greater than or equal to (3.1),
due to the inclusion C§°(2) C Dy*(€2), and the reverse inequality also holds by the definition of
DyP(£2) and by the compactness of its embedding in L' (12).

Since the (s, p)-torsion function on 2 is obtained by minimizing a convex energy on D (Q), it
is the unique solution of

way [ 1)) )ty [, o 0

Simbolically, the Euler-Lagrange equation (3.3) can be written in the form (1.2).

Proposition 3.2. If Dy? () — L'(Q) is compact, then ws o € L>(Q). Moreover, if sp < N,

N + sp/ N N+sp
(3.4) s ollim@) < = SN, s p) T /Q wsp 0 do

Proof. Let us abbreviate ws , 0 to w. If sp > N, (3.4) is a direct consequence of the Gagliardo-
Nirenberg type inequality (2.11), with ¢ = 1 and r = oo, hence we may assume that sp < N.

We first prove (3.4) in the case when sp < N. To do so, we fix kK > 0 and we note that the
function defined by truncation setting ¢y (x) = max{w(z) — k,0}, is an admissible test function for
(3.3). We let A, = {x € RY: w(z) > k} and we observe that the set W, = A x (RN \ Ay) is
contained in {(z, y) € RN x RY: w(z) —w(y) > w(z) —k > 0}. Therefore

@) —w@P, ] le@-awP
o) [[ O ) - wwte) - Bdyao > [ D=2 4o

Moreover we have

(RM\Ag)x (RN\Ay) |7 —y[NTsp ’

(3.6b) //AA = wfj ! ;ﬁff = //AA W
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By the symmetry of the left hand-side in (3.3) with respect to (z,y) — (y, ), when plug in ¢y, into
(3.3), combining (3.5) with the identities (3.6) we arrive at

) = 4, |
3.7 drxdy < —k)YPdr.
(30 Lo L e s [ ot ip s
On the other hand, by (2.6), we have that

(3.8) /ﬂ/nwa_ywiﬁ|Mﬁy>ﬂNﬁW»%Pw_ﬁ(A(w@}—@@)é

By Fubini’s theorem, using the estimates (3.7) and (3.8) and dividing out, we obtain

= Pt 17, |~ 14p+32
(3.9) ([ 14dde) < SN 5.p) Ay 07

k

Since w € L*(2), k +— |Ax| is a non-increasing function converging to 0 as k — oo. Thus by (3.9)
the function e(k) = [, |A;| dt satisfies the differential inequality

(3.10) e(k) ¥ < C(N,s,p)(—€'(k))

with C = S(N, s,p) NG=D%% . This gives that w € L*>(Q). Indeed, given kg > 0 and k > kg by
integration we infer from (3.10) that

N sp’ sp’
(3.11) k—ky<C ;”(w@Mw_dewy
To get the quantitative bound (3.4), we observe that (3.11) implies £(k) = 0 whenever
(3.12) k=ko+C N+ sp (/ (w—ko)dx)m.
sp’ Au,y

Clearly this implies that |Ag| = 0 for k satisfying (3.12). Since we may take any ko > 0 in the lower
bound (3.12), this and the definition of C give (3.4).
To end the proof, the only case left to consider is that when sp = N. In this case, applying

(2.12) with exponents ¢ = 1 and r = ﬂ , with t > 1, and arguing as in the previous case we obtain
. - -0t-1((t+1)p-1)

3.13 (B)PW < O(N.4,5)(—c' (k). with 3(t) = PP .

(3.13) (1)) < C(N,t,5)(~' (k) (t =

Eventually, we choose ¢ > 1 so that 3(t) = 1 — % and arguing as before we get (3.4). O

We refer to [13] for the following weak comparison principle. Similar results have been proved
in slightly different settings, see [5, 12]

Proposition 3.3. Let w; = ws 0, where Q; is a bounded open set. If 1 C Qs then wy < ws.

Proof. Setting

J(wi,

= [ [ ko) e s ote) =) 4
RN JRN

|z —y|Nrep
clearly we have

J(w27<P)*J(w17<P):/ wdr >0,
Q2\

for all ¢ € C§°(Q2) with ¢ > 0. The conclusion then follows arguing as in [13, Lemma 9]. O
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3.2. The general case. In view of Proposition 3.3, we can define the fractional torsion function
on arbitrary open sets Q C R as follows.
Definition 3.4. Given an open set Q C RY the (s, p)-torsion function of § is defined by
(3.14) wspa(x) = lim w.(z), for every z € Q,
r—>00

where we set

(3.15) wy(z) = {wBr(o)rm(z) ; if x € B,(0)NQ,

0, otherwise,
for all r > ro =inf{p > 0: |B,(0) N Q| > 0}.
We shall often identify w with its extension to the whole space RN with w =0 in RV \ Q.

Remark 3.5. Note that the torsion function is well defined. First of all the limit in (3.14) makes
sense by Proposition 3.3. Moreover, for every open set €2 for which the embedding Dg* () — L'(Q)
is compact, the function w, converges, as r — oo, to the unique solution of (3.1). Indeed, using
w, first as a test function in its equation (i.e., (3.3) with N B,.(0) in place of Q) and then as a
competitor in (3.2) (see [7, Lemma 2.4] where a similar task is carried out in detail) we get

1
[wrlgp = llwrllLr@) < fwr]spTsp ()7
and we conclude by the reflexivity of Dy?(Q) and the compactness of its embedding in L*().

Remark 3.6. We point out that ws o > 0in €. To see this we may assume with no restriction {2
to be bounded, since (3.14) is a pointwise monotone limit. Then the embedding Dy (Q) — LY(Q)
is compact, and w; .o solves (3.3). Therefore, the conclusion in this case follows by the minimum
principle (see, e.g., [3, Appendix A]).

4. NON-LOCAL TORSIONAL HARDY INEQUALITIES

We begin this section with a fractional Hardy-type inequality involving the torsion function.

Proposition 4.1. Let 1<p<oco, 0<s<1. Let Q C RY be an open set such that Dy*(Q) < L' ()
is compact. Then

\ulp )P 5.
dx < - |$ = |N+sp dedy, for allu € Dy ().
s D, Q

Proof. We prove the inequality for any fixed u € Dy? () with u > 0, which is sufficient. To do so,
let € > 0, and let w = w; , o. Since f(t) = (t+¢)' 7P, t > 0, is a Lipschitz function, ¢ = uP (w+¢)* =P
is an admissible test function for equation (3.3) (see, e.g., [2, Lemma 2.4]). Thus, setting we = w+-e,

i -—w u(x)P w(y)P
I (MW, = //> |Ily| (w(r) = w(y) (o MY ey,

Hence, thanks to the following discrete Picone-type inequality (see, e.g., [3, Proposition 4.2])

P dr
(4.1) la — bP~2(a — b) <a§—1_bp—1> <le—dl”, for all a,b > 0 and ¢,d > 0,

we get the conclusion by Fatou’s Lemma using the arbitrariness of € > 0. |
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Corollary 4.2. Let 1<p<oo, let 0<s<1, and let Q@ C RY be any open set. Then

(4.2) / |u‘p dx < // N+ W) dx dy, for all uw € C5°(£2)
5 D, Q R2N |l' - y| P

(with the convention that = =0 for all c € R.)

Proof. We fix u € C§°(Q2) and let Ry > 0 be such that, for every R > Ry, u is supported in the ball
Bp of radius R about the origin. Then, setting Qr = 2 N B, by Proposition 4.1 we have

/ ‘ |p dx<// uy)? dx dy
Qr Wy p Q R2N |'5U - |N+sp ’
for all R > Ry. Thus, in view of Definition 3.14, the desired inequality follows by Fatou Lemma. [

We end this section with a variation on the torsional Hardy inequality discussed in Proposi-
tion 4.1, containing an additional term.

Theorem 4.3. Let Q C RN be such that the embedding Dy? () into L*(Q) is compact and let w
be the (s,p)-torsion function on ). Then there exists a constant C' > 0, only dependmg on p, with

/ |“‘pd+2/ / )p Ju( |pda:<c// [ul@) —ul)l” . 4,
RN JRN |=T—?J|N+ép R2N |9U—y|N+6p ’

for all uw € Dy?(Q

We skip the proof of Theorem 4.3 because it is completely analogous to that of Proposition 4.1,
except that instead of (4.1) one can exploit a Picone-type inequality with a remainder term. More
precisely, by [2, Lemma A.5] there exist positive constants C7, Co, only depending on p, with

_ cP dp a—blP
a=tp~2a-b) (s~ g ) +C

a+b
5. PROOFS OF THE MAIN RESULTS

(P +dP) < Cyle—d|P, foralla,b>0andc,d>0.

For every open set 2 in RV, for every 1 < p < 00, 1 < ¢ < p%, and 0 < s < 1, we have

P
(5.1) Ay o () (/ |uqu> // N+)| dx dy, for all u € C§°(Q),
’ Q R2N |~T— y|NFep

where

s — : )‘ / q —
(52) qu(Q)_uEérog(Q) //RzN Ix— |N+SP dvdy: | Jufde = 1}

and )\;q(Q) is the best possible constant for this inequality to hold.

Remark 5.1. The Poincaré-type inequality (5.1) implies that Dy?(Q) is a function space, continu-
ously included in L9(£2), whenever A (22) > 0. Indeed, in this case, if (u,), C C5°(£2) is a Cauchy
sequence in Dy*(§2) then by (5.1) it is a Cauchy sequence in the Banach space L(£2) as well.

We now prove Theorem 1.1, relating the positivity of A5 ,(€2) to the summability of the (s,p)-
torsion function; this is the non-local counterpart of [7, Theorems 1.2, 1.3], and the conclusion is
obtained by adapting to the fractional framework the arguments used in [7] in the local setting (for
1 < ¢ < p). The proofs are different depending on whether 1 < ¢ < p, or p < ¢ < pZ.
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5.1. Proof of Theorem 1.1 (case 1 < ¢ < p). Let wg = ws p.anp, and 8 > 1. Since t — tP is
locally Lipschitz continuous and wr € L*°(Q2) (by Proposition 3.2), ¢ = wg is an admissible test

function for equation (3.3). Therefore

/ / lwr(z) —wr(y) | (wa(z) — wr(y)) (wr(@)? — wr(y)?)
R2N

|z —y[ NP

dxdyz/w’ngx.
Q

Applying the elementary inequality (see [4, Lemma C.1])

p

)

Bt+p—1 B+p—1
a r — P

|a — b|p—2(a — b)(aﬁ _ bﬁ) > B |:p+g_1:|p

with a = wg(z) and b = wg(y) and integrating, we deduce that

Btp—1 B+p—11|P

p 17 er@ T —we) ,
o9 il [ EEFTAET sty < [ o,

We observe that

Btp—1 B4p—1|P

54 ‘wR(;v) P —U}R(y) P d d )\ Q Mq g
) > \S P
I FEThE iy 2 A )</mBR“’R ) ’

where we also used the fact that Aj (2) < A7 (2N Bg), in view of the obvious monotonicity of
the quantity (5.2) with respect to set inclusion.
Combining (5.4) with (5.3) we get

P p Btp=1, % 5
S P < .
o] 5 ([, o) < [

Taking 5 > 1 with 8 = %q, we obtain

%:;q = 1lg—1(qg—1 p—1
(5.5) XL (9) ( / wh ) <1171 ( ) .
QNBr qp pb—q

Recall that R > 0 was arbitrary. Hence, if A; /(©2) > 0, from (5.5) we deduce that

— — 4
1 q—1 (q— 1>p A
56 Wg p—1 S ?
( ) || 7P7Q||Lpiéq(9) <>\Z7Q(Q) q(p_ 1) p—q

by Definition 3.14 and Fatou’s Lemma. This concludes the proof. O

5.2. Proof of Theorem 1.1 (case ¢ > p). We first assume that A, ,(€) > 0 and we prove that
w = ws p o belongs to L>(€2). More precisely, we show that

(5.7) [w Lo (@) < CA, ()7 .

The argument is due to [1, Theorem 9]. Up to an approximation of {2 with an increasing sequence of
smooth open sets, while proving (5.7) we may assume without any restriction that € is itself smooth
and bounded. In particular, in view of Proposition 3.2, we may assume that ||w|| e q) < 4+00. We
shall also require that w(0) = ||w]| (), which again causes no loss of generality (we may assume
this up to a translation).
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Let ¢ € C§°(RY) be a cut-off function from Br to Bg, with |V¢| < 2R™!. Since by our
assumptions w € L*®(Q), the function v = w( is an admissible competitor for the variational

problem (5.2), and we have
—w(y)C(y)
dxd
/4w \x*yw*w o

[ w@rey ds

(5.8)

P,q

We first estimate the numerator in (5.8). By Proposition 3.2, we can test equation (3.3) with
© = w(P (see, e.g., 2, Lemma 2.4]), so as to get

w(y) P2 (w(z) — w(y))

N T (@)~ w) ) drdy = [ werds.
The double integral appearing in (5.9) splits into its contributions in C* = {(z,y) € R?": |y| > |z|}
and C~ = R?"N \ C*. Subtracting and adding terms, the two contributions read respectively as

jw(z) —w(y)” lw(z) —wy)P~2(w(z) — w(y))
a0 [[ ey [ e w(u)(C(E) - W)
and

jw(z) —w(y)” (@) —w(y) P~ (w(z) —w(y))
o) [[ R+ [ et w(@) () - C@)P).

Let AT = (Br x Bg)NCt and AJ = (Bgr x (2\ Bgr)) NCT. We observe that ¢(x) > ((y)
in C*, whence it follows that ¢(2)? — ((y)? < pl(z)P~!x — y| for all (x,y) € A], provided that
we opted for a radially symmetric cut-off with a decreasing radial profile, and clearly we have
C(z)P — C(y)P = ((z) for all (z,y) € AF. Therefore

w(z) — w(y) P2 (w(z) —w
[ el (y))w(y)(C(x)p—C(y)p)dfdy

S et ]|
R J ) Ix-—yl vt g

We write the right hand side in the form Z;" + Z; and we make repeatedly use of Young inequality
paP~'b < (p — 1)—%— + 7PbP | with a suitable 7 > 0 to be determined. Estimating Z;" we get

Wl

w(z) — w(y) o

|z —y|*

C()pdwdy
o —y| 7!

w—m Al

TP*

+ p 1 )|P 17 J—
= //A+ \x—y|N+SP ¢@) dxdy+ AF |x—y|N+s” o=y~ W

— p
st [[ O e dndy (0P R / (== gp

Tp-1 0

_ p
pi // |w($) w(y)| C(x)p dx dy_’_Tp(laiN) w(o)pRNfsp'
Af P

7T |z — y|N+sp

IN

IN
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Similarly,
+ p—1 lw(z) — w(y)|” )P P
I = - // |z —y ‘N+5P T g @) ddy+T AF |x— |N+SP dxdy
w —w\y p w —s
< 5t [ SR o ey o suor R

Summing up gives

/ cjw@ - w(i’”p_ﬁﬁi“ff )= 00 ) (0 - )

(5.11a)

p
~— //+ E |N+sz)) C(x)P dx dy + TPC(N, s, p)w(0)PRN 5P
TP~ C -
A similar argument also proves that

w(z) — w(y) P2 (w(z) —w
/ C' e |J§+§p> O ¢y = (o)) dady

(5.11b)

p
// \m— |N+si| C(y)P dwdy + TPC(N, 5, p)w(0)P RN~

We use the sum of (5.11a) and (5.11b) to estimate from above the sum of (5.10a) and (5.10b). In

the inequality which we arrive at, the term divided by 7557 can be absorbed. Taking into account
(5.9), it follows that there exist Cy,Cs > 0, only depending on N, s, p, with

12 [ werdsza-c [[ MOS0 waicte) cw dody - ContorRY .

On the other hand, by standard manipulations we also have

where < means < up to constants depending only on p. By (5.12) we deduce
(5.13) [w(]2,, < Cs(N,5,p) (w(O)RY + w(OP RN + 7, +.7),

where, thanks to the fact that |V¢| < CR™ ! and 0 < ¢ <1, we have

o S

(5.14a) //A+ |x7y|N+sp " dr dy+/[4+ |x7y|zv+3p dx dy

// R~ Pdx dy +// dx dy
BrxBr 1T —yN ™ |z —y[N-(-9p Brx(RN\Bg) [T — y|N TP

(5.14b) It = //_ — (@) dxdy < Cw(0)PR"°P

N

< Cw(0)PRN =57

and similarly
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with C' > 0 depending only on N, s, p. Combining (5.14) with (5.13) we obtain

Gasy [ RO 4y < 04V, (wO)RY + w07 RY ).

R

To estimate the denominator in (5.8), we recall the notation introduced in [9]

. , @)t N7
Tail(p, zg,r) = r“’p/ ——dx
( : ( RN\ B, (wo) [€ — o[ VTP

for the non-local tail and we make use of the fact that for every § > 0 we have

(5.16) [wllLo (Br/a) < Cs(N, 8, p) (][

w? da;) + (1 + 0 Tail(w, 0, B))R7=7 |
Brj2

which follows by the estimate of [6, Theorem 3.8], applied! with F' = 1. Then, choosing § = dr so
that 6 Tail(w, 0, &) < 1, we obtain from (5.16) that

1

[ull o (B a) < C5(N, 8, p) <][ uﬂdm) + 2R
R/2

B

where we also used Jensen inequality and the fact that ¢ > p. The latter implies that

q
(5.17) / wldz > wy RN ( w) _ QR:’H) )
Bry2 Cs

Recalling that ¢ =1 on Bp/s, with the choice R = (11)(0)/6'5)205;171 inequality (5.17) yields

(5.18) / wPCP dz > Co(N, s, p, q)w(0)H 57 N .
Q

Finally, combining (5.18) with (5.15) we conclude by (5.8) that A5 (Q) < C7(N,s,p, q)w(0)' 2.
Since by assumption w(0) = ||w||s0, we conclude.

To end the proof, we assume that w := w0 belongs to L>(£2). Then condition A5 ,(£2) > 0
plainly follows by the torsional Hardy inequality (4.2). Indeed, we have

Tl Gl
/\u|pdx< ||w||L°°(Q)/ T dr < Hw||Loo(Q) |IyN+sp| dx dy,

for all u € C§° (), and in view of (5.2) with ¢ = p this gives the desired conclusion. To deduce (1.5),

we observe that A5 (€2) > 0 implies \j (©2) > 0 for p < ¢ < p§ as well, by the Gagliardo-Nirenberg

inequalities of Lemma 2.3, and this concludes the proof. O

I fact, that estimate implies (5.16) with § = 1, but a close inspection of its proof at scale 1 reveals that minor
arrangements allow for the interpolating parameter § to appear.
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5.3. Proof of Theorem 1.3. The proof is analogous to the one presented in [7] in the case s = 1.
By Theorem 1.1 (see in particular (1.4)) it suffices to show that

Ap.g(Q2) >0 <= Dg*(Q2) — LU(Q) is compact.

We prove the implication “=", the other one being obvious by (5.2).
We assume \; (©2) > 0, and we abbreviate ws o to w. By Theorem 1.1 (case ¢ < p), we have

(5.19) we Lia9(Q).

In addition, in view of Remark 5.1, by (4.2), (5.1), and the density of C§°(2) in DyP(Q) the
assumption also implies that

(5.20) / Ju” // [u@) = wW” ) gy for all w e DEP(Q)
' w1 S L |:1: - \N+sp ’ 0" (3

and

u(y)l” 5,
(5.21) A5 () </Q |uqu> //sz |a: — |N+Sp dxdy, for all u € Dy (Q).

Let (uy)n be a bounded sequence in Dy (2). The Gagliardo-Nirenberg inequalities of Lemma 2.3
entail that the sequence is bounded in LP(Q)), too. Hence, possibly passing to a subsequence, we
may assume that (uy,), converges weakly to a function w in Dg?(€) and in LP(Q), since p > 1 and
both spaces are reflexive. Moreover, by (5.21) the function u belongs to LI(€).

We prove that the sequence v, = u,, —u € Dy (Q) N LP () converges to 0 strongly in L4(Q2). By
Rellich-Kondrasov theorem, this happens strongly in L4(Q2 N Bg), for all R > 0. Hence, for every
R > 0 and for every € > 0 there exists ng . € N with

(5.22) / v |Tdx < e
QNBgr

for all indices n > ng . If in addition, for every € there exists R, > 0 such that
(5.23) / |vp|Tdx < Ce, for all n € N,
RN\Bg

for suitable a constant C' > 0 independent of ¢ and n, then the sequence (v,), converges to 0
strongly in L(Q), as desired.
To prove (5.23) we observe that, for every R > 1, by Holder inequality we have

b—q

P 5 b K
/ lvp|?dz < (/ |vn7|1 dx) / wi=i? dz .
Q\Br o wP Q\Br

Since the sequence (v,,), is bounded in Dy? (), by (5.20) the first factor in the right hand member
is bounded by a constant independent of n. As for the second one, by (5.19) the absolute continuity
of the integral implies that for every € > 0 there exists R, > 1 with

P—q

p—1 !
wr—a?dx <e.
Q\BRE—l

The last two estimates entail (5.23), which concludes the proof. O
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