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Abstract
By decoupling the geometric from the dynamical contributions in the scatter-
ing processes, we develop a method to compute the scattering matrix of elec-
trons in a one-dimensional coherent conductor connected to two electrodes. In
particular, we demonstrate that, in the high-energy regime, the transmission
matrix converges to the Berry operator of the system. We showcase the method
through several examples featuring different in-plane magnetic field profiles.
Notably, our results reveal the possibility of achieving near-perfect spin-flip
transmission, highlighting potential applications in spintronics.

Keywords: quantum transport methods, ballistic transport,
scattering formalism, berry operator, spin-resolved quantum transport

1. Introduction

Understanding the scattering properties of electrons in mesoscopic systems is essential for
advancing spin-dependent transport technologies [1–3]. Such properties are encoded in the
scattering matrix, a central object of quantum transport theory [4–9] that relates incoming to
outgoing states in the presence of inhomogeneities andmagnetic textures. Beyond conductance
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quantization, the scattering matrix captures subtle quantum interference and geometric effects,
which are key ingredients in spintronics and topological transport [10, 11].

Recent years have seen a surge of interest in transport phenomena arising from spatially
varyingmagnetic fields and textures. Early proposals such as the Datta–Das spin transistor [12]
demonstrated the control of electron spin via engineered precession. Charge and spin pump-
ing through domain walls and magnetic textures has been widely investigated [13], and the
scattering of electrons on skyrmion configurations revealed striking consequences for spin
transport [14]. Nontrivial spin dynamics appear through Landau–Zener and Rabi oscillations
in spin-dependent conductance [15], and in mesoscopic spin transport where adiabaticity and
nonadiabatic corrections can be tuned by disorder and geometry [16, 17]. On the theoretical
side, Kato’s seminal work on adiabatic evolution [18] laid the foundation for modern treat-
ments, and more recently Wilson-loop [19] method have been employed to characterize geo-
metric structure in spin and band systems [20]. These advances demonstrate that both dynam-
ical and geometric aspects of scattering must be treated on equal footing to capture the physics
of realistic devices.

In this work, we present a novel method-building on [21]-for computing the spin-resolved
scattering matrix of a coherent conductor, within the well-known Landauer–Büttiker formal-
ism [22]. The key innovation lies in separating the geometric Berry operator [23] of the system
from the dynamical evolution in the scattering dynamics. Differently from [21], which assumes
the particle energy to be infinite, our method is exact and applicable to arbitrary energies.

As a concrete setup, we consider a 1D wire and calculate the scattering amplitudes which
describe the spin-dependent transport in the presence of a spatially varying Zeeman field, see
figure 1. This is a typical situation addressed in spintronics, the research field which con-
cerns the investigation of spin-dependent transport [24–26] and its applications (see the review
papers in [27, 28]). In particular, we demonstrate that the reflection and transmission matrices
of the setup can be calculated by solving a differential equation which contains both geometric
and dynamical contributions.

We analyze three distinct special regimes, for which the scattering amplitudes admit a
closed formula.

To better elucidate these facts we consider two different examples where the vector repres-
enting the spatially varying magnetic field lies in a plane. In the first one, the magnetic field in
the leads points in opposite directions (see panel (a) of figure 1), while in the second it points
in orthogonal directions (see panel (b) of figure 1). In both cases we consider different profiles
of variation of magnetic fields characterized by two parameters we plot the spin-dependent
transmission and probabilities as functions of energy E of the impinging electron.

We begin by demonstrating that suitable magnetic field profiles can lead to qualitatively
different transmission behaviors. For energies E below the Zeeman splitting in the leads, one
finds cases where nearly perfect spin-flip transmission occurs (first example), and cases where
a spin-down electron is transmitted as a balanced superposition of spin-down and spin-up states
(second example). The transmission probabilities depend sensitively on the specific shape of
the magnetic field profile, as determined by the two control parameters.

The paper is organized as follows: in section 2 we introduce the model; in section 3 the
scattering problem is solved by decoupling the geometric contribution from the rest; section 4
focuses on special cases that allow for a fully analytical treatment i.e. the infinite energy limit
(section 4.1), the infinitesimal scattering region limit (section 4.2), and the piecewise constant
regime (section 4.3); Section 5 is dedicated to compute explicitly the Berry operator for control
induced by varying a Zeeman field; in section 6 numerical examples are presented to illustrate
the results. The conclusions are summarized in section 7, and a series of appendices provide
detailed technical derivations.
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Figure 1. Schematic of the model: electrons propagates on a 1D wire parameterized
by the longitudinal coordinate y, under the action of an external, static magnetic field.
The wire is composed by three distinct regions: the left lead (y⩽ yL), the right lead
(yR ⩽ y) where the magnetic field is uniform, assuming constant values BL and BR,
respectively, and the scattering region (yL < y< yR) where instead the magnetic field
vector B(y) (represented by purple vectors) can vary. Panel (a): The plot shows the y-
varyingmagnetic fieldB(y) of the scheme I of section 6.1, with components given in (75)
setting q1 = 0 and q2 = 0. In this specific case, the magnetic field has only a positive z
component in the left lead and a negative z components in the right lead. Panel (b):
The plot shows the y-varying magnetic field B(y) of the scheme II of section 6.2, with
components given by equation (81) setting q1 = 0 and q2 = 0. In this case, the magnetic
field has only a positive z component in the left lead and a negative x components in the
right lead. To enhance clarity, we have aligned the directions n1 and n3, which define
the magnetic field orientation along the wire as described in equation (71), with the x-
and z-axis, respectively. Dispersion curves for the leads are shown on the sides of the
plots.

2. Physical model

We consider a minimal theoretical setup where electron dynamics are described within
the effective-mass approximation [29]. In this widely used framework, the kinetic term
takes a quadratic form, corresponding to a parabolic dispersion relation for the propagating
modes [30]. This approximation is standard in mesoscopic transport theory and provides a
reliable description over a broad range of energies [31, 32]. The Hamiltonian describing the
propagation of electrons in a 1D wire under the action of a position-dependent magnetic field
B(y) writes

Ĥ :=
p̂2y
2m
−µs ·B(y) , (1)

with py :=−(i/ℏ)∂y denoting the electron momentum corresponding to the operator p̂y along
the longitudinal axis y of the device andµs the electronic spin magnetic momentum. Indicating
with g(> 0) the Landé factor, µB(> 0) the Bohr magneton, and σ̂ := (σ̂x, σ̂y, σ̂z) the vector of
Pauli operators, the second contribution of Ĥ can be expressed as

ĥy := −µs ·B(y) = gµBB(y) σ̂n(y) , (2)

3
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where B(y) := |B(y)| and n(y) := B(y)/B(y) indicate respectively the magnitude and the ori-
entation of themagnetic field at position y, and σ̂n(y) := n(y) · σ̂ is the spin operator component

along n(y). For fixed y, the eigenvectors of ĥy identify the Zeeman spin-eigenstates,

ĥy |ϕ(ℓ)ny ⟩= EZ
(ℓ)
y |ϕ(ℓ)ny ⟩ , EZ

(ℓ)
y :=−(−1)ℓ gµB|B(y) | , (3)

with ℓ= {0,1}. In particular, we will refer to |ϕ(0)n(y)⟩ as the (local) lower-energy Zeeman spin-

eigenstate, while to |ϕ(1)n(y)⟩ as the (local) higher-energy Zeeman spin-eigenstate (recall that
gµB is positive).

In our analysis, we partition the wire into three distinct regions: the left lead (y⩽ yL), the
right lead (yR ⩽ y), and the scattering region (yL < y< yR), see figure 1. In the left and right
leads, themagnetic field is uniform, assuming constant valuesBL := |BL|nL andBR := |BR|nR,
respectively. We assume the magnitudes of these fields are equal, such that |BL|= |BR|= B0

while allowing their orientations, denoted as nL and nR, to differ. In contrast, the magnetic field
in the scattering region is not constant providing a somehow smooth transition betweenBL and
BR (more precisely we shall requireB(y) be differentiable everywhere with first derivative that
is continuous at the interface between the leads and the scattering region). In virtue of these
assumptions in the leads the system exhibits spin-resolved energy bands

E(ℓ) (k) :=
ℏ2k2

2m
+EZ

(ℓ) ℓ ∈ {0,1} , (4)

where EZ
(ℓ) :=−(−1)ℓgµBB0 are the eigenvalues (3) evaluated outside the scattering region,

whose gap

EZ :=
EZ

(1)−EZ
(0)

2
= gµBB0 , (5)

defines the fundamental energy scale of the problem. Electrons with sufficiently high energy E
can occupy these bands. Their redistribution across the scattering region, as well as the current
flowing through the device, is governed by the transmission and reflection scattering matrices
tE and rE of the model. Computing them accounts in solving the energy-resolved Schrödinger
equation of the setup, i.e.(

Ĥ−E
)
|ψ(E)

y ⟩=−
ℏ2

2m
∂2y |ψ(E)

y ⟩+
(
ĥy−E

)
|ψ(E)

y ⟩= 0 , (6)

with |ψ(E)
y ⟩ the spinor wave-function associated with energy eigenvalue E. In the leads the

solution of equation (6) can be expressed as

|ψ(E)
y ⟩=


∑

ℓ∈{0,1}

(
A(ℓ)
E eik

(ℓ)
E y+R(ℓ)

E e−ik(ℓ)E y
)
|ϕ(ℓ)nL ⟩ ,
∀y⩽ yL∑

ℓ∈{0,1}T
(ℓ)
E eik

(ℓ)
E y |ϕ(ℓ)nR ⟩ , ∀y⩾ yR ,

(7)

with |ϕ(ℓ)nL/R⟩ the Zeeman eigenvectors (3) evaluated for y= yL,yR respectively, and

k(ℓ)E :=

√
2m
(
E−EZ

(ℓ)
)
/ℏ , (8)

determined by the dispersion relation (4) by imposing the constraint E(ℓ)(k) = E. We emphas-
ize that for E⩽ EZ

(ℓ) the coefficients A(ℓ)
E , R(ℓ)

E and T(ℓ)E describe evanescent waves. These
waves decay exponentially with distance from the scattering region and, as a result, do not

4
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carry any current. In contrast for E> EZ
(ℓ), A(ℓ)

E , R(ℓ)
E , and T(ℓ)E characterize the asymptotic

behavior of |ψ(E)
y ⟩ far away from the scattering region. Specifically in this regime A(ℓ)

E repres-

ents right-going electrons injected into the ℓth energy band (4) of the left lead, R(ℓ)
E denotes

the associated amplitude of left-going reflected electrons, and T(ℓ)E the amplitude of right-going
transmitted electrons. The functional dependence among these terms, determined by explicitly
solving equation (6), define the transmission tE and reflection rE matrix of the model.

Consider for instance the two-channel regime where E exceeds the biggest Zeeman eigen-
values in the leads, i.e.

E> E(1)
Z = EZ . (9)

In this regime, both the energy bands of the system can be populated, and tE and rE correspond
to 2× 2 matrices. The elements of these matrices [29] are defined by the following relations:

[tE]ℓ,ℓ ′ := τ
(ℓ,ℓ ′)
E

√
k(ℓ)E

k
(ℓ ′)
E

, [rE]ℓ,ℓ ′ := ρ
(ℓ,ℓ ′)
E

√
k(ℓ)E

k
(ℓ ′)
E

, (10)

where τ (ℓ,ℓ
′)

E and ρ(ℓ,ℓ
′)

E are, respectively, the values of amplitudes T(ℓ)E and R(ℓ)
E appearing in

equation (7) that emerge when we take A(ℓ)
E = δℓ,ℓ ′ . In particular, [tE]ℓ,0 (resp. [rE]ℓ,0) repres-

ents the probability amplitude for an electron starting in the lower-energy eigenstate in the left
lead and arriving in the lower-energy right (left) lead eigenstate if ℓ= 0, or in the higher-energy
right (left) lead eigenstate if ℓ= 1. Contrarily, [tE]ℓ,1 (resp. [rE]ℓ,1) represents the probability
amplitude for an electron starting in the higher-energy left lead eigenstate and arriving in the
lower-energy right (left) lead eigenstate if ℓ= 0, or in the higher-energy right (left) lead eigen-
state if ℓ= 1. With these definitions, current conservation is ensured by the unitarity relation

r†ErE+ t†EtE = 1 . (11)

For the sake of completeness, we derive this result in appendix A.
In the single-channel regime the injection energy E is larger than the lowest eigenvalue in

the leads but smaller than their highest eigenvalue, i.e.

E(1)
Z = EZ > E>−EZ = E(0)

Z . (12)

Under this condition only the lowest band supports electrons far from the scattering region. In
this case tE and rE can still be defined as in (10), but the only elements associated with the low-
energy eigenstates contribute to the current. Specifically, the term [tE]0,0 which represents the
probability amplitude for an electron starting in the lower-energy eigenstate in the left lead and
arriving in the lower-energy right lead eigenstate, and the element [rE]0,0, which represents the
reflection amplitude for the same eigenstate. In this case, the current conservation identity (11)
simplifies to:

| [rE]0,0 |
2 + | [tE]0,0 |

2 = 1 . (13)

3. Solving the scattering problem

To compute the values of the matrices tE and rE we need to explicitly find a spinor wave-
function |ψ(E)

y ⟩ which solves equation (6) for all y, and used it to identifying the coefficients

5
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A(ℓ)
E , R(ℓ)

E , and T(ℓ)E that enters in equation (7). For this purpose, following [21], we expand

|ψ(E)
y ⟩ w.r.t. the local eigenstates (3) of the spin operator ĥy, i.e.

|ψ(E)
y ⟩=

∑
ℓ=0,1

C(ℓ)
y |ϕ(ℓ)ny ⟩ , (14)

with C(ℓ)
y := ⟨ϕ(ℓ)ny |ψ

(E)
y ⟩ being (coordinate-dependent) complex probabilities amplitudes.

With this choice equation (6) assumes the form

(∂y+Ky)
2Cy+

2m
ℏ2

(E1−Ωy)Cy = 0 , (15)

where Cy := (C(0)
y ,C(1)

y )T is the column vector of coefficients C(ℓ)
y , Ωy is a 2× 2 diagonal

matrix whose elements are the instantaneous eigenvalues in equation (3),

[Ωy]ℓ,ℓ ′ := E(ℓ)
Zy δℓ,ℓ ′ , (16)

and finally Ky is the 2× 2 Berry matrix [33] of the process, whose elements are defined as

[Ky]ℓ,ℓ ′ := ⟨ϕ(ℓ)ny |∂yϕ
(ℓ ′)
ny ⟩ . (17)

By construction Ky is a skew-matrix which assumes zero value in the leads and varies con-
tinuously at the interface with the scattering region, i.e.

Ky = −K†
y , (18)

Ky = 0 , ∀y /∈ ]yL,yR [ . (19)

We stress that the second request is less demanding than it might initially appear. This is due to
the fact that, at large distances from the scattering region, the magnetic field becomes constant,
taking the valuesBL andBR. Consequently, we can enforce condition (19) by simply redefining
the boundaries of the scattering region as

yL→ y−L := yL− ϵ , yR→ y+R := yR + ϵ , (20)

with ϵ> 0 is an infinitesimal positive shift. This regularization allows us to accommodate con-
figurations in which B(y) exhibits an explicit discontinuity at the borders of the scattering
region. The matrix Ky defines the Berry operator of the model via the following unitary trans-
formation

Uy1→y2 :=
←−exp
{
−
ˆ y2

y1

dyKy

}
, (21)

where y1 ⩽ y2, and
←−exp[· · · ] indicates path ordering of the operators product. In this sense,

Uy1→y2 plays the role of a Wilson line (the open-loop analog of a Wilson loop [34]) in gauge
theory, representing the gauge-invariant holonomy of the Berry connection Ky along the path
from y1 to y2. As discussed in section 3.1, setting Dy := ∂yCy the first derivative of the vector
Cy, the continuity constraint (19) allows us to formally integrate equation (15) producing the
identity [

CyR
DyR

]
= Γ(E)

yL→yR

[
CyL
DyL

]
, (22)

6
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with Γ(E)
yL→yR the generalized transfer matrix of the process. Factorizing out the Berry operator

contribution, the matrix Γ(E)
yL→yR can be expressed as

Γ(E)
yL→yR :=

[
UyL→yR 0

0 UyL→yR

]
Γ̃(E)
yL→yR , (23)

with the energy dependent term

Γ̃(E)
yL→yR :=

←−exp
{ˆ yR

yL

dyM̃(E)
y

}
, (24)

generated by the 4× 4 block matrix

M̃(E)
y :=

[
0 1

2m
ℏ2

(
Ω̃y−E1

)
0

]
, Ω̃y := U†

yL→yΩyUyL→y . (25)

The matrix M̃†(E)
y plays a crucial role in the scattering problem. Specifically, as demonstrated

in appendix A, it guarantees current conservation (11) through the symmetry relation:

M̃†(E)
y

[
0 1

−1 0

]
+

[
0 1

−1 0

]
M̃(E)

y = 0 . (26)

Recalling equation (7) we can write

[
CyL
DyL

]
=


A(0)
E ei k

(0)
E yL+R(0)

E e−i k
(0)
E yL

A(1)
E ei k

(1)
E yL+R(1)

E e−i k
(1)
E yL

ik(0)E

(
A(0)
E ei k

(0)
E yL−R(0)

E e−i k
(0)
E yL

)
ik(1)E

(
A(1)
E ei k

(1)
E yL−R(1)

E e−i k
(1)
E yL

)

 ,

[
CyR
DyR

]
=


T(0)E ei k

(0)
E yR

T(1)E ei k
(1)
E yR

ik(0)E T(0)E ei k
(0)
E yR

ik(1)E T(1)E ei k
(1)
E yR

 , (27)

which replaced in equation (22), leads to a set of 4 linear identities that link the amplitudes
T(ℓ)E and R(ℓ)

E to the input amplitudes A(ℓ)
E . In conjunction with equation (10) this results in two

linear equations for tE and rE, i.e.

W−1tEW= F†
RUyL→yR (X0,0 + iX0,1V)FL

+F†
RUyL→yR (X0,0− iX0,1V)F

†
LW

−1rEW ,

iVW−1tEW= F†
RUyL→yR (X1,0 + iX1,1V)FL

+F†
RUyL→yR (X1,0− iX1,1V)F

†
LW

−1rEW ,

(28)

where

W :=

1 0

0

√
k(1)E

k(0)E

 , V :=

(
k(0)E 0

0 k(1)E

)
(29)

and

FL :=

(
eik

(0)
E yL 0

0 eik
(1)
E yL

)
, FR :=

(
eik

(0)
E yR 0

0 eik
(1)
E yR

)
, (30)

7
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are 2× 2 diagonal matrices defined also in equations (A2) and (A4) of appendix A.1.
Moreover, Xi,j are the 2× 2 blocks of Γ̃(E)

yL→yR , namely

Γ̃(E)
yL→yR =

←−exp
{ˆ yR

yL

dyM̃(E)
y

}
=

[
X0,0 X0,1

X1,0 X1,1

]
, (31)

defined also in equation (B1). At odds with [21], the scattering amplitudes are now calculated
exactly at any given energy E.

With the exception of the Berry operator UyL→yR and of the block matrices Xi,j, all quantities
entering into equation (28) admit a closed form solution. Indeed, the main challenge lies in
evaluating UyL→yR and Xi,j, since both are defined as solutions of path-ordered exponentials
that, in general, do not admit a closed form solution. As will be illustrated in the following
sections through specific examples and special regimes, bothUyL→yR andXi,j can admit a closed
form; in such cases, the reflection and transmission matrices themselves admit a fully closed
form. Most importantly, the system of equation (31) highlights the separation between the
dynamical and geometric contributions to the scattering problem.On the one hand, thematrices
W, FL, FR, and V are purely dynamical, as they depend solely on the wave vectors of the
asymptotic states k(0/1)E , while the Berry operator UyL→yR is purely geometric. On the other
hand, the block matrices Xi,j of equation (31) generally cannot be separated into dynamical
and geometric components. However, we anticipate that in special regimes the Xi,j matrices
simplify and become fully dynamical.

3.1. Derivation of equation (22)

Define the vectors

C̃y := U†
yL→yCy , (32)

D̃y := ∂yC̃y = U†
yL→y (Dy+KyCy) , (33)

where in the second identity of equation (33) we used

∂yUyL→y =−Ky UyL→y =⇒ ∂yU†
yL→y = U†

yL→y Ky . (34)

This allows one to convert equation (15) in

∂2y C̃y+
2m
ℏ2
(
E− Ω̃y

)
C̃y = 0 , (35)

and hence in the first order differential equation

∂y

[
C̃y
D̃y

]
= M̃(E)

y

[
C̃y
D̃y

]
, (36)

with M̃(E)
y and Ω̃y the matrices defined in equation (25). It is worth noticing that the current

conservation condition (A9) expressed in terms of C̃y and D̃y, becomes

C̃†
y · D̃y− D̃†

y · C̃y = const. (37)

Alternatively we can write this by saying that the first derivative of C̃†
y · D̃y− D̃†

y · C̃y w.r.t. y
must be zero, i.e.

∂y

(
C̃†
y · D̃y− D̃†

y · C̃y
)
= 0 . (38)

8
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Invoking (36) we can finally notice that (38) is guaranteed by the symmetry (26) of the matrix
M̃(E). Indeed we can write

∂y

(
C̃†
y · D̃y− D̃†

y · C̃y
)
= ∂y

([
C̃†
y , D̃

†
y

][ 0 1

−1 0

][
C̃yR
D̃yR

])
=
[
C̃†
y , D̃

†
y

](
M̃†(E)

y

[
0 1

−1 0

]
+

[
0 1

−1 0

]
M̃(E)

y

)[
C̃yR
D̃yR

]
= 0 .

The derivation of equation (22) finally follows by integrating the system (36) over the scat-
tering region, from yL to yR. This leads to[

C̃yR
D̃yR

]
=←−exp

{ˆ yR

yL

dyM̃(E)
y

}[
C̃yL
D̃yL

]
, (39)

which corresponds to equation (15) thanks to the identities

C̃yL = CyL , C̃yR = U†
yL→yRCyR , (40)

D̃yL = DyL , D̃yR = U†
yL→yRDyR , (41)

which follows from (32) and the continuity condition (19).

4. Special regimes

The analysis allows for a fully analytical treatment in at least three distinct regimes. The first
is the asymptotic limit where E is significantly larger than any other energy scale in the model.
The second occurs when the variation of the magnetic field within the scattering region is
minimal. The third regime arises when the magnetic field in the scattering region is piecewise
constant.

4.1. Large energy limit

Let us first consider the case where the particle energy is much larger than the Zeeman energy
splitting in the wire, i.e.

E≫∆E(max)
Z := max

y

(
EZ

(1)
y −EZ

(0)
y

)
= 2gµBmax

y
|B(y) | . (42)

In this regime one has that

k(0)E ≃ k
(1)
E ≃ kE :=

√
2mE/ℏ , (43)

and we can disregard the spatial modulation of M̃(E)
y induced by the instantaneous Zeeman

eigen-energy term 2mΩ̃y/ℏ2,

M̃(E)
y

∣∣∣
E�∆E(max)

Z

≃ME :=

[
0 1

−k2E1 0

]
. (44)

Accordingly the path-ordered exponent associated with such operator can be explicitly com-
puted obtaining

9
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Γ̃(E)
yL→yR

∣∣∣
E�∆E(max)

Z

≃ exp{MEL} (45)

=

[
cos(kEL)1 k−1

E sin(kEL)1

−kE sin(kEL)1 cos(kEL)1

]
,

where L := yR− yL represents the length of the scattering region. It is worth noticing that in
this special regime the above matrix becomes fully dynamical, depending explicitly on the
wave vectors kE of the asymptotic states. By replacing the above identity in equation (22) and
solving for T(ℓ)E and R(ℓ)

E , this leads finally to

tE
∣∣∣
E�∆E(max)

Z

≃ UyL→yR , rE
∣∣∣
E�∆E(max)

Z

≃ 0 , (46)

i.e. the transmissionmatrix is equal to the Berry operator, with no reflection (see appendix C for
calculation breakdown). We conclude by noting that higher-order corrections can be computed
by tracking the expansion of Γ̃(E)

yL→yR in terms of the difference M̃(E)
y −M(E). For example,

in appendix C.3, we use this approach to determine the first-order correction to the reflection
matrix.

Equation (46) has a significant implication when one considers that, in the large-energy
limit, the scattering process should have a negligible effect on the spin of the particle.
Physically, this can be understood through an analogy with dynamical quenches: a high-energy
particle propagating from left to right along the wire encounters a sudden, abrupt change in
the external magnetic field. This rapid variation leaves the spin invariant and induces no reflec-
tions. If one adopts this ansatz, as detailed in appendix C.1, equation (46) leads to the following
key identity

[UyL→yR ]ℓ ′,ℓ = ⟨ϕ
(ℓ ′)
nR |ϕ(ℓ)nL ⟩ , (47)

In section 5, we will provide a proof of equation (47) for the special case where the vari-
ation of the magnetic field along the 1D wire is constrained on a fixed plane. Additionally,
we will present an argument that extends the result to the general case. The identity (47) is
a remarkable result: it reveals that the Berry operator UyL→yR can be determined analytically
and depends solely on the magnetic field’s components at the boundaries, hence reducing to
a purely topological form. Crucially, it is independent of the magnetic field’s behavior in the
scattering region or the length L= yR− yL. Notably, this result predicts that if the magnetic
fields at the left and right leads are identical (i.e. nR = nL), the Berry operator transformation
reduces to the identity [35].

4.2. Infinitesimal scattering region limit

When the variation of the magnetic field inside the scattering region is sufficiently small the
path-ordered exponent in equation (22) can be approximated by a regular exponential

Γ̃(E)
yL→yR ≃ exp

{ˆ yR

yL

dyM̃(E)
y

}
=DL (QE) , (48)

where QE is the Hermitian matrix

QE :=
2m
ℏ2

(
E1−

ˆ yR

yL

dyΩ̃y/L

)
, (49)

10



J. Phys. A: Math. Theor. 58 (2025) 505302 L Bagnasacco et al

and

DL (QE) :=

[
cos(

√
QEL) 1√

QE
sin(

√
QEL)

−
√
QE sin(

√
QEL) cos(

√
QEL)

]
, (50)

(see appendix D for details). Observe in particular, that for infinitesimally short scattering
regions (i.e. L→ 0), the matrix DL(QE), and hence Γ̃(E)

yL→yR , reduces to the identity. However,
this behavior does not necessarily extend to the Berry operator. Specifically, as long as the
boundary conditions at the edges of the scattering region are preserved in the L→ 0 limit,
equation (47) remains applicable and can assign a non-trivial value to UyL→yR . These special
conditions are satisfied when the magnetic field B(y) undergoes an abrupt transition from BL

to BR at a single point yL = yR = y⋆ of the 1D wire. Under such circumstances, leveraging the
preceding analysis, we can hence write

Γ(E)
yL→yR

∣∣∣
L=0

=

[
Uy⋆ 0
0 Uy⋆

]
, (51)

with Uy⋆ := Uy−⋆ →y+⋆
the Berry operator acquired when crossing the discontinuity point. In this

case, notice that the matrix Γ
(E)
yL→yR matrix becomes fully dynamical, depending explicitly on

the wave vectors k(0/1)E of the asymptotic states. Replaced into equation (28) this implies

rE
∣∣∣
L=0

=
WU†

y⋆
W−2Uy⋆W−1

WU†
y⋆W

−2Uy⋆W+1
, (52)

tE
∣∣∣
L=0

= 2W−1Uy⋆W 1

WU†
y⋆W

−2Uy⋆W+1
,

which represents the reflection and transmission matrices through the discontinuity (as shown
in appendix D for E→∞ these solutions behave as predicted by equation (46)).

4.3. Piecewise constant field regime

When the magnetic field is a piecewise constant function the operator Γ(E)
yL→yR can be expressed

as an ordered product of simpler terms. This approach is structurally analogous to lattice gauge
formulations of Wilson loops [36, 37], where continuous line integrals are replaced by ordered
products of link variables. Specifically, let us assume that there exists a collection of ordered
points

y0 = yL < y1 < y2 < .. . < yN−1 < yN = yR , (53)

that identify a collection of N non-overlapping intervals Ij,j+1 :=]yj,yj+1[ over which the mag-
netic field (and hence Ωy), take constant values. Under this condition we can write

Γ(E)
yL→yR =

[
UN 0
0 UN

]
DLN−1

(
Q(N−1)
E

)
· · ·

· · ·
[
U2 0
0 U2

]
DL1

(
Q(1)
E

)[U1 0
0 U1

]
DL0

(
Q(0)
E

)[U0 0
0 U0

]
, (54)

where for all j ∈ {0,1, · · · ,N}, Uj := Uy−j →y+j
represents the Berry operator transformation

one gets when crossing the discontinuity point yj, DLj(· · ·) is the matrix function defined in
equation (50), and finally

Lj := yj+1− yj ,

Q( j)
E :=

2m
ℏ2

(E1−Ωj) , (55)

11
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withΩj being the value ofΩy in the interval Ij,j+1. The derivation of equation (54) is provided in
appendix E. Notably, by factoring out the total Berry operator contribution as defined in (23),
the right-hand side of equation (54) can be equivalently rewritten in the form:

Γ(E)
yL→yR =

[
UyL→yR 0

0 UyL→yR

]
D̃LN−1

(
Q(N−1)
E

)
· · ·

· · · D̃L1

(
Q(1)
E

)
D̃L0

(
Q(0)
E

)
, (56)

where now

D̃Lj

(
Q( j)
E

)
:=

[
U†
yL→yj 0
0 U†

yL→yj

]
DLj
(
Q( j)
E

)[UyL→yj 0
0 UyL→yj

]
, (57)

with

UyL→yj = Uj · · ·U1U0 , (58)

the Berry operator accumulated moving from y−L to y+j . As a particular application let us con-
sider the special case of a piecewise constant scattering region where

B(y) = 0 ∀y ∈]yL,yR [ . (59)

Since in this case Q(0)
E = 2m

ℏ2 E1, equation (54) reduces to

Γ(E)
yL→yR =

[
cos(kEL)UyL→yR k−1

E sin(kEL)UyL→yR

−kE sin(kEL)UyL→yR cos(kEL)UyL→yR

]
. (60)

We finally observe that the identity (54), together with equation (48), allows us to derive
approximate solutions for Γ(E)

yL→yR for arbitrary choices of By. Specifically, a finite-length scat-
tering region can be divided into N equally spaced segments [yj,yj+1[ (with j ∈ {0,1, . . .,N−
1}, y0 = yL and yN = yR) of length∆y := L/N. Provided that∆y is sufficiently small to ensure
the validity of equation (48) across all segments, equation (54) can then be employed as a well-
defined numerical procedure for solving the scattering problem.

5. Berry operator

To compute the Berry operator transformation (21) we begin by considering the special case
where the variation of the magnetic field along the 1D wire is restricted to a fixed plane. Under
this assumption, the 3D vector n(y), which specifies the orientation of the magnetic field B(y),
can be expressed in terms of a single polar angle θy as:

n(y) := sin(θy)n1 + cos(θy)n3 , (61)

with n1 and n3 are orthonormal vectors. The Zeeman eigenvectors (3) can hence be expressed
as  |ϕ(0)n(y)⟩= cos

(
θy
2

)
|↓⟩− sin

(
θy
2

)
|↑⟩= e−i(θy/2)σ̂n2 |↓⟩ ,

|ϕ(1)n(y)⟩= cos
(

θy
2

)
|↑⟩+ sin

(
θy
2

)
|↓⟩= e−i(θy/2)σ̂n2 |↑⟩ ,

(62)

with |↓⟩ := |ϕ(0)n3 ⟩ and |↑⟩ := |ϕ
(1)
n3 ⟩ the eigenvectors of the Pauli operator σ̂n3 := n3 · σ̂ associ-

ated to the eigenvalues−1 and 1 respectively, and σ̂n2 := n2 · σ̂ the Pauli operator associated to

12
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the vector n2 := n3×n1 (expressed in matrix form in the representation for which |↑⟩ := ( 10)

and |↓⟩ := ( 01), σn2 is just the matrix

(
0 −i
i 0

)
). From equation (62) it follows{

|∂yϕ(0)n(y)⟩=−(∂yθy) |ϕ(1)n(y)⟩/2 ,
|∂yϕ(1)n(y)⟩= (∂yθy) |ϕ(0)n(y)⟩/2 ,

(63)

so that the Berry matrix (17) becomes

Ky = (∂yθy)

(
0 1/2
−1/2 0

)
= i (∂yθy)σn2/2 . (64)

Now note that equation (64) implies that the commutator [Ky,Ky′ ] = 0 for all y and y′. Since the
ordered exponential simplifies to a standard exponential, the Berry operator admits a closed
formula, resulting in the following expression

UyL→y = exp

[
−(i/2)

ˆ θy

θyL

dy (∂yθy)σn2

]
= exp

[
−i
(

θy−θyL
2

)
σn2

]
, (65)

which in particular, for y= yR yields

UyL→yR = exp
[
−i
(
α
2

)
σn2
]
=

(
cos(α/2) −sin(α/2)
sin(α/2) cos(α/2)

)
, (66)

with α := θyR − θyL . Using equation (62) one can easily verify that the matrix elements of
equation (66) matches exactly with the prediction of equation (47). We can hence conclude
that such an identity can be explicitly proved for the special cases where the n(y) evolve an a
2D plane as in (61). Extending this result for arbitrary trajectories of n(y) can be achieved by
employing the same strategy outlined at the end of section 4.2 for the numerical evaluation of
←−exp
{´ yR

yL
dyM̃(E)

y

}
. Specifically this time we decompose the scattering region into N equally

spaced segments [yj,yj+1[ (with j ∈ {0,1, . . .,N− 1}, y0 = yL and yN = yR) of the length∆y=
L/N so that

UyL→yR = UyN−1→yN · · ·Uy2→y3Uy1→y2Uy0→y1 . (67)

Now, assume that the length ∆y= L/N is sufficiently small so that, within each interval, the
evolution of n(y) can be approximated as occurring on a 2D plane. More precisely, for each j,
we assume that there exists a couple of orthonormal axis n( j)1 and n( j)3 , along with a function

θ
( j)
y such that

n(y)≃ sin
(
θ( j)y

)
n( j)1 + cos

(
θ( j)y

)
n( j)3 , ∀y ∈ [yj,yj+1[ . (68)

By invoking (66) we can hence evaluate the individual terms in the product (67) via (47).

Specifically for all j we have [Uyj→yj+1 ]ℓ ′,ℓ = ⟨ϕ(ℓ
′)

nj+1 |ϕ
(ℓ)
nj ⟩. Note then that this property implies

that[
Uyj+1→yj+2Uyj→yj+1

]
ℓ ′,ℓ

=
∑

ℓ ′ ′={0,1}

[
Uyj+1→yj+2

]
ℓ ′ℓ ′ ′

[
Uyj→yj+1

]
ℓ ′ ′,ℓ

=
∑

ℓ ′ ′={0,1}

⟨ϕ(ℓ
′)

nj+2 |ϕ
(ℓ ′ ′)
nj+1 ⟩ ⟨ϕ

(ℓ ′ ′)
nj+1 |ϕ(ℓ)nj ⟩= ⟨ϕ

(ℓ ′)
nj+2 |ϕ(ℓ)nj ⟩ . (69)

13
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which used in (67) allows us to conclude that

[UyL→yR ]ℓ ′,ℓ = ⟨ϕ
(ℓ ′)
nN |ϕ(ℓ)n0 ⟩= ⟨ϕ

(ℓ ′)
nR |ϕ(ℓ)nL ⟩ , (70)

hence proving (47).

6. Examples

In this section we apply the method developed in section 3 to two different examples under the
assumption that along the 1D wire the Zeeman field varies continuously in a fixed 2D plane
determined by the directions n1 and n3 as indicated in equation (61), i.e.

B(y) = B1 (y)n1 +B3 (y)n3 . (71)

6.1. Scheme I

Consider the scenario depicted in panel (a) of figure 1, where the Zeeman field in the two leads
has the same magnitude, is directed along the some axis n3, but with opposite orientations, i.e.

BL = B0n3 , BR =−B0n3 , (72)

corresponding to set nL = n3 and nR =−n3. Adopting the notation of equation (62), this in
particular implies

|ϕ(0)yL ⟩ = |ϕ
(0)
n3 ⟩= |↓⟩= |ϕ

(1)
−n3⟩= |ϕ

(1)
yR ⟩ , (73)

|ϕ(1)yL ⟩ = |ϕ
(1)
n3 ⟩= |↑⟩=−|ϕ

(0)
−n3⟩=−|ϕ

(0)
yR ⟩ . (74)

To interpolate among the values (72) we define the components of the field (71) in the scattering
region to have the form B1 (y) := β0 (y)B0

[
sin
(
(1+ 2q2)

π(y−yL)
yR−yL

)](2+2q1)
,

B3 (y) := B0

[
cos
(
(1+ 2q2)

π(y−yL)
yR−yL

)](1+2q1)
.

(75)

where q1 and q2 are non-negative integer numbers. In particular q1 accounts for the sharpness
of the magnetic field components: if q1 increases, B1(y) will have support in an increasingly
smaller region around the middle point of the scattering region while B3(y) will nullify in
the whole scattering domain, connecting with the correct boundary conditions to the leads.
Indeed, in the limiting case of q1→∞, this scheme reduced to the first example in appendix
G (magnetic wall model) with nL = n3 and nR =−n3. Starting from the left lead, the integer
q2 accounts for complete winding (in the n1-n3 plane) of the magnetic field before ending
with the correct boundary condition on the right lead, for which we need to introduce the
phase function β0(y) (with values ±1). In the limiting case where q2→∞, with magnetic
field components oscillating very rapidly and having zero average, we expect the system to
reduce to the magnetic wall model, illustrated in the first example of appendix G with nL = n3
and nR =−n3. Specifically, while |B(y)|> 0 for all y, both ∂yB1(y) and ∂yB3(y) are zero for
y→ yR/L. Consequently, we have KyL = KyR = 0, indicating that (22) is valid for use. This
allows us to apply the procedure outlined in appendix B to calculate the transmission matrix
tE. Furthermore since limy→yR θy = π and θyL = 0 we obtain α= π, and thus

UyL→yR =−iσn2 =
(
0 −1
1 0

)
. (76)

14
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Alternatively, this result can be derived using (47) and (74). We next compute the probability
P(↓7→↑)
E for an electron injected in the left lead in the lower-energy state |ϕ(0)yL ⟩ (corresponding

to the spin down state |↓⟩) to be transmitted in the lower-energy state in the right lead |ϕ(0)yL ⟩
(corresponding to the spin up state |↑⟩), i.e.

P(↓7→↑)
E := | [tE]0,0 |

2 . (77)

This, along with the corresponding reflection probability |[rE]0,0|2, is the only scattering pro-
cess which is allowed when we are in the single-channel regime (12). Indeed, for E< EZ, no
higher-energy states are available for transport, as E is below the bottom of the higher-energy
band. In contrast, in the two-channel regime (9), where E> EZ, we can also define two more
transmission probabilities. Specifically, P(↑7→↓)

E = |[tE]1,1|2 represents the probability that an
electron injected in the left lead in the higher-energy state (corresponding to the spin up) to
be transmitted in the higher-energy state in the right lead (corresponding to the spin down).
Similarly, P(↓7→↓)

E = |[tE]1,0|2 is the probability that an electron injected in the left lead in the
low-energy state (spin-down) is transmitted into the higher-energy state in the right lead (spin
down). Finally, we have the P(↑7→↑)

E = |[tE]0,1|2, which corresponds to an electron injected in
the left lead in the lower-energy state (spin-up) being transmitted into the lower-energy state
in the right lead (spin-up). In figure 2 we plot the transmission probabilities defined above
as functions of E (in units of the Zeeman energy splitting EZ) for a wire of length L= 3LZ,
where LZ :=

√
ℏ2/(2mEZ) is the Zeeman length. The various panels refer to different values

of the parameters q1 and q2. In the main panels, the energy ranges between −EZ and 5EZ,
covering both the single- and two-channel regime, while in the insets we focus only on the
two-channel regime, considering energies within the range [EZ,10EZ]. The green curve repres-
ents the probability P(↓7→↑)

E , the red curve represents P(↑7→↓)
E , and the orange curve represents

P(↓7→↓)
E . Interestingly, P(↓7→↓)

E is always equal to P(↑7→↑)
E (as we shall see in the following when

E is sufficiently larger, such behavior follows directly from equations (66) and (46)). Let us
first discuss panel (a), relative to q1 = 0 and q2 = 0. The numerical results show that, in the
single-channel regime, the only transmission probability that is different from zero is P(↓7→↑)

E ,
as expected. This probability increases monotonically from zero at E=−EZ (bottom of the
lower band), rapidly approaching 1 (i.e. a perfect transition from the spin-down state to the
spin-up state) as the energy nears EZ. For E> EZ the green curve decreases monotonically,
while the red curve, after a rapid increase, starts decrease and eventually joins the green curve
at E≃ 2EZ. Beyond this point, both P

(↓7→↑)
E and P(↑7→↓)

E decrease to zero for sufficiently large

energies (see inset). The orange curve, representing P(↓7→↓)
E and P(↑7→↑)

E , also starts from zero
for E> EZ monotonously increases and eventually reaching 1 for large values of E (see inset).
The behavior of the transmission probabilities for E≫ EZ is as expected, since, according
to equation (46), the transmission matrix is completely determined by the Berry operator in
equation (76). As a result, we have P(↓7→↑)

E = P(↑7→↓)
E = 0 and P(↑7→↑)

E = P(↓7→↓)
E = 1. In this

regime, the reflection amplitudes are suppressed, and the particle retains the same spin value
of the incoming field as the incoming state. Notably, P(↓7→↑)

E and P(↑7→↓)
E become virtually

equal for an energy as small as E≃ 2EZ. Notably, even at E≃ 6EZ, both P
(↓7→↓)
E and P(↑7→↑)

E
reach a value of 0.9, indicating that 90% inversion of the input energy band population has
been achieved. For example, electrons entering the left lead in the low-energy band will exit
the right lead in the opposite band with 90% probability. It is important to highlight that, due
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Figure 2. Transmission probabilities as a function of injection energy for Scheme I
(section 6.1), with L= 3LZ. Each panel corresponds to different values of the parameters
q1 and q2, which are specified at the top of each panel. The value of L= 3LZ was selected
because it enables nearly perfect spin flip (P↑7→↓

E ≈ 1) over the energy range from 0 to
EZ when both parameters are set to zero (q1 = 0, q2 = 0), as illustrated in panel (a). The
insets in all plots display an extended energy range, allowing access to the high-energy
limit where E/EZ →∞. In this limit, for all cases, the red and green curves (P↑7→↓

E and
P↓7→↑
E ) approach zero, while the orange curve (P↑7→↑

E = P↓7→↓
E ) approaches 1. This beha-

vior confirms the prediction given by equation (C4), where the transmission matrix at
large energies coincides with the Berry operator. Notably, this result is independent of
q1 and q2, as the Berry operator depends solely on the magnetic field components in the
leads (see equation (66)).

to energy conservation, this effect is accompanied by a partial conversion of the kinetic energy
component into spinor energy. This conversion results in a net reduction in momentum, given
by

∆kE := k(1)E − k
(0)
E = −

√
2mE
ℏ2

(√
1+ EZ

E −
√
1− EZ

E

)
≃ −

√
2mE2

Z
ℏ2E . (78)

The opposite effect occurs for electrons entering the left lead in the high-energy band: with
a 90% probability, they will emerge in the low-energy band on the right lead, accompanied by
an increase in their kinetic energy. The net gain in momentum in this case is |∆kE|.

By increasing the value of q1, for fixed q2 = 0, the transmission probabilities are modified
as shown in panels (b) and (c). The main effect of increasing q1 is that the probability P

(↓7→↓)
E ,

see panel (c), reaches more quickly the value 1 for E> EZ, i.e. the transmission matrix is
completely determined by the Berry operator. A similar effect is observed when increasing the
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Figure 3. Scheme I, numerical results of the Hilbert–Schmidt norms ∥tE(L)−
UyL→yR∥HS and ∥rE(L)∥HS (blue, orange, and green dotted curves) as a function of injec-
tion energy E. The dashed red lines represent the exact solution for the magnetic wall
configuration in Scheme I (appendix D), showing ∥tIE(L)−UyL→yR∥HS and ∥rIE(L)∥HS.
In panel (a) we vary q1 (q1 = 0,1,10) with q2 = 0 fixed, while in panel (b) we fixes
q1 = 0 and varies q2 (q2 = 0,1,10). In both cases, the distance between the dashed red
curve and the dotted curves decreases as q1 or q2 increases, confirming that Scheme I
(section 6.1) approaches the magnetic wall configuration (nL = n3, nR =−n3) in the
limit q1 →∞ (with q2 = 0) or q2 →∞ (with q1 = 0), as discussed in appendix G. For
the sake fo completeness, fixing q1 = q2 = 0 and β0(y) = 1, equation (75) givesB1(y) =

B0 sin2
(

π (y−yL)
yR−yL

)
and B3(y) = B0 cos

(
π (y−yL)
yR−yL

)
, which correspond to the magnetic

field vector of figure 1(a).

value of q2, for a fixed q1 = 0 [panels (d) and (e)]. A notable additional effect of larger values
of q2 is the significant suppression of the probability P(↓7→↑)

E , even for energies E< EZ. We
quantify howmuch the transmissionmatrix aligns to the Berry operator (76) as a function of the
injection energy E, using the Hilbert–Schmidt distance ∥A−B∥HS :=

√
Tr[(A−B)(A−B)†].

In the main panel of figure 3(a) we plot the distance ∥tE(L)−UyL→yR∥HS for q1 = 0,1,10, with
q2 = 0. Moreover we plot the Hilbert–Schmidt distance ∥tIE(L)−UyL→yR∥HS for the magnetic
wall configuration described in appendix G with nL = n3 and nR =−n3, see the red dashed
curve in the main panel of figure 3(b). Then we quantify the contribution of the back scattering
in the process by plotting the norm ∥rE(L)∥HS as a function og the injection energy in the inset
of figure 3(a) (the analytical behavior of ∥rIE(L)∥HS is plotted with red dashed line). Similarly,
in figure 3(a) we quantify both ∥tE(L)−UyL→yR∥HS (main panel) and ∥rIE(L)∥HS (inset) for
q2 = 0,1,10, with q1 = 0, as a function of the injection energy E.

6.2. Scheme II

In this second example, we assume that the Zeeman field in the left lead and the right lead is
directed along orthogonal axes. Specifically, as shown in panel (b) of figure 1 we set

BL = B0n3 , BR = B0n1 . (79)

which corresponds to choosing nL = n3 and nR = n1. Hence, we have the following spin states:

|ϕ(0)yL ⟩= |ϕ
(0)
n3 ⟩= |↓⟩ ,

|ϕ(1)yL ⟩= |ϕ
(1)
n3 ⟩= |↑⟩ ,

|ϕ(0)yR ⟩= |ϕ
(0)
n1 ⟩= |−⟩ := ( |↓⟩− |↑⟩)/

√
2 ,

|ϕ(1)yR ⟩= |ϕ
(1)
n1 ⟩= |+⟩ := ( |↓⟩+ |↑⟩)/

√
2 .

(80)
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For the sake of definiteness, we also assume that the magnetic field components vary in the
scattering region as follows: B1 (y) = B0β1 (y)sin

(2+2q1)
(
(1+ 4q2)

π(y−yL)
2(yR−yL)

)
,

B3 (y) = B0β2 (y)cos(2+2q1)
(
(1+ 4q2)

π(y−yL)
2(yR−yL)

)
,

(81)

where q1 and q2 are again non-negative integer numbers. In this scheme if q1 increases, both
B1(y) and B3(y) will nullify in the whole scattering region. Indeed, in the limiting case of
q1→∞, with q2 = 0, this scheme reduced to the second example of the model in appendix G
with nL = n3 and nR = n1. As for the first scheme, starting from the left lead, the integer q2
accounts for complete winding of the magnetic field. In order to end with the correct boundary
conditions on the right lead, we introduce the two phase function β1(y) and β2(y) (with values
±1). In the limiting case of q2→∞, we expect to find the same results of the second example
of the model described in appendix G with nL = n3 and nR = n1. In this case, the rotation
angle is α= π/2, so that the Berry operator becomes

UyL→yR = exp
[
−i
(
π
2

)
σn2
]
=

1√
2

(
1 −1
1 1

)
. (82)

We now apply the procedure outlined in section 3 to compute the transmission matrix tE. First,
we analyze the probability P(↓7→−)

E = |[tE]0,0|2 which represents the probability for an electron
injected in the low-energy state of the left lead |↓⟩ to be transmitted in the low-energy state of
the right lead |−⟩. This, with the corresponding reflection probability |[rE]0,0|2, are the only
scattering processes occurring in the single-channel regime. In themain panel of figure 4(a), for
example, we plot P(↓7→−)

E (green curve) as a function of energy for the case q1 = 0 and q2 = 0.
We show that for an injection energyE sufficiently close to EZ, the electron is fully transmitted,
i.e. the probability transmission P(↓7→−)

E reaches 1. On the other hand, for E⩾ EZ, we can also

define the probability P(↑7→−)
E = |[tE]0,1|2 (orange curve) for an electron injected in the high-

energy state of the left lead |↑⟩ to be transmitted in the low-energy state of the right lead |−⟩,
and analogously the transmission probabilitiesP(↓7→+)

E = |[tE]1,0|2 andP(↑7→+)
E = |[tE]1,1|2 (red

curve). As demonstrated in appendix F, we find that P(↑7→−)
E = |[tE]0,1|2 is equal to P(↓7→+)

E =

|[tE]1,0|2. The plot shows that P(↓7→−)
E (green curve) monotonically decreases for E> EZ, while

P(↑7→+)
E (red curve) rapidly increases, joining the green curve, and thereafter decreasing with

it. On the other hand, P(↑7→−)
E monotonically increases from zero for increasing energy. The

specific behavior of the various probabilities depends on the details of the scattering region,
such as the actual spatial dependence of the Zeeman field B(y) and the length L. This is shown
in panels (b)–(e) of figure 4, where the transmission probabilities are plotted for different
values of q1 and q2. Panels (b) and (c) show what happens for increasing q1 with a fixed value
of q2 = 0, namely orange and green curves converge more quickly to 1/2 for E> EZ. On the
other hand, panels (d) and (e) presents the behavior of the transmission probabilities for a fixed
value of q1 = 0 and q2 = 1 and q2 = 10, respectively. In the latter case all curves collapse on
the value 1/2 at E≳ EZ. We emphasize that the asymptotic behavior (E≫ EZ) of the curves
in figure 4 does not depend on the details of B(y) but only on its boundary condition. At odds
with respect to figure 2, here all probabilities tend to the value 1/2 (denoted by the horizontal
black solid line) for large values of energy. This behavior is actually expected since for E≫ EZ

the transmission matrix reduces to the Berry operator (equation (46) in section 3). In the latter,
given in equation (82), all matrix elements have an absolute squared value equal to 1/2.
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Figure 4. Transmission probabilities as a function of injection energy for Scheme II
(section 6.2), with L= 6LZ. Each panel corresponds to different values of the parameters
q1 and q2, which are specified at the top of each panel. The value of L= 6LZ was selected
because it enables nearly perfect spin mixing (P↓7→−

E ≈ 1) over the energy range from 0
toEZ when both parameters are set to zero (q1 = 0, q2 = 0), as illustrated in panel (a). The
insets in all plots display an extended energy range, allowing access to the high-energy
limit where E/EZ →∞. In this limit, for all cases, the red, green and orange curves
(P↑7→+

E ,P↓7→−
E andP↓7→+

E = P↑7→−
E ) approach 1/2. This behavior confirms the prediction

given by equation (C4), where the transmission matrix at large energies coincides with
the Berry operator. Notably, this result is independent of q1 and q2, as the Berry operator
depends solely on the magnetic field components in the leads (see equation (66)).

As for the Scheme I, we quantify howmuch the transmissionmatrix aligns to the Berry oper-
ator (82) as a function of the injection energy E, using the Hilbert–Schmidt distances. In the
main panel of figure 5(a) we plot the distance ∥tE(L)−UyL→yR∥HS for q1 = 0,1,10, with q2 = 0.
In the main panel of figure 5(b) we plot the Hilbert–Schmidt distance ∥tIIE(L)−UyL→yR∥HS
(see the red dashed curve), for the magnetic wall configuration described in appendix G with
nL = n3 and nR = n1. Then we quantify the contribution of the back scattering in the pro-
cess by plotting the distance ∥rE(L)∥HS as a function of the injection energy in the inset of
figure 5(a) (the analytical behavior of ∥rIIE(L)∥HS is plotted with red dashed line). Similarly,
in figure 5(b) we quantify both ∥tE(L)−UyL→yR∥HS (main panel) and ∥rIIE(L)∥HS (inset) for
q2 = 0,1,10, with q1 = 0, as a function of the injection energy E.

We now analyze the scattering process in terms of the incoming and outgoing states, high-
lighting the role of the Berry operator in the entanglement between the spin degree of freedom
and the electron momentum (see, e.g. [38]). Consider an electron injected from the left lead
in the low-energy band. For large, but not excessively large energy values (i.e. E moderately
larger than EZ), the transmission matrix closely approximates the Berry operator described
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Figure 5. Scheme II, numerical results of the Hilbert–Schmidt norms ∥tE(L)−
UyL→yR∥HS and ∥rE(L)∥HS (blue, orange, and green dotted curves) as a function of injec-
tion energy E. The dashed red lines represent the exact solution for the magnetic wall
configuration in Scheme II (appendix G), showing ∥tIIE(L)−UyL→yR∥HS and ∥rIIE(L)∥HS.
In panel (a) we vary the integer q1 (q1 = 0,1,10) while keeping q2 = 0 constant. In panel
(b) we fix q1 = 0 and vary q2 (q2 = 0,1,10). In both cases, the distance between the
dashed red curve and the dotted curves decreases as either q1 or q2 increases. However,
the green curve in the inset of panel (b) exhibits noticeable jumps, causing it to diverge
from the red dashed curve. Although we did not plot the distance ∥rE(L)∥HS for larger
values of q2 with q1 = 0, we verified that this distance approaches the red dashed curve
∥rIIE(L)∥HS as q2 →∞. This behavior supports our earlier discussion in appendix G:
in the limiting cases where q1 →∞ (with q2 = 0) and q2 →∞ (with q1 = 0), Scheme
II (section 6.2) reduces to the magnetic wall configuration with nL = n3 and nR = n1.
For the sake of completeness, fixing q1 = q2 = 0 and β1(y) = β2(y) = 0, equation (81)

gives B1(y) = B0 sin2
(

π (y−yL)
2(yR−yL)

)
, B3(y) = B0 cos2

(
π (y−yL)
2(yR−yL)

)
, which correspond to the

magnetic field vector of figure 1(b).

in equation (82). Consequently, the outgoing state in the right lead exhibits strong correla-
tions (entanglement) between the spin and kinetic components. Specifically, the state can be
expressed as

|ψ(E)
y ⟩ ≃

eik
(0)
E y |−⟩+ eiγeik

(1)
E y |+⟩√

2
, (83)

where γ := ei(k
(1)
E −k(0)E )L represents a dynamic phase arising from the free evolution along the

scattering region. Similarly, if the incoming state is in the high-energy band, the corresponding
outgoing state in the right lead takes the form

|ψ(E)
y ⟩ ≃

eik
(0)
E y |−⟩− eiγeik

(1)
E y |+⟩√

2
. (84)

7. Conclusions

In summary, we have proposed amethod to describe the coherent transport of electrons through
a 1D wire subject to a magnetic field. We have derived a closed-form differential equation,
which contains both geometric and dynamical contributions, that governs (spin-resolved) elec-
tron transport for a generic spatially varying magnetic field which interacts with the electrons
spin via the Zeeman coupling. We have shown that electrons are fully transmitted when the
injection energy is much larger than the Zeeman splitting energy. In this regime, the quantum
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state of the transmitted electrons undergoes a topological transformation, i.e. the Berry oper-
ator of the system. Indeed, such Berry operator depends solely on the values of the magnetic
field at the nanowire boundaries, regardless of the magnetic field’s behavior within the wire.
We have then analyzed two specific examples. In the first one, when the injection energy is
below the Zeeman energy, we have demonstrated that perfect spin-flip occurs in the transmis-
sion through the wire. In the second example, for injection energies below the Zeeman splitting
energy, we observed a balanced spin-mixing. Moreover, for an infinite injection energy (or an
infinitesimal wire length), the quantum state of the transmitted electron emerges with a dif-
ferent wavevector in the first example. In the second example, the quantum state becomes
entangled between its spin and wavevector degrees of freedom.

Wemention that we have checked our results in figures 2 and 4 using an independent numer-
ical method which uses a wavefunction matching technique (KWANT-toolkit [39]). We men-
tion that the numerical probabilities plotted in all the figures coincide with the results obtained
with KWANT-toolkit up to a relative error of the order of 10−5.

To conclude, our approach can be extended to realistic three dimensional nanowires (where
multiple transverse modes are present). As long as the number of modes available for trans-
port is restricted to two by choosing the injection energy of electrons within a reduced range
of values, we have obtained similar results to the ones reported in figures 2 and 4. We mention
that a possible implementation of a Zeeman field having the required behavior can be obtained
by bending a nanowire in a uniform magnetic field, or by depositing a nanowire on a substrate
containing a magnetic material with a suitable pattern of non-collinear magnetic moments.
Examples are Heusler compounds [40], low-dimensional systems which lack structural inver-
sion symmetry, such as a single atomic layer of manganese on a tungsten substrate [41], and
other materials, such as insulating multiferroics [42] and van der Waals magnets [43].
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Appendix A. Current conservation and preliminary observations

In this sectionwe review some basic properties of themodel clarifying how the current operator
associated with the eigenvector |ψ(E)

y ⟩ is expressed in terms of the amplitudes Cy introduced
in equation (14).
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A.1. Preliminaries

We start by using the transmission and reflection matrices tE and rE defined in equation (10) to
link the coefficients CyL and CyR appearing in equation (22), in terms of the amplitudes R(ℓ)

E ,

T(ℓ)E , and A(ℓ)
E appearing in equation (7).

From equation (10) we can write
T(ℓ)E =

∑1
ℓ ′=0 τ

(ℓ,ℓ ′)
E A

(ℓ ′)
E =

∑1
ℓ ′=0 [tE]ℓ,ℓ ′

√
k
(ℓ ′)
E

k(ℓ)E

A
(ℓ ′)
E ,

R(ℓ)
E =

∑1
ℓ ′=0 ρ

(ℓ,ℓ ′)
E A

(ℓ ′)
E =

∑1
ℓ ′=0 [rE]ℓ,ℓ ′

√
k
(ℓ ′)
E

k(ℓ)E

A
(ℓ ′)
E ,

(A1)

which, introducing T := (T(0)E ,T(1)E )T, R := (R(0)
E ,R(1)

E )T, A := (A(0)
E ,A(1)

E )T, and the matrices

W :=

1 0

0

√
k(1)E

k(0)E

 , W−1 :=

1 0

0

√
k(0)E

k(1)E

 , (A2)

can be conveniently expressed in the following vectorial form T=W−1tEWA ,

R=W−1rEWA .
(A3)

Accordingly, setting

V :=

(
k(0)E 0

0 k(1)E

)
, FL/R :=

(
eik

(0)
E yL/R 0

0 eik
(1)
E yL/R

)
, (A4)

we can rewrite equation (27) in the form[
CyL
DyL

]
=

[
FLA+F†

LR

iV
(
FLA−F†

LR
)]=

 (
FL +F†

LW
−1rEW

)
A

iV
(
FL−F†

LW
−1rEW

)
A

 ,
[
CyR
DyR

]
=

[
FRT

iVFRT

]
=

[
FRW−1tEWA

iVFRW−1tEWA

]
. (A5)

A.2. Current conservation

The current operator associated with the spinor eigenstate |ψ(E)
y ⟩ is given by

Ĵ(E)y :=− iℏ
2m

(
|∂yψ(E)

y ⟩⟨ψ(E)
y | − |ψ(E)

y ⟩⟨∂yψ(E)
y |
)
, (A6)

where for easy of notation we defined |∂yψ(E)
y ⟩ := ∂y|ψ(E)

y ⟩. Since |ψ(E)
y ⟩ is an eigenvector of

Ĥ we can write

∂yĴ
(E)
y = − iℏ

2m

(
|∂2yψ(E)

y ⟩⟨ψ(E)
y | − |ψ(E)

y ⟩⟨∂2yψ(E)
y |
)

=
i
ℏ

[
Ĥ− ĥy, |ψ(E)

y ⟩⟨ψ(E)
y |
]

= − i
ℏ

[
ĥy, |ψ(E)

y ⟩⟨ψ(E)
y |
]
, (A7)
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which represents the continuity equation of the model. Taking the trace of the above identity
we arrive to relation ∂yTr[Ĵ

(E)
y ] = 0 which establishes current conservation along the 1D wire,

i.e.

Tr
[
Ĵ(E)y

]
=− iℏ

2m

(
⟨ψ(E)

y |∂yψ(E)
y ⟩− ⟨∂yψ(E)

y |ψ(E)
y ⟩
)
= const .

Expanding the w.r.t. to the decomposition (14) we can rewrite such constraint in the form∑
ℓ∈{0,1}

[(
C(ℓ)
y

)∗
D(ℓ)
y −C(ℓ)

y

(
D(ℓ)
y

)∗]
+ 2

∑
ℓ,ℓ ′∈{0,1}

(
C(ℓ)
y

)∗
[Ky]ℓ,ℓ ′ C

(ℓ ′)
y = const. (A8)

where we used the fact that the Berry matrix Ky of the process defined in equation (17) is
skew-symmetric. Expressed in a more compact form we can rewrite the above identity as

C†
y ·Dy−D†

y ·Cy+ 2C†
y ·Ky ·Cy = const. (A9)

Applying equation (A9) at the borders of the scattering region we obtain the identity

C†
yL ·DyL −D†

yL ·CyL = C†
yR ·DyR −D†

yR ·CyR , (A10)

where we used the continuity condition (19). Invoking (A5) we can then write

C†
yL ·DyL −D†

yL ·CyL = iA†
[
F†
L +W†r†E

(
W−1

)†
FL

]
V
[
FL −F†

LW
−1rEW

]
A

+ iA†
[
F†
L −W†r†E

(
W−1

)†
FL

]
V†
[
FL +F†

LW
−1rEW

]
A

= iA†
[
F†
L

(
V+V†

)
FL −W†r†E

(
W−1

)†
FL

(
V+V†

)
F†
LW

−1rEW

]
A , (A11)

and

C†
yR ·DyR −D†

yR ·CyR = iA†
[
W†t†E

(
W−1

)†
F†
R

(
V+V†)FRW

−1tEW
]
A . (A12)

Accordingly equation (A10) can be expressed as

iA†
[
F†
L

(
V+V†)FL−W†r†E

(
W−1

)†
FL
(
V+V†)F†

LW
−1rEW

−W†t†E
(
W−1

)†
F†
R

(
V+V†)FRW

−1tEW
]
A= 0 , (A13)

which, since it must hold for all choices of the input vector A, can be recast in the operator
identity

W†r†E

[(
W−1

)†
FL
(
V+V†)F†

LW
−1
]
rEW+W†t†E

×
[(
W−1

)†
F†
R

(
V+V†)FRW

−1
]
tEW= F†

L

(
V+V†)FL . (A14)

Consider first the two-channel scenario. Here kE(0) and kE(1) are both real so that V and W
are Hermitian and FL, R are unitary matrices. Invoking the fact that all commute and using the
identity

W−1VW−1 = k(0)E 1 . (A15)

Equation (A14) can be expressed as

k(0)E W
(
r†ErE+ t†EtE

)
W= V ⇐⇒ k(0)E

(
r†ErE+ t†EtE

)
=W−1VW−1 = k(0)E 1 , (A16)
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that corresponds to (11) in the main text. In the single-channel scenario only kE(0) is real,
while k(1)E is an imaginary quantity so neither V or W are Hermitian and FL, R are no longer
unitary matrices. Since all these operators still commutes it follows that(

W−1
)†
FL

(
V+V†

)
F†
LW

−1 =
(
W−1

)†
F†
R

(
V+V†

)
FRW

−1 =

(
2k(0)E 0
0 0

)
= 2k(0)E Π0 , (A17)

with Π0 :=

(
1 0
0 0

)
the projector on the low-energy band of the model. Therefore defining

r̄E := Π0rEΠ0 =

(
[rE]00 0
0 0

)
, t̄E := Π0tEΠ0 =

(
[tE]00 0
0 0

)
, (A18)

the restrictions of rE and tE to the lowest energy level of the model, equation (A14) can be
written as

r̄†Er̄E+ t̄†E t̄E =Π0 ⇐⇒ | [rE]00 |
2 + | [tE]00 |

2 = 1 , (A19)

as anticipated in the main text. We conclude by reminding that, according to the scattering
(Landauer–Büttiker) approach [22], the current flowing in the 1D wire can be expressed in
terms of the transmission matrix tE, via the formula

I = e
2πℏ

ˆ
dEGE (fL (E)− fR (E)) , (A20)

where fL/R(E) are the Fermi function in the left and right leads and GE = Tr
[
t†EtE
]
in the two-

channel scenario, and GE = Tr
[̄
t†E t̄E
]
= |[tE]00|2 in the single-channel scenario.

Appendix B. Transmission and reflection matrices

In this section, we show how to solve the system in equation (22) for the matrices rE and tE.
Before going deeper, we decompose in blocks the ordered exponential in equation (22) by
writing

Γ̃(E)
yL→yR =

←−exp
{ˆ yR

yL

dyM̃(E)
y

}
=

[
X0,0 X0,1

X1,0 X1,1

]
, (B1)

where each Xi,j is a two-by-two matrix. By doing so, equation (22) can be equivalently written
as [

FRW−1tEWA
iVFRW−1tEWA

]
=

[
UyL→yR 0

0 UyL→yR

][
X0,0 X0,1

X1,0 X1,1

] (
FL +F†

LW
−1rEW

)
A

iV
(
FL−F†

LW
−1rEW

)
A

 . (B2)

Exploiting the fact that the above expression must hold for all input vectors A we can finally
translate it into the system (28) which we report here for completeness

W−1tEW= F†
RUyL→yR (X0,0 + iX0,1V)FL +F†

RUyL→yR (X0,0 − iX0,1V)F
†
LW

−1rEW ,

iVW−1tEW= F†
RUyL→yR (X1,0 + iX1,1V)FL +F†

RUyL→yR (X1,0 − iX1,1V)F
†
LW

−1rEW .

(B3)

These can be equivalently expressed as
[UyL→yR (X1,1V+ iX1,0)+VUyL→yR (X0,0− iX0,1V)]W−1rEW
= UyL→yR (X1,1V− iX1,0)−VUyL→yR (X0,0 + iX0,1V) ,

tE =WF†
RUyL→yR [X0,0 + iX0,1V]W−1 +WF†

RUyL→yR [X0,0− iX0,1V]W−1rE ,
(B4)
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which we wrote assuming without loss of generality yL = 0, so that FL = 1. By matrix inver-
sion the first equation leads to the following solution for rE

rE =W [UyL→yR (X1,1V+ iX1,0)+VUyL→yR (X0,0− iX0,1V)]
−1

× [UyL→yR (X1,1V− iX1,0)−VUyL→yR (X0,0 + iX0,1V)]W
−1 , (B5)

which inserted in the second equation gives tE. The explicit evolution of this function requires
us to to compute (B1), which can be done numerically in the case of interested.

Appendix C. Scattering problem with large injection energy

In this appendix we show how the system in equation (22) can be solved analytically in the
limiting case (42) obtaining (46). Indeed when the injection energy is much larger than the
Zeeman gap, we can invoke the approximation equation (43) from which it follows that the
matrices W, V, FR are all proportional to the identity, i.e.

W≃ 1 , V≃ kE1 , FR ≃ eikEyR1 . (C1)

Similarly from equation (45) it also follows that

X0,0 ≃ X1,1 ≃ cos(kEL)1 , X0,1 ≃ k−1
E sin(kEL)1 , X1,0 ≃−kE sin(kEL)1 . (C2)

Accordingly we can conclude that in the limit (42) the following identities hold

UyL→yR (X1,1V− iX1,0)−VUyL→yR (X0,0 + iX0,1V)

≃ UyL→yR

(
kEX1,1− iX1,0− kEX0,0− ik2EX0,1

)
= UyL→yR

(
kE (X1,1−X0,0)− i

(
X1,0 + k2EX0,1

))
= 0 ,

UyL→yR (X1,1V+ iX1,0)+VUyL→yR (X0,0− iX0,1V)

≃ UyL→yR

(
kEX1,1 + iX1,0 + kEX0,0− ik2EX0,1

)
= UyL→yR

(
kE (X1,1 +X0,0)+ i

(
X1,0− k2EX0,1

))
= 2kE (cos(kEL)− i sin(kEL))UyL→yR

= 2kEe
−ikELUyL→yR , (C3)

which replaced into (B4) gives rE ≃ 0 and

tE ≃WF†
RUyL→yR [X0,0 + iX0,1V]W

−1 ≃ e−ikEyRUyL→yR (cos(kEL)+ i sin(kEL)) = UyL→yR , (C4)

(recall that equation (B4) assumed yL = 0 so that yR = L, which we used in the last identity to
simplify the exponential function).

C.1. Formal derivation of the quench ansatz

In this section we clarify how the quench ansatz leads to the identity (47). As a prerequisite for
this derivation recall that given O a 3× 3 real, orthogonal matrix describing a rotation in the
3D cartesian space, its unitary representation Û(O) on the Hilbert space induces the following
transformation on the Pauli operators

Û† (O) σ̂Û (O) = Oσ̂ , (C5)
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which, given n a 3D real vector, and σ̂n = n · σ̂ implies

Û† (O) σ̂nÛ (O) = σ̂n ′ , n ′ = O−1n . (C6)

Accordingly the eigenvectors {|ϕ(ℓ)n ⟩}ℓ=0,1 of σ̂n can be related to the eigenvectors

{|ϕ(ℓ)n ′ ⟩}ℓ=0,1 of σ̂n ′ via the identity

Û (O) |ϕ(ℓ)n ′ ⟩= |ϕ(ℓ)n ⟩ . (C7)

C.2. The quench ansatz

In this large energy regime, one might be tempted to conclude that the scattering process has
a negligible impact on the particle’s propagation. However, it is important to note that in the
present scenario, due to the differing orientations of the magnetic field in the left and right
leads, the condition (42) does not necessarily imply that the scattering region can be treated as
a minor perturbation. A better ansatz can be obtained by drawing an analogy with dynamical
quenches, suggesting that a particle propagating from left to right in the wire “experiences” a
sudden, abrupt change in the external magnetic field that leaves the spin invariant and induces
no reflections. To better frame this property we find it useful to rewrite the right lead component
of the eigenstate |ψ(E)

y ⟩ given in equation (7) in terms of the local Zeeman spinors of the left
lead. This can be done by using equation (C7) to write

|ϕ(ℓ)nR ⟩= Û (O) |ϕ
(ℓ)
nL ⟩ , ∀ℓ ∈ {0,1} , (C8)

withO being a 3× 3 real orthogonal matrix which connects nL and nR, i.e. nR = O nL. Observe
next that for large E, invoking (43) the solution equation (7) can be expressed as

|ψ(E)
y ⟩ ≃


eikEy

∑
ℓ∈{0,1}A

(ℓ)
E |ϕ(ℓ)

nL ⟩+ e−ikEy
∑

ℓ∈{0,1}R
(ℓ)
E |ϕ(ℓ)

nL ⟩ , ∀y⩽ yL

eikEy
∑

ℓ∈{0,1}T
(ℓ)
E |ϕ(ℓ)

nR ⟩= eikEy
∑

ℓ∈{0,1}T
(ℓ)
E Û (O) |ϕ(ℓ)

nL ⟩ , ∀y⩾ yR .

(C9)

The quench ansatz requires that for very large E the reflection term disappears, and that the
spinor component of the input coincides with the transmitted one, i.e.∑

ℓ∈{0,1}

A(ℓ)
E |ϕ

(ℓ)
nL ⟩ =

∑
ℓ∈{0,1}

T(ℓ)E Û (O) |ϕ
(ℓ)
nL ⟩=

∑
ℓ,ℓ ′∈{0,1}

[
W−1tEW

]
ℓ,ℓ ′ A

(ℓ ′)
E Û (O) |ϕ(ℓ)nL ⟩

≃
∑

ℓ,ℓ ′∈{0,1}

[UyL→yR ]ℓ,ℓ ′ A
(ℓ ′)
E Û (O) |ϕ(ℓ)nL ⟩ , (C10)

where we wrote T(ℓ)E in terms of the input amplitudes A(ℓ)
E via the identity (A3) of appendix A.1

and used equations (46) and (C1). Projecting on |ϕ(ℓ)nL ⟩ we obtain∑
ℓ ′ ′,ℓ ′∈{0,1}

⟨ϕ(ℓ)nL | Û (O) |ϕ
(ℓ ′ ′)
nL ⟩ [UyL→yR ]ℓ ′ ′,ℓ ′ A

(ℓ ′)
E = A(ℓ)

E , (C11)

which, since it must hold for all input coefficients A(ℓ)
E , translates into the following matrix

identity,
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∑
ℓ ′ ′∈{0,1}

⟨ϕ(ℓ)nL | Û (O) |ϕ
(ℓ ′ ′)
nL ⟩ [UyL→yR ]ℓ ′ ′,ℓ ′ = δℓ,ℓ ′

=⇒ Û (O)
∑

ℓ ′ ′∈{0,1}

[UyL→yR ]ℓ ′ ′,ℓ ′ |ϕ
(ℓ ′ ′)
nL ⟩ ⟨ϕ(ℓ

′)
nL |= 1

=⇒
∑

ℓ ′ ′∈{0,1}

[UyL→yR ]ℓ ′ ′,ℓ ′ |ϕ
(ℓ ′ ′)
nL ⟩ ⟨ϕ(ℓ

′)
nL |= Û† (O) ,

so that

[UyL→yR ]ℓ ′ ′,ℓ ′ = ⟨ϕ
(ℓ ′ ′)
nL | Û† (O) |ϕ(ℓ

′)
nL ⟩= ⟨ϕ

(ℓ ′ ′)
nR |ϕ(ℓ

′)
nL ⟩ , (C12)

which corresponds to equation (47).

C.3. Leading order

Here we would like to express equation (24) by evidencing the solution in the high energy
regime, namely (45). By doing so we can rewrite (24) according to

Γ̃(E)
yL→yR = eMEL←−exp

[ˆ yR

yL

dye−MEy∆ye
MEy

]
, (C13)

formally defining ∆y := M̃(E)
y −ME =

[
0 0

− 2m
ℏ2 Ω̃y 0

]
. At the first order in the series expan-

sion of the ordered exponential in (C13) we have

Γ̃(E)
yL→yR ≃ eMEL

(
1+

ˆ yR

yL

dy e−MEy∆ye
MEy

)
≡

[
X[0]
00 X[0]

01

X[0]
10 X[0]

11

]
+

[
X[1]
00 X[1]

01

X[1]
10 X[1]

11

]
, (C14)

with[
X[0]
00 X[0]

01

X[0]
10 X[0]

11

]
≡ eMEL =

[
cos(kEL)1 k−1

E sin(kEL)1

−kE sin(kEL)1 cos(kEL)1

]
,[

X[1]
00 X[1]

01

X[1]
10 X[1]

11

]
= eMEL

ˆ yR

yL

dy e−MEy∆ye
MEy . (C15)

Then we can write that tE = t[0]E + t[1]E = UyL→yR + t[1]E and rE = r[0]E + r[1]E = r[1]E , with t[1]E and

r[1]E to be determined. Similarly we have that

V= V[0] +V[1], V[0] = kE1, V[1] = v[1]E σz, v[1]E =
k2E−

(
k(1)E

)2
2kE

, (C16)

W=W[0] +W[1], W[0] = 1, W[1] =

(
0 0

0 w[1]
E

)
, w[1]

E =−v
[1]
E

kE
, (C17)

and

FR = F[0]
R +F[1]

R , F[0]
R = eikEL1, F[1]

R = iLv[1]E eikELσ̂z . (C18)

By looking at (B5), the first order for the reflection matrix results to be

r[1]E =
ei2kEL

2kE

[
v[1]E (σ̃z (yR)+ σ̂z)+ i

2m
ℏ2

ˆ yR

yL

dyΩ̃y

]
(C19)
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=
ei2kEL

2

[
1−

(
k(1)E
kE

)2
][

(σ̃z (yR)+ σ̂z)− kE
ˆ yR

yL

dyσ̃z (y)

]
, (C20)

with σ̃z(y) := U†
yL→yσ̂zUyL→y. In a similar way, we can evaluate the first order transmission

matrix t[1]E by looking at equation (B4).

Appendix D. Low-varying field approximation

The derivation of the identities (45) and (48) follow by observing that, for n integer, the block
matrix of the form

M=

[
0 1

A 0

]
, (D1)

fulfills the identities

M2n =

[
An 0
0 An

]
, M2n+1 =

[
0 An

An+1 0

]
. (D2)

Accordingly for x real, we can write

exp{xM}=
∞∑
k=0

xkMk

k!
=

[ ∑∞
n=0

x2nAn

(2n)!

∑∞
n=0

x2n+1An

(2n+1)!∑∞
n=0

x2n+1An+1

(2n+1)!

∑∞
n=0

x2nAn

(2n)!

]
. (D3)

In case A is positive semidefinite one has

A=
(√

A
)2

, (D4)

so that

∞∑
n=0

x2nAn

(2n)!
=

∞∑
n=0

(
x
√
A
)2n

(2n)!
= cos

(
x
√
A
)
, (D5)

∞∑
n=0

x2n+1An

(2n+ 1)!
=

1√
A

∞∑
n=0

(
x
√
A
)2n+1

(2n+ 1)!
=

1√
A
sin
(
x
√
A
)
, (D6)

∞∑
n=0

x2n+1An+1

(2n+ 1)!
=
√
A

∞∑
n=0

(
x
√
A
)2n+1

(2n+ 1)!
=
√
Asin

(
x
√
A
)
, (D7)

Accordingly we can write

exp{xM}=Dx (A) :=

 cos
(
x
√
A
)

1√
A
sin
(
x
√
A
)

−
√
Asin

(
x
√
A
)

cos
(
x
√
A
)  . (D8)

A similar expression applies also whenA is Hermitian but not necessarily positive semidefinite.
In such case it is useful to write

A= A+−A− , (D9)

with A+,A− ⩾ 0, A+A− = 0 representing the positive and negative parts of A. Accordingly
we have

√
A=

√
A+ + i

√
A− ,

1
A
=

1√
A+

+
−i√
A−

, (D10)
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and the cosine and sine operators appearing in equation (D8) can be computed as

cos
(
x
√
A
)
= cos

(
x
√
A+

)
⊕ cosh

(
x
√
A−

)
, (D11)

sin
(
x
√
A
)
= sin

(
x
√
A+

)
⊕ i sinh

(
x
√
A−

)
= sin

(
x
√
A+

)
+ i sinh

(
x
√
A−

)
, (D12)

where the symbol ⊕ has been introduced to indicate that the sum must be done by projecting
the functions f(A±) on the support of A±. Therefore we can now write

1√
A
sin
(
x
√
A
)
= 1√

A+

sin
(
x
√
A+

)
+ 1√

A−
sinh

(
x
√
A−

)
, (D13)

√
Asin

(
x
√
A
)
=
√
A+ sin

(
x
√
A+

)
−
√
A− sinh

(
x
√
A−

)
. (D14)

Equations (48) and (45) follow finally by setting x=L and taking the operator A in
equation (D8) equal to QE and −k2E1 respectively.

D.1. Infinitesimal scattering regions

In the limit L→ 0 from equation (48) it follows that

Γ̃(E)
yL→yR = 1 =⇒ X0,0 = X1,1 = 1 ,X1,0 = X0,1 = 0 . (D15)

Accordingly the identities (B3) become W−1tEW= UyL→yR

(
1+W−1rEW

)
,

W−1tEW= V−1UyL→yRV
(
1−W−1rEW

)
.

(D16)

Introducing the matrix

G := U†
yL→yRV

−1UyL→yRV , (D17)

and reorganizing the various terms this leads to the following recursive expression for the
reflection matrix(

W−1rEW
)
= (G−1)−G

(
W−1rEW

)
(D18)

whose solution can be expressed as

(
W−1rEW

)
=

∞∑
k=0

(−G)k (G−1) =
G−1

G+1
=
U†
yL→yRV

−1UyL→yRV−1

U†
yL→yRV−1UyL→yRV+1

(D19)

which can be turned into the second expression of equation (53), i.e.

rE =
k(0)E

(
WU†

yL→yRV
−1UyL→yRW

)
−1

k(0)E

(
WU†

yL→yRV−1UyL→yRW
)
+1

=
WU†

yL→yRW
−2UyL→yRW−1

WU†
yL→yRW−2UyL→yRW+1

, (D20)

with the help of equation (A15). Observe that by construction the solution is always self-
adjoint, i.e. r†E = rE. Replacing this into the first of equation (40) we can then arrive at
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tE =WU†
yL→yRW

−1 2k(0)E

(
WUyL→yRV

−1UyL→yRW
)

k(0)E

(
WU†

yL→yRV−1UyL→yRW
)
+1

= 2k(0)E WV−1UyL→yRW
1

k(0)E

(
WU†

yL→yRV−1UyL→yRW
)
+1

= 2W−1UyL→yRW
1

k(0)E

(
WU†

yL→yRV−1UyL→yRW
)
+1

= 2W−1UyL→yRW
1

WU†
yL→yRW−2UyL→yRW+1

, (D21)

which corresponds to the first identity of equation (53). It is worth observing that the solu-
tions described here could have been directly obtained by imposing continuity conditions
of the asymptotic functions (7) at the point yL. Notice also that for E→∞, W→ 1 and
equations (D20) and (D21) behave as predicted by equation (46).

Appendix E. Scattering problem for piecewise constant elements

As anticipated in the main text, when the magnetic field in the scattering region is piecewise
constant, the transfer matrix Γ

(E)
yL→yR can be formally integrated as in equation (54). To see

this, given ϵ> 0 an infinitesimal increment, we find it useful to introduce two extra points
y±j := yj± ϵ for each of the N+ 1 elements of the partition (53). Observe that the set of points

y−0 < y+0 < y−1 < y+1 < y−2 < y+2 < .. . < y−N−1 < y+N−1 < y−N < y+N , (E1)

identifies a new collection of non overlapping intervals

I(ϵ)j :=
]
y−j ,y

+
j

[
, I(ϵ)j,j+1 :=

]
y+j ,y

−
j+1 [ , (E2)

that provide a covering of the scattering region. In particular, I(ϵ)j are infinitesimal intervals over
which the Berry matrix Ky experience an abrupt change; on the contrary from the properties

of (53), it follows that on I(ϵ)j,j+1 the matrix Ωy assumes constant value Ωj and the Berry matrix
Ky is null, i.e.

{
Ky = 0 ,
Ωy =Ωj ,

∀y ∈ I(ϵ)j,j+1

=⇒


Uy+j →y = 1

Ω̃y =Ωj ,

M(E)
y =M( j)

E :=

[
0 1

2m
ℏ2 (Ωj−E1) 0

]
=

[
0 1

−Q( j)
E 0

]
,

∀y ∈ I(ϵ)j,j+1 ,

(E3)
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with Q( j)
E as in equation (55). Most importantly each of the intervals (E2) fulfill the continuity

condition (19) so that we can invoke the general formula equation (22) to propagate the vector[
Cy
Dy

]
across them. Specifically, for all j we can write[

Cy+j
Dy+j

]
= Γ

(E)

y−j →y+j

[
Cy−j
Dy−j

]
,

[
Cy−j+1

Dy−j+1

]
= Γ

(E)

y+j →y−j+1

[
Cy+j
Dy+j

]
, (E4)

which by concatenation gives

Γ
(E)

y−L →y+R
= Γ

(E)

y−0 →y+N
= Γ

(E)

y−N →y+N
Γ
(E)

y+N−1→y−N
· · ·Γ(E)

y+1 →y−2
Γ
(E)

y−1 →y+1
Γ
(E)

y+0 →y−1
Γ
(E)

y−0 →y+0
. (E5)

The identity (54) follows from this by invoking (51) to compute the transfer matrix over the
infinitesimal intervals I(ϵ)j , i.e.

Γ
(E)

y−j →y+j
=

[
Uj 0
0 Uj

]
, Uj := Uy−j →y+j

, (E6)

and using equation (E3) to write

Γ
(E)

y+j →y−j+1

= exp

{ˆ y−j+1

y+j

dyM( j)
E

}
= exp

{(
y−j+1− y

+
j

)
M( j)

E

}
=DLj

(
Q( j)
E

)
, (E7)

where we used the identity (D8) with A= Q( j)
E and x= y−j+1− y

+
j = Lj.

Appendix F. Property of the scattering matrix

The transmission and reflection matrices tE and rE computed for electrons injected from the
left lead, contribute in defining the scattering matrix SE via the identity,

SE =

[
rE t ′E
tE r ′E

]
, (F1)

with t ′E (r ′E) being the transmission (reflection) matrix for electrons injected from the right
lead. As discussed in [29], for a given position-dependent magnetic field B(y), the matrix SE
satisfies the reciprocity relation

SE (B(y)) = [SE (−B(y))]T , (F2)

where the superscript T means transpose. From equations (F2) and (F1) follow straightfor-
wardly that

tE (B(y)) = [t ′E (−B(y))]
T
, rE (B(y)) = [r ′E (−B(y))]

T
. (F3)

Nowwe will show that, under two specific conditions, the scattering problem for electrons that
are injected from the left lead with B(y) is formally equivalent to the scattering problem for
electrons that are injected from the right lead with the reverse field, −B(y). More precisely, if
these two conditions are satisfied, the system in equation (22) is identical for the two scattering
problems, meaning that

tE (B(y)) = t ′E (−B(y)) . (F4)

The first condition is that [Ωy]B(y) = [Ωy′ ]±B(y ′) where y ∈ [yL,yR] and y ′ =: yL + yR− y so
that y ′ ∈ [yR,yL]. In other words, the Zeeman eigenvalues, contained in the matrix Ωy, must
be symmetric with respect to the middle point of the scattering region. The second condition
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is that UyL→y|B(y) = UyR→y ′ |−B(y ′), which holds true if θy|B(y) = θy′ |−B(y ′), see equation (66).
Combining equation (F3) with equation (F4), it is straightforward to find

tE(B(y)) = [tE(B(y)]
T

=⇒ [tE]0,1 = [tE]1,0 . (F5)

Notice that in the Example II (section 6.2.) both conditions are satisfied, leading to the prop-
erty in equation (F5). On the other hand, in the Example I (section 6.1.), the first condition
is satisfied, while the second one is not. Indeed, we find |θy|B(y) = |θy′ |−B(y ′), meaning that
|UyL→y|B(y) = |UyR→y ′ |−B(y ′). Although we are not able to prove it, numerically in this case

we find |[tE]0,1|2 = |[tE]1,0|2.

Appendix G. Magnetic wall

In this section, we define an analytically solvable scattering problem, and we refer to this
configuration as amagnetic wall. The leads are subjected to two magnetic fields of equal mag-
nitude, B0, pointing in different directions, nL and nR:

BL = B0nL, BR = B0nR. (G1)

In the scattering region (length L), the magnetic field is zero. This configuration represents
a limiting case of Scheme I (section 6.1) and Scheme II (section 6.2). In both schemes, the
magnetic wall configuration is achieved when q1→∞ with q2 = 0, or when q2→∞ with
q1 = 0. Specifically, Scheme I reduces to a magnetic wall with nL = n3 and nR =−n3, while
Scheme II reduces to a magnetic wall with nL = n3 and nR = n1. Analytical solutions exist
for the reflection and transmission matrices, rI/IIE (L) and tI/IIE (L), of the magnetic wall con-
figuration in Schemes I and II. These solutions (valid for any magnetic field direction in the
leads) are found by matching the spinor wavefunction and its first y-derivative at y= yL and
y= yR. Due to space constraints, we do not provide the analytical forms for Scheme I. Instead,
we present the Hilbert–Schmidt norms ∥tIE(L)−UyL→yR∥HS in figure 3(red dashed curve, main
plots) and ∥rIE(L)∥HS (red dashed curve, inset plots). Analogously, figure 5 displays the dis-
tances ∥tIIE(L)−UyL→yR∥HS (red dashed curve, main plots) and ∥rIIE(L)∥HS (red dashed curve,
inset plots) for Scheme II.
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