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Abstract
By decoupling the geometric from the dynamical contributions in the scatter-
ing processes, we develop a method to compute the scattering matrix of elec-
trons in a one-dimensional coherent conductor connected to two electrodes. In
particular, we demonstrate that, in the high-energy regime, the transmission
matrix converges to the Berry operator of the system. We showcase the method
through several examples featuring different in-plane magnetic field profiles.
Notably, our results reveal the possibility of achieving near-perfect spin-flip
transmission, highlighting potential applications in spintronics.

Keywords: quantum transport methods, ballistic transport,
scattering formalism, berry operator, spin-resolved quantum transport

1. Introduction

Understanding the scattering properties of electrons in mesoscopic systems is essential for
advancing spin-dependent transport technologies [1-3]. Such properties are encoded in the
scattering matrix, a central object of quantum transport theory [4-9] that relates incoming to
outgoing states in the presence of inhomogeneities and magnetic textures. Beyond conductance
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quantization, the scattering matrix captures subtle quantum interference and geometric effects,
which are key ingredients in spintronics and topological transport [10, 11].

Recent years have seen a surge of interest in transport phenomena arising from spatially
varying magnetic fields and textures. Early proposals such as the Datta—Das spin transistor [12]
demonstrated the control of electron spin via engineered precession. Charge and spin pump-
ing through domain walls and magnetic textures has been widely investigated [13], and the
scattering of electrons on skyrmion configurations revealed striking consequences for spin
transport [14]. Nontrivial spin dynamics appear through Landau—Zener and Rabi oscillations
in spin-dependent conductance [15], and in mesoscopic spin transport where adiabaticity and
nonadiabatic corrections can be tuned by disorder and geometry [16, 17]. On the theoretical
side, Kato’s seminal work on adiabatic evolution [18] laid the foundation for modern treat-
ments, and more recently Wilson-loop [19] method have been employed to characterize geo-
metric structure in spin and band systems [20]. These advances demonstrate that both dynam-
ical and geometric aspects of scattering must be treated on equal footing to capture the physics
of realistic devices.

In this work, we present a novel method-building on [21]-for computing the spin-resolved
scattering matrix of a coherent conductor, within the well-known Landauer—Biittiker formal-
ism [22]. The key innovation lies in separating the geometric Berry operator [23] of the system
from the dynamical evolution in the scattering dynamics. Differently from [21], which assumes
the particle energy to be infinite, our method is exact and applicable to arbitrary energies.

As a concrete setup, we consider a 1D wire and calculate the scattering amplitudes which
describe the spin-dependent transport in the presence of a spatially varying Zeeman field, see
figure 1. This is a typical situation addressed in spintronics, the research field which con-
cerns the investigation of spin-dependent transport [24—26] and its applications (see the review
papers in [27, 28]). In particular, we demonstrate that the reflection and transmission matrices
of the setup can be calculated by solving a differential equation which contains both geometric
and dynamical contributions.

We analyze three distinct special regimes, for which the scattering amplitudes admit a
closed formula.

To better elucidate these facts we consider two different examples where the vector repres-
enting the spatially varying magnetic field lies in a plane. In the first one, the magnetic field in
the leads points in opposite directions (see panel (a) of figure 1), while in the second it points
in orthogonal directions (see panel (b) of figure 1). In both cases we consider different profiles
of variation of magnetic fields characterized by two parameters we plot the spin-dependent
transmission and probabilities as functions of energy E of the impinging electron.

We begin by demonstrating that suitable magnetic field profiles can lead to qualitatively
different transmission behaviors. For energies E below the Zeeman splitting in the leads, one
finds cases where nearly perfect spin-flip transmission occurs (first example), and cases where
a spin-down electron is transmitted as a balanced superposition of spin-down and spin-up states
(second example). The transmission probabilities depend sensitively on the specific shape of
the magnetic field profile, as determined by the two control parameters.

The paper is organized as follows: in section 2 we introduce the model; in section 3 the
scattering problem is solved by decoupling the geometric contribution from the rest; section 4
focuses on special cases that allow for a fully analytical treatment i.e. the infinite energy limit
(section 4.1), the infinitesimal scattering region limit (section 4.2), and the piecewise constant
regime (section 4.3); Section 5 is dedicated to compute explicitly the Berry operator for control
induced by varying a Zeeman field; in section 6 numerical examples are presented to illustrate
the results. The conclusions are summarized in section 7, and a series of appendices provide
detailed technical derivations.
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Figure 1. Schematic of the model: electrons propagates on a 1D wire parameterized
by the longitudinal coordinate y, under the action of an external, static magnetic field.
The wire is composed by three distinct regions: the left lead (y < yr), the right lead
(yr <y) where the magnetic field is uniform, assuming constant values Bi. and Bg,
respectively, and the scattering region (yo <y < yr) where instead the magnetic field
vector B(y) (represented by purple vectors) can vary. Panel (a): The plot shows the y-
varying magnetic field B(y) of the scheme I of section 6.1, with components given in (75)
setting ¢; =0 and g2 = 0. In this specific case, the magnetic field has only a positive z
component in the left lead and a negative z components in the right lead. Panel (b):
The plot shows the y-varying magnetic field B(y) of the scheme II of section 6.2, with
components given by equation (81) setting g; =0 and g, = 0. In this case, the magnetic
field has only a positive z component in the left lead and a negative x components in the
right lead. To enhance clarity, we have aligned the directions r; and n3, which define
the magnetic field orientation along the wire as described in equation (71), with the x-
and z-axis, respectively. Dispersion curves for the leads are shown on the sides of the
plots.

2. Physical model

We consider a minimal theoretical setup where electron dynamics are described within
the effective-mass approximation [29]. In this widely used framework, the kinetic term
takes a quadratic form, corresponding to a parabolic dispersion relation for the propagating
modes [30]. This approximation is standard in mesoscopic transport theory and provides a
reliable description over a broad range of energies [31, 32]. The Hamiltonian describing the
propagation of electrons in a 1D wire under the action of a position-dependent magnetic field
B(y) writes

ﬁZ
=2 _pu B 1
Hi=o —uB(y) M
with py, := —(i/ )0, denoting the electron momentum corresponding to the operator p, along

the longitudinal axis y of the device and ¢, the electronic spin magnetic momentum. Indicating
with g(> 0) the Landé factor, pg (> 0) the Bohr magneton, and & := (6+,6y,6) the vector of
Pauli operators, the second contribution of H can be expressed as

hy = = pg-B(y) = g1pB () Gugy) - @

3



J. Phys. A: Math. Theor. 58 (2025) 505302 L Bagnasacco et al

where B(y) := |B(y)| and r(y) := B(y)/B(y) indicate respectively the magnitude and the ori-
entation of the magnetic field at position y, and 6,,(,) := n(y) - & is the spin operator component

along n(y). For fixed y, the eigenvectors of fzy identify the Zeeman spin-eigenstates,
hy|04)) = E2{16()) . o =~ (1) gn|B (). 3)

with ¢ = {0, 1}. In particular, we will refer to |gz$r(l(8)> as the (local) lower-energy Zeeman spin-

eigenstate, while to \¢,(,l(;)> as the (local) higher-energy Zeeman spin-eigenstate (recall that
gup 1s positive).

In our analysis, we partition the wire into three distinct regions: the left lead (y < yr), the
right lead (yr < y), and the scattering region (yp <y < yr), see figure 1. In the left and right
leads, the magnetic field is uniform, assuming constant values By := |By |n and Bg := |Bg|ng,
respectively. We assume the magnitudes of these fields are equal, such that |B | = |Br| = By
while allowing their orientations, denoted as ry, and ng, to differ. In contrast, the magnetic field
in the scattering region is not constant providing a somehow smooth transition between By, and
Br (more precisely we shall require B(y) be differentiable everywhere with first derivative that
is continuous at the interface between the leads and the scattering region). In virtue of these
assumptions in the leads the system exhibits spin-resolved energy bands

2

EY (k) := 2— +E;¢ e {0,1}, )
where E;(9) := —(—1)*gugBy are the eigenvalues (3) evaluated outside the scattering region,
whose gap

E,(D) _E, 0
Ezi= ————— = guBy, )

2

defines the fundamental energy scale of the problem. Electrons with sufficiently high energy £
can occupy these bands. Their redistribution across the scattering region, as well as the current
flowing through the device, is governed by the transmission and reflection scattering matrices
tg and rg of the model. Computing them accounts in solving the energy-resolved Schrodinger
equation of the setup, i.e.

(F=E) [P} = 202 16®) + (5~ E) ) = ©

with |¢§E)> the spinor wave-function associated with energy eigenvalue E. In the leads the
solution of equation (6) can be expressed as

NG TON
Zee{m}( APelky 4 R ek )|¢ )
vy <
") = YS %
RTICIN?)
256{071}7}(5)3”(5 y|¢'(lR)> ) Yy 2R,

with \¢,(,f)/k) the Zeeman eigenvectors (3) evaluated for y = yp, yg respectively, and

K= J2m (B~ E,9) /1, @®)

determined by the dispersion relation (4) by imposing the constraint E(*) (k) = E. We emphas-

ize that for E < Ez¥) the coefficients Ag), Rg) and T(EZ) describe evanescent waves. These
waves decay exponentially with distance from the scattering region and, as a result, do not

4
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carry any current. In contrast for £ > E;9, Ag), Rg), and Tg) characterize the asymptotic

behavior of |1/)§E)) far away from the scattering region. Specifically in this regime A(Ee) repres-

)

ents right-going electrons injected into the ¢th energy band (4) of the left lead, Rj(f denotes

the associated amplitude of left-going reflected electrons, and T,(f) the amplitude of right-going
transmitted electrons. The functional dependence among these terms, determined by explicitly
solving equation (6), define the transmission 7z and reflection rz matrix of the model.

Consider for instance the rwo-channel regime where E exceeds the biggest Zeeman eigen-
values in the leads, i.e.

E>EY) =E;. ©

In this regime, both the energy bands of the system can be populated, and ¢z and rg correspond
to 2 x 2 matrices. The elements of these matrices [29] are defined by the following relations:

') | ') |
[tElg 0 = TE( ) L) [relg,er = P1(5 ) L) (10)
E E

and p(EM/) are, respectively, the values of amplitudes Tg) and Rg}) appearing in

equation (7) that emerge when we take Ag) = 0,0+ In particular, [tg]e o (resp. [rg]e,0) repres-
ents the probability amplitude for an electron starting in the lower-energy eigenstate in the left
lead and arriving in the lower-energy right (left) lead eigenstate if £ = 0, or in the higher-energy
right (left) lead eigenstate if ¢ = 1. Contrarily, [tg]e,1 (resp. [ree,1) represents the probability
amplitude for an electron starting in the higher-energy left lead eigenstate and arriving in the
lower-energy right (left) lead eigenstate if £ = 0, or in the higher-energy right (left) lead eigen-
state if £ = 1. With these definitions, current conservation is ensured by the unitarity relation

o
where Té )

rire+ip=1. a1

For the sake of completeness, we derive this result in appendix A.
In the single-channel regime the injection energy E is larger than the lowest eigenvalue in
the leads but smaller than their highest eigenvalue, i.e.

EY) =E,>E>-E,=E} . (12)

Under this condition only the lowest band supports electrons far from the scattering region. In
this case tg and g can still be defined as in (10), but the only elements associated with the low-
energy eigenstates contribute to the current. Specifically, the term [tg]o o which represents the
probability amplitude for an electron starting in the lower-energy eigenstate in the left lead and
arriving in the lower-energy right lead eigenstate, and the element [rg]o o, which represents the
reflection amplitude for the same eigenstate. In this case, the current conservation identity (11)
simplifies to:

|[reloo I + | ltelgo P =1 (13)

3. Solving the scattering problem

To compute the values of the matrices 7z and rp we need to explicitly find a spinor wave-
function |1/))(,E)) which solves equation (6) for all y, and used it to identifying the coefficients

5
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Ag), R(EZ), and ﬁf) that enters in equation (7). For this purpose, following [21], we expand
|z/)y(E)> w.r.t. the local eigenstates (3) of the spin operator fzy, ie.

W) =" Db, (14)

£=0,1

with Cy) = ,(,f) wy(E)> being (coordinate-dependent) complex probabilities amplitudes.
With this choice equation (6) assumes the form

2m
(ay+1<y)2cy+ﬁ(m—Q_‘,)cyzo, (15)
where C, := (C§O),C§1))T is the column vector of coefficients C)(,e), Q, is a 2 x 2 diagonal
matrix whose elements are the instantaneous eigenvalues in equation (3),

[, 0 = ES deer . (16)

and finally K, is the 2 x 2 Berry matrix [33] of the process, whose elements are defined as

(Kyly g0 = <¢£.f’|8y¢>$f')>- (17)

By construction K, is a skew-matrix which assumes zero value in the leads and varies con-
tinuously at the interface with the scattering region, i.e.

K,= -k}, (18)

K,=0,  VYyé¢]y,orl - (19)

We stress that the second request is less demanding than it might initially appear. This is due to
the fact that, at large distances from the scattering region, the magnetic field becomes constant,
taking the values By and Bg. Consequently, we can enforce condition (19) by simply redefining
the boundaries of the scattering region as

YL =YL (=YL €, YR =Yg ==YR+E, (20)

with € > 0 is an infinitesimal positive shift. This regularization allows us to accommodate con-
figurations in which B(y) exhibits an explicit discontinuity at the borders of the scattering
region. The matrix K, defines the Berry operator of the model via the following unitary trans-
formation

V2
Uy, sy, :_&p{—/ dyKy} , QD
Y1

where y; < y;, and %[ --] indicates path ordering of the operators product. In this sense,
Uy, .y, plays the role of a Wilson line (the open-loop analog of a Wilson loop [34]) in gauge
theory, representing the gauge-invariant holonomy of the Berry connection K, along the path
from y; to y,. As discussed in section 3.1, setting D, := 0, C, the first derivative of the vector
C,, the continuity constraint (19) allows us to formally integrate equation (15) producing the
identity

C, C
5] 5]

YR
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with F§f)_>),R the generalized transfer matrix of the process. Factorizing out the Berry operator

contribution, the matrix F_‘(f)_,yR can be expressed as

re, [M)Hyk 0 ]f@ 23)

YL—YR 0 uyL —r YL—7YR

with the energy dependent term
. IR -
e, =&p { / dyM§.E>} , (24)
YL

generated by the 4 x 4 block matrix

A(E) .
M =

0 1 5
%’é’(ﬂy—m) 0] b Q= UL Oy sy (25)

The matrix M;(E) plays a crucial role in the scattering problem. Specifically, as demonstrated
in appendix A, it guarantees current conservation (11) through the symmetry relation:

i |0 L 10 L e
M [1 0}+[1 ol M =0. (26)

Recalling equation (7) we can write

(0 (0
Aio) el k)(g )}'L JrRS)) el kf(f )}'L

S -~
C A(El)elké )vLJrRél)e—nké )vL
JL | —
D, | | AD gt ) |
ik(El) Aél)eikg)”__Ré])e—ikél)yL

Tg)) el k£;0> R

ON
|:C)7R:| _ Tél)e'kE R 27)

0N
KOTO M |

TON
ikél)TI(fl)enkE R

which replaced in equation (22), leads to a set of 4 linear identities that link the amplitudes
Tg)) and Rg) to the input amplitudes A(Ee). In conjunction with equation (10) this results in two

linear equations for ¢z and rg, i.e.
Wt W = Fildy, oy (Xo.0+iXo,1V) FL
FF Uy, sy (Xoo — iXo V) FL W rgW

(28)
iVW ' tgW = Filhy, oy (X104 iX1 V) FL
FF Uy sy (X0 — X1 V)FLW W
where
1 0 (0)
SR
W= W, V= E (29)
0 \/im (o k,<;>>
and
% % o
FL -:< 0 eikél))’L ) FR = 0 eikg)yR ) (30)
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are 2 x 2 diagonal matrices defined also in equations (A2) and (A4) of appendix A.l.
Moreover, X; ; are the 2 x 2 blocks of fy(f)_wk, namely

S (E) & ) Xo,o Xo,
o~ a0} - [0 ). a
n ; ;
defined also in equation (B1). At odds with [21], the scattering amplitudes are now calculated
exactly at any given energy E.

With the exception of the Berry operator Uy, _,,, and of the block matrices X; j, all quantities
entering into equation (28) admit a closed form solution. Indeed, the main challenge lies in
evaluating U, _,,, and X; ;, since both are defined as solutions of path-ordered exponentials
that, in general, do not admit a closed form solution. As will be illustrated in the following
sections through specific examples and special regimes, both 4, _,,, and X; ; can admit a closed
form; in such cases, the reflection and transmission matrices themselves admit a fully closed
form. Most importantly, the system of equation (31) highlights the separation between the
dynamical and geometric contributions to the scattering problem. On the one hand, the matrices
W, F1, Fr, and V are purely dynamical, as they depend solely on the wave vectors of the
asymptotic states kg)/ 1), while the Berry operator U, _,,, is purely geometric. On the other
hand, the block matrices X;; of equation (31) generally cannot be separated into dynamical
and geometric components. However, we anticipate that in special regimes the X;; matrices
simplify and become fully dynamical.

3.1 Derivation of equation (22)

Define the vectors

éy = Z/[)TL%_VC)' ) (32
D, :=9,C, = M)TL—W Dy +K,Cy) , (33)
where in the second identity of equation (33) we used
Oy vy = —Ky Uy oy =>0US | =Ul | K,. (34)
This allows one to convert equation (15) in
.2 N\ =
RC,+25 (E-9)¢ =0, (35)
and hence in the first order differential equation
éy - MB) éy
2 5] =+ [5) oo

with /\;lﬁE) and Qy the matrices defined in equation (25). It is worth noticing that the current
conservation condition (A9) expressed in terms of Cy and D,, becomes

é’; -IN)y f[)j . C~'y = const. 37

Alternatively we can write this by saying that the first derivative of C-D, — D} - C, w.rt. y
must be zero, i.e.

o, (€l -Dy-Dj-€,) =0. (38)
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Invoking (36) we can finally notice that (38) is guaranteed by the symmetry (26) of the matrix
M) Indeed we can write

o (crn,-n1-6) = (ienon[ 5 I [6])

YR

o omir [ 0 1 0 1] C,,
= [C].D]] <M;<E> {_]1 o] + {_]1 0] M§E>> [DJ ] =0.

YR

The derivation of equation (22) finally follows by integrating the system (36) over the scat-
tering region, from y to yg. This leads to

Cv e YR - ) C;L
o] {5 @

which corresponds to equation (15) thanks to the identities

éyL = CYL ’ é}’R = M,\TL—WRCyR ) (40)
l~)y14 = DyL ) DNyR = u;L—)yRD}’R ) (41)

which follows from (32) and the continuity condition (19).

4. Special regimes

The analysis allows for a fully analytical treatment in at least three distinct regimes. The first
is the asymptotic limit where F is significantly larger than any other energy scale in the model.
The second occurs when the variation of the magnetic field within the scattering region is
minimal. The third regime arises when the magnetic field in the scattering region is piecewise
constant.

4.1 Large energy limit

Let us first consider the case where the particle energy is much larger than the Zeeman energy
splitting in the wire, i.e.

E> AES™) .= max (EZ§,‘> — EZ§,0>)
y

= 2gppmax|B(y)| . 42)
In this regime one has that
kg)) ~ k(EI) ~kg:=V2mE/h, (43)

and we can disregard the spatial modulation of /\N/l§E) induced by the instantaneous Zeeman
eigen-energy term 2m<2, /h?,

o0® :ME;:[ 0 ﬂ. 44)

M NCS —k21 0

Accordingly the path-ordered exponent associated with such operator can be explicitly com-
puted obtaining



J. Phys. A: Math. Theor. 58 (2025) 505302 L Bagnasacco et al

[ (E)
YL—YR

~ L 45
parge = ML) )

_ { cos(keL) L k! sin(kEL)]l]

—kgsin(kgL)1 cos(kgL)1

where L := yr — yp, represents the length of the scattering region. It is worth noticing that in
this special regime the above matrix becomes fully dynamical, depending explicitly on the
wave vectors kg of the asymptotic states. By replacing the above identity in equation (22) and
solving for Tg) and R(Ee), this leads finally to

tg (46)

uyL —YR?

() — TE (ma) — 0,
E>AES E>AES

i.e. the transmission matrix is equal to the Berry operator, with no reflection (see appendix C for
calculation breakdown). We conclude by noting that higher-order corrections can be computed
by tracking the expansion of f§f)_>yR in terms of the difference M)(;E) — M®)_ For example,
in appendix C.3, we use this approach to determine the first-order correction to the reflection
matrix.

Equation (46) has a significant implication when one considers that, in the large-energy
limit, the scattering process should have a negligible effect on the spin of the particle.
Physically, this can be understood through an analogy with dynamical quenches: a high-energy
particle propagating from left to right along the wire encounters a sudden, abrupt change in
the external magnetic field. This rapid variation leaves the spin invariant and induces no reflec-
tions. If one adopts this ansatz, as detailed in appendix C.1, equation (46) leads to the following
key identity

[uyL—WR]g',z = <¢)7(lﬁ/)‘¢r(l?> s 47)

In section 5, we will provide a proof of equation (47) for the special case where the vari-
ation of the magnetic field along the 1D wire is constrained on a fixed plane. Additionally,
we will present an argument that extends the result to the general case. The identity (47) is
a remarkable result: it reveals that the Berry operator U4, _,,, can be determined analytically
and depends solely on the magnetic field’s components at the boundaries, hence reducing to
a purely topological form. Crucially, it is independent of the magnetic field’s behavior in the
scattering region or the length L = yg — y;. Notably, this result predicts that if the magnetic
fields at the left and right leads are identical (i.e. ng = ny), the Berry operator transformation
reduces to the identity [35].

4.2. Infinitesimal scattering region limit

When the variation of the magnetic field inside the scattering region is sufficiently small the
path-ordered exponent in equation (22) can be approximated by a regular exponential

- IR -
F;fLyR ~ exp {/ dyM)(.E)} =D (Qk) , (48)

YL
where Qf is the Hermitian matrix

0p = 2 (E]l - / b dyQ, /L) : (49)

T OR2
h yL
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and
cos(\/@L) \/IQT sin(\/@L)
-0k sin(@L) cos(@L)

(see appendix D for details). Observe in particular, that for infinitesimally short scattering

Dy (Qk) = (50)

regions (i.e. L — 0), the matrix Dy (Qk), and hence foL‘R reduces to the identity. However,
this behavior does not necessarily extend to the Berry operator. Specifically, as long as the
boundary conditions at the edges of the scattering region are preserved in the L — 0 limit,
equation (47) remains applicable and can assign a non-trivial value to U, _,,,. These special
conditions are satisfied when the magnetic field B(y) undergoes an abrupt transition from By,
to By at a single point yp, = yg = y, of the 1D wire. Under such circumstances, leveraging the
preceding analysis, we can hence write

(E) U, O
YL—YR L—0 - |: 0 uy;| ) (51)
withUy, :==U, - _,,+ the Berry operator acquired when crossing the discontinuity point. In this

case, notice that the matrix FgfLyR matrix becomes fully dynamical, depending explicitly on

the wave vectors kg)/ Y of the asymptotic states. Replaced into equation (28) this implies

WUl WU, W1

L=0  WULWIUL WAL 62

VE’

te], =2 W s

L:() _zl/{."* W+]l ’

which represents the reflection and transmission matrices through the discontinuity (as shown
in appendix D for E — oo these solutions behave as predicted by equation (46)).

4.3. Piecewise constant field regime

When the magnetic field is a piecewise constant function the operator FﬁfLyR can be expressed
as an ordered product of simpler terms. This approach is structurally analogous to lattice gauge
formulations of Wilson loops [36, 37], where continuous line integrals are replaced by ordered
products of link variables. Specifically, let us assume that there exists a collection of ordered
points

Yo=yL<y1<y2<...<yn-1 <YN=)R, (53)

that identify a collection of N non-overlapping intervals I; j1 | :=]y;, y;+1[ over which the mag-
netic field (and hence (),), take constant values. Under this condition we can write

Uy 0 (N—1)
[ o ()

{Léz zﬂ D, (o)) [Lé‘ L‘Z]DLU( ) [Lé" L(,)J (54)

where for all j € {0,1,--- N}, U :=U, - _,,+ represents the Berry operator transformation
- J
one gets when crossing the discontinuity point y;, Dp,(---) is the matrix function defined in

equation (50), and finally

Lj:=yip1 =,
; 2m
W= 22 (EL - Q) (55)

hZ

1



J. Phys. A: Math. Theor. 58 (2025) 505302 L Bagnasacco et al

with {); being the value of €}, in the interval /; ;. The derivation of equation (54) is provided in
appendix E. Notably, by factoring out the total Berry operator contribution as defined in (23),
the right-hand side of equation (54) can be equivalently rewritten in the form:

U, 0 ~ -
r®e. [ )’L(TYR :|DLN] ( (EN 1))

MR YL—YR
<D, (01) i (2F) (56)
where now
)= [ a0 2] o
with
Uy =Uj-Uhlho (58)

the Berry operator accumulated moving from y; to yj+. As a particular application let us con-
sider the special case of a piecewise constant scattering region where

B(y)=0  Vy€]yLor[ - (59)
Since in this case Qg)) = %E]l, equation (54) reduces to

F(E) - cos(keL) Uy, —syx k! sin(keL) Uy, —ye . (60)

JLTIR —kpsin(keL) Uy oy cos(keL) Uy, —y,

We finally observe that the identity (54), together with equation (48), allows us to derive
approximate solutions for I‘;E )—>yR for arbitrary choices of B,. Specifically, a finite-length scat-
tering region can be divided into N equally spaced segments [y;,y;+1[ (withj € {0,1,...,N —
1}, yo = yr and yy = yr) of length Ay := L/N. Provided that Ay is sufficiently small to ensure
the validity of equation (48) across all segments, equation (54) can then be employed as a well-
defined numerical procedure for solving the scattering problem.

5. Berry operator

To compute the Berry operator transformation (21) we begin by considering the special case
where the variation of the magnetic field along the 1D wire is restricted to a fixed plane. Under
this assumption, the 3D vector nr(y), which specifies the orientation of the magnetic field B(y),
can be expressed in terms of a single polar angle 0, as:

n(y) :=sin(6,)n; +cos(6y)n3 , (61)

with n; and nj3 are orthonormal vectors. The Zeeman eigenvectors (3) can hence be expressed
as

0 0y . 0, —i(6. /26
1680y =cos (%) 1) —sin (§ ) [1) = e~ ®/2%n 1) | o
|¢'(l](l)> = Ccos % 1) +sin % [4) = e—1(0y/2)6n, ),
with [}) == |60} and [1) 1= |¢5")) the eigenvectors of the Pauli operator 6,, := n3 - ¢ associ-

ated to the eigenvalues —1 and 1 respectively, and 65, := n, - & the Pauli operator associated to

12
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the vector n, := n3 x n; (expressed in matrix form in the representation for which |1) := (})

and []) := (9), o, is just the matrix (? _1)). From equation (62) it follows

0

(0)
{ 0ngy) =~ (056 |¢,,(y)>/z .
0,60))) = @,6,) 160))) /2,
so that the Berry matrix (17) becomes
0 1/2 .
— (3,6,) (_ U / ) =i (0,6,) 02 (64)

Now note that equation (64) implies that the commutator [K,, K,/] = 0 for all y and y'. Since the
ordered exponential simplifies to a standard exponential, the Berry operator admits a closed
formula, resulting in the following expression

o,
Uy, —sy = exp [_ (1/2)/ dy (6,0,) Unz]

YL

= exp i (252 ) o] (65)
which in particular, for y = yr yields
. cos(a/2) —sin(a/2)
Uy, sy, = €Xp [_1 (7) U”J = (sin (a/2)  cos(a/2) ’ (66)

with o := 6y, —0,, . Using equation (62) one can easily verify that the matrix elements of
equation (66) matches exactly with the prediction of equation (47). We can hence conclude
that such an identity can be explicitly proved for the special cases where the n(y) evolve an a
2D plane as in (61). Extending this result for arbitrary trajectories of n(y) can be achieved by
employing the same strategy outlined at the end of section 4.2 for the numerical evaluation of

% { fy yL ®dyM )(,E) } Specifically this time we decompose the scattering region into N equally

spaced segments [y;,yj4[ (withj € {0,1,...,N— 1}, yo = yr and yy = yr) of the length Ay =
L/N so that

uyL—>yR = ,vN—l—>yN"'uyz%yzuyléyzuyo—m . (67)

Now, assume that the length Ay = L/N is sufficiently small so that, within each interval, the
evolution of n(y) can be approximated as occurring on a 2D plane. More precisely, for each j,

we assume that there exists a couple of orthonormal axis nij ) and ngj )

9)(,j ) such that

, along with a function

n(y) ~ sin (9)(,-")> n 4 cos (9(’)> , Yy € [y, vzl - (68)

By invoking (66) we can hence evaluate the individual terms in the product (67) via (47).

Specifically for all j we have [Uy, .. Jerr = (d),,] 0 \gb(é)) Note then that this property implies
that

I:uyj+14)yj+21/[yj4)yj+l}f/7€ = E : [U)HIH)HZ]@%// [uyf‘%}ﬂl}e//,e
£/'={0,1}

S 6 60 = @ ey . 60

017={0,1}
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which used in (67) allows us to conclude that

U lery = (08 1680) = (08 1640) (70)
hence proving (47).

6. Examples

In this section we apply the method developed in section 3 to two different examples under the
assumption that along the 1D wire the Zeeman field varies continuously in a fixed 2D plane
determined by the directions n; and nr3 as indicated in equation (61), i.e.

B(y)=Bi(y)ni + B3 (y)n; . (71)

6.1. Scheme |

Consider the scenario depicted in panel (a) of figure 1, where the Zeeman field in the two leads
has the same magnitude, is directed along the some axis n3, but with opposite orientations, i.e.

Bi. = Byns, Br = —Byns,, (72)
corresponding to set n;, = n3 and ng = —n3. Adopting the notation of equation (62), this in
particular implies

1
[6) = 164) =10 = 165,) = o)) . (73)
Dy 4Dy 4y — )\ _ 0
6i)) = ¢} = I1) = —6,) = — o)) - (74)

To interpolate among the values (72) we define the components of the field (71) in the scattering
region to have the form

B, (3) = iy 1) Bo [sn (1 +245) 7= ) |7

YR—IL

B;(y) := By [cos ((l +2q») M)] ) .

YR—IL

(75)

where ¢; and g, are non-negative integer numbers. In particular ¢; accounts for the sharpness
of the magnetic field components: if ¢; increases, B (y) will have support in an increasingly
smaller region around the middle point of the scattering region while B3(y) will nullify in
the whole scattering domain, connecting with the correct boundary conditions to the leads.
Indeed, in the limiting case of g; — oo, this scheme reduced to the first example in appendix
G (magnetic wall model) with n;, = n3 and nr = —nj;. Starting from the left lead, the integer
q» accounts for complete winding (in the n;-n3 plane) of the magnetic field before ending
with the correct boundary condition on the right lead, for which we need to introduce the
phase function (y(y) (with values £1). In the limiting case where g, — co, with magnetic
field components oscillating very rapidly and having zero average, we expect the system to
reduce to the magnetic wall model, illustrated in the first example of appendix G with ny, = n3
and ng = —n3. Specifically, while |[B(y)| > 0 for all y, both 0,B(y) and 0,B3(y) are zero for
y — yr/i. Consequently, we have K, = K, = 0, indicating that (22) is valid for use. This
allows us to apply the procedure outlined in appendix B to calculate the transmission matrix
tg. Furthermore since lim,_,, 6, = 7 and 6,, = 0 we obtain o = 7, and thus

. 0 -1
Uy, sy = —i0n, = (1 0 ) : (76)
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Alternatively, this result can be derived using (47) and (74). We next compute the probability
Pg'_m for an electron injected in the left lead in the lower-energy state |¢$(L))> (corresponding
to the spin down state ||)) to be transmitted in the lower-energy state in the right lead |¢§f)>
(corresponding to the spin up state |1)), i.e.

P& = |[1g]y o (77)

This, along with the corresponding reflection probability |[r£]o 0|, is the only scattering pro-
cess which is allowed when we are in the single-channel regime (12). Indeed, for E < Ez, no
higher-energy states are available for transport, as E is below the bottom of the higher-energy
band. In contrast, in the two-channel regime (9), where E > E7, we can also define two more
transmission probabilities. Specifically, Pg'_’“ = |[tg]1.1|* represents the probability that an
electron injected in the left lead in the higher-energy state (corresponding to the spin up) to

be transmitted in the higher-energy state in the right lead (corresponding to the spin down).

Similarly, Pg'_}“ = |[tg]1,0/* is the probability that an electron injected in the left lead in the
low-energy state (spin-down) is transmitted into the higher-energy state in the right lead (spin

down). Finally, we have the P](;HT) = |[t£]o.1|?, which corresponds to an electron injected in

the left lead in the lower-energy state (spin-up) being transmitted into the lower-energy state
in the right lead (spin-up). In figure 2 we plot the transmission probabilities defined above
as functions of E (in units of the Zeeman energy splitting E) for a wire of length L = 3L,
where Ly := \/h?*/(2mEy) is the Zeeman length. The various panels refer to different values
of the parameters ¢g; and ¢. In the main panels, the energy ranges between —E7 and 5E,
covering both the single- and two-channel regime, while in the insets we focus only on the
two-channel regime, considering energies within the range [E7, 10E7]. The green curve repres-

(41) P

ents the probability P, , the red curve represents , and the orange curve represents

Pg'_w). Interestingly, Pg'_w) is always equal to P‘(ETHT) (as we shall see in the following when
E is sufficiently larger, such behavior follows directly from equations (66) and (46)). Let us
first discuss panel (a), relative to g; =0 and g, =0. The numerical results show that, in the

single-channel regime, the only transmission probability that is different from zero is P,(ELHT),
as expected. This probability increases monotonically from zero at E = —E; (bottom of the
lower band), rapidly approaching 1 (i.e. a perfect transition from the spin-down state to the
spin-up state) as the energy nears Ez. For E > Ez the green curve decreases monotonically,
while the red curve, after a rapid increase, starts decrease and eventually joins the green curve
at E ~ 2F;. Beyond this point, both PSHT) and PQHU decrease to zero for sufficiently large

energies (see inset). The orange curve, representing P(EiH“ and PgHT), also starts from zero

for E > Ez monotonously increases and eventually reaching 1 for large values of E (see inset).
The behavior of the transmission probabilities for E >> E7 is as expected, since, according
to equation (46), the transmission matrix is completely determined by the Berry operator in
equation (76). As a result, we have PS~ 1 = P — 0 and P = pUY — 1. In this
regime, the reflection amplitudes are suppressed, and the particle retains the same spin value

P and PU™Y become virtually

equal for an energy as small as E ~ 2FE7. Notably, even at E ~ 6E7, both P%H“ and P?HT)

reach a value of 0.9, indicating that 90% inversion of the input energy band population has
been achieved. For example, electrons entering the left lead in the low-energy band will exit
the right lead in the opposite band with 90% probability. It is important to highlight that, due

of the incoming field as the incoming state. Notably,
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Figure 2. Transmission probabilities as a function of injection energy for Scheme I
(section 6.1), with L = 3Lz. Each panel corresponds to different values of the parameters
g1 and g», which are specified at the top of each panel. The value of L = 3Lz was selected
because it enables nearly perfect spin flip (PgHL = 1) over the energy range from 0 to
Ez when both parameters are set to zero (q; =0, g2 = 0), as illustrated in panel (a). The
insets in all plots display an extended energy range, allowing access to the high-energy
limit where E/Ez — oo. In this limit, for all cases, the red and green curves (P;Hi and

P~y approach zero, while the orange curve (P}~ T = PL™%) approaches 1. This beha-
vior confirms the prediction given by equation (C4), where the transmission matrix at
large energies coincides with the Berry operator. Notably, this result is independent of
q1 and ¢», as the Berry operator depends solely on the magnetic field components in the
leads (see equation (66)).

to energy conservation, this effect is accompanied by a partial conversion of the kinetic energy
component into spinor energy. This conversion results in a net reduction in momentum, given

by

Akg =k — k)

VB (Vieg-\1-%)
NS (78)

12

The opposite effect occurs for electrons entering the left lead in the high-energy band: with
a 90% probability, they will emerge in the low-energy band on the right lead, accompanied by
an increase in their kinetic energy. The net gain in momentum in this case is |Akg]|.

By increasing the value of ¢, for fixed g, = 0, the transmission probabilities are modified

as shown in panels (b) and (c). The main effect of increasing ¢ is that the probability Pz(z

1)

see panel (c), reaches more quickly the value 1 for E > E, i.e. the transmission matrix is
completely determined by the Berry operator. A similar effect is observed when increasing the

16
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Figure 3. Scheme I, numerical results of the Hilbert-Schmidt norms ||zg(L) —
Uy —yx |lus and ||re(L) ||us (blue, orange, and green dotted curves) as a function of injec-
tion energy E. The dashed red lines represent the exact solution for the magnetic wall
configuration in Scheme I (appendix D), showing ||5:(L) — Uy, sy |[us and |75 (L) ||ns-
In panel (a) we vary ¢ (g1 =0,1,10) with g, =0 fixed, while in panel (b) we fixes
g1 =0 and varies ¢z (q2 = 0,1, 10). In both cases, the distance between the dashed red
curve and the dotted curves decreases as g or g increases, confirming that Scheme I
(section 6.1) approaches the magnetic wall configuration (r;, = n3, nr = —n3) in the
limit g1 — oo (with g2 =0) or g2 — oo (with g¢; = 0), as discussed in appendix G. For
the sake fo completeness, fixing g1 = g = 0 and By (y) = 1, equation (75) gives B; (y) =

%) and B3(y) = Bo cos()(yf}}f)), which correspond to the magnetic

field vector of figure 1(a).

By sin (

value of ¢, for a fixed g; =0 [panels (d) and (e)]. A notable additional effect of larger values

of g, is the significant suppression of the probability PSHT), even for energies E < Ez. We
quantify how much the transmission matrix aligns to the Berry operator (76) as a function of the
injection energy E, using the Hilbert-Schmidt distance ||A — B||us := /Tr[(A — B)(A — B)T].
In the main panel of figure 3(a) we plot the distance ||7£(L) — Uy, . ||us for g1 = 0,1, 10, with
¢> = 0. Moreover we plot the Hilbert-Schmidt distance ||#(L) — Uy, — ||us for the magnetic
wall configuration described in appendix G with n; = n3 and ng = —nj3, see the red dashed
curve in the main panel of figure 3(b). Then we quantify the contribution of the back scattering
in the process by plotting the norm ||rg(L)||us as a function og the injection energy in the inset
of figure 3(a) (the analytical behavior of ||r%(L)||gs is plotted with red dashed line). Similarly,
in figure 3(a) we quantify both ||#g(L) — Uy, —, |lns (main panel) and ||r%(L)||us (inset) for
q> =0,1,10, with g; =0, as a function of the injection energy E.

6.2. Scheme Il

In this second example, we assume that the Zeeman field in the left lead and the right lead is

directed along orthogonal axes. Specifically, as shown in panel (b) of figure 1 we set
BL:Bon3 s BR:Bon1 . (79)

which corresponds to choosing n;, = r3 and ng = nr;. Hence, we have the following spin states:

|<z>(°>> |¢(°’> 1),

60y = 160y = 11

169y = 160 = =) == (14) — 1)) /v2., €0
6% = lom)) = [4) == (11 + 1)) /v2
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For the sake of definiteness, we also assume that the magnetic field components vary in the
scattering region as follows:

B1 (v) = Bofh () sin @21 (1 4-4g) 7021 )

B3 (y) = Bof3a () cos>+201) ((1 +4q2) %L*_‘yi))) ,

81)

where g; and ¢, are again non-negative integer numbers. In this scheme if g; increases, both
B (y) and B;(y) will nullify in the whole scattering region. Indeed, in the limiting case of
q1 — 0o, with g, = 0, this scheme reduced to the second example of the model in appendix G
with np, = n3 and ng = n;. As for the first scheme, starting from the left lead, the integer g,
accounts for complete winding of the magnetic field. In order to end with the correct boundary
conditions on the right lead, we introduce the two phase function 5, (y) and /3,(y) (with values
+1). In the limiting case of g, — co, we expect to find the same results of the second example
of the model described in appendix G with n;, = n3 and ng = n;. In this case, the rotation
angle is aw = /2, so that the Berry operator becomes

. 1 /1 -1
Uy —sye = exp [~ (Z) ona] :ﬁ(l 1). (82)

We now apply the procedure outlined in section 3 to compute the transmission matrix g. First,
we analyze the probability Pg'_}_) = |[tg]o.0|*> which represents the probability for an electron
injected in the low-energy state of the left lead |/) to be transmitted in the low-energy state of
the right lead |—). This, with the corresponding reflection probability |[r]o,|*, are the only
scattering processes occurring in the single-channel regime. In the main panel of figure 4(a), for
example, we plot Pg'_}_) (green curve) as a function of energy for the case ¢; =0 and ¢» = 0.
We show that for an injection energy E sufficiently close to E7, the electron is fully transmitted,

i.e. the probability transmission PgH*) reaches 1. On the other hand, for E > E, we can also

define the probability P‘(ETH_) = |[t£]o.1|? (orange curve) for an electron injected in the high-
energy state of the left lead |1) to be transmitted in the low-energy state of the right lead |—),

and analogously the transmission probabilities P‘(ELHH = |[tg)1,0/* and P,(ETH'H = |[tg]1.1 | (red

curve). As demonstrated in appendix F, we find that Png) = |[te]o.1 | is equal to PSHH =

[[tel10 |*. The plot shows that Pg'_}_) (green curve) monotonically decreases for E > Ez, while
PgHH (red curve) rapidly increases, joining the green curve, and thereafter decreasing with

it. On the other hand, P}(ETH_) monotonically increases from zero for increasing energy. The
specific behavior of the various probabilities depends on the details of the scattering region,
such as the actual spatial dependence of the Zeeman field B(y) and the length L. This is shown
in panels (b)—(e) of figure 4, where the transmission probabilities are plotted for different
values of ¢| and ¢,. Panels (b) and (c) show what happens for increasing g; with a fixed value
of g» =0, namely orange and green curves converge more quickly to 1/2 for E > Ez. On the
other hand, panels (d) and (e) presents the behavior of the transmission probabilities for a fixed
value of g; =0 and ¢, =1 and g, = 10, respectively. In the latter case all curves collapse on
the value 1/2 at E 2 Ez. We emphasize that the asymptotic behavior (E > Ez) of the curves
in figure 4 does not depend on the details of B(y) but only on its boundary condition. At odds
with respect to figure 2, here all probabilities tend to the value 1/2 (denoted by the horizontal
black solid line) for large values of energy. This behavior is actually expected since for E > E;
the transmission matrix reduces to the Berry operator (equation (46) in section 3). In the latter,
given in equation (82), all matrix elements have an absolute squared value equal to 1/2.

18
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Figure 4. Transmission probabilities as a function of injection energy for Scheme II
(section 6.2), with L = 6Lz. Each panel corresponds to different values of the parameters
g1 and g», which are specified at the top of each panel. The value of L = 6Lz was selected
because it enables nearly perfect spin mixing (PéHf = 1) over the energy range from 0
to Ez when both parameters are set to zero (q; = 0, g» = 0), as illustrated in panel (a). The
insets in all plots display an extended energy range, allowing access to the high-energy
limit where E/Ez — co. In this limit, for all cases, the red, green and orange curves

(PI7F, Y™~ and Py~ + = P ™) approach 1/2. This behavior confirms the prediction
given by equation (C4), where the transmission matrix at large energies coincides with
the Berry operator. Notably, this result is independent of g; and ¢», as the Berry operator
depends solely on the magnetic field components in the leads (see equation (66)).

As for the Scheme I, we quantify how much the transmission matrix aligns to the Berry oper-
ator (82) as a function of the injection energy E, using the Hilbert—Schmidt distances. In the
main panel of figure 5(a) we plot the distance ||tz (L) — Uy, —y, ||us for g1 = 0, 1,10, with g, =0.
In the main panel of figure 5(b) we plot the Hilbert-Schmidt distance ||/2(L) — Uy, — |lns
(see the red dashed curve), for the magnetic wall configuration described in appendix G with
np =n3 and nr = n;. Then we quantify the contribution of the back scattering in the pro-
cess by plotting the distance ||rg(L)||us as a function of the injection energy in the inset of
figure 5(a) (the analytical behavior of ||ri(L)||gs is plotted with red dashed line). Similarly,
in figure 5(b) we quantify both ||t5(L) — Uy, —y, |lus (main panel) and ||ri(L)||us (inset) for
q>» = 0,1,10, with g; =0, as a function of the injection energy E.

We now analyze the scattering process in terms of the incoming and outgoing states, high-
lighting the role of the Berry operator in the entanglement between the spin degree of freedom
and the electron momentum (see, e.g. [38]). Consider an electron injected from the left lead
in the low-energy band. For large, but not excessively large energy values (i.e. E moderately
larger than E7), the transmission matrix closely approximates the Berry operator described
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Figure 5. Scheme II, numerical results of the Hilbert-Schmidt norms ||g(L) —
Uy —yx ||lus and ||re(L) ||us (blue, orange, and green dotted curves) as a function of injec-
tion energy E. The dashed red lines represent the exact solution for the magnetic wall
configuration in Scheme II (appendix G), showing ||f2(L) — Uy, sy ||us and ||FE (L) us.
In panel (a) we vary the integer g1 (¢1 = 0, 1, 10) while keeping ¢g> = 0 constant. In panel
(b) we fix g1 =0 and vary g2 (g2 =0,1,10). In both cases, the distance between the
dashed red curve and the dotted curves decreases as either g; or g2 increases. However,
the green curve in the inset of panel (b) exhibits noticeable jumps, causing it to diverge
from the red dashed curve. Although we did not plot the distance ||rz(L)||us for larger
values of g, with g; =0, we verified that this distance approaches the red dashed curve
|75 (L) ||lus as g2 — oo. This behavior supports our earlier discussion in appendix G:
in the limiting cases where ¢; — oo (with g2 =0) and g2 — oo (with g; =0), Scheme
II (section 6.2) reduces to the magnetic wall configuration with ny, = n3; and nr =n;.
For the sake of completeness, fixing g1 = g2 = 0 and 8;(y) = B2(y) = 0, equation (81)

gives B) (y) = By sin’ ( ™ (1) ) B3(y) =By cos2( ™ () ), which correspond to the

2(yr—yL) 2(yr—yL)
magnetic field vector of figure 1(b).

in equation (82). Consequently, the outgoing state in the right lead exhibits strong correla-
tions (entanglement) between the spin and kinetic components. Specifically, the state can be
expressed as

ON RTION
elkE y |_>+el’yelkE y H_>
V2 ’
(DO . . .
where 7 := 'z —%= )L represents a dynamic phase arising from the free evolution along the

scattering region. Similarly, if the incoming state is in the high-energy band, the corresponding
outgoing state in the right lead takes the form

{E)) =~ (83)

™| ) — ek )

V2

{E)) ~ (84)

7. Conclusions

In summary, we have proposed a method to describe the coherent transport of electrons through
a 1D wire subject to a magnetic field. We have derived a closed-form differential equation,
which contains both geometric and dynamical contributions, that governs (spin-resolved) elec-
tron transport for a generic spatially varying magnetic field which interacts with the electrons
spin via the Zeeman coupling. We have shown that electrons are fully transmitted when the
injection energy is much larger than the Zeeman splitting energy. In this regime, the quantum
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state of the transmitted electrons undergoes a topological transformation, i.e. the Berry oper-
ator of the system. Indeed, such Berry operator depends solely on the values of the magnetic
field at the nanowire boundaries, regardless of the magnetic field’s behavior within the wire.
We have then analyzed two specific examples. In the first one, when the injection energy is
below the Zeeman energy, we have demonstrated that perfect spin-flip occurs in the transmis-
sion through the wire. In the second example, for injection energies below the Zeeman splitting
energy, we observed a balanced spin-mixing. Moreover, for an infinite injection energy (or an
infinitesimal wire length), the quantum state of the transmitted electron emerges with a dif-
ferent wavevector in the first example. In the second example, the quantum state becomes
entangled between its spin and wavevector degrees of freedom.

We mention that we have checked our results in figures 2 and 4 using an independent numer-
ical method which uses a wavefunction matching technique (KWANT-toolkit [39]). We men-
tion that the numerical probabilities plotted in all the figures coincide with the results obtained
with KWANT-toolkit up to a relative error of the order of 107>,

To conclude, our approach can be extended to realistic three dimensional nanowires (where
multiple transverse modes are present). As long as the number of modes available for trans-
port is restricted to two by choosing the injection energy of electrons within a reduced range
of values, we have obtained similar results to the ones reported in figures 2 and 4. We mention
that a possible implementation of a Zeeman field having the required behavior can be obtained
by bending a nanowire in a uniform magnetic field, or by depositing a nanowire on a substrate
containing a magnetic material with a suitable pattern of non-collinear magnetic moments.
Examples are Heusler compounds [40], low-dimensional systems which lack structural inver-
sion symmetry, such as a single atomic layer of manganese on a tungsten substrate [41], and
other materials, such as insulating multiferroics [42] and van der Waals magnets [43].
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Appendix A. Current conservation and preliminary observations

In this section we review some basic properties of the model clarifying how the current operator

associated with the eigenvector |wy(E)> is expressed in terms of the amplitudes C, introduced
in equation (14).
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A.1. Preliminaries

We start by using the transmission and reflection matrices 7 and rg defined in equation (10) to
link the coefficients Cy, and C,, appearing in equation (22), in terms of the amplitudes Rg),
Tg), and Ag) appearing in equation (7).

From equation (10) we can write

¢ 1 4,0 NG
TfE):Zw:oTE( )() Zz/otEu/\/ </z>A:(z )

o ()0 _ 4 () "
1 ;
Rp’ =3 p—opr Zz/ olrEl e k“) AE ’
which, introducing T := T(o) T< )T R(O) R(])) A= (A(EO),A,(E]))T, and the matrices
1 0 1 0
We={, [&], W= o &) (A2)
ké@) kf(zl)
can be conveniently expressed in the following vectorial form
T=W't;WA,
(A3)
R=W"'r;WA.

Accordingly, setting

2(0)
k(EO) 0 elke YL/r 0
= F = A4
( 0 kg) ) L/R 0 eik(El)y[_/R ) (A4)

we can rewrite equation (27) in the form
(FL +F{W*1rEW)A

o)
Dy, iV (F - FlW W) 4

CyR . FrT _ FRwiltEWA (AS)
Dy | — [iVFRT| ~ |iVFRW 'tzWA| -

FLA+F|R
iv(FA-FR)

A.2. Current conservation

The current operator associated with the spinor eigenstate |w)(,E)> is given by
. ih
JE = =2 (1052 (02| = [E Vo)) | (A6)

where for easy of notation we defined |0, (E)> =0, |1/)(E)> Since \zb}(,E)) is an eigenvector of
H we can write

N ih
0P = — =2 (1202 (5P| - [P (P
S P RN NN o)
= [ ) P
= — = [ @] | (a7
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which represents the continuity equation of the model. Taking the trace of the above identity

we arrive to relation @Tr[j}(,E)} = 0 which establishes current conservation along the 1D wire,
ie.

T[] = — 22 (10,0P) — (0,0 P) ) = const.

Expanding the w.r.t. to the decomposition (14) we can rewrite such constraint in the form

’

> [(cr) b —e(p0) ez 3 () Wl =cons a9

£e{0,1} £,0'e{0,1}

where we used the fact that the Berry matrix K, of the process defined in equation (17) is
skew-symmetric. Expressed in a more compact form we can rewrite the above identity as

C!-D,—D]-Cy+2C] K, C, = const. (A9)
Applying equation (A9) at the borders of the scattering region we obtain the identity

¢l b, -pi -C, =Ci D, —D] -C, (A10)

R )

where we used the continuity condition (19). Invoking (AS5) we can then write
[ 1
Cl Dy, — DI -C, =i |F| + Wiri (W’l) FL} v [FL - F{erEW} A

T
+iAl {F{ — Wil (W‘l) FL} Vi [FL —|—F{W_lrEW} A

—iAf -FE (v+ VT) FL—Wirk (W*I)TFL (v+ v*) F{W*‘rEW} A (A1)
and _
Cly Dy =Dl Oy =iAl (Wi (W) Fl (V- V) Few ™)AL (A12)
Accordingly equation (A10) can be expressed as
it [F{ (V4 V) Fy = wirk (W) F (V4 V) FL W W
~Wi (W) FL (V4 V) Few W] A =0, (A13)

which, since it must hold for all choices of the input vector A, can be recast in the operator
identity

Wi (W) R (v V) FLW! | rew + Wi
< [(W ) FL (v V) R W = FL (V4 V) A (Al4)
Consider first the two-channel scenario. Here kg(0) and kg(1) are both real so that V and W

are Hermitian and F, g are unitary matrices. Invoking the fact that all commute and using the
identity

wlvw ! =1 . (A15)
Equation (A14) can be expressed as
KOw (r}rE + rLtE) W=V — i (r}rE + z}tE) —wlvw ' =kP1,  (Al6)
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that corresponds to (11) in the main text. In the single-channel scenario only kg(0) is real,

while kg) is an imaginary quantity so neither V or W are Hermitian and F1 g are no longer
unitary matrices. Since all these operators still commutes it follows that

(W—l)TFL (V+VT> Fiw! = (W"I)TF]‘; (V+ VT) FaW' = (2](320) 8) _ Zkéo)ﬂo, (A17)

with Il := <(1) g) the projector on the low-energy band of the model. Therefore defining

rg = grelly = <[rbg00 8) ; tg = ptelly = ([tEgOO 8) ) (A18)

the restrictions of r¢ and #g to the lowest energy level of the model, equation (A14) can be
written as
e iie =1 <= |[rel >+t > =1, (A19)

as anticipated in the main text. We conclude by reminding that, according to the scattering
(Landauer-Biittiker) approach [22], the current flowing in the 1D wire can be expressed in
terms of the transmission matrix 7z, via the formula

=% / dEGy (f. (E) — fx (E)) (A20)

where fi /g (E) are the Fermi function in the left and right leads and G = Tr {t}ztE} in the two-

channel scenario, and Gg = Tr {f}fE} = |[tg]oo|? in the single-channel scenario.

Appendix B. Transmission and reflection matrices

In this section, we show how to solve the system in equation (22) for the matrices rg and #g.
Before going deeper, we decompose in blocks the ordered exponential in equation (22) by
writing
~ YR ~ X, X,
(B) _ &) [ _ 20,0 0,1
P %{/ﬂ M } |:X1,0 X1,1:| ’ (B)

where each X; ; is a two-by-two matrix. By doing so, equation (22) can be equivalently written
as

[FRW“tEWA} {uyﬁm 0 me xo,l} (F+Flw ') a

_ (B2)
0 Uy [X10 Xig iV(FL—FEW_lrEW>A

iVFRW_ltEWA

Exploiting the fact that the above expression must hold for all input vectors A we can finally
translate it into the system (28) which we report here for completeness
WltsW = Flly v (Xo0 +1Xo,1 V) FL 4 Fily -y (Xo0 —iXo V) FL W™l W,
(B3)
VW W= Flly, Sy (X1 0 +iX11 V) FL A+ FLlUy, Sy (X1 0 —iX1 V) Fl W lrgW.
These can be equivalently expressed as
Uy sy (X1,1V+iX1,0) + Vly oy (Xoo —iXo1 V)] W g W
= Uy sy (X1,1V = 1X1,0) = Vly, 3 (Xo,0 +1X0,1V) (B4)
tr = WFRUy, .y, [Xoo+iXo1 VIW ™"+ WFRU, .y, [Xoo — X0 VIW ™ rg
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which we wrote assuming without loss of generality yp = 0, so that F1 = 1. By matrix inver-
sion the first equation leads to the following solution for rg

rg = WUy, sy (X1,1V +1X1,0) + Vly, sy (Xo.0 — X1 V)]
X [uyL_WR (Xl,lv_ in,O) - W}’L_))’R (X070 + iXO,lV)] W_l ) (BS)

which inserted in the second equation gives tg. The explicit evolution of this function requires
us to to compute (B1), which can be done numerically in the case of interested.

Appendix C. Scattering problem with large injection energy

In this appendix we show how the system in equation (22) can be solved analytically in the
limiting case (42) obtaining (46). Indeed when the injection energy is much larger than the
Zeeman gap, we can invoke the approximation equation (43) from which it follows that the
matrices W, V, F are all proportional to the identity, i.e.

W1, Ve kgl Fgr ~ eery (C1)
Similarly from equation (45) it also follows that
X()’() ~ Xl,l >~ COS (kEL) 1 s X()’l ~ k;;l sin (kEL) 1 s X]y() ~ 7kE sin (kEL) 1. (C2)

Accordingly we can conclude that in the limit (42) the following identities hold

Uy, —syn (Xl,l V— in,O) — VU, —5yp (X()70 +1Xp,1 V)
~ Uy, oy (keX1,1 —1X1,0 — keXo,o — ikzXo,1)
= Uy, —y (ke (X110 — Xo,0) —1 (X10 +k125XO,I)) =0,
Uy sy X11V+1X10) + VU -y (Xo,0 — iXo.1V)
~ Uy, sy (keXi1,1 +1X1,0 + keXo,o — 1k3Xo,1)
= Uy, sy (ke (X1,1 4+ Xo,0) +1 (X1,0 —kzXo,1))
= 2kg (cos (kgL) — i sin (kgL)) Uy, —sy,
= 2kge R (C3)

which replaced into (B4) gives rg ~ 0 and

tg & WFLUy, sy [Xo0 +iXo  VIW ™ e ™%y (cos (kL) +isin (kgL)) = Uy, sy, (C4)

(recall that equation (B4) assumed y;, = 0 so that yg = L, which we used in the last identity to
simplify the exponential function).

C.1. Formal derivation of the quench ansatz

In this section we clarify how the quench ansatz leads to the identity (47). As a prerequisite for
this derivation recall that given O a 3 x 3 real, orthogonal matrix describing a rotation in the
3D cartesian space, its unitary representation u (O) on the Hilbert space induces the following
transformation on the Pauli operators

Ut (0yétt (0) =06, (C5)
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which, given n a 3D real vector, and &, = n - & implies

U (0)e(0) =6, , n'=0"'n. (C6)

Accordingly the eigenvectors {‘(ﬁ,(,e)>}g:0)1 of &, can be related to the eigenvectors
{16YY}¢—o.1 of G via the identity

U0)[e)) = |y . €7

C.2. The quench ansatz

In this large energy regime, one might be tempted to conclude that the scattering process has
a negligible impact on the particle’s propagation. However, it is important to note that in the
present scenario, due to the differing orientations of the magnetic field in the left and right
leads, the condition (42) does not necessarily imply that the scattering region can be treated as
a minor perturbation. A better ansatz can be obtained by drawing an analogy with dynamical
quenches, suggesting that a particle propagating from left to right in the wire “experiences” a
sudden, abrupt change in the external magnetic field that leaves the spin invariant and induces
no reflections. To better frame this property we find it useful to rewrite the right lead component
of the eigenstate \1%@) given in equation (7) in terms of the local Zeeman spinors of the left
lead. This can be done by using equation (C7) to write

g =u(0) ¢y,  vee{o,1}, (C8)

with O being a 3 x 3 real orthogonal matrix which connects ny, and ng, i.e. ng = O nr.. Observe
next that for large E, invoking (43) the solution equation (7) can be expressed as

ikgy 04 ik 0 (e
. elf® ZZE{O,I}AI(E) \¢r(n)> +e e Zee{O,l}RI(E) |¢r(zL)> ) Vy <y
")) = (€9

i kgy 0 (¢ ikpy 05 ¢
e Zée{o,]} TI(:") |¢£lk)> =e'" Zzg{o,u 7"1(5)1/{(0) |¢r(zL)> ) Yy 2 )R .

The quench ansatz requires that for very large E the reflection term disappears, and that the
spinor component of the input coincides with the transmitted one, i.e.

> AL = X IO = Y W], Ay (0) 642)

£e{0,1} £e{0,1} £,0'€{0,1}
') A
~ Y [uyva]Z,e/Aé Ji1(0) 650 (C10)
£,07€{0,1}

where we wrote Yéé) in terms of the input amplitudes Ag) via the identity (A3) of appendix A.1
and used equations (46) and (C1). Projecting on |¢,(,f)> we obtain

~ El/ Z/
ST (010 188 ) g AL = A0 i)
¢ 07€{0,1}

which, since it must hold for all input coefficients A", translates into the following matrix

identity,
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ST (GO0) 168 ) Uy selor pr = B0

2r7¢{0,1}

= U©0) Y Uy 65 ) (6l =1

£'7€{0,1}

= Z }L‘UR e e’ ‘d)f(lle”)> <¢'(lrél)‘ :Z/A{T (0) )

£'7e{0,1}
so that

Wyl oo = (08 100 (0) 168y = tols oty (C12)

which corresponds to equation (47).

C.3. Leading order

Here we would like to express equation (24) by evidencing the solution in the high energy
regime, namely (45). By doing so we can rewrite (24) according to

- YR
rE), =eMt&p { / dyeMEyAyeMEY} , (C13)
YL
. ~ (E) 0 0 . .
formally defining A, := My~ —Mg=| ,, a. ol At the first order in the series expan-
TRy
sion of the ordered exponential in (C13) we have
YR ! X X[O] X[O] X[l] X[l]
I‘(E) ~ e/\/IEL (]l Jr/ dy e*ME}’A eME}) = 00 0L 4 00 0 , (C14)
o " ' Xig x| |xig X
with
X([)%] X([)Ol] _ ML _ | cos(kel)L Ky 'sin(keL)1
XE%] XE 1] =¢ T | —kgsin(ksL)L  cos(kgL)l |
1yl IR
Xoo o Xor| e / dy e MoA My (C15)
X1 Xiy L
Then we can write that 1z = [O] A = =Uy sy + tﬁg] and rg = rj[g] + rj[g] =i, with IE] and
rj[g] to be determined. Slmllarly we have that
G- (1)
v=vOpvil oyl =g vil=yle W= 5 (C16)
0 0 o vy
w=wl 4wl wiil=q  wil= m). owp = (C17)
0 Wi kE
and
Fr=FO+F  FO=¢kty U =iplletls (C18)
By looking at (BS), the first order for the reflection matrix results to be
ei2k,:L ~ ) 2m YR ~
rg] = T Vl[fl] (6;(0r) +6;) + lﬁ/ dyQ)} (C19)
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o [1 - (’i)ﬂ (00450 -k [ wa0)| . c0)

yL

with 6,(y) := Z/lfl —y0:Uy, —y. In a similar way, we can evaluate the first order transmission
[1

matrix tE] by looking at equation (B4).

Appendix D. Low-varying field approximation

The derivation of the identities (45) and (48) follow by observing that, for # integer, the block
matrix of the form

0 1
M= [ A 0] , (D1)
fulfills the identities
a_ |[A" 0 " 0 A"
M — [0 A"} ’ M [A”“ 0} . (D2)

Accordingly for x real, we can write

SaME [ Yoty
exp {_XM} — Z — n_xblg_l”)';_*_] n= (X’ZF ”)- . (D3)
k=0 k! Z:io (anl)! ZZO:O (2;3!
In case A is positive semidefinite one has
2
A=(Va), (D4)
so that
2n
0 x2nA11 > (X\/Z)
SN N UV A) 7 D5
2 (), 2_% oyl o8 (xva (D3)
- - Vi 2041
o x2n+1An 1 0 (.X ) 1
—— =) = —5i A) , D6
2D VAL @atDl VA" (xva (D6)
2n+1
o x2n+]An+l \/7 s (.X\/K) f \/7
A A 7:A'<A), D7
;) 2n+1)! go 2n+1)! . ©7
Accordingly we can write
cos (x\/g) ﬁ sin (x\/K)
exp{xM} =D, (A) := (D8)

—V/Asin (xﬂ) cos (x\/g)
A similar expression applies also when A is Hermitian but not necessarily positive semidefinite.
In such case it is useful to write

A=A, —A_, (D9)

with A;,A_ >0, AL A_ = 0 representing the positive and negative parts of A. Accordingly
we have

VA= \/A; +i/A_, — = +

(D10)
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and the cosine and sine operators appearing in equation (D8) can be computed as

cos (xx/g) = cos (m/ﬂ) @ cosh (m/AT) , D11)
sin (x\/K) — sin (x A+) @i sinh (x\/Z) — sin (x A+) +isinh (x\/ff> . (D12)

where the symbol @ has been introduced to indicate that the sum must be done by projecting
the functions f{A+ ) on the support of A. Therefore we can now write

s1n (xf) \ﬁ s1n< \/II) + \/% sinh (x\/z) , (D13)
VAsin (x\/g) = 4/Aysin (x\/K) - \/Isinh (x\/z) . (D14)

Equations (48) and (45) follow finally by setting x=L and taking the operator A in
equation (D8) equal to Q and —k%1 respectively.

D.1. Infinitesimal scattering regions

In the limit L — O from equation (48) it follows that

F(E) =1 — X()’():Xl,l =1 ,X]’Q:XQJ =0. (DIS)

YL—YR

Accordingly the identities (B3) become

W lteW= Uy (L+W W) |

(D16)
WlpW= VU, L V(L—=WrgW) .
Introducing the matrix
G=U _, VU, .V, (D17)

and reorganizing the various terms this leads to the following recursive expression for the
reflection matrix

(W lrgW) = (G—1) — G (W 'rgW) (D18)
whose solution can be expressed as

o0 CG-1 UL VU V-1
Wﬁ VEW Z _ yL~>)R YL—YR (D19)
=0 -G+l u.vL oy VT Uy 5y, VH T

which can be turned into the second expression of equation (53), i.e.

0 — —
rg = ;. (WTL‘)}’R V™ Uy oy W) —1 WZ/[TL‘”R WUy sy W1 (D20)
(WyL*))JR V= uyL —IR W) +1 W;‘LL IR szuyL IR W+1

with the help of equation (A15). Observe that by construction the solution is always self-
adjoint, i.e. r} = rg. Replacing this into the first of equation (40) we can then arrive at
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71 2k(0) (WM)’L%)RV_IU}’L—))’R W)

= WUl
- K (Wil V- uyﬁmw) 41
_ 1
— 2% Vwv luyﬁm
K (WU V1 W) 1

_ 1

=2W luyL—WR (
(W L‘WRV 12/{,VLH,VR W) +1
1

=2W Uy, 5 W (D21)

WU s WUy WA T

which corresponds to the first identity of equation (53). It is worth observing that the solu-
tions described here could have been directly obtained by imposing continuity conditions
of the asymptotic functions (7) at the point y;. Notice also that for E— oo, W — 1 and
equations (D20) and (D21) behave as predicted by equation (46).

Appendix E. Scattering problem for piecewise constant elements

As anticipated in the main text, when the magnetic field in the scattering region is piecewise

constant, the transfer matrix FyL)_>yR can be formally integrated as in equation (54). To see

this, given € >0 an infinitesimal increment, we find it useful to introduce two extra points

yji :=y; & € for each of the N + 1 elements of the partition (53). Observe that the set of points

y0_<y8”<y]_<yf'<y2_<y;<...<y,§_1<y;,”_l<y1§<y;,’, (E1)

identifies a new collection of non overlapping intervals
(€ ._|y— +F (e) . + -
Jj -*} Vi Y [7 L =]y vl (E2)

that provide a covering of the scattering region. In particular, I () are infinitesimal intervals over
which the Berry matrix K, experience an abrupt change; on the contrary from the properties

of (53), it follows that on IJ( erl the matrix ), assumes constant value €2; and the Berry matrix
K, isnull, i.e.

Q'y: j ) A
U, =1
= b=, Vy € I(;Zrl ;
ME — M) = 0 n_| 0 1
2 (Q;—EL) 0 o)

(E3)

30



J. Phys. A: Math. Theor. 58 (2025) 505302 L Bagnasacco et al

with Qg) as in equation (55). Most importantly each of the intervals (E2) fulfill the continuity
condition (19) so that we can invoke the general formula equation (22) to propagate the vector

LC)'y } across them. Specifically, for all j we can write
)

Cyf —r® CY,-’ 7 Cy,-L —r® Cy,-+ ’ (E4)
Dyr| =i [Py Dyl Dy
which by concatenation gives
> S BN = RN SN SR S ) SN o)
FYE o o chT - Fy; =y F)’J_I—WN’ P}’T—W{ FY? =y F.VJ -y PYJ =y (E5)

The identity (54) follows from this by invoking (51) to compute the transfer matrix over the
infinitesimal intervals I}e), i.e.

®  _ |40 .
and using equation (E3) to write
Vit . . ,
I A e (S U R C DR
J -Vj

where we used the identity (D8) with A = ng’ and x =y, | — =1

Appendix F. Property of the scattering matrix

The transmission and reflection matrices ¢z and rg computed for electrons injected from the
left lead, contribute in defining the scattering matrix Sg via the identity,

_ et
Sp = LE r,’;]’ (F1)

with ¢ (r}) being the transmission (reflection) matrix for electrons injected from the right
lead. As discussed in [29], for a given position-dependent magnetic field B(y), the matrix Sg
satisfies the reciprocity relation

Se(B(y)) =[Se(-B(»))]", (F2)

where the superscript 7 means transpose. From equations (F2) and (F1) follow straightfor-
wardly that

iz (B(y) = [tp (B ()], re(B(Y)) =[rk(~BO))]" . (F3)

Now we will show that, under two specific conditions, the scattering problem for electrons that
are injected from the left lead with B(y) is formally equivalent to the scattering problem for
electrons that are injected from the right lead with the reverse field, —B(y). More precisely, if
these two conditions are satisfied, the system in equation (22) is identical for the two scattering
problems, meaning that

te(B(y) =1 (=B(»)). (F4)

The first condition is that [Q,]p(,) = [Qy]+p(,) Where y € [y, yr] and y’ =:yp +yr — so
that y’ € [yr,yL]. In other words, the Zeeman eigenvalues, contained in the matrix €2,, must
be symmetric with respect to the middle point of the scattering region. The second condition
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is that Uy, _,y|p(y) = Uyg—sy’|—B(y)> Which holds true if 6,|p(,) = 6| _p(,+), See equation (66).
Combining equation (F3) with equation (F4), it is straightforward to find

te(B(y)) = [te(B(y)]" = [te)o, = el o - (F5)

Notice that in the Example II (section 6.2.) both conditions are satisfied, leading to the prop-
erty in equation (F5). On the other hand, in the Example I (section 6.1.), the first condition
is satisfied, while the second one is not. Indeed, we find |6, | Bo) = |0}"|7B(y’)’ meaning that
Uy, ] By = [Uye—yr|_ B()" Although we are not able to prove it, numerically in this case
we find |[t]o.1 > = |[t£]1.0*.

Appendix G. Magnetic wall

In this section, we define an analytically solvable scattering problem, and we refer to this
configuration as a magnetic wall. The leads are subjected to two magnetic fields of equal mag-
nitude, By, pointing in different directions, n; and ng:

BL :B()n]_, BR :BonR. (Gl)

In the scattering region (length L), the magnetic field is zero. This configuration represents
a limiting case of Scheme I (section 6.1) and Scheme II (section 6.2). In both schemes, the
magnetic wall configuration is achieved when g; — oo with g, =0, or when g, — oo with
g1 = 0. Specifically, Scheme I reduces to a magnetic wall with n;, = n3 and ng = —n3, while
Scheme II reduces to a magnetic wall with ny, = r3 and ngr = n;. Analytical solutions exist
for the reflection and transmission matrices, r}E/H (L) and th/H (L), of the magnetic wall con-
figuration in Schemes I and II. These solutions (valid for any magnetic field direction in the
leads) are found by matching the spinor wavefunction and its first y-derivative at y = y;, and
y = yr. Due to space constraints, we do not provide the analytical forms for Scheme I. Instead,
we present the Hilbert—Schmidt norms ||:(L) — Uy, —, ||ns in figure 3(red dashed curve, main
plots) and ||7L(L)||us (red dashed curve, inset plots). Analogously, figure 5 displays the dis-
tances ||f1(L) — Uy, — ||ns (red dashed curve, main plots) and ||7(L)||us (red dashed curve,
inset plots) for Scheme II.
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