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Abstract. For high-quality processes where the defect rate is very low, e.g., parts per

million (ppm), time-between-events (TBE) control charts have several advantages over

the ordinary control charts. Most existing TBE control charts are based on the ho-

mogeneous Poisson process assumption, so that the distribution of TBE can only be

exponential. However, the exponential distribution is not suitable in many applications,

especially when the failure rate is not constant. In this article, we introduce a new TBE

control chart, based on the renewal process, where the distribution of the TBE belongs

to a parametric class of absolutely continuous distributions, which includes some well-

known and commonly used lifetime distributions, i.e., exponential, Rayleigh, Weibull,

Burr type XII, Pareto and Gompertz. The control structure of the proposed chart is

derived analytically in general and numerical examples are presented for the Weibull

distribution, due to its relevance in reliability. The performance of the proposed control

charts is evaluated in terms of some standard useful measures, including average run

length (ARL), the standard deviation of run length, the coefficient of variation of run

length, expected quality loss (EQL) and relative ARL (RARL). The effect of parameter

estimation, using both maximum likelihood and Bayesian methods, is also discussed.

This study also presents an illustrative example and four case studies to highlight the

practical aspects of the new TBE chart.

Keywords: High quality process, Time-between-events, Renewal process, Burr

type XII distribution, Gompertz distribution, Pareto Distribution, Rayleigh Dis-

tribution, Weibull distribution, Average run length, Process monitoring
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1. Introduction

A manufacturing process ability to meet specifications depends on two factors: variation

and accuracy. Variation is relative to the specification width, and the process capability

indices are used to measure this relationship, while accuracy implies that the process mean

is at the nominal level. The purpose of the control chart is to detect undesirable changes in

the process as early as possible. The choice of an appropriate control chart is a debatable

point and conclusions are affected by many key factors. There are two main types of

available control charts: attribute and variable control charts. To monitor the fraction

of nonconformities of a process, attribute control charts like p and np, c and u, or r,

are the well-known charts when the numbers of defects in a sample follows the binomial,

the Poisson, or the negative binomial distribution, respectively. However, for high quality

processes with a very low defect rate (i.e. parts per million or per billion, especially in

the fields of manufacturing of integrated circuits, weapon systems, automobile engine and

many other automated processes) these charts have certain drawbacks, i.e., high false alarm

rates, negative values of lower control limits for positive monitored quantities (cf. Table-

1), undesirable dependencies between sample size and control limits (when admissibility

of the latter is enforced) and poor approximation to the normal distribution (cf. Chan

et al. (2002)). For example, if we construct (approximate) control chart limits based on

the Poisson (P), binomial (B), negative binomial (NB) and zero-inflated Poisson (ZIP)

distributions, then upper control limits (UCL) and lower control limits (LCL) are given as

below:
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where p, r, π, λ > 0 and k determine the confidence level, which is usually set to 99.73%

(corresponding to k = 3, the so-called 3σ limits of the normal approximation). To avoid the

LCL to be negative, the following conditions for k, given n, must be satisfied: k ≤
√
nλ,

k ≤
√

np/(1− p), k ≤
√
nr(1− p) and k ≤

√
nλ(1−π)
1+πλ , respectively, making the desired
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Table 1. Values of n when k = 3 for various distributions of the
monitoring statistics

p(ppm)
Distribution 100 400 800 5000 10000 200000

P 90000 22500 11250 1800 900 45
B 89991 22491 11241 1791 891 36

NB (GM-r=1) 90000 22500 11250 1800 900 45
NB (r=10) 9000 2250 1125 180 90 5

ZIP (π = 0.2) 112502 28127 14065 2252 1127 59
ZIP (π = 0.4) 150006 37506 18756 3006 1506 81

false alarm rate unattainable if the normal approximation is poor. Alternatively, one could

increase the sample size, obtaining conditions n ≥ k2/λ, n ≥ k2(1 − p)/p, n ≥ k2

r(1−p) and

n ≥ k2(1+πλ)
λ(1−π) . Table 1 shows the sample sizes for the commonly used 3σ control limits

as p gets smaller. Clearly, one needs impractical sample sizes to monitor nonconformities

effectively.

Alternatively, one could try to use only one-sided charts, controlling whether the mon-

itoring statistics is larger than the UCL. For the np-chart, for example, the upper 99.73%

control limits with p = 0.01, as n = 5, 10, 20, 50 and 100 are 1, 2, 2, 3 and 5. But, because of

the discreteness of the binomial distribution, the upper control limit would be meaningless

for very small p, e.g., for p = 10−4 and n = 5, the upper control limit is zero.

Thus, traditional process monitoring techniques for count data are not sufficient for high

quality processes. In such situations, the time between events (TBE) chart is an efficient

approach for monitoring, controlling and improving the process when the event occurrence

rate is very low. Here, the word ”event” usually refers to the occurrence of nonconforming

items or of defects in the manufacturing process, whereas ”time” is the conforming run

length for discrete processes or the product quantity between two consecutively observed

defects for continuous processes.

The available TBE control charts can be categorized into two groups: attribute TBE

and variable TBE. Most of the attribute TBE charts are based on the geometric distribu-

tion (cf. Ali et al. (2015)), such as the cumulative count control (CCC) chart, or on the

negative Binomial distribution (e.g. the CCC-r chart). One special variable TBE chart is

the cumulative quantity control (CQC) chart. As the occurrence of the events follows a

Poisson process, the time between two events follow an exponential distribution, so CQC

can also be called exponential chart, sometimes denoted as t-chart. Calvin (1983) proposed

the first CCC chart based on the geometric distribution to monitor high-quality processes
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while Nelson (1994) and Goh (1987) gave a detailed discussion about its implementation.

Xie et al. (2002) studied some properties of the CCC, CQC and CQC-r charts. Cheng and

Chan (2010) proposed CCC-r chart based on the negative Binomial distribution which is

considered as an improvement to the existing CCC chart. Later, Chan et al. (2002) proposed

the cumulative probability control (CPC) charts based on the geometric and exponential

distributions. Due to the popularity and simplicity of the Poisson process, CQC charts are

used in various applied fields like the monitoring of the accident rate in a transportation

system, the rate of occurrence of congenital malformations or the volume of paperwork be-

tween errors etc. Zhang et al. (2006) introduced an exponential control chart based on the

sequential sampling scheme with the self starting feature where the defect rate follows a

Poisson process. Shamsuzzaman et al. (2009) developed an economic model for the expo-

nential chart to monitor time-between-events data. Some recent contributions to the TBE

monitoring are: exponential TBE control charts using the repetitive sampling concept pro-

posed by Aslam et al. (2014), the Gumbel bivariate exponential distribution control chart

proposed by Xie et al. (2011), TBE control charts using different sampling schemes proposed

by Qu et al. (2013), variable sampling interval and variable limits control charts by Chen

et al. (2011). We refer to Ali et al. (2015) for a comprehensive overview of TBE charts in

high-quality processes.

Most variable TBE control charts are based on the homogenous Poisson process assump-

tion (cf. Ali et al. (2015)), so that the distribution of TBE can only be assumed exponential.

However, the exponential distribution is not suitable in many applications, especially when

the failure rate is not constant. The major aim of the article is to generalize the available

TBE charts to situations where one could have an increasing, decreasing, bathtub or mono-

tone failure rate. Therefore, we propose the use of a renewal process to generalize the existing

homogenous Poisson TBE control charts. In this article, we consider the development of

a control chart based on the renewal process where the distribution of time is assumed to

belong to a class of absolutely continuous distributions. This class includes exponential,

Rayleigh, Weibull, Burr type XII, Pareto and Gompertz distributions. A renewal process

can be regarded as a generalization of the ordinary Poisson process, where the exponential

distribution of time between occurrences is replaced by any other lifetime distribution.
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Definition 1.0.1. A counting process {N(t), t ≥ 0, t ∈ T} with independent and identically

distributed (iid) inter-arrival times X1, X2, · · · having a common distribution F is called a

renewal process.

The use of a renewal process is motivated by TBE with a non-constant hazard rate.

Consider, for example, an industrial process in which a sensor signals that a filter must be

substituted. The hazard of getting a substitution signal increase with time because impu-

rities trapped within the filter accumulate. After changing the filter a renewal takes place,

represented by a new filter with the same hazard function. An increased renewal frequency

with respect to the nominal would indicate an upstream problem in the process because

filters are changed too often. Renewal theory has many applications, especially in the field

of repairable systems, component testing, the time intervals of successive earthquakes in a

particular region and so on.

Thus, the present study is a generalization of the existing TBE charts. This article

also includes a study of the performance of the proposed TBE control chart from different

perspectives. We derive explicit expressions of the control limits and of the ARL for the

members of the above-mentioned class of distributions. Then we run numerical examples,

where we compute and compare ARLs for a selection of parameter shifts. To evaluate

the overall performance of control charts, the EQL and RARL are also computed. Due to

its effectiveness and wide usage, we carry out further analyses on the Weibull chart: we

illustrate simulated and real data applications and we also include a study of the control

chart performance in presence of parameter estimation error.

The rest of the article is organized as follows: in Section 2, the class of distributions is

defined. The design of the TBE chart for high yield processes is discussed in Section 3.

In Section 4, it is explained how the proposed methodology can be used in real situations

with the help of four illustrative examples. In Section 5, some performance criteria for

the evaluation of control chart performances are presented. They are: average run length,

expected quadratic loss and relative average run length. The Bayesian and the classical

methods for the estimation of unknown parameters are discussed in Section 6. Section 7

concludes the article.
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Table 2. Some well-known lifetime distributions belong to the
general family in equation-5

Distribution M(x) Condition on β Fλ,β(x)
exponential x β = 1 1− exp(−λx)

Rayleigh x2 β = 2 1− exp(−(λx)2)
Weibull xβ β > 0 1− exp

(
−(λx)β

)
Burr type XII ln(1 + xβ) β > 0 1−

(
1 + xβ

)−λβ

Pareto ln
(
1 + x/β

)
β > 0 1−

(
1 + x/β

)−λβ

Gompertz {exp(βx)− 1}/β β > 0 1− exp
(
−λβ{exp(βx)− 1}/β

)
Linear Failure Rate x+ x2/2 β = 1 1− exp

(
−λ(x+ x2/2)

)

2. A Class of Absolutely Continuous Distributions

Consider the following distribution function:

(5) Fλ,β(x) = 1− exp
{
−λβM(x)

}
, x, β, λ > 0

where M(x) is an increasing and positive function of x which may be dependent on the shape

parameter β. This general model includes several lifetime distributions. Table-2 displays

the functions M(x) and the corresponding distribution functions Fλ,β(x) for some lifetime

distributions. Ahmadi et al. (2013) defined a similar class of distributions with a different

parameterization.

The Rayleigh, Gompertz and linear failure rate distributions have increasing failure rates

while the Pareto one is decreasing. The Burr XII is a uni-modal distribution and has a non-

monotone failure rate (for β > 1, the failure rate has one critical point at (β − 1)1/β). This

distribution is a good candidate to study a system or disease whose mortality reaches a peak

after some finite time period and then gradually decreases. The Weibull distribution allows

for increasing, decreasing and constant failure rates depending upon the shape parameter β.

This property gives an advantage over those distributions that have only one type of failure

rate, making the Weibull a very popular lifetime distribution.

Since its introduction, the Weibull distribution has been used in many applied fields to

model lifetimes of manufactured items, such as vacuum tubes, ball bearings and electrical

insulation. It is also used in biomedical applications, for example, as the distribution of

time to the occurrence (diagnosis) of tumors in human population or in laboratory animals.

Furthermore, it is a suitable model for extreme value data, such as the strength of certain

materials. Recently, empirical studies have shown that Weibull distribution is superior to

the classical stable distributions, including the normal distribution, for fitting empirical
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Table 3. Lower and Upper control limits for the distributions
given in Table-2

Distribution LCL UCL
exponential λ−1[− ln(1− α/2)] λ−1[− ln(α/2)]

Rayleigh λ−1
√
[− ln(1− α/2)] λ−1

√
[− ln(α/2)]

Weibull λ−1
[
− ln(1− α/2)

]1/β
λ−1

[
− ln(α/2)

]1/β
Burr type XII

[
(1− α/2)−1/λβ − 1

]1/β [
(α/2)−1/λβ − 1

]1/β
Pareto β

[
(1− α/2)−1/λβ − 1

]
β
[
(α/2)−1/λβ − 1

]
Gompertz β−1 ln

[
1 + β{− ln(1− α/2)}/λβ

]
β−1 ln

[
1 + β{− ln(α/2)}/λβ

]
Linear Failure Rate

√
1 + 2{− ln(1− α/2)}/λ− 1

√
1 + 2{− ln(α/2)}/λ− 1

economic data; see, for example, Murthy et al. (2004). Although we shall provide a TBE

control charts construction based on the distributions listed in Table-2, our main focus will

be on the Weibull distribution for numerical study.

3. Control Charts based on a generalized class of inter-arrival times

Let X be the time between the appearance of two nonconformities (inter-arrival time),

with distribution given in Equation (5). After choosing M(x), a two sided generalized

quantity control chart (GQCC) can be constructed by equating Eq. (5) to α/2, 1−α/2 and

1/2 which results in the lower control limit (LCL), upper control limit (UCL) and central

limit (CL), respectively (cf. Chan et al. (2000)), where α is the pre-specified probability

of false alarm. Table-3 displays the simplified forms of LCL and UCL for the distributions

mentioned in Table- 2.

The control chart is obtained by plotting the observed value of X against the sample

number. If the point is plotted below the LCL then it is a signal that the process may have

deteriorated while if a point is plotted above the UCL, it is a sign of that process may have

improved.

In some areas of application, one-directional changes are the ones of the greatest concern,

e.g. in the manufacturing industry, engineers want to prevent an increase in the noncon-

formities, but decreases in the nonconforming fraction is in-consequential. In health care

applications, detecting the increase of medication administration errors is very important

since it might lead to morbidity and mortality of patients. However, the decrease of medi-

cation administration errors is taken for granted. Thus, a one-sided control chart would be

more suitable than traditional two sided charts in these circumstances. A one sided Weibull

quantity control chart (WQCC) can be obtained by equating Eq. (5), in which M(x) = xβ ,

to α, so that LCL = λ−1
[
− ln(1− α)

] 1
β and UCL=+∞.
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Remark: The cumulative probability control chart is a control chart in which the cu-

mulative density function of x, the observed TBE, is plotted against the sample number.

The advantage of this chart is that the vertical axis range is always between zero and one.

To construct a cumulative probability chart, the lower and upper control limits for the two

sided control charts are α/2 and 1 − α/2 respectively. Similarly, a one-sided control chart

can be constructed by taking LCL = α or UCL = 1− α.

4. Applications

This section contains an illustrative example about the proposed chart, using the termi-

nology suggested by Chan et al. (2000).

A radar speed is an electronic device that is used to measure the speed of moving objects.

It is used in law-enforcement to measure the speed of moving vehicles and is often used in

professional spectator sport, for such things as the measurement of the speed of pitched

baseballs, runners and tennis serves. A radar speed gun is a Doppler radar unit that may be

hand-held, vehicle-mounted or static. A radar speed gun should be efficient in the detection

of true over-speeding as compared to false alarm. False alarms can occur, however, due to

the large number of devices, such as automatic door openers and adaptive automotive cruise

control, which operate in the same part of the electromagnetic spectrum as radar guns.

Since the speed of each moving object is considered independent of others, the radar

speed gun is a good example of a renewal process. A study of the detection ability of

over-speeding, i.e., to differentiate between true and false alarm over speeding, has been

designed by considering the Weibull distribution for time between events. For this purpose,

we generated fifteen observations from the in-control process with β = 1.5 and λ = 0.0005,

the next 8 observations with β = 1.8 and λ = 0.05, and the last 7 observations with β = 1.2

and λ = 0.0001. The resulting data set is given in Table-4, where X denotes time in seconds

between the detection of over-speed events using the speed gun. The value of the false

alarm probability has been assigned as α = 0.0027 to design a two-sided control chart. For

these specifications we have: ln(LCL) = 3.2, ln(CL) = 7.4 and ln(UCL) = 8.9. The natural

logarithm of the data (cf. Table-4) and of the control limits is taken for a better presentation

of the chart. The lower control limit for a lower-sided Weibull chart is ln(LCL) = 3.7. For

comparison purposes, the exponential chart has also been constructed, with ln(LCL) = 0.9,

ln(CL) = 7.1 and ln(UCL) = 9.4 assuming an exponential distribution with with the same

expectation of the Weibull. For example, by assuming λ = 0.0005 and β = 1.5, the mean
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of the Weibull distribution is 1805.491. Thus, we obtain the rate parameter λ = 0.000554

of the exponential distribution by solving 1
λ = 1805.491. The graphical representation of

the chart is given in Figure-1. A cumulative probability control (CPC) chart has also been

designed using the Weibull distribution and results are given in the last column of Table-4.

For the above specifications and computed control limits, Table-4 contains a hypothetical

data set for monitoring and implementation of Weibull chart. In Table 4, ’i.c’, ’im.’, and

’o.c’ stand for ’in-control’, ’improved’, and ’out-of-control’, respectively. It is clear from

Table-4 and Figure-1 that using our proposal an out-of-control signal is detected efficiently

compared to the exponential chart. Using the CPC chart the conclusion is almost similar

except for sample numbers 21 and 24 where the Weibull chart has marked them as in-control

observations, while with the CPC chart, sample number 21 is out-of-control (deteriorated)

and 24 is improved. Note that this discrepancy is certainly due to rounding up on the

probability scale. The CPC and the TBE charts must give the same result, because the

one is obtained as a monotone transformation of the other. The sample number 30 has

been marked improved with the exponential charts, i.e., both the CQC and the CPC. In

Figure-1 we plotted a black ′∗′ to represent in-control observations, red circles • for process

deterioration and blue filled triangles △ for process improvement. The vertical line at the

sample number 15 indicates the change from i.c. to o.c.It is clear from Figure-1 that the

Weibull charts detects over-speeding more efficiently than the exponential chart.

In the rest of this Section we have re-examined four existing case studies on real data with

our proposed methodology. In the first three ones there is no phase-I sample, therefore we

use in-sample estimates of the Weibull parameters to set up the control chart and monitor

the data retrospectively, just to highlight differences in detection ability with respect to the

previously used charts. Then it will be the task of the quality engineer to inspect out-of-

control signals and decide which ones are to be retained for the estimation sample. In the

fourth case-study, a phase-I sample has been assumed instead.

4.1. Case Study-1. Using the data set given by Chan et al. (2000), we established a

chart based on the Weibull distribution. We found a Kolmogorov-Smirnov distance of

D = 0.081 and a p-value = 0.888 based on simulation, because the parameters of the Weibull

distribution have been estimated from the data. Hence we have assumed that the TBE data

are Weibull distributed. The estimated parameter values from the data set are λ̂ = 0.00054
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Table 4. Inspection of the over-speeding Process

Sample X log of Indication Weibull Exponential
# X Cum. Prob. Cum. Prob.
1 1340.45480 7.20076 >LCL i.c. 0.42230 0.52413
2 4945.24666 8.50618 >LCL i.c. 0.97952 0.93542
3 810.16855 6.69724 >LCL i.c. 0.22727 0.36163
4 3101.73864 8.03972 >LCL i.c. 0.85505 0.82064
5 341.21877 5.83252 >LCL i.c. 0.06804 0.17224
6 1320.22008 7.18555 >LCL i.c. 0.41510 0.51877
7 2855.82146 7.95712 >LCL i.c. 0.81846 0.79446
8 877.76561 6.77738 >LCL i.c. 0.25230 0.38509
9 3129.40554 8.04860 >LCL i.c. 0.85876 0.82337
10 2112.02827 7.65540 >LCL i.c. 0.66216 0.68965
11 1444.51715 7.27553 >LCL i.c. 0.45872 0.55079
12 3786.18889 8.23912 >LCL i.c. 0.92608 0.87724
13 792.63814 6.67537 >LCL i.c. 0.22081 0.35540
14 2406.01341 7.78573 >LCL i.c. 0.73273 0.73630
15 683.47965 6.52720 >LCL i.c. 0.18109 0.31521
16 16.12755 2.78053 <LCL o.c. 0.00072 0.00890
17 20.43008 3.01701 <LCL o.c. 0.00103 0.01125
18 15.65355 2.75070 <LCL o.c. 0.00069 0.00864
19 19.39071 2.96479 <LCL o.c. 0.00095 0.01069
20 15.53536 2.74312 <LCL o.c. 0.00068 0.00857
21 32.41899 3.47874 >LCL i.c. 0.00206∗ 0.01780
22 20.92817 3.04110 <LCL o.c. 0.00107 0.01153
23 20.15432 3.00342 <LCL o.c. 0.00101 0.01110
24 6813.59698 8.82668 <UCL i.c. 0.99814∗∗ 0.97706
25 1913.52687 7.55670 <UCL i.c. 0.60775 0.65358
26 7171.13431 8.87782 >UCL im. 0.99888 0.98118
27 8100.56679 8.99969 >UCL im. 0.99971 0.98875
28 1383.17086 7.23213 <UCL i.c. 0.43737 0.53526
29 8186.35518 9.01022 >UCL im. 0.99975 0.98928
30 10853.47681 9.29224 >UCL im. 0.99999 0.99755∗

and β̂ = 2.38648 while standard errors are 0.00003 and 0.27431, respectively. For the

exponential distribution, we have λ̂ = 0.00061 with standard error 0.00009. Thus, for the

Weibull distribution, we have LCL = 116.0, CL = 1585.3 and UCL = 4077.8 respectively at

α = 0.0027 and LCL = 719.9, CL = 1585.3 and UCL = 2621.7 respectively at α = 0.2. For

the exponential chart, we have, LCL = 2.2, CL = 1134.4 and UCL = 10814.5 respectively

at α = 0.0027 while LCL = 172.4, CL = 1134.4 and UCL = 3768.6 respectively at α = 0.2.

Chan et al. (2000) concluded that there is no indication that the process is out-of-control even

for α = 0.2. But in our case, with α = 0.2, six values, i.e., 262.53, 445.65, 500.5, 525.4,600.1

and 644.99 are out-of-control while for α = 0.0027 the performance of both charts is the

same. Hence, our proposed methodology proves more sensitive to out-of-control situations.
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Figure 1. Weibull Quantity Control Chart for Radar Speed Gun

4.2. Case Study-2. Chen (2013) provided the number of hours between failures for the

last 20 failures of an important valve. The time between failures data are right skewed

and therefore not normally distributed. Using the Kolmogorov-Smirnov test and comput-

ing the p-value from simulation, we found D = 0.111 and p-value = 0.943. To apply the

proposed control scheme to monitor the failure data, we have λ̂ = 0.00141 with standard

error 0.00032 based on the exponential distribution while λ̂ = 0.00155 and β̂0 = 0.82757

with standard errors 0.00044, 0.14777, respectively, based on the Weibull distribution. Fur-

thermore, suppose that α = 0.0027 and for this we have LCL = 0.22 for the Weibull chart

while LCL = 0.96 for the exponential chart. Both charts, neither the exponential nor the

Weibull chart signalled an alarm, which leads us to the same conclusion as Chen (2013) that

the failure mechanism of this valve is in-control.
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4.3. Case Study-3. Santiago and Joel (2013) considered a data set of a large hospital

system concerned with a very high rate of hospital-acquired urinary tract infections (UTIs).

Specifically, the hospital would like to track the frequency of patients being discharged who

had acquired a UTI, and to quickly identify an increase in infection rate or, conversely,

monitor whether material changes result in fewer infections or not. They considered a data

set of days in between discharge of male patients with nosocomial urinary tract infection.

The parameter of the exponential distribution is estimated as 4.75596 with 0.64720 standard

error. Using the Weibull, we have λ̂ = 4.67777 and β̂ = 1.04010, with standard errors

0.64630 and 0.10849, respectively. For the exponential chart, we have LCL = 0.00028

and UCL = 1.39 while for Weibull chart, we have LCL = 0.00037 and UCL = 1.31

respectively. Hence, it is evident from these limits that the data do not show any sign of

process degradation or improvement, so that the Weibull and the exponential charts are

essentially the same.

4.4. Case Study-4. This data set is taken from Jarrett (1979) and it has recently been

used by Yang et al. (2015a,b) to develop unbiased design of the exponential and gamma

charts. The data set is about the time intervals in days between explosions in coal mines

from 15 march 1851 to 22 March 1962. We are not reproducing the data set here for

the sake of space and refer to either Jarrett (1979) or Yang et al. (2015a,b). There are

190 observations and Yang et al. (2015a) considered the first 30 observations as phase-I to

estimate the rate parameter of the exponential chart. Therefore, we have also considered

the first 30 observations as the phase-I sample, getting λ̂ = 0.00944(0.000005) and β̂ =

0.82154(0.01286); for the exponential distribution we have λ̂ = 0.00841(0.00154).

For comparison, the simple exponential and the corresponding ARL-unbiased exponential

(cf. Yang et al. (2015a)) charts are also given in Figure- 2. The control limits, i.e., LCL and

UCL, of the two-sided charts are: (0.16, 785.75) for the exponential, (0.23, 884.5) for the

ARL-unbiased exponential and finally (0.03, 1054.81) for the Weibull. These control limits

are used to monitor the remaining data, i.e., from number 31 to 190, plotted in Figure-2. In

Figure-2 we have labelled the first 30 observations as phase-I data and the rest as phase-II;

a vertical line is used to separate both phases. There is a signal of process deterioration at

the 80th sample number by all charts. Ten sample points, 14, 134, 137, 151, 153, 156, 182,

187, 188, 189, fall outside the upper control limit of a simple exponential chart while seven

sample points, 134, 153, 156, 182, 187, 188 and 189, do the same with the ARL-unbiased
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exponential chart. With our proposed Weibull chart, it is observed that six sample points,

134, 153, 156, 182 187 and 188, are above the UCL. Therefore, the Weibull chart gives less

alarms than the exponential and ARL-unbiased exponential charts. After the first out-of-

control signal at the 80th sample point, there is no signal during a long period. The first

TBE observation above the Weibull UCL is on the 134th point and then we start to observe

more signals which all fall above the UCL. Therefore, it means that the safety of coal-mining

began to improve between 1900− 1920.

To diagnose the cause of a signal and to decide which parameter has shifted, we calculate

the CV of the TBE at every signal point, using all TBEs in the monitoring sample up to

that point. The rationale for doing this is that the CV of the Weibull distribution depends

on the shape parameter β only (i.e., E(X) = λ−1Γ(β−1+1), V ar(X) = λ−2{Γ(2β−1+1)−

Γ2(β−1 + 1)} and CV =

√
Γ(2β−1+1)−Γ2(β−1+1)

Γ(β−1+1) ), so if it does not change after a signal, it

is likely that a shift as occurred in the rate parameter λ, whereas if the CV changes, then

the shift will be attributed to β. To get a first impression of this use of the CV, we have

produced Figure-3, where we labeled the CV curve segments with the parameter which

is more likely to have shifted. We noticed that the shape parameter is shifting and our

previous conclusion ’that the safety of coal-mining began to improve between 1900− 1920’

is supported by Figure-3.

5. Performance Evaluation and Comparison

In this section, we will examine various control chart performance measures commonly

used by practitioners. These are: average run length (ARL), expected quality loss (EQL)

and relative average run length (RARL). ARL is used to evaluate the performance of a

chart at any specified shift, while EQL and RARL are used for performance evaluation on

an assumed shift range. The description of these measures for the proposed chart is given

in the following subsections.

5.1. ARL. The number of samples taken from a process until an out-of-control signal oc-

curs is known as run length. ARL is a measure of the expected number of consecutive

samples taken until the sample statistic fall outside the control limits. Mathematically, the

expectation of stopping time L = min{i : Xi /∈ [LCLi, UCLi]} is called ARL and L in
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Figure 2. Coal-mining explosion monitoring using the Weibull Chart

most cases is a discrete random variable, taking on integer values. As a consequence, L as

a function of the parameter will be piecewise constant with jumps (cf. Fu and Hu (1999),

page 398).

Suppose that a TBE chart is constructed in such a way that the probabilities of false

alarm for the one-sided chart are αU and αL for the UCL and LCL, respectively, while α is

the false alarm probability for the two-sided chart. To compute ARL, we have the following

proposition:

Proposition 5.1.1. For the TBE distributions listed in Table-2, the expressions of the ARLs

for the lower-sided, the upper-sided and the two-sided control chart are given in Table-5 as

ARLL, ARLU and ARLL∩U , respectively, where β∗ = β1

β0
and λ∗ = λ1

λ0
denote the magnitude

of the shifts in the shape and the rate parameters of the TBE distribution.
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Proof. The expressions of the ARLs are obtained as ARLL = 1
F (LCL) , ARLU = 1

1−F (UCL)

and ARLL∩U = 1
F (LCL)+1−F (UCL) , where F (.) is taken from Table-2. �

It is interesting to note that the expressions of ARL for the exponential and linear failure

rate distributions are the same, because LCLLinearFailure +LCL2
LinearFailure/2 = LCLexp

and likewise for the UCL. As we mentioned above, from now on our discussion will be

restricted to the WQCC chart due to the vast application of the Weibull distribution.

The usage of λ∗ and β∗ simplifies the notations and it is clear that 0 < β∗, λ∗ < 1

indicates process improvement, while β∗, λ∗ > 1 indicates process deterioration. However

the behaviour of the TBE control chart could not match expectations. For example, consider

that the probability of an alarm for process deterioration in the Weibull case is Pr(X ≤

LCL) = 1 − exp{−(λ0LCL)β1}, with λ = λ0 and β = β1, where LCL is obtained from

Table 3. Then, if λ0LCL < 1, the alarm probability decreases as β1 increases, so that it is
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smaller than its under-control nominal value for β1 > β0. For example, with α = 0.0027,

λ0 = 0.0005, β0 = 1.5, β1 = 1.8 one obtains an alarm probability of 0.0004 < 0.0027. Hence,

one should be very careful about the control chart design, due to the significant effect of

the shape parameter. We refer to Yang et al. (2015a,b) for some recent developments about

biasedness of exponential and gamma charts.

Since the design of a control chart is often based on ARL, a large in-control ARL is ensured

by design, but the variance of the run length distribution can be large. This basically poses

difficulties on the shop floor because of widely varying frequencies of false alarms and, in

general, control chart signals. As a consequence, the chart signal might be ignored or acted

upon selectively. Thus, in such scenario, sometimes the coefficient of variation (CV) of the

ARL is reported when control chart performances are considered and we also do so in our

study.



W
R

Q
C

17

Table 5. ARL expressions for various distributions as mentioned in Table-2.

Distribution ARLL ARLU ARLL∩U

exponential [1 − (1 − αL)λ
∗
]−1 [αλ∗

U ]−1 [1 − (1 − α/2)λ
∗
+ (α/2)λ

∗
]−1

Rayleigh [1 − (1 − αL)λ
∗2

]−1 [αλ∗2
U ]−1 [1 − (1 − α/2)λ

∗2
+ (α/2)λ

∗2
]−1

Weibull
[
1 − exp

(
−λ∗β0β∗{

− ln(1 − αL)
}β∗)]−1

exp
(
λ∗β0β∗{

− ln(αU )
}β∗) [

1 − exp
(
−λ∗β0β∗{

− ln(1 − α/2)
}β∗)

+exp
(
−λ∗β0β∗{

− ln(α/2)
}β∗)]−1

Burr Type XII
[
1 −

{
1 +

(
(1 − αL)−1/λ

β0
0 − 1

)β∗}−λ1
β1

]−1 [{
1 +

(
(αU )−1/λ

β0
0 − 1

)β∗}−λ
β1
1

]−1

[
1 −

{
1 +

(
(1 − α/2)−1/λ

β0
0 − 1

)β∗}−λ1
β1

+
{
1 +

(
(α/2)−1/λ

β0
0 − 1

)β∗}−λ1
β1

]−1

Pareto
[
1 −

{
1 + β∗−1

(
(1 − αL)−1/λ

β0
0 − 1

)}−λ
β1
1

]−1 [{
1 + β∗−1

(
(αU )−1/λ

β0
0 − 1

)}−λ
β1
1

]−1

[
1 −

{
1 + β∗−1

(
(1 − α/2)−1/λ

β0
0 − 1

)}−λ
β1
1

+
{
1 + β∗−1

(
(α/2)−1/λ

β0
0 − 1

)}−λ
β1
1

]−1

Gompertz
[
1 − exp(−λ1

β1/β1)
{(

1 − β0 ln(1 − αL)/λ
β0
0

)}β∗]−1 [
exp(−λ1

β1/β1)
{(

1 − β0 ln(αU )/λ
β0
0

)}β∗]−1

[
1 − exp(−λ1

β1/β1)
{(

1 − β0 ln(1 − α/2)/λ
β0
0

)}β∗

+exp(−λ1
β1/β1)

{(
1 − β0 ln(α/2)/λ

β0
0

)}β∗]−1

Linear Failure Rate [1 − (1 − αL)λ
∗
]−1 [αλ∗

U ]−1 [1 − (1 − α/2)λ
∗
+ (α/2)λ

∗
]−1

Table 6. ARL study of the PI-IHR case based on α = 0.0027, λ0 = 0.0005, β0 = 1.5 and λ1 ∈ {0.0003, 0.0001, 0.00005},
β1 ∈ {1, 1.2, 1.4, 1.5, 2} for the upper and two-sided Weibull charts.

β λ
Two-Sided Upper-Sided

0.0005 0.0003 0.0001 0.00005 0.0005 0.0003 0.0001 0.00005

1 ARL 23.9761 7.79972 2.0124 1.41962 26.3241 7.11561 1.9234 1.38687
CV 0.978924 0.933697 0.709282 0.543679 0.980822 0.927073 0.692884 0.528158

CVLI 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

1.2 ARL 63.1362 11.272 1.92542 1.33024 63.1237 9.44529 1.82368 1.29893
CV 0.992049 0.954612 0.693277 0.498252 0.992047 0.945583 0.672055 0.479722

CVLI 0.997625 0.986621 0.918913 0.880217 0.997624 0.984013 0.914177 0.877127

1.4 ARL 198.18 16.9804 1.84354 1.26091 191.254 13.0609 1.73663 1.23263
CV 0.997474 0.970108 0.676436 0.454888 0.997382 0.960955 0.651286 0.434426

CVLI 0.998798 0.985879 0.861221 0.788892 0.998754 0.981601 0.85194 0.783381

1.5 ARL 370.37 21.2746 1.80541 1.23232 370.37 15.6241 1.69725 1.20567
CV 0.998649 0.976215 0.667914 0.434193 0.998649 0.967469 0.640946 0.413018

CVLI 0.999272 0.987251 0.837527 0.750075 0.999272 0.9826 0.826091 0.743602

2 ARL 6516.86 86.4081 1.64208 1.13201 44182 47.0206 1.53395 1.11289
CV 0.999923 0.994197 0.625312 0.341485 0.999989 0.989309 0.589988 0.318495

CVLI 0.999944 0.995786 0.746601 0.598322 0.999992 0.992242 0.725407 0.589034
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Table 7. ARL study of the TD-IHR case based on α = 0.0027, λ0 = 0.0005, β0 = 1.5 and λ1 ∈ {0.005, 0.01, 0.1},
β1 ∈ {1, 1.2, 1.4, 1.5, 2} for the lower and two-sided Weibull charts.

β λ
Two-Sided Lower-Sided

0.0005 0.005 0.01 0.1 0.0005 0.005 0.01 0.1

1 ARL 23.9761 8.69323 4.61187 1.09506 52.0284 5.66884 3.1086 1.02105
CV 0.978924 0.940727 0.884968 0.294629 0.990343 0.907522 0.823597 0.143598

CVLI 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

1.2 ARL 63.1362 12.9661 5.93864 1.05686 113.855 7.66384 3.6399 1.00619
CV 0.992049 0.960664 0.911927 0.231959 0.995599 0.932479 0.851626 0.0784368

CVLI 0.997625 0.98838 0.974449 0.846478 0.998683 0.980259 0.957962 0.838003

1.4 ARL 198.18 19.475 7.70011 1.03132 249.871 10.436 4.284 1.00126
CV 0.997474 0.973988 0.932808 0.17427 0.997997 0.950883 0.875542 0.0354862

CVLI 0.998798 0.987699 0.968586 0.733675 0.999047 0.976919 0.942786 0.724166

1.5 ARL 370.37 23.912 8.78621 1.0224 370.37 12.2034 4.65541 1.00048
CV 0.998649 0.978867 0.941374 0.14801 0.998649 0.958152 0.886113 0.0218503

CVLI 0.999272 0.988665 0.968841 0.687609 0.999272 0.977667 0.94033 0.679158

2 ARL 6516.86 67.4636 17.2456 1.00255 2655.51 27.0532 7.15007 1.000010
CV 0.999923 0.992561 0.970574 0.0504509 0.999812 0.981344 0.927438 0.000535165

CVLI 0.999944 0.994599 0.978702 0.52449 0.999863 0.986477 0.947817 0.522723

Table 8. ARL study of the TI-DHR case based on α = 0.0027, λ0 = 0.0005, β0 = 0.5 and λ1 ∈ {0.0003, 0.0001, 0.00005},
β1 ∈ {0.3, 0.45, 0.5, 0.55, 0.8} for the upper and two-sided Weibull charts.

β λ
Two-Sided Upper-Sided

0.0005 0.0003 0.0001 0.00005 0.0005 0.0003 0.0001 0.00005

0.1 ARL 2.14293 2.11003 2.03261 1.98093 4.16563 3.8799 3.36945 3.1062
CV 0.730308 0.725308 0.712757 0.703695 0.871746 0.861546 0.83858 0.823446

CVLI 293.626 295.907 301.489 305.397 210.602 218.218 234.165 243.885

0.3 ARL 15.7135 11.6483 6.29416 4.53652 18.2658 12.0888 6.00446 4.28862
CV 0.967657 0.956112 0.917127 0.882931 0.972241 0.957747 0.912939 0.875685

CVLI 1.67254 1.85058 2.34247 2.68807 1.59569 1.82656 2.38824 2.75419

0.45 ARL 146.618 66.5816 13.9264 6.92151 141.37 51.1389 11.0219 5.79396
CV 0.996584 0.992462 0.963428 0.924945 0.996457 0.990174 0.953557 0.909619

CVLI 1.01956 1.0426 1.18995 1.35535 1.02028 1.05512 1.23515 1.41416

0.50 ARL 370.37 142.202 18.9822 8.05326 370.37 97.6466 14.0841 6.49044
CV 0.998649 0.996478 0.973303 0.935856 0.998649 0.994866 0.963845 0.919743

CVLI 1.00539 1.01397 1.10033 1.22339 1.00539 1.02028 1.13314 1.27133

0.55 ARL 962.073 339.947 26.7218 9.46367 1170.24 207.368 18.4535 7.32416
CV 0.99948 0.998528 0.98111 0.945692 0.999573 0.997586 0.972528 0.929228

CVLI 1.00149 1.0042 1.05218 1.1412 1.00122 1.00688 1.07473 1.17926

0.8 ARL 38992.5 54818.4 286.875 25.8247 28971500 90944.6 114.578 15.228
CV 0.999987 0.999991 0.998256 0.980448 1 0.999995 0.995627 0.966608

CVLI 1.00001 1.00001 1.00103 1.01134 1.0000 1.0000 1.00257 1.01915
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Table 9. ARL study of the PD-DHR case based on α = 0.0027, λ0 = 0.0005, β0 = 0.5 and λ1 ∈ {0.005, 0.01, 0.1},
β1 ∈ {0.3, 0.45, 0.5, 0.55, 0.8} for the lower and two-sided Weibull charts.

β λ
Two-Sided Lower-Sided

0.0005 0.005 0.01 0.1 0.0005 0.005 0.01 0.1

0.1
ARL 2.14293 2.24911 2.26264 2.23078 3.78845 3.12392 2.95264 2.4641
CV 0.730308 0.745238 0.74702 0.742783 0.857927 0.824554 0.813216 0.770825

CVLI 293.626 286.612 285.754 287.787 220.837 243.193 250.147 273.824

0.3
ARL 15.7135 25.5046 21.7161 11.2554 35.2424 17.916 14.6482 7.5997
CV 0.967657 0.9802 0.976704 0.954544 0.98571 0.971691 0.965263 0.931888

CVLI 1.67254 1.45168 1.51676 1.87331 1.34216 1.60512 1.71117 2.17171

0.45
ARL 146.618 136.152 99.8061 35.7372 205.26 73.1526 53.6855 19.3748
CV 0.996584 0.996321 0.994978 0.98591 0.997561 0.993141 0.990643 0.973851

CVLI 1.01956 1.02105 1.02861 1.07801 1.01401 1.03884 1.05257 1.13974

0.50
ARL 370.37 234.585 166.023 52.8445 370.37 117.464 83.2065 26.657
CV 0.998649 0.997866 0.996984 0.990493 0.998649 0.995734 0.993973 0.981064

CVLI 1.00539 1.00849 1.01197 1.03716 1.00539 1.01688 1.02375 1.07241

0.55
ARL 962.073 404.434 276.395 78.2588 668.62 188.802 129.114 36.7506
CV 0.99948 0.998763 0.998189 0.99359 0.999252 0.997348 0.99612 0.986301

CVLI 1.00149 1.00353 1.00516 1.01812 1.00214 1.00755 1.01102 1.0382
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(a) Lower-sided Weibull Chart (TD-case) (b) Two-sided Weibull Chart (TD-case)

(c) Upper-sided Weibull Chart (PD-case) (d) Two-sided Weibull Chart (PD-case)

Figure 4. Process Deterioration Detection using λ0 = 0.0005, β = 1.5

5.2. Average Length of Inspection (ALI). Suppose SN =
∑N

i=1 Xi denotes the total

length of inspection or elapsed time until the first out-of-control signal is issued. Therefore,

by using Wald’s equation, we have ALI = E{E(SN |N)} = E(N)E(X) = ARL × E(X)

and V ar(SN ) = E{V ar(SN |N)}+V ar{E(SN |N)} = E(N ×V ar(X))+V ar(N ×E(X)) =

E(N)V ar(X) + V ar(N)[E(X)]2 (see also Chan et al. (1997) and Lai and Govindaraju

(2008)). For the Weibull distribution, the ALI for lower sided, upper-sided and two-sided

control charts is defined as: ALIL = λ−1Γ(β−1+1)×ARLL, ALIU = λ−1Γ(β−1+1)×ARLU

and ALIL∪U = λ−1Γ(β−1 + 1)×ARLL∩U .

Similarly, the variance of the ALI can be written as V ar(SN ) = 1
pV ar(X)+ 1−p

p2 E2(X) =

ARL ·V ar(X)+ [ARL ·E(X)]2−ARL · [E(X)]2], where p denotes the probability of a point

falling outside the control limits, i.e., ARL = 1/p, and finally the coefficient of variation is

defined as CV LI = CV (SN ) =

√
V ar(SN )

E(SN ) .
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(a) Lower-sided Weibull Chart (PI-case) (b) Two-sided Weibull Chart (PI-case)

(c) Upper-sided Weibull Chart (TI-case) (d) Two-sided Weibull Chart (TI-case)

Figure 5. Process Improvement Detection using λ0 = 0.0005, β = 0.5

5.3. Discussion of the ARL Study. In order to examine a possibly biased behaviour

of the Weibull TBE control chart in a systematic way, we provide numerical examples in

four situations, combining the two possibilities for the hazard rate of the TBE (increasing

or decreasing, as determined by β) and for the rate parameter (smaller or larger than the

in-control value). This setup makes it also possible to highlight the effect of the shape

parameter on the control chart performances.

Definition 5.3.1. For the Weibull distribution, if β > 1, i.e., increasing hazard rate (IHR),

and λ is decreasing then the system is partial improvement (PI). We label this situation as

the PI-IHR.

Definition 5.3.2. For the Weibull distribution, if β > 1, i.e., increasing hazard rate (IHR),

and λ is increasing then the system is totally deteriorating (TD). We label this situation as

the TD-IHR.
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Definition 5.3.3. For the Weibull distribution, if β < 1, i.e., decreasing hazard rate (DHR),

and λ is decreasing then the system is totally improving (TI). We label this situation as the

TI-DHR.

Definition 5.3.4. For the Weibull distribution, if β < 1, i.e., decreasing hazard rate (DHR),

and λ is increasing then the system is partially deteriorating (PD). We label this situation

as the PD-DHR.

We considered shifts for the following cases:

A: Increasing Hazard Rate (IHR), i.e., β > 1)

(1) λ decreases from λ0 = 0.0005 to λ1 ∈ {0.0003, 0.0001, 0.00005} for β0 = 1.5 to

β1 ∈ {1, 1.2, 1.5, 2} [i.e. Partial Improvement (PI)].

(2) λ increases from λ0 = 0.0005 to λ1 ∈ {0.005, 0.01, 0.1} for β0 = 1.5 to β1 ∈

{1, 1.2, 1.5, 2} [i.e. Total Deterioration (TD)].

B: Decreasing Hazard Rate (DHR), i.e., β < 1)

(1) λ decreases from λ0 = 0.0005 to λ1 ∈ {0.0003, 0.0001, 0.00005} for β0 = 0.5 to

β1 ∈ {0.1, 0.3, 0.45, 0.55} [i.e. Total Improvement (TI)].

(2) λ increases from λ0 = 0.0005 to λ1 ∈ {0.005, 0.01, 0.1} for β0 = 0.5 to β1 ∈

{0.1, 0.3, 0.45, 0.55} [i.e. Partial Deterioration (PD)].

In all cases the nominal in-control ARL value for λ = λ0 and β = β0 is 370.37 = 1/0.0027,

i.e. α = 0.0027. However, the graphical presentation for some other choices of α is given

in Appendix-A, i.e., Figure-A.1. We have also included the CV of the run length for every

parameter combination, which is simply
√

1− 1/ARL. Tables 6-9 display the computed

ARL values and their CV, reported below each ARL (see also Figures 4 and 5 for graphical

displays). They show that the performance of the Weibull control chart, as a function of λ,

is not uniform over the values of β. Furthermore it can be biased as a function of either β

or λ as the other one is held fixed. Therefore a user, after identifying his specific case, can

check in which range of shifts it is safe to operate. We now consider a few rows or columns

in the tables in each case below:

Case A(1), PI-IHR: The examination of Table-6 shows that, for fixed β, the shift in

λ is detected very quickly by the upper-sided chart; the detection of a shift with the two-

sided chart is less quick. However, while the decreasing pattern of the ARL as λ changes

is preserved for different values of the shape parameter, the ARL value is not as robust

as claimed in some previous studies, e.g. Borror and Keats (2003). In particular, for
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β < 1.5, the ARL values in the first two columns are much smaller than those for β > 1.5.

Furthermore, variations of the shape parameter from β = 1.5 to smaller values do not always

yield a decrease in the ARL for all λ values, as it appears from the columns with headers

λ = 0.0001 and λ = 0.00005.

Case A(2), TD-IHR: In this case, we consider the lower-sided chart or the two-sided

chart to detect deterioration. The computed ARL values and their CV have been reported

in Table-7. Again, a shift in the rate parameter is detected quickly for the different values

of β by the one-sided chart, which outperforms the two-sided chart. On the other hand,

the ARL increases with β for all values of λ except for λ = 0.1, because λLCL < 1 for

λ ∈ {0.0005, 0.005, 0.01}, whereas λLCL > 1 for λ = 0.1. This is the biased behaviour

signalled in Section 5.1. The graphical presentation of ARL is given in Figure-4 for the

specifications mentioned below the figures.

Case B(1), TI-DHR: For the TI, we consider again the upper-sided TBE chart and

the two-sided chart for improvement detection, as in A(1), i.e., PI-IHR. From Table-8 it is

clear that in some cases there is little sensitivity of the ARL to variations in the direction of

λ, for example across the first row of the table. The ARL is unbiased for variations both in

the direction of λ and of β, however again a great sensitivity of ARL to the shape parameter

is apparent, especially for β > β0. Table-8 has been also represented in Figure-5.

Case B(2), PD-DHR: For the PD case, we consider the lower-sided and two-sided

chart, as in the A(2) case. Table-9 indicates that the one-sided chart detects the shift

in λ for any value of β, but not very quickly, whereas the two-sided chart is biased for

β ∈ {0.1, 0.3}. Because λLCL < 1 for all the considered values of λ, the chart is biased

when detecting process deterioration due to an increase in the shape parameter. Table-9

has also been represented in Figure-5.

We have also investigated the ARL performance of the other charts of Table-3, and

contour plots of these charts have been presented in supplementary Figure S1 and Figure

S2. We observed that the one-sided charts were more effective for the TI-DHR and the TD-

IHR cases whereas the two-sided charts do better in the PD-DHR and the PI-IHR cases,

respectively. However, it can be noticed that both charts, i.e., one-sided and two-sided,

can be biased for β1 > β0 or λ1 > λ0 in ways that depend on the assumed distribution

of the time between events. Note that we cannot express a preference for a chart based

on a specific distribution, because each one has different characteristics, i.e., DHR, IHR

or bathtub shaped hazard that are selected by the user to reflect his knowledge of the
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process. Therefore, we emphasize the need for an empirical assessment of the distributional

assumptions, i.e., fit a distribution and verify whether phase-I data have DHR, IHR or

bathtub shaped hazard. The aim of Figure S1 and Figure S2 of ARL is to help a practitioner

to see what performance he can expect if TBE follows any of the distributions listed in

Table-2.

5.4. EQL and RARL. The ARL is commonly used to evaluate the performance of a chart

at a specific shift. To assess the overall performance of the control charts, the expected

quadratic loss (EQL) and relative average run length (RARL) are commonly used measures.

EQL (Ou et al. (2012)) evaluates the expected loss due to poor quality. It can be described

as the weighted average of ARL over a shift range θmin < θ < θmax, using the weight θ2,

where θ is a general notation, which may denote a shift in the shape or rate parameter.

(6) EQL(.) =
1

θmax − θmin

∫ θmax

θmin

θ2ARL(θ) dθ

In Eq. 6, we considered the uniform distribution of a shift; however, this distribution can

be any other distribution. A general equation of EQL can be written as:

(7) EQL(.) =

∫ θmax

θmin

θ2ARL(θ)f(θ) dθ ,

where f(θ) is the distribution of the shift. For the joint monitoring of shifts in both the

scale and the shape parameters, one can write the EQL equation as follows:

(8) EQL =

∫ λ∗
max

λ∗
min

∫ β∗
max

β∗
min

λ∗2β∗2ARL(β∗, λ∗)f(λ∗)f(β∗) dλ∗dβ∗ .

i.e., by assuming independence between the shape and the rate parameters. A chart with

minimum EQL is considered to be a standard chart. Similarly, the RARL is defined as the

integration over the entire shift range of the ratio of the ARL of a specific chart to the ARL

of the standard chart:

(9) RARL(.) =
1

θmax − θmin

∫ θmax

θmin

ARL(θ)

ARLstandard(θ)
dθ

For the standard chart RARL = 1 while for other charts RARL > 1. The general equation

for any distribution of a shift is given below (Eq. (10)):

(10) RARL(.) =

∫ θmax

θmin

ARL(θ)

ARLstandard(θ)
f(θ) dθ
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(11) RARL(.) =

∫ λ∗
max

λ∗
min

∫ β∗
max

β∗
min

ARL(λ∗, β∗)

ARLstandard(λ∗, β∗)
f(λ∗)f(β∗) dλ∗dβ∗

i.e., by assuming independence between the rate and the shape parameters. These types of

performance measures have been considered many authors in literature, e.g. see Ou et al.

(2012), and Shamsuzzaman and Wu (2012), and the references cited therein.

Table 10. EQL computed at different false alarm probabilities

ARL0 Lower- Upper- Two- Lower- Upper- Two-
Sided Sided Sided Sided Sided Sided

Exponential Weibull
20,000 2.54212 619.03 5.04224 0.49475 16.93226 1.05824
2000 0.29423 475.10 0.54296 0.21930 16.51073 0.22997

740.74 0.14111 413.02 0.23031 0.2159 16.28782 0.21755
370.37 0.10098 369.69 0.14111 0.21547 16.11149 0.21591

200 0.08762 331.18 0.10383 0.21535 15.93651 0.21549
Rayleigh Burr

20,000 0.08416 495.22 0.08566 0.60092 388.46 1.05734
2000 0.08337 380.08 0.08342 0.23321 298.14 0.25792

740.74 0.08335 330.42 0.08336 0.22004 259.18 0.22595
370.37 0.08334 295.76 0.08335 0.21720 231.99 0.21939

200 0.08334 264.94 0.08334 0.21615 207.83 0.21705
Pareto Gompertz

20,000 0.83670 351.35 1.56930 0.50379 180.42 1.00618
2000 0.24606 269.66 0.28714 0.21936 168.41 0.23099

740.74 0.22351 234.42 0.23352 0.21586 148.48 0.21751
370.37 0.21861 209.83 0.22234 0.21544 109.95 0.21585

200 0.21678 187.97 0.21832 0.21534 67.67 0.21546
Linear Failure

20,000 2.54212 619.03 5.04224 . . .
2000 0.29423 475.10 0.54296 . . .

740.74 0.14111 413.02 0.23031 . . .
370.37 0.10098 369.69 0.14111 . . .

200 0.08762 331.18 0.10383 . . .

Table 11. RARL computed at different false alarm probabilities

ARL0 Lower- Upper- Two- Lower- Upper- Two-
Sided Sided Sided Sided Sided Sided

Exponential/Weibull Exponential/Rayleigh
20,000 17.37230 98.1932 22.18000 22.66540 0.01290 38.16680
2000 5.05194 75.2284 7.79427 3.64566 0.00809 6.34114

740.74 2.70819 65.3263 4.17344 1.71251 0.00667 2.88285
370.37 1.84688 58.4179 2.70819 1.08305 0.00586 1.71377

200 1.42448 52.2782 1.91887 0.78910 0.00523 1.13548
Exponential/Burr Exponential/Pareto

20,000 17.1612 351.653 32.7884 21.9539 499.293 42.0425
2000 5.60908 267.386 9.78343 6.05526 380.631 10.8521

740.74 3.00323 231.064 5.1056 3.14656 329.484 5.43282
370.37 2.01823 205.734 3.22168 2.07753 293.81 3.35139

200 1.52397 183.234 2.20698 1.5480 262.115 2.25842
Exponential/Gompertz Exponential/Linear Failure

20,000 17.9633 97.32582 21.8754 2.0 2.0 2.0
2000 5.3087 74.43503 8.17181 2.0 2.0 2.0

740.74 2.82009 64.56945 4.35323 2.0 2.0 2.0
370.37 1.90689 57.68884 2.80597 2.0 2.0 2.0

200 1.45843 51.57571 1.9738 2.0 2.0 2.0
Rayleigh/Weibull Burr/Weibull
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20,000 0.76190 9.90347 0.63392 1.07429 313.39626 1.07362
2000 0.93683 7.60088 0.84120 1.16435 240.51386 1.16552

740.74 0.97094 6.60763 0.91551 1.18362 209.05780 1.16995
370.37 0.98397 5.91448 0.94696 1.18664 187.08696 1.16676

200 0.99098 5.29829 0.96538 1.18441 167.52907 1.15648
Pareto/Weibull Gompertz/Weibull

20,000 1.18761 626.32483 1.11753 0.98770 1.13552 0.98976
2000 1.31605 480.69575 1.31159 0.98384 7.30558 0.98223

740.74 1.3202 417.87629 1.30054 0.98940 5.78484 0.98604
370.37 1.3131 374.03712 1.28062 0.99275 4.80923 0.98984

200 1.30261 335.06530 1.25292 0.99498 4.00348 0.99268
Linear Failure/Weibull Burr/Rayleigh

20,000 17.3723 98.92720 22.18000 6.67373 1.03149 8.62343
2000 5.05194 75.86958 7.79427 3.15376 1.34397 3.26440

740.74 2.70819 65.92284 4.17344 2.48204 1.54600 2.32579
370.37 1.84688 58.97973 2.70819 2.15152 1.72718 1.88732

200 1.42448 52.80582 1.91887 1.92356 1.92805 1.59929
Pareto/Rayleigh Gompertz/Rayleigh

20,000 9.64058 117.88465 12.12600 5.38852 1.12561 8.97450
2000 4.29442 90.47159 4.21682 1.64282 7.22957 2.21132

740.74 3.28684 78.64662 2.86108 1.26358 8.71576 1.49553
370.37 2.78625 70.39451 2.22248 1.13945 14.75010 1.26172

200 2.43856 63.05865 1.80563 1.07824 13.95055 1.14681
Linear Faiure/Gompertz Burr/Pareto

20,000 17.96330 97.32582 21.87540 1.06240 104.36848 1.10946
2000 5.30870 74.43503 8.17181 0.97127 80.09763 0.98336

740.74 2.82009 64.56945 4.35323 0.97756 69.62811 0.98045
370.37 1.90689 57.68884 2.80597 0.98251 62.32192 0.98407

200 1.45843 51.57571 1.97380 0.98629 55.82697 0.98759
Gompertz/Pareto Pareto/Linear Failure

20,000 1.01654 1.135358 2759.32 0.970723 616.422541 0.249564
2000 0.972252 7.304378 89.4537 1.04572 473.0973878 0.254307

740.74 0.97505 9.78379 19.4815 1.26356 411.272162 0.390343
370.37 0.978656 11.808308 7.15398 1.45348 368.127054 0.556046

200 0.981963 14.002691 3.30957 1.58752 329.772427 0.726607
Gompertz/Burr Linear Failure/Burr

20,000 0.93443 1.13525 2658.69 17.16120 351.653 32.7884
2000 0.97278 7.30358 85.95800 5.60908 267.386 9.78343

740.74 0.97875 9.78306 18.72380 3.00323 231.064 5.10560
370.37 0.98243 12.80768 6.89837 2.01823 205.734 3.22168

200 0.98537 14.00213 3.21370 1.52397 183.234 2.20698

The EQL and RARL for different charts with λ0 = 0.0005 and β0 = 1.5 have been

computed numerically using the statistical software R, R Core Team (2013), considering a

uniform distribution for both shifts over the range of [0.00005 < λ < 0.5] and [0.5 < β < 2.5].

The choice of uniform distribution has been done for purely illustrative purposes and one

can consider some more realistic distributions for shifts. To interpret EQL (Table-10),

suppose that we fix the in-control ARL at 370.37, then the lower and the two sided Rayleigh

charts have minimum loss among all tabulated charts while the Weibull chart is the most

efficient among upper-sided charts. Similarly, based on the RARL index (Table-11 and

ARL = 370.37), the two-sided Weibull 170.82%, Rayleigh 71.38%, Burr 222.17%, Pareto

235.17%, and Gompertz 189.59% are efficient than the exponential chart. On the similar
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Table 12. MLE Estimation with β0 = 1.5 and λ0 = 0.0005

Sample Size β̂ Shift in β λ̂ Shift in λ
n = 30 1.63 1.08667 0.00042 0.84000

(0.23267) (0.00005)
n = 60 1.51977 1.01318 0.00049 0.97400

(0.15278) (0.00004)
n = 100 1.54571 1.03047 0.00050 1.00800

(0.12072) (0.00003)
n = 150 1.54106 1.02737 0.00049 0.98800

(0.09811) (0.00003)
n = 300 1.50314 1.00209 0.00051 1.01400

(0.05082) (0.00001)

lines, one can interpret the rest of the values reported in Table-11. Both the EQL and

RARL have a decreasing trend (except few cases of two sided charts for RARL study) with

the increase of the false alarm probability (Table-10 and Table-11).

6. Effect of Parameter estimation on ARL

In the traditional quality control setup, the parameters are assumed to be known, i.e., an

engineer has knowledge about the system including the parameters. However, outside this

engineering box, most researchers and practitioners, have little knowledge about the system

so that the assumption of known parameters is difficult to fulfil. When the parameters are

unknown or unspecified, these should be estimated from reference data or Phase-I data.

A comprehensive overview of the effect of parameter estimation is given by Psarakis et al.

(2013). Here, to see the effect of estimation on ARL, we examine two estimation methods,

namely the maximum likelihood and the Bayesian method. Here we are reporting only

results while the derivations can be found in Appendix B.

Case I- Maximum Likelihood estimation: To estimate parameters with the max-

imum likelihood method, some necessary derivations are given in Appendix. When the

parameters are estimated using the ML method, we have Table-12, while Table-15 is de-

voted to the ARL with estimation effect.

Case II: Bayesian estimation: Bayesian methodology is the most comprehensive

way of combining the current state of knowledge with prior information available about

phenomena, which are summarized by the posterior distribution. However, for Bayesian

parameter estimation, the choice of an appropriate loss function plays an important role,

and it is very reliant on the phenomena under study. Many researchers believe that the

loss function is part of the problem, but most of the times it is extremely difficult to choose

an appropriate loss function, hence analysts prefer to use the well-known squared error loss
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Table 13. Best decision functions d for estimating θ under
various loss functions

LF Mathematical Form Form of d∗ Posterior Risk
SELF (θ − d)2 E(θ|x) V ar(θ|x)

WSELF (θ−d)2

θ (E(θ−1|x))−1 E(θ|x)− E−1(θ−1|x)
MSELF

(
1− d

θ

)2 E(θ−1|x)
E(θ−2|x) 1− E2(θ−1|x)

E(θ−2|x)
SLLF (log θ − log d)2 exp(E(log θ|x)) V ar(log θ|x)
ELF d

θ − log d
θ − 1 (E(θ−1|x))−1 E(log θ|x) + log(E(θ−1|x))

KLF
(√

d
θ −

√
θ
d

)2 √
E(θ|x)

E(θ−1|x) 2[
√

E(θ|x)E(θ−1|x)− 1]

DLF (θ−d)2

d2

E(θ2|x)
E(θ|x)

V ar(θ|x)
E(θ2|x)

PLF (θ−d)2

d

√
E(θ2|x) 2[

√
E(θ2|x)− E(θ|x)]

function. Serel (2009) highlighted various important aspects of loss functions. Here, for

general purposes, we are comparing eight different loss functions, called squared error loss

function (SELF), weighted squared error loss function (WSELF), modified squared error loss

function (MSELF), squared logarithmic loss function (SLLF), entropy loss function (ELF),

K-loss function (KLF), precautionary loss function (PLF) and the Degroot loss function

(DLF). Table-13 shows the estimators of θ under various loss functions (LF) while the

numerical procedure to evaluate them in given in Appendix B.

Phase-I sample sizes 30, 60, 100, 150, 300, 500, 700, 1000, 1500 and 2000 are considered

from a Weibull distribution with parameters λ = 0.0005 and β = 1.5, using the different

loss functions for the Bayesian estimation. To get an idea of the effect of the different loss

functions, in Table-14 we have reported the Bayesian estimates, their posterior risk and the

“shift”, that is, the ratio between the estimated value of the parameter and the true value.

We may observe that DLF and PLF are unsuitable for analysis because they have a high

value of posterior risk as compared to the other loss functions. The value of hyperparameters

for the rate parameter λ are such that the mean of the prior distribution is greater than or

equal to three times its variance, while, for the shape parameter, hyperparameters are such

that the prior distribution has variance less than 0.1, i.e., a very informative prior.

The following steps have been used for the computation of ARL:

(1) Select a sample size (say n).

(2) Choose a very large m to repeat the process of calculation (we used m = 100000).

(3) Generate m samples of size n, find the MLE and the Bayes estimates for each sample

and compute the ARL using the estimated parameters.

Note that we used the SELF for making comparison of the estimated ARL from the

Bayesian with the MLE, and this choice of the SELF has been done on the basis of its
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Figure 6. Sample size requirement to minimize the effect of estimation
on Weibull chart
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Table 15. ARL comparison based on the MLE and Bayes method using
α = 0.0027 for the lower, upper and two-sided Weibull charts.

Method MLE Bayes
Sample Size Two-SidedUpper-SidedLower-SidedTwo-SidedUpper-SidedLower-Sided

30 ARL 1778.49 1743.05 987.44 2249.11 3674.41 1234.15
(1779.87) (1743.05) (986.94) (2248.61) (3673.91) (1233.65)

60 ARL 709.36 1400.20 553.17 1933.34 3372.25 1136.35
(708.86) (1400.19) (552.66) (1932.84) (3371.75) (1135.85)

100 ARL 534.75 965.45 463.48 971.10 1206.03 691.18
(534.25) (964.95) (462.98) (970.60) (1205.53) (690.68)

150 ARL 469.71 614.27 427.54 476.39 543.21 413.03
(469.21) (613.77) (427.04) (475.89) (542.71) (412.53)

300 ARL 416.69 460.80 397.62 408.02 447.11 385.17
(416.19) (460.30) (397.12) (407.01) (446.31) (384.03)

500 ARL 396.56 418.56 385.92 388.02 398.11 375.17
(396.06) (418.06) (385.42) (387.01) (397.07) (374.04)

700 ARL 390.05 404.73 382.19 378.10 390.13 373.05
(389.55) (404.73) (381.69) (377.13) (389.17) (372.41)

1000 ARL 383.53 393.44 378.16 376.43 385.69 372.57
(383.02) (392.94) (377.65) (375.41) (384.06) (372.01)

1500 ARL 379.05 385.41 375.47 374.06 379.15 371.99
(378.55) (384.91) (374.97) (373.51) (378.42) (370.10)

2000 ARL 376.89 381.62 374.19 372.46 378.11 371.09
(376.39) (381.12) (373.69) (371.04) (373.21) (370.03)

wide usage. The effect of estimation on the control chart performance is multidimensional,

because it is not only a result of the accuracy and precision of parameter estimates, but also

of the choice of the design parameter and of the shift size to be detected. In Table-15, or

Figure-6, we have reported the estimated ARL obtained as an average over the m samples,

along with its sample standard deviation. The estimated ARL should be close to its (true)

nominal value of 370.37. The ARL estimated from the Bayesian method is larger than that

obtained from the MLE for the smaller sample sizes. As the sample size increases, the

Bayesian methodology starts to do better than the MLE on the CV. Thus, for small sample

sizes the Bayesian estimates should be used with care (because of a possibly adverse effect

of a bad choice of hyperparameters). Table-15 or Figure-6 may also suggest the phase-I

sample size required to attain the nominal ARL, which is between 1000 and 1500 for the

MLE and between 700 and 1000 for the Bayesian estimator.

7. Some Final Remarks

The basic assumption of a Poisson process is that inter-arrival times are exponentially

distributed, which limits application to phenomena with constant hazard rate. Hence, one

needs to consider some more flexible processes than the Poisson process. In this article, we

have proposed a new control chart for high-quality process monitoring based on the renewal

process, allowing for a general parametric family for the inter-arrival times’ distribution.

This class includes not only the well-known Weibull distribution, but also the exponential,
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the Rayleigh, the Pareto, the Burr type XII, the Gompertz and the linear failure rate

distribution. The expressions of LCL, UCL and ARL have been provided for all distributions

while a detailed numerical study has been carried out on the Weibull distribution, due to

its wide application in different fields.

Different properties of the WQCC have been examined in-detail, including ARL, CV of

run length distribution, ALI (not reported here for the sake of space and ALI tables can

be requested from the corresponding author), and the CV of the length of inspection distri-

bution. Moreover, EQL (Table-10) and RARL (Table-11) have also been calculated for the

distributions mentioned in Table-2. The effect of parameter estimation on the in-control

run length has been discussed in detail, considering both MLE and Bayesian estimation

methods. We studied the effect of parameter estimation on the in-control run length, how-

ever a similar work should be done to assess the effect of estimation on the out-of-control

run length distribution. Simulated and real numerical examples of process monitoring have

been included and, in the context of the coal-mining disaster data, we have proposed the

use of the CV as a general method to assign the cause of an out-of-control signal to a shift

either in the shape or in the rate parameter.

To implement our proposed control charts in practice, it is important to check distribu-

tional assumptions, i.e., fit a distribution and verify whether phase-I data have DHR, IHR

or bathtub shaped hazard. Then from the tables and contour plots of ARL, and from the

EQL and RARL tables one can see what performance he can expect if TBE follows any of

the distributions listed in Table-2.

Since the new proposed control chart is a generalization of the existing exponential cu-

mulative quantity control chart, we believe that this chart will be more useful to monitor

complex reliability data. In future, the present work can be extended by introducing unbi-

ased design of the control charts.

Appendix

Appendix A: The graphical presentation of ARL for α = 0.0001 and λ0 = 0.0005 is

given in Figure-A.1

Appendix B: Case I: Method of Maximum Likelihood (ML): The following are the
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(a) Lower-sided ARL for β0 = 1.5 (TD-case) (b) Upper-sided ARL for β0 = 1.5 (PD-case)

(c) Two-sided ARL for β0 = 1.5 (d) Lower-sided ARL for β0 = 0.5 (PI-case)

(e) Upper-sided ARL for β0 = 0.5 (TI-case) (f) Two-sided ARL for β0 = 0.5

Figure A.1. Plots of ARL for α = 0.0001 and λ0 = 0.0005

likelihood and log-likelihood equations for the Weibull distribution.

L(λ, β,x) = βn
n∏

i=1

xβ−1
i λnβ exp

(
−

n∑
i=1

(xiλ)
β

)
(B.1)

lnL(λ, β,x) = l(λ, β,x) = n lnβ + (β − 1)

n∑
i=1

lnxi + nβ lnλ− λβ
n∑

i=1

xβ
i(B.2)
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To obtain maximum likelihood estimators, the partial derivative with respect to λ is

∂l(.)

∂λ
=

nβ

λ
− βλβ−1

n∑
i=1

xβ
i = 0 =⇒ λ̂ =

[
n∑n

i=1 x
β̂
i

]1/β̂

The profile log-likelihood i.e. after replacing the value of λ̂ is given by

(B.3) lp(λ̂, β,x) = n lnβ + (β − 1)

n∑
i=1

lnxi + n(lnn− 1)− n ln(

n∑
i=1

xβ
i )

∂lp(.)

∂β
=

n

β
+

n∑
i=1

lnxi −
n
∑n

i=1 x
β
i ln(xi)∑n

i=1 x
β
i

= 0

=⇒ 1

β
=

1

n

n∑
i=1

ln
1

xi
+

∑n
i=1 x

β
i ln(xi)∑n

i=1 x
β
i

= h(β)

A simple iterative scheme to solve for β is: start with an initial guess of β(0), obtain

β(1) = h(β(0))−1 and proceeding in this way, obtain β(n+1) = h(β(n))−1. Stop the iterative

procedure when |β(n+1) − β(n)| < ϵ, some pre-assigned tolerance limit.

Case 2: Bayesian Method: For the Bayesian estimation of the Weibull distribution, let

re-parameterize the density function by assuming ϕ = λβ , so f(x, β, λ) = βxβ−1ϕ exp(−ϕxβ)I(0,∞).

Following the approach suggested by Joarder et al. (2011), it is assumed that ϕ has a gamma

prior Gamma(c, d), c, d > 0, while for β no specific form of the prior p(β) is assumed, apart

from that its support is (0,∞), that it is log-concave and that β is independent of ϕ. Then,

the joint posterior distribution is given as p(β, ϕ|x) ∝ βn exp(β(
∑n

i=1 lnxi))ϕ
(n+c)−1 exp(−ϕ(d+∑n

i=1 x
β
i )) ·p(β). Thus, p(β|x) ∝ βn exp(β(

∑n
i=1 ln xi))

(d+
∑n

i=1 xβ
i )

n+c
·p(β) and p(ϕ|β,x) = Gamma(n+c, d+∑n

i=1 x
β
i ). We need the following results for further development.

Theorem B.1. The conditional density function of β given data is log-concave.

Proof. Ignoring the additive constant, the posterior of β given data can be written as

ln p(β|x) ∝ n lnβ + β
∑n

i=1 xi + ln p(β)− (n+ c) ln(d+
∑n

i=1 x
β
i ) and

∂ ln p(β|x)/∂β = n
β +

∑n
i=1 ln(xi)−

(n+c)
∑n

i=1 xi ln xi

d+
∑n

i=1 xβ
i

+ ∂ ln(p(β))
∂β .

Thus, it is log-concave. �

Note that we used gamma distribution as a prior distribution for the shape parameter,

i.e., p(β). A simulation based consistent estimate of E(g(β, λ)) = θ can be obtained using

following steps:
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(1) Generate β from p(β|x) using the method suggested by Devroye (1984).

(2) Generate ϕ from p(ϕ|β,x).

(3) Repeat Step 1 and Step 2 and obtain (βi, ϕi) for i = 1, 2, · · · ,M .

(4) Obtain λi from step 3, i.e., (βi, λi = ϕ
1/βi

i ).

(5) An approximate Bayes estimate of θ under the squared error loss function can be

obtained by

θ̂ = ĝB(β, λ) =
1

M

M∑
i=1

θi

Similarly, the Bayes estimates for other loss functions can be computed with the help of the

above algorithm.
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