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Abstract. Node quantification is the task of estimating the prevalence
of different node labels in arbitrary subsets of nodes extracted from
graphs, under prior probability shift. Existing approaches to node quan-
tification typically follow the aggregative paradigm, i.e., they train an
intermediate node classifier, aggregate its predictions, and then correct
the resulting prevalence estimates using various adjustment strategies.
In this work we propose a non-aggregative method that estimates node
prevalence values directly from sets of node representations, thereby by-
passing the need for an intermediate node classifier. Notably, these aggre-
gated representations are obtained from an untrained Graph Echo State
Network (GESN), which ensures efficiency especially during inference.
Our approach achieves performance comparable to aggregative methods
while preserving the distinctive advantage of remaining applicable when
inferring individual node labels is undesirable due to privacy concerns.

Keywords: Quantification, Supervised prevalence estimation, Quantification of
linked data, Graph learning, Dataset shift

1 Introduction

Quantification [4[12] is the supervised learning task of estimating the class preva-
lence values in a sample of unlabelled datapoints affected by dataset shift. This
problem was first explicitly formulated (although without an explicit mention of
dataset shift) about 20 years ago [7], and for the first 10 years it encountered
limited interest on the part of the scientific community. However, this interest
has progressively increased since then, also due to an increased awareness of the
impact of dataset shift [23 29] on the performance of machine-learned models.
While most quantification literature addresses “flat” data, a few works [2] 20}
22],[32] have tackled the case in which the (training and unlabelled) datapoints are
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nodes in a graph. As is well-known from classification (quantification’s “sibling”
task), the fact that datapoints are connected to each other is an important source
of information, and classifiers capable of exploiting this information routinely
outperform classifiers that treat the nodes as flat data [31]; the same is true of
quantification, as has been shown in the above-cited papers.

When learning (either a classifier or a quantifier) in a networked data context,
we usually assume that the training data and the unlabelled data are nodes of
the same graph, and that the structure of the entire graph (i.e., which nodes
are connected to which other nodes) and the covariates of the unlabelled nodes
are known at training time; in other words, one difference between learning from
flat data and learning from networked data is that this latter is usually tackled
as a transductive task [11].

In this paper we contribute to the literature on quantification for graph nodes
by presenting a new, non-aggregative (and transductive) method for estimating
class prevalence values in subsets of unlabelled graph nodes. A non-aggregative
quantification method is one that, unlike most quantification methods, does not
rely on an intermediate classification step in which all the unlabelled datapoints
are classified (either by a “hard” classifier that returns class labels, or by a “soft”
classifier that returns numerical classification scores or, more specifically, poste-
rior probabilities). Non-aggregative quantification methods are of independent
interest, because (a) they are the full realization of the well-known Vapnik’s
principle ([33] — see also [4, §4.4]), according to which we should solve our task
(here: quantification) directly and not by first solving a more general task (here:
classification), and (b) in a number of contexts (especially ones where privacy
is a concern) drawing inferences at the aggregate level might be desirable but
drawing inferences at the individual level might not [5].

An example application of our method is the prediction of election results [1],
since in this application (a) we are interested in predictions at the aggregate level
(in the form of prevalence values attributed to specific candidates or parties), and
(b) we may see the individual datapoints (i.e., the voters) as linked by relations
(e.g., kinship, co-work, relatedness in a social network). In this application, while
we are interested in predictions at the aggregate level, we typically want to rule
out predictions at the individual level; this indicates that, in this context, non-
aggregative quantification methods are preferable to aggregative ones. Similar
scenarios arise when sensitive data are involved; for example, in estimating the
geographical incidence of cancer,

we are often interested in prevalence rates at the level of regions or communi-
ties while explicitly avoiding predictions about individual patients. Considering
that individual labels should not be made available, non-aggregative quantifica-
tion methods are particularly appealing.

While our method is natively multiclass, we here limit our analysis to the
binary case. We should also mention that, while our method is not specific to any
type of dataset shift, in our experiments we test it in scenarios characterized by
prior probability shift (PPS — an important type of dataset shift), by using, both
at training and at testing time, data where PPS has been artificially injected.



A Non-Aggregative Quantification Method for Graph Nodes 19

Our experiments show that our approach achieves performance comparable
to aggregative methods, while preserving the distinctive advantage of remaining
applicable when inferring individual node labels is undesirable.

The rest of the paper is organized as follows. Section [2| surveys related work.
Section [3] briefly introduces notation and background, while Section [ presents
our new method for quantification of graph nodes. In Section [5| we explain our
experimental setting, while Section [6] discusses the experimental results we have
obtained. Section [7] concludes, pointing at avenues for future research.

2 Related work

Quantification for linked data. While the literature on quantification is now
substantial (see [4] for a fairly recent overview), the papers that have addressed
quantification for linked data are just a handful.

The earliest such work is [32], where the authors propose two methods. The
first (dubbed CBQ, for “classification-based quantiﬁcation”)ﬂconsists of individ-
ually classifying each unlabelled node of the graph via a relational classifier (i.e.,
a classifier capable of exploiting both the content of a node and its surround-
ing link structure) and then correcting the resulting prevalence estimates via
the ACC (non-relational) quantification method. The second method (dubbed
LBQ, for “link-based quantification”) consists of estimating the fraction of nodes
k hops away from an anchor node v; as a mixture of class-conditional such frac-
tions; since all these fractions are either available or can be estimated from the
training data, the parameters of the mixture (i.e., the class prevalences) can
be estimated via standard algebra, after which the final prevalence estimate is
computed as the median across the estimates obtained for each anchor node
v;. However, while the CBQ method can be experimentally compared with the
method proposed in this paper, the LBQ method cannot, since it allows estimat-
ing class prevalence in the entire graph only, and not in random subgraphs, as
our method (and all the other methods discussed in this section) instead allows.

This work was followed by [22], which proposes two aggregative methods,
“Community Discovery for Quantification” (CDQ) and “Ego Networks for Quan-
tification” (ENQ). Both methods first assign classes to unlabelled nodes using
the network structure (CDQ via community detection, and ENQ via ego net-
works), and then correct the resulting estimates. To this end, CDQ uses fre-
quency or density within communities, while ENQ uses the majority class in a
node’s ego network, with isolated nodes defaulting to the training distribution.
Both methods ignore node features and assume homophily.

The other two methods we survey are radically more recent. Micheli et al. [20]
introduces XNQ, a method that combines unsupervised node embeddings com-
puted by randomized recursive graph neural networks with Saerens et al. [30]’s
(non-relational) quantification method, and show that, under prior probability

! In our previous paper [20], CBQ was erroneously called “wvRN”, and was used as a
baseline under this name.
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shift, XNQ largely outperforms Tang et al. [32]'s CBQ and Milli et al. [22]’s
CDQ and ENQ. Damke and Hiillermeier |2, [3] propose a quantification method
for graph nodes that explicitly addresses a type of shift different from prior
probability shift, which the authors call structural covariate shift, defined as
the situation in which the training data come from a different region of the
graph than the test data. The method that they propose is based on “structural
importance sampling”; while [2] adapts to structural covariate shift the ACC
quantification method [§], [3] does the same with the (better performing) KDEy
method [24].

Note that [22] [B2], like other early quantification works, do not mention
dataset shift, and do not state which type of dataset shift they address. The
analysis of dataset shift is instead central to [2], 3] [20].

Non-aggregative quantification. In contrast to aggregative quantifiers, non-aggre-
gative quantifiers do not rely on a surrogate classifier issuing label predictions
for the test instances as an intermediate step towards class prevalence estima-
tion. Representative examples of this family include ReadMe [14], ReadMe2 [I5],
HDx [13], and EDx [16]. Beyond being non-aggregative, these methods share a
common trait, namely, they belong to the family of distribution-matching meth-
ods. That is, they estimate class prevalences by solving an optimization problem
in which the prevalence values are adjusted so that a mixture of class-conditional
distributions best matches the distribution observed in the test data [6].

Different methods adopt different representations of the underlying distri-
butions and different matching criteria. For instance, ReadMe and EDx operate
directly on the original covariates, ReadMe2 relies on document embeddings, and
HDx models relies on per-feature histograms. Likewise, ReadMe and ReadMe2
formulate the matching problem as a least-squares regression task, HDx relies
on the Hellinger Distance, and EDx minimizes the expected Energy Distance
between distributions.

Note that, although a classifier is not trained as part of the quantification
process, all methods described above still require instance-level labels in the
training set. This approach is appealing because, in the spirit of Vapnik’s princi-
ple (see the Introduction), the available information is used directly to solve the
target problem, without resorting to a more general task (namely. classification).
Despite this appealing property, recent empirical evaluations have consistently
shown that non-aggregative quantifiers tend to underperform aggregative ones.
Nevertheless, the non-aggregative paradigm remains attractive because it nat-
urally extends to settings in which supervision is available only at the sample
level, i.e., where training samples are labelled exclusively by prevalence and in-
dividual labels are never observed. It is precisely in this direction that recent
neural approaches have emerged.

In recent years, several neural architectures specifically designed to process
set-valued data have been proposed. Although these architectures were not orig-
inally devised for quantification, they are naturally suited to prevalence esti-
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mation because they are built upon permutation-invariant (unbiased towards
ordering) and variable-size (unbiased towards sample size) representationsﬂ

The first of these architectures is DeepSets [35], that relies on permutation-
invariant pooling operators such as max, average, or median, to aggregate in-
stances into a fixed-size representation. In [28], the authors proposed DQN, which
adapts DeepSets to quantification problems. A more expressive alternative was
later proposed in [I7], which replaced the simple pooling operators of DeepSets
with transformer-based attention mechanisms capable of modelling interactions
among the elements of the set. The method, called “Set Transformers”, uses the
attention mechanism of transformers omitting positional encodings (since the
order of the instances is irrelevant). In order to reduce the combinatorial com-
plexity, attention is computed with respect to a reduced set of learnable inducing
points which act as latent representatives of the input space.

More recently, [27] proposed HistNetQ, which can be viewed as a neural
counterpart of HDx. HistNetQ replaces traditional histograms with learnable
histogram layers, where both the bin centers and bin widths are trainable pa-
rameters and the histogram operator itself is differentiable. Unlike classical non-
aggregative quantifiers, HistNetQ was specifically designed for weakly supervised
scenarios in which training samples are labelled only by prevalence and instance-
level labels are unavailable. To mitigate the severe data scarcity that typically
arises in this setting, HistNetQ introduces a sample-mixing strategy that gener-
ates additional training samples by combining existing ones and inferring silver
prevalence labels from the resulting mixtures. As in HDx, however, HistNetQ
ultimately relies on a factorized representation of the feature space through per-
dimension histograms, which inevitably assumes independence among feature
dimensions. To address this limitation, [26] proposed GMNet, which replaces
histogram-based pooling with learnable multivariate Gaussian mixtures capable
of modelling dependencies between feature dimensions.

3 Background and notation

In this section we introduce basic concepts and notation on both quantification
and graph learning.

Quantification. Let X be a generic input domain and ) be a discrete and finite
set of class labels. Assume a dataset of pairs {(z,y) |z € X,y € YV} which gives
point-wise values of some unknown function we wish to learn. For the sake of
simplicity, we present our method for the binary case Y = {$, S}, using & to
denote the “positive class” and © to denote the “negative class”.

We use symbol S to denote a sample set, i.e., a non-empty subset of (labelled
or unlabelled) elements from X. Let ps(y) be the true prevalence of class y in
sample set S (i.e., the fraction of items in S that belong to y). Note that pg(y) is
just a shorthand of Pr(Y = y|x € ), where Pr(-) indicates probability and Y is

2 A function f is said to be permutation-invariant if f(S) = f(w(S)) for any permu-
tation 7 of the input sequence S.
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a random variable that ranges on ). In the binary case, since ps(8) = 1—pg(P),
quantification may be viewed as the task of estimating the prevalence of the
positive class only. A binary quantifier ¢ is thus a predictor of the class prevalence
ps(®) in samples S C X. We will use the notation p%(y) to indicate that pg(y)
(the estimate of pg(y)) has been computed by quantifier qE|

Graphs. We define an undirected graph G as a set of nodes V = {v; : 1 <i <
[V|} and aset £ C VxV of edges among them, encoded as a symmetric adjacency
matrix A € {0, 1}VIXIVI whose entries A;; are 1 if (v;,v;) € £ and 0 otherwise.
We define the set of neighbours of a node v; as N'(v;) = {v; : (v;,v;) € £}, and
the set of node feature-based representations as X = {x, € R? : v € V} for
some d € N.

Node quantification. Graph node quantification obviously has similarities with
the node classification task. We assume the set of nodes V to be partitioned
into a set Vp, of labelled nodes and a set Vy of unlabelled nodes. With this
setup, node classification consists of inferring the labels of the nodes in Vy via a
classifier trained on the nodes in V. Typically, node classification is viewed as a
transductive task, meaning that the learning algorithm has access to the entire
structure of G (i.e., to the set V of nodes and to the set £ of edges) as well as
(i) to the set X of the feature-based representations of all the nodes in G, and
(ii) to the set {y, : v € VL} of the labels of Vy,. The goal is to predict the labels
{y» : v € Vy}. A graph node quantifier ¢ has also a transductive nature, the
difference from a node classifier being that ¢ has the form ¢ : 2V — [0, 1], since
its goal is to predict the prevalence values ps(®) of samples S € 2Vv.

4 A non-aggregative quantification method for graph
nodes

We view non-aggregative node quantification as a regression problem where a
model f is tasked to predict the prevalence of the positive class pg(®) € [0, 1].
The model itself can be viewed as a composition of parametric functions f(g,4) =
reg, o pool o emby, where emby is a node embedder that leverages structural
information from the entire graph G; pool is a subgraph aggregator, i.e., a non-
parametric function that generates an embedding for the nodes in S; and reg,
is a downstream regressor mapping subgraph embeddings into [0, 1] prevalence
estimates pg(®). Below, we describe each component separately.

4.1 Node embedder

Given the input graph G with each node v € V having d-dimensional input
features z, € R?, the node embedder emby provides a d’-dimensional embedding
h, € R¥. We employ a Graph Echo State Network (GESN) [9, [10] to efficiently

3 We omit the superscript when the quantification method is clear from the context.
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provide node encoding without resorting to training its parameters § = (W, €
RI*T W, € R x4 b, € R?). Node embeddings are computed via

e _ 0 ift=0, 1)
* 7 \tanh (szv + Y weno) Wbl + bm) for1<t<T

where W, controls the influence of input features on node embeddings; W, reg-
ulates the dynamics, influencing whether long-range or short-range interactions
between nodes will be encoded in final embeddings hZ [21]; and T is the number
of iterations, which must be at least as large as the input graph diameter [21].
The input-to-hidden projection W, the recurrent weight matrix Wy, and the
bias term b, are randomly initialized and left untrained. In particular, matrix
entries are initialized i.i.d. as Unif[—scale, +-scale], while the respective scales are
left to model selection as hyperparameters.

4.2 Subgraph aggregator

The aggregator pool computes a representation for the entire sample S from the
set of embeddings representing the individual nodes in S, via

hs = pool ({h :v e S}) (2)

In principle, pool can be any permutation-invariant operator, such as sum, max,
mean, or any learned aggregation.
For simplicity, as the pooling operator we adopt the mean of the sample.

4.3 Downstream regressor

Finally, the regressor reg with parameters ¢ = (W, € RY ybout € R) transforms
the sample embedding returned by pool into a prediction ps(®), via

ﬁs(@) =0 (wout hS + bout) (3)

where o(x) = 1/(1 4+ e~ %) is the sigmoid function of logistic regression, that
squashes the output in the range [0, 1].

The regressor can be learned by minimizing the mean-squared-error objective
function over a training dataset D

L= 3 (5s(®) - ps(@)) @)

Alternatively, we propose to learn reg using the beta-regression parameterization
ds = softplus (w, hs + by)
Bs = softplus (wg hs + bs) (5)
Qg

Ps(®) = m
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in which case the objective function minimized during training is

L= [-logI'(as + Bs)+log I'(ds) + log I'(Bs)
SeD (6)

— (6is — 1) log ps(®) — (Bs — 1) log(1 — ps(&))]

Here, I'(-) is the standard Gamma function, which appears through the Beta
function normalization constant

I'la+p)
I'(a)I'(B)

Thus, the terms involving log I'(+) in the objective are the usual log-normalization
terms of the Beta likelihood. Note that the trainable quantities are not &g and
Bs directly, as these are sample-specific outputs induced by the weights w,,, bq,

wg, and bg. During optimization, gradients flow through aaﬁs nd 68; , then

B(a,p) = (7)

through the softplus activation, and then back to the weights.

4.4 Training and inference

To train the downstream regressor, we generate synthetic labelled-node subsets
with controlled class prevalence. This mirrors the Artificial Prevalence Protocol
(APP) used in standard quantification for evaluation [4, §3.4.2] since, instead
of relying on the natural class distribution in Vr, we construct subsets whose
prevalence values span the full binary prevalence range.

Let Vi = {v €V, :y, =@} and V] = {v € Vi : y, = ©} denote
the positively and negatively labelled nodes, respectively. We fix the training
subset size to K = min{|V]|, |V} |} which guarantees that the full range of class
prevalence values can be used. Indeed, for any m € {0,..., K}, one can sample
m positive nodes and (K — m) negative nodes without resorting to duplicate
datapoints in the same sample. We thus define the feasible APP prevalence
value grid induced by K as

1 2
= —, =, ..., 1
RK {03K7K7 ) }

For each training example, we sample m ~ Unif{0,..., K}. Conditional on m,
we independently sample

St ~Unif {S C V] :|S| =m}
S, ~Unif {SCV; :|S]=(K—-m)}

The resulting labelled-node subset is S, = S;;, U S,,..
The pooled representation of S, (i.e., the concrete implementation of Equa-

tion [2)) is computed as
T
hs,, = E h,,
IS |

vES,
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Algorithm 1: APP-based Prevalence Embedding Generation

Input: Labelled node representations {(hy ,y») | v € V.}, dataset size B
Output: Dataset D = {(hs,, ps, (D))},

1V {veV |y =@} // positively labelled nodes
2V, «—{veVr |y =6} // negatively labelled nodes
3 K« min{|V]|,|V; |} // fixed subset size
4 Rapp « {0,0.05,0.10,...,1} // APP target grid
5 D+ 0

6 for i < 1 to B do

// sample a target prevalence from the APP grid

7 p ~ Unif (Rapp)

// map the target prevalence to a feasible class count

8 m, < round(Kp)

// sample a subset with m, positives and K —m, negatives
9 | S ~Unif{SCV}:|S|=m,}

10 S, ~Unif{S CV; :|S| =K —m,}

11 S+ SFus;

// create the pooled representation and prevalence target
12 hs, < Si| 7' Y, cs, by

13| Psi(®) ¢ mp/K

14 | D« DU{(hs;,ps.(®))}

15 return D

and the corresponding prevalence target is

Repeating this procedure yields a training dataset D = {(ﬁsﬂﬁsi(@))}le,
which is used to learn the parameters of the downstream regressor reg,, while
the parameters of the node embedder are kept fixed.

In practice, when using the conventional APP target grid {0,0.05,0.1,...,1},
one may draw a target prevalence p from this grid and set m, = round(Kp).
The realized prevalence is then m,/K. This coincides exactly with p whenever
Kp is an integer for all grid values, for example when K is a multiple of 20.
Otherwise, the protocol realizes the closest feasible prevalence values induced by
the fixed subset size K. At inference time, the learned regressor can be applied to
any subset S C Vy. Its node embeddings are pooled using the same aggregation
rule, and the regressor returns the estimate

ps(®) = regy (hs)

The method therefore estimates the prevalence of a node subset directly, without
training an intermediate node-level classifier. A practical realization of the graph-
node APP protocol for training is given in Algorithm
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5 Experiments

We designed our experiments to answer the following research questions:

— Q1: Are non-aggregative node quantification methods competitive with ag-
gregative node quantification methods?
— Q2: What is the influence of graph structure in quantification?

5.1 Datasets

Following [20], we selected two publicly available datasets for our comparison:

— CorA [19] is a citation network of scientific publications, where links rep-
resent citations. The original task is multi-class classification: given textual
node features extracted from the abstract, a model is tasked to predict the
scientific field to which a publication belongs, among 7 alternatives [34]. We
binarized the task by assigning the @ label to nodes with class 2, and class
© to the remaining nodes.

— TOLOKERS is a network derived from the Toloka platform [I§]. In the corre-
sponding graph, nodes are workers that participate in crowd-sourcing projects,
while links specify participation in the same project. The & class corresponds
to whether a user was banned from the community [25].

We choose these two datasets because of several reasons. On the one hand, the
CORA graph is homophilic (meaning, nodes with the same label are more often
linked together),

while TOLOKER is heterophilic (the opposite scenario, where if two nodes
have different label, they are more likely to be linked together). Therefore, these
two datasets allow us to test how the connectivity patterns in the graph influ-
ence the predictions. On the other hand, while CORA is substantially a small
and sparse graph (consisting of 2,000 nodes and 5,000 edges approximately),
TOLOKER is 5 times larger and several orders of magnitude denser (11,000 nodes
approx., over 1M edges). This allows us to study how the scale and density of
the input graph influences the predictions.

5.2 Evaluation measures

To assess performance, we resort to the standard quantification practice of sim-
ulating PPS to evaluate how the quantifier estimates change as the test preva-
lences diverge from the training prevalences. In the binary case, PPS can be sim-
ulated through the artificial prevalence protocol (APP) [4], §3.4.2], which involves
extracting from the unlabelled data test subsets with predetermined prevalence
(according to a fixed grid such as {0.00,0.05,...,0.95,1.00}). As performance
metrics, we use the Absolute Frror (AE) between the true prevalence and the
estimated prevalence; in the binary case, AE is defined as

AE(ps,ps) = [ps(®) — ps(®)]. (8)
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In addition to AE, we also assess performance using the relative absolute error
(RAE), which in the binary case is defined as

1 N
RAE(ps, ps) = 5 ye{z@:@} W. o)

Above, € is a smoothing factor used to avoid division by zero when pg(y) = 0.
In our experiments we set ¢ = 1/(2|S5]), following [8], and we report the mean
AE (MAE) and mean RAE (MRAE), which corresponds to the average AE and
RAE values across all the test subsets S sampled via APP.

5.3 [Evaluation protocols

The evaluation was performed via 5-fold cross validation. We partitioned the
node set V (stratifying by node labels). During each CV round, we reserved one
partition for evaluation and four partitions to select the best hyperparameter
configuration using grid search with a hold-out (80/20) training-validation split.
For the proposed non-aggregative quantifier, we choose the embedding dimension
from {512,1024,2048,4096}, the recurrent scale from {1.0,10.0,100.0,1000.0},
and the input scale from {0.1,0.5,1.0}, while setting T' = 30.

For the NoEdge baseline, we choose the number of layers from {1,2, 3,4}
and the embedding dimension from {64, 128, 256}. All downstream regressors are
trained using gradient descent. We employed the Adam optimizer with learning
rate 0.001 and weight decay 0.00001. In each CV round, the best model was
selected according to the best validation AE. The chosen model was subsequently
evaluated with APP using a grid of prevalence values {0,0.05,0.10,...,1}; we
generate 100 samples for each value in the grid, thus totaling 2100 samples, of
500 instances each, per each combination of dataset and method.

5.4 Baselines

In our experiments, we are interested in establishing:

— if relational information is useful to improve performance. To this end, we
compare our non-aggregative GESN to a baseline which does not exploit rela-
tional information (termed NoEdge). Basically, the NoEdge baseline applies
one or more hidden layers to the node features, without message passing.

— if non-aggregative GESN is competitive with state-of-the-art aggregative
node quantifiers (and in particular, XNQ). To this end, we compare our
results to those obtained by XNQ, although we note that this comparison is
only useful as a reference, since the experimental setups differ.

— which downstream regressor works better in our learning setup, between
linear regression in the [0, 1] interval and Beta regression. To this end, we
compare both NoEdge and GESN with a linear regression-based head, or
with a Beta regression-based head.
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Fig.1: Diagonal plots showing the estimated prevalence of class @ versus its
true prevalence. Curves represent mean estimates and shaded regions denote
one standard deviation. Curves closer to the main diagonal (corresponding to
perfect quantification) indicate better performance.

6 Results

Table [1] reports a comparison with aggregative baselines. Both GESN variants
achieve performance close to XNQ, the state-of-the-art aggregative method, and
GESN+Beta exhibits overlapping error bars with XNQ. The GESN-based non-
aggregative methods also tend to outperform the remaining aggregative quanti-
fiers. This comparison should nevertheless be interpreted with some caution. Our
experimental setup differs from that of [20], since the non-aggregative methods
considered here do not require external calibration data. Thus, the results are
useful for contextualizing the proposed methods against aggregative alternatives,
but they should not be read as a strictly like-for-like ranking.

Focusing on the non-aggregative methods, two trends emerge. First, the
GESN-based methods outperform their NoEdge counterparts, suggesting that
the graph structure provides useful information for prevalence estimation. Sec-
ond, the Beta-regression variants generally improve over the linear-regression
variants as downstream regressor. One possible explanation to this result is that
the standard sigmoid-output regressor treats prevalence prediction as a point-
estimation problem in [0, 1], whereas the Beta parameterization explicitly models
prevalence as a bounded response variable through sample-specific shape param-
eters. This added flexibility could be beneficial especially when prevalences are
strongly skewed toward one class.

Finally, Figure [I| shows the diagonal plots (see [4]) of the models, in which
the estimated prevalence pg(®) (y-axis) is displayed as a function of the true
prevalence pgs(®) (x-axis) for CORA (panel (a)) and TOLOKER (panel (b)). These
plots reveal two main findings: first, our proposed GESN-Beta model produces
predictions closer to the diagonal, which represents the perfect quantifier; second,
that the GESN-based variants typically exhibit lower variability with respect to
NoEdge baselines.
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Table 1: Results of our experiments. For the MAE and MRAFE metrics, we report
their 5-fold nested CV average + standard deviation. Best results for each dataset
are shown underlined for non-aggregative methods, boldfaced for best overall.

Dataset Quantifier MAE MRAE

Non-Aggregative (this work)

NoEdge + LR 0.040 £ 0.010 2.840 + 0.801
NoEdge + Beta 0.072 £ 0.037 4.698 £ 1.697
GESN + LR 0.028 £ 0.005 2.701 £+ 0.287
GESN + Beta 0.019 £+ 0.013 0.714 + 0.515

CORA — —

Aggregative (taken from [20])

CBQ 0.037 £ 0.020 0.976 £+ 1.758
CDhQ 0.100 £ 0.045 1.679 £ 1.101
ENQ 0.029 £ 0.008 0.751 + 0.987
XNQ 0.015 + 0.001 0.241 + 0.374
Non-Aggregative (this work)

NoEdge + LR 0.070 £ 0.011 2.617 £ 0.981
NoEdge + Beta 0.052 £+ 0.015 2.283 + 1.057
GESN + LR 0.044 + 0.024 2.989 + 0.617
GESN + Beta 0.036 + 0.014 1.483 + 0.564

TOLOKER — —

Aggregative (taken from [20])

CBQ 0.079 + 0.036 6.151 + 8.407
CDQ 0.358 £+ 0.141 20.150 &+ 12.42
ENQ 0.099 + 0.036 2.903 + 1.398
XNQ 0.034 + 0.007 0.441 + 0.253

7 Conclusions

In this paper we have presented a non-aggregative method for network quan-
tification based on Graph Echo State Networks (GESNs). Unlike existing graph
quantifiers, which typically follow the aggregative paradigm and rely on an inter-
mediate node classifier, our approach estimates class prevalence values directly
from sets of node representations. This makes it consistent with Vapnik’s princi-
ple and particularly appealing in scenarios where aggregate-level inferences are
desirable but individual-level predictions are not.

Our experimental results show that the proposed approach achieves per-
formance comparable to state-of-the-art aggregative quantifiers while avoiding
the need for an intermediate classification step. Among the proposed variants,
GESN combined with a Beta-regression head consistently delivered the strongest
results. Our experiments also show that exploiting relational information from
the graph structure is beneficial for prevalence estimation. Taken together, these
results suggest that non-aggregative quantification is a viable alternative to ag-
gregative approaches in graph-based settings.
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Several directions for future work remain open. First, while our experiments
focused on binary quantification under prior probability shift, extending the
proposed framework to multiclass scenarios is a natural next step. Second, we
aim to test our algorithm under different types of shift, including the “struc-
tural covariate shift” discussed in [2] B]. Finally, it would be interesting to ex-
plore more sophisticated pooling operators and to investigate the applicability of
the proposed approach to weakly supervised settings in which only sample-level
prevalence labels are available and instance-level annotations are never collected.
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