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Abstract

In this letter, we introduce a novel family of texture models which provide alternatives to texture
models which are based on Gaussian distributions. In particular, we introduce linear textures
generated with a member of the a-stable distribution family which is a generalisation of the
Gaussian distribution. The new family of texture modelsis capable of representing both impulsive
and unsymmetric (skewed) image data which cannot be accommodated by the Gaussian model. We
present new techniques for texture model estimation and we demonstrate the success of the
techniques on synthetic data.
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1.Introduction

Linear fields with Gaussian innovations have been used widely in modelling image textures. They
have found applications in texture synthesis and image segmentation. Although Gaussian texture
models have been successful in some applications, their performance has been disappointing in
cases where the image contains impulsive and/or skewed features. Such examples are not rarein
the case of SAR images (Collins et a.,1998). The reason is the fact that Gaussian density function
has exponentially decaying tails which assign almost negligible probability to samples far from the
mean and that it is a symmetric function which has no potential for modelling unsymmetric data. In
this paper, we present linear a-stable textures (2-D random processes with a-stable innovations)
which can model both impulsive and skewed image characteristics and introduce techniques for
estimating the process parameters (both process coefficients and density parameters) from

observations. Finally, we present simulation results on synthetic a-stable textures.



2. a-Stable Distributions

The a-stable distribution family has received great interest in the last decade due to its successin
modelling data which are too impulsive to be accommodated by the Gaussian distribution. Despite
thisrelatively new interest in the signal processing community, the history of research on this
particular distribution family is old starting with the work of Levy (1925). The applications of
alpha-stable distributions have been limited though until much later when Mandelbrot (1963)
suggested them as models for financia time series data. Later, Stuck et a.(1974) used them for
modelling impulsive noise on telephone lines. It has also been employed as successful model for
the atmospheric noise (Nikias,1995) and found various applicationsin signal processing (see Nolan
and Swami, 1999 for awide range of recent work).

In addition to its practical successin modelling impulsive data, a-stable distributions also enjoy a
strong theoretical justification by the generalised central limit theorem (Levy,1925) which states
that the limiting distribution of the summation of alarge number of i.i.d. processes possibly with
infinite variance can only be an a-stable distribution. a-stable distributions being a generalisation
of the Gaussian distribution also share many important properties such as stability property which
isthe property that a-stable distributions are closed under addition and scalar multiplication. This
signifies that the output of alinear system to an a-stable random variable is again a-stable
distributed.

The a-stable distribution family is described most conveniently by its characteristic function, which

isthe Fourier transform of the probability density function (pdf):
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where al (0,2] isthe characteristic exponent which sets the impulsiveness of the distribution,
bl [-1,1] isthe symmetry parameter which sets the skewness, g> 0 (dispersion) isthe scale
parameter and is analogous to the variance and mi (-¥,¥) is the location parameter which
represents the shift from the origin. When 3=0, the distribution is symmetric around p and the
distribution is called a symmetric a-stable (SaS) distribution. When moreover u =0, the



distribution is centralised at the origin. The main drawback of the a-stable distributions is the fact

that their probability density does not have a compact analytical form. The only three specia cases

of the a-stable distribution which have a compact density function are the Gaussian distribution (a

= 2), the Cauchy distribution (a = 1, 3= 0) and the Pearson distribution (a = 0.5, 3= 1). Interested
reader isreferred to Samorodnitsky and Tagqu (1994) and Nikias and Shao (1995) for in depth

discussion of this distribution family.

To give a better understanding of the behaviour of these distributions we provide here plots for

various parameter valuesin Figures 1 and 2.
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Figure 1: Various a-stable pdfs with varying characteristic exponent (alpha) values. a) whole pdfs

b) detail from the tails. Distribution gets more impulsive (heavy-tailed) as a decreases.
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Figure 2: Various a-stable pdfs with varying symmetry parameter (beta) and dispersion (gamma).



Unfortunately, up to now the applications of a-stable distributions in image processing have been
very limited other than afew isolated works: (Popescu-Pesquet and Pesquet,1999) looked into
synthesis of textures 2D image models with long range dependence. Their model isimpulsive but
cannot accommodate skewed characteristics. (Tsakalides et al., 2001) considered again symmetric
a-stable distributions for modelling the wavelet transform coefficients of subband images. (Achim
et al., 2001) employed this model for the removal of speckle noisein SAR images. Work in both
signal and image processing have been limited to only symmetric a-stable (SaS) distributions,
ignoring skewed distributions in all other than a couple of works on parameter estimation (Dance
and Kuruoglu,1999), (Kuruoglu, 2001) while some real phenomena such as some geophysical
signals, teletraffic data and SAR images clearly exhibit skewed characteristics. In this paper, we
defend the view that the a-stable processes provide a very flexible framework for modelling
textures in images. Contrary to previous work in signal and image processing, here we consider

general a-stable distributions including the skewed case.

3.Linear a-Stable Textures

In this paper, we consider only textures with a statistical structure provided by 2-D AR processes

with a-stable innovations which can be described by:

X (n,m) = é_ g jX(n-i,m- j)+W(nm) (2
i,jT N
where N denotes the neighbour index set and the innovations W(n,m) are distributed with (possibly
skewed) a-stable distributions. Textures generated by a-stable Markov random fields will be
studied in afollow up paper. For interesting work on texture synthesis, the reader is referred to
Gimel’farb (1999).

Unlike the Gaussian distribution, a-stable distributions can provide textures which have skewed
and impulsive features and therefore have an inhomogeneous look. To picture this significant
difference in character we present examples of synthetic Gaussian and a-stable texturesin Figures
3,4,5,6,7 and 8. The Gaussian texture in Fig.3 has a very homogeneous look while the a-stable
texturesin Figs 4,5,6,7 and 8 provide impulsive textures. Fig.4,5 and 6 are symmetric a-stable
textures with increasing impulsiveness (a=1.5,1.2,1.0 respectively) while Figs 7 and 8 provide

unsymmetric textures for a=1.2 and 3=1,-1 respectively..



GAUSSIAN TEXTURE SYMMETRIC ALPHA STABLE TEXTURE, alpha = 1.5

Figure 3: Gaussian texture. Figure4: Symmetric a-stable texture, a=1.5.

SYMMETRIC ALPHA STABLE TEXTURE, alpha =1.2
— - _ — A . CAUCHY TEXTURE, alpha = 1.0

Figure 7: Skewed a-stable texture, a=1.2, b=1. Figure 8: Skewed a-stabletexture, a=1.2, b=-1.
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3.1.Estimation of a-Stable Field Coefficients

There are various techniques suggested for the estimation of linear 1-D symmetric a-stable
processes. In particular, Kanter and Steiger (1974) suggested classical |east squares estimation
which is surprisingly consistent despite the lack of second order moments. They also introduce a
generalised form of Yule-Walker equations. Gross and Steiger (1979) later suggested least absolute
deviations (LAD) estimation and demonstrated its consistency. However, unfortunately the
techniques required for LAD estimation are computationally very expensive. Nikias and Shao
(1995) provided a performance comparison of these techniques by simulations. Kuruoglu et al.
(1997) suggested least Ip-norm estimation and demonstrated the higher rate of convergence when
compared to least squares as predicted by Davis et al. (1992). Swami and Sadler (1998) |ater
showed that it is also possible to employ self-normalised second order and higher order statisticsto

obtain consistent estimates.

The simulation studies provided in these papers consider only the symmetric case. For the case of
2-D skewed a-stable fields, we present a new estimation technique. The technique can be simply
summarised as first symmetrising the field without changing the linear field coefficients and then to

use extensions of the techniques developed earlier for 1-D Sa S processes on the symmetrised field.

3.1.1.Symmetrising and Centralising Transfor ms

In this section, we suggest a symmetrising and centralising transform which converts the skewed
AR seguence into a symmetric one. The transformation is motivated with the following properties
of the a-stable distribution (Samorodnitsky and Tagqu, 1994):

Property 1: Let X; » S, (bl,gl,m) and X, » a(bz,gz,rnz) be independent stable random

variables. Then, X, + X, » S, (b,g,m) where
p=D10 *028 o (a L 8 }'® e em
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Consider segmenting the AR process into two, from the middle, and subtracting one segment from

the other, sample by sample. That is:
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Calling Y (n) = X(n) - X(n+L/2) and U(n) = W(n) - W(n+L/2), it is easy to see that the resulting
sequence is an AR sequence with the same coefficients and driven by a SaS process (U(n))
distributed with the same a, b=0, and scale parameter 2g. To estimate the AR coefficients of this
process, one can simply use the 2-D extensions of any of the previously suggested techniques for
1-D SaS AR processes. The drawback of this technique is that the resulting process after
symmetrisation has half the number of the samples of the original one. In the case when only a
small number samples is available this may affect the robustness of the technique. However,
motivated by the results of Kuruoglu et al. (1997), we expect this degradation to be mild.

3.1.2.Zeroth Order Term

An aternative solution to the problem is motivated by Davis et al.'s (1992) work on the
convergence properties of M-estimators for linear processors in the domain of attraction of a stable
law. Herewe cite their Theorem 5.1:

Theorem: Let X(t) be an AR(p) process given by
X(t)=f, +f,X(t-1)+...+f X({t- N)+2Z(t) with E[z]> <¥ for somep > 0. If the function

m(x) = E|Z - 4°hasaunique minimumat z=7,then f ® (f, +Z,f,,...f,) as wheref

L
... . . o p
minimizes the |p norm estimation error: a

t=1
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Motivated by this theorem we suggest that one can simply introduce an artificial zeroth order term
in the model, obtain the parameters using one of the techniques for symmetric processes (Nikias
and Shao, 1995; Kuruoglu et al.,1997) and then simply discard the artificial term. The remaining
AR coefficients are the actual estimates we are looking for. The only drawback seems to be the
increased computational cost due to the additional term, which converges more slowly than the
other coefficients (Knight,1987).



3.2.Estimation of distribution parameters

A number of techniques for the estimation of the distribution parameters fromi.i.d. samples of a
skewed a-stable random variable were introduced in Dance and Kuruoglu (1999). However, we do
not possess the innovation sequence and the distribution parameters need to be estimated using the
information provided by observations of the AR process. To be able to use the techniques based on
fractional moments for estimating distribution parameters directly from the AR process
observations, one needs to establish that the AR processis ergodic. It isawell known result by
Maruyama (1970) that MA processes with innovations from an infinitely divisible distribution are
ergodic. Since an AR process which has no roots on the unit circle can be converted to an MA
process with infinite order, the ergodicity of AR processes with a-stable innovations, which are

subsets of indivisible distributions, is readily established.

Due to the linearity of the AR process, from the stability property, the characteristic exponent, a of
the samples from AR process is equal to the characteristic exponent of the innovations process.
Hence, one can estimate the characteristic exponent directly from AR process samples. It can be
shown from Properties 1 and 2 that the parameters of the observations sequence (subscript obs.) are

related to the parameters of the innovations sequence (subscript in.) as:
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where ¢ 's are the coefficients of the infinite MA process obtained from the AR process by long

division. From these equalities, the rest of the parameters are readily obtained, having obtained the
parameters of the innovations sequence using the fractional order moments based techniques given
in Dance and Kuruoglu (1999).



4. Simulations

4.1. AR process parameter estimation:

In this section, to demonstrate the success of the coefficient estimation technique suggested above

we look at the simple a-stable AR process with coefficients a, =1,a, =0.5,a,, =0.5,a,, =- 0.2 (see
equation 2) (neighbourhood cells: a, : current pixel, a,, :left-side neigbour, a,, :top neighbour,
a,, :upper-left corner neigbour), the innovation sequence of which has density parametersa = 1.5,

R=0.50r1and?=1. We present results obtained by the classical least squares technique, by IRLS
after symmetrisation (LP-SYM) and by IRLS without symmetrisation but with the introduction of a
zeroth order term (LP-Z). The results are given in Table 1 and Table 2 for two different values of
the symmetry parameter in terms of the mean estimates and the standard deviation of the estimates
obtained in the simulation of 1000 realisations of textures of size 16° 16. The reason for this choice
of small blocksisthat in segmentation applications generally one needs to classify small regions of
theimage. Therefore, for areadlistic evaluation of the estimation technique’s potential one needs to
consider small block sizes. Both for 3=0.5 and 3=1, the superiority of least |p-norm based techniques
to least squares estimation assuming a symmetric field is obvious when the mean and the standard
deviations of the estimates are considered. LP-SYM and LP-Z gave similar resultsfor 3=0.5, while
for 3=1.0, LP-SYM performed dlightly better. The computational load of LP-SY M isless than half
of LP-Z since IRLSisrun on only half of the dataand in addition LP-Z estimates one additional
parameter. For this example their computational load ratio is about 3/8.

3=0.5 3y (‘0-2) a, (0-5) 3y (0-5)
LP-SYM -0. 200 0. 500 0.495
(0.033) (0.028) (0.048)

LP-Z -0.201 0.507 0.491
(0.022) (0.019) (0.036)

LS -0.181 0. 537 0. 496
(0.067) (0.078) (0.076)

Tablel: 3=0.5, LS: Least Squares, no symmetrisation, LP-SY M: least |p-norm estimation with
symmetrisation, LP-Z: least |p-norm estimation with the introduction of the zeroth term.
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B=1.0 8,(-0.2) a,, (0. 5) 2, (0.5)
LP- SYM -0. 206 0. 499 0. 504
(0.041) (0.026) (0. 069)
LP-Z -0. 209 0.520 0. 488
(0.037) (0.033) (0.053)
LS -0.196 0. 569 0.520
(0.081) (0.095) (0.092)

Table2: 3=1.0,LS: Least Squares, no symmetrisation, LP-SY M: least |p-norm estimation with
symmetrisation, LP-Z: least |p-norm estimation with the introduction of the zeroth term.

A texturewith 3= 1.0isgivenin Figure 9a). In Figure 9b) and Figure 9c) given are the textures
generated using the parameter estimates obtained by least |p-norm estimation with symmetrisation
and with least squares assuming a symmetric field, respectively. The difference in performanceis
obvious. For this example the estimation with least squares assuming a symmetric field led to an
unstable field. Symmetrising the field (or introducing zeroth order term) and then applying least
squares significantly improves the performance in this case over direct least square (astablefield is
obtained) however more samples are needed when compared to least |p-norm estimation and this

fact isreflected in the increased variance of the estimates.

LPS estimate, aloha=1 1, beta=1.0

Figure 9: @) Original texture, a=1.1,3=1.0,7=1. b) texture generated using parameters estimated with
Gaussian texture assumption. ¢) texture generated using parameters estimated with least |p-norm estimation

with symmetrising transform.

Convergence: IRLS algorithm used in calculating the least |p-norm estimate iswell studied in the
literature and it is known to converge linearly (Byrd and Payne, 1979). As discussed in Kuruoglu et
al. (1997), it can be used for the cases when a>1, by choosing 1 < p <a wherepisthe IRLS

algorithm parameter. It can be argued that for cases when a<1, the distribution is far too impulsive

to be of practical usein image processing applications. In cases, when a<l, one can use techniques
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based on self-normalised LAD, LS and higher order statistics as described in (Swami and Sadler,
1998).

4.2. Model order selection:

Another important part of process identification is the selection of the model order. Bhansali (1988)
has suggested a consistent method which is an extension of Akaike's FPE criterion. It can be
argued that one can use his method after symmetrisation for model estimation of a skewed a-stable
process. However, our simulations showed that the performance of the algorithm is very much
dependent on the algorithm design parameters and especialy for small a valuesit is difficult to
come up with algorithm parameters which provide satisfactory results. Therefore, we argue that

there is still space and need for further research on that problem.

4.3. Estimation of the density parameters:

The estimation of the density parameters from i.i.d. sources were widely studied in the literature
(e.g. Kuruoglu, 2001). In our paper the task is to estimate parameters from the observations of the
AR source and then convert them to thei.i.d. source density parameters. Our simulations showed
very good estimates of the characteristic exponent, a, which is the same for i.i.d and coloured
sources. For the estimation of the symmetry parameter, (3 and of the scale parameter, ?, however,
the performance of the estimates is also conditional on the good estimation of MA parameters.
Obtaining MA parameters by long division from AR parameters presented practical problems asto
where to truncate the infinite series. We observed, for some examples, the MA parameters to decay
too slowly. Alternatively, one can directly fit an MA sequence to the observation; however, alsoin
this case deciding on the length of the MA sequence remains an open problem. Therefore, instead
of an AR process, we studied the estimation of the density parameters of an MA process, to verify
our claim about the transformations and for the ergodicity. In Figures 8,9,10, we provide simulation
results based on 100 realisations of MA(3) a-stable processes each with 1000 samples. The MA
process parameters are [0.4 —0.2 0.1]. Figure 10 provides the means and the standard deviations of
the estimates of a for varying values of a. As clear from the figure the estimates are very good,
although the standard deviation of estimates increases as a approaches 2, the Gaussian case. Figure
11 provides the corresponding 3 and ? estimates. Although 13 estimates are good in the range
0.8<a<1.2, the error increases drastically when a decreases. Although alarming at first sight,

values below 0.8 lead to processes far too impulsive to be practically useful and need not be

12



considered. It isalso disturbing at first sight to observe that the standard deviation of the estimates

increases significantly as a approaches 2, however, for those values of a, the symmetry parameter

has little effect on the distribution shape (in particular in the case a=2 it has absolutely no effect),

therefore we are content with the performance of the estimator. For the case of ? estimates, though,

the performance when a approaches 2 isworrying. This behaviour is caused by the fact that ?is

estimated using the (3 estimates which are not good in this region.
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Figure 10: Estimates of the characteristic exponent a for varying values of a.
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Figure 11: Estimates of @) the symmetry parameter R and of b) the scale parameter ? for varying values of

the characteristic exponent, a.

We further look at the performance of the suggested estimator in estimating 3 and ? for varying

valuesof Band ?in Figure 12. For this case a isfixed to 1.1. We see that in both cases the

performanceis generally good, slightly deteriorating for ? estimates as ? increases.
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6. Conclusions

In thisletter, we introduced a new family of textures or 2D signals with a-stable distributions. The
new family of texturesis capable of modelling images with impulsive and skewed characteristics.
Various examples were presented to demonstrate the difference of character between Gaussian and
a-stable textures. New techniques have been suggested for the estimation of the parameters of 2D
AR processes with skewed a-stable innovations. New method for estimating the density parameters
of coloured a-stable signals was also presented and its success is demonstrated. The textures
suggested in this letter can be useful in applications such as modelling satellite images of the terrain
(such asimages of urban areas) and of the sky, which exhibit skewed and/or impulsive
characteristics. Biomedical image modelling and segmentation, in particular of ultrasound images
can be another important area where the impulsive features of the a-stable textures can be
exploited. It was al so suggested to us by colleagues in a different area that the images might have a
potential in modelling the images of semiconductor surfaces with the am of obtaining roughness
profile. In these applications one might need to develop more elaborate stochastic processes when
compared to the AR processes which we used in this paper. In particular, nonlinear AR, nonlinear
ARMA and fARIMA models may provide much more sophisticated models for biomedical and

astronomical data. Our current research is progressing along these directions.

Acknowledgements

Thiswork was partly supported by the European Research Consortium in Informatics and
Mathematics (ERCIM).

14



Refer ences

Achim, A., A. Bezerianos and P. Tsakalides, 2001. Novel Bayesian multiscale method for speckle
removal in medical ultrasound images. |EEE Transactions on Medical Imaging, Vol. 20, No. 8, pp.
772-783.

Bhansali, R., 1988. Consistent order determination for processes with infinite variance. Journal of
the Royal Statistical Society. Vol. 50, No. 1, pp. 46-60.

Byrd, R.A., and D.A. Payne, 1979, Convergence of the IRLS algorithm for robust regression.
Technical Report 313, John Hopkins University.

Callins, M.J., R.K. Raney, and C.E. Livingstone, 1998. On the model-based estimation of
backscatter texture from SAR image texture for area-extensive scenes. Proceedings of the Royal
Society of London, Series A (Mathematical, Physical and Engineering Sciences). Vol.454,
N0.1979, pp.2859-91.

Dance, C., and E. E. Kuruoglu, 1999. Estimation of parameters of a-stable processes. Proceedings
of the Conference on Applications of Heavy-Tailed Distributions in Engineering, Statistics and
Economics. Washington D.C.

Davis, R.A., K. Knight, and J. Liu, 1992. M-estimation for autoregressions with infinite variance.
Stochastic Processes and Their Applications. Vol. 40, pp. 145-180.

Gimel'farb, G., 1999. Image Textures and Gibbs Random Fields. Kluwer Academic Publishers:
Dordrecht.

Gross, S., and W.L. Steiger, 1979. Least absolute deviation estimates in autoregression with
infinite variance. Journal of Applied Probability. Vol. 6, pp. 768-783.

Kanter, M., and W.L. Steiger, 1974. Regression and autoregression with infinite variance.
Advancesin Applied Probability. Vol. 6, pp. 768-783.

Kuruoglu, E.E., P.JW. Rayner, and W.J. Fitzgerald, 1997. Least |p-norm estimation of
autoregressive model coefficients of a-stable distributions. IEEE Signal Processing Letters. Val. 4,
No. 7, pp. 201-203.

Kuruoglu, E.E., 2001. Density estimation of skewed a-stable distributions. |EEE Transactions on
Signal Processing, Vol. 49, No 10, pp. 2192-2201.

15



Kuruoglu, E.E., 2002. "Nonlinear Least Ip-norm Filters for Nonlinear Autoregressive a-Stable
Processes," Digital Sgnal Processing, Vol. 12, No. 1, pp. 119-142 .

Knight, K., 1987. Rate of convergence of centred estimates of autoregressive parameters for

infinite variance auto regressions. Journal of Time Series Analysis. Vol. 8, pp. 51-60.
Lévy, P., 1925. Calcul des Probabilités, Paris: Gauthier-Villars.

Mandelbrot, B., 1963. The Variation of Certain Speculative Prices. Journal of Business. Val. 36,
pp. 394-419.

Maruyama, G., 1970. Infinitely divisible processes. Theory of Probability and its Applications. Vol.
15, No. 1, pp. 1-22.

Nikias, C.L., and M. Shao, 1995. Signal Processing with a-Stable Distributions and Applications.
New Y ork: John Wiley & Sons.

Nolan, J.P., A. Swami, Eds.1999. Proceedings of Applications of Heavy Tailed Distributionsin
Economics, Engineering and Satistics, Washington, DC, 3-5 June 1999.

Pesquet-Popescu, B., and J. Pesquet, 1999. Bidimensional a-stable models with long-range
dependence. Proceedings of IEEE Workshop on Nonlinear Signal and Image Processing. Vol. 1,
pp. 199-203.

Samorodnitsky, G., and M. S. Tagqu, 1994. Sable non-Gaussian random processes. New Y ork:
Chapman and Hall.

Stuck, B.W., and B. Kleiner, 1974. A Statistical Analysis of Telephone Noise. Bell Systems
Technical Journal. Vol. 53, No. 7, pp. 1263-1320.

Swami, A. and B. Sadler, 1998. Parameter estimation for linear a-stable processes. |EEE Signal
Processing Letters, Val. 5, No.2, pp. 48-50.

Tsakalides, P, P. Reveitos, and C.L. Nikias, 2000. Scalar quantisation of heavy-tailed signals. IEE
Proceedings on Vision, Image and Signal Processing. Val. 5, No. 5, pp. 475-484.

16



