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ABSTRACT
We present the thermoelastic properties of the body-centered cubic tantalum calculated within the quasi-harmonic approximation (QHA)
and compare them with those given by the quasi-static approximation (QSA) and those measured experimentally. We find that the QHA
temperature dependent elastic constants (TDECs) follow the experiment very well from 5 K up to 500 K, and in this range of temperatures
are in better agreement with the experiment than the QSA TDECs. At higher temperatures, our QHA results are linear with temperature and
fail to follow the measured change in slope of C(T) and C44(T) that become parallel to the QSA results. We also present our QHA pressure
dependent elastic constants at 5, 300, 1000, and 1500 K.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0258989

I. INTRODUCTION

Tantalum, as a member of the refractory metals family (melt-
ing temperature TM = 3269 K), is known for its high corrosion
resistance and applications for electronics, environmental chemical
processing, and medicine.1 Tantalum is also a widely used com-
ponent of metallic alloys. Its thermodynamic properties have been
studied in detail, both experimentally2–4 and ab initio.5–9

Temperature dependent elastic constants (TDECs) of tanta-
lum present characteristic features such as a change of slope at high
temperature10,11 that have been the subject of extensive investiga-
tions. At room pressure, TDECs have been measured from 0 to 300 K
in Refs. 12–14. The range from 300 to 725 K has been reported
in Ref. 10, showing a linear dependence on temperature but with
a somewhat different slope with respect to the values measured
between 0 and 300 K. This change of slope has also been con-
firmed in Ref. 11, where the measurement has been extended from
300 K up to 3000 K. Pressure dependent elastic constants have been
measured at room temperature in Refs. 15 and 16, but no experimen-
tal information is available for the high-temperature, high-pressure
regime.

Pressure dependent elastic constants at 0 K calculated
ab initio17–19 are in reasonable agreement among themselves and
with the available experiments. TDECs have been computed within
the quasi-static approximation (QSA),20,21 and there are claims that
the QSA ECs can explain the anomalous temperature behavior
found in the experiment,21 in particular the minimum in the C44(T)
curve. TDECs of tantalum within the quasi-harmonic approxima-
tion (QHA) have been computed in Ref. 22, but phonons were
obtained with a model generalized pseudopotential theory (MGPT).
In this case, reasonable agreement with the experiment has been
found. Finally, QHA TDECs have been calculated within the PIC
model,23 but these calculations cover too large a range of temper-
atures and pressures to help the interpretation of the experimental
data at room pressure.

In several metals,24–27 we showed that the QHA is much more
accurate than the QSA in predicting the TDECs at room pressure.
QHA has also been found to be quite accurate in silicate miner-
als of geophysical interest (see, for instance, Ref. 28 and references
therein) and in oxides such as MgO.29,30 In this paper we present
a comparison of the QSA and QHA TDECs of tantalum and use
them to interpret the experimental data. Moreover, we present our
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QHA prediction for the high temperature–high pressure regime. We
include both the vibrational and the electronic excitation contri-
butions in the free energy, and we find that, on a large scale, the
QSA TDECs seem to be in better agreement with the experiment
than the QHA ones. On a closer examination, however, the QHA
accurately predicts the temperature variation of the combination of
elastic constants measured in experiments from 0 to ∼500 K, but
then fails to predict the change of slope found in experiments at
higher temperatures. Our QHA ECs do not present any anomalous
behavior: they decrease linearly with temperature at the same slope
observed until 500 K. These results may point to the existence of rel-
evant effects not accounted for by the QHA, such as the anharmonic
phonon–phonon interactions.

For completeness, the phonon dispersions and the thermo-
dynamic properties already available in the literature, such as the
thermal equation of state, thermal expansion, isobaric heat capacity,
and adiabatic bulk modulus calculated by density functional theory
using the local density approximation (LDA),31 the PBE,32 and the
PBEsol33 generalized gradient approximations, are presented in the
supplementary material.

II. THEORY AND COMPUTATIONAL DETAILS
The QHA, as implemented in the thermo_pw software, has

been discussed in previous publications.24–26,34–38 We refer to these
papers for the theory used in the present work. Here, we remind only
that within the QHA, the Helmholtz free energy of a solid is a func-
tion of temperature T and of the strain εij. It can be written as the
sum of three contributions,

F(εij , T) = U(εij) + Fph(εij , T) + Fel(εij , T), (1)

where U(εij) is the static energy, computed via density functional
theory (DFT), Fph(εij, T) is the vibrational free energy written in
terms of the phonon frequencies ωη(q, εij), and Fel(εij, T) is the elec-
tronic free energy computed within the rigid bands approximation
from the electronic density of states (see Ref. 25).

The isothermal QHA ECs are calculated from the second strain
derivatives of the free energy

C̃T
ijkl =

1
V

∂2F
∂εij∂εkl

∣
T

, (2)

correcting, at finite pressure, to obtain the stress–strain ECs,39

CT
ijkl = C̃T

ijkl +
p
2
(2δi,jδk,l − δi,lδj,k − δi,kδj,l). (3)

The second derivatives of the free energy are calculated as described
in Ref. 24, taking a subset of the volumes V i (used for computing
the thermal expansion) as equilibrium configurations. The ECs at
any other volume at temperature T and pressure p are obtained
by interpolation by a fourth-degree polynomial. Adiabatic ECs are
calculated from the isothermal ones as

CS
ijkl = CT

ijkl +
TVbijbkl

CV
, (4)

where bij are the thermal stresses

bij = −∑
kl

CT
ijklαkl, (5)

and CV is the isochoric heat capacity (see CP in the supplementary
material). For a cubic system, the linear thermal expansion tensor
is diagonal, and from the volume thermal expansion βV , we obtain
αkl = δklβV/3.

The calculations presented in this work are performed by
using DFT as implemented in the Quantum ESPRESSO package.40,41

The exchange and correlation functionals that we have consid-
ered are the LDA31 and the generalized gradient approximations
PBEsol33 and PBE.32 TDECs have been calculated only with the PBE
functional.

We employ the projector augmented wave (PAW)
method42 and a plane-wave basis with pseudopotentials from
pslibrary.43 We use Ta.pz-spn-kjpaw_psl.1.0.0.UPF,
Ta.pbesol-spn-kjpaw_psl.1.0.0.UPF, and Ta.pbe-spn-
kjpaw_psl.1.0.0.UPF for LDA, PBEsol, and PBE, respectively.
These pseudopotentials have the 5s, 5p, 5d, and 6s states in the
valence, while the other states are frozen in the core and accounted
for by the nonlinear core correction.44 For the wave function cutoffs,
we use 70 Ry, 80 Ry, and 90 Ry, while for the charge density we use
280 Ry, 320 Ry, and 360 Ry for LDA, PBEsol, and PBE, respectively.
The Fermi surface has been dealt with by a smearing approach45

with a smearing parameter σ = 0.02 Ry. With this smearing, the
Brillouin zone integrals converge with a 40 × 40 × 40 k-point mesh.

Density functional perturbation theory (DFPT)46,47 is used to
calculate the dynamical matrices on a 10 × 10 × 10 q-point grid.
These dynamical matrices have been Fourier interpolated on a
200 × 200 × 200 q-point mesh to evaluate the free-energy and the
thermodynamic quantities.

The harmonic and quasi-harmonic thermodynamic quantities
are calculated by the thermo_pw code.48 For quasi-harmonic calcu-
lations, the free energy and, therefore, the electronic density of states
and the phonon dispersions are calculated in NV = 17 geometries
with lattice constants from a0 − 1.2 a.u. to a0 + 0.4 a.u. in steps of
Δa = 0.1 a.u., where a0 is the equilibrium 0 K lattice constant (see
Table I).

QHA TDECs have been calculated on six geometries from
N i = 9 to N i = 14. TDECs at higher pressures could not be computed
for the presence of imaginary frequencies in some distorted configu-
rations. At geometry N i = 9, the pressure is about 700 kbar, so QHA
ECs should be reliable in the range of pressures presented here.

All calculations have been performed on the Leonardo
supercomputer at CINECA with a GPU optimized version of
thermo_pw.49

III. RESULTS AND DISCUSSION
We report in Table I the equilibrium lattice constants, bulk

moduli, and pressure derivatives of the bulk moduli obtained as
parameters of a fourth-order Birch–Murnaghan interpolation of the
static energy and compare them with a few selected values from pre-
vious calculations and experiments. In order to estimate the thermal
effects, we also report the parameters obtained by interpolating the
Helmholtz free energy at 295 K. Taking the all-electron calculation
of the lattice constants of Ref. 50 as reference, our PAW values are
smaller than 0.2% with all functionals. With respect to the exper-
iment of Ref. 4, corrected for zero point and temperature effects
by subtracting 0.013 a.u. that gives 6.232 a.u., the errors of LDA,
PBEsol, and PBE are −1.3%, −0.6%, and 0.5%, respectively. Taking
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TABLE I. Equilibrium lattice constants (a0), the bulk moduli (BT), and the pressure
derivatives of the bulk moduli (B′T) of tantalum calculated in this work compared with
previous calculations and with experimental data (in the experiment, BS is measured
at 300 K. At 0 K, BS and BT have the same value).

T (K) a0 (a.u.) BT (kbar) B′T

This study LDA 0 6.140 2165 3.51
295 6.152 2100 3.70

PBEsol 0 6.192 2072 3.47
295 6.205 2007 3.64

PBE 0 6.264 1948 3.53
295 6.277 1902 3.60

Calc.50 LDA 0 6.155
PBEsol 0 6.208

PBE 0 6.280
Calc.23 PBE 0 6.100
Calc.5 PBE 0 6.293 1944 3.06
Expt.4 300 6.245 1947 3.4
Expt.12 0 1942

300 6.247 1919
Expt.13 0 1964

300 1939

as the experimental value of the bulk modulus 1942 kbar reported by
Ref. 12, the errors of LDA, PBEsol, and PBE are 11%, 7%, and 0.3%.
All functionals overestimate the bulk modulus, but PBE is quite close
to the experimental value.

In Table II, we report the calculated elastic constants at the
equilibrium 0 K lattice constant. Assuming as 0 K experimental val-
ues C11 = 2663 kbar, C12 = 1582 kbar, and C44 = 874 kbar of Ref. 12,
the LDA errors are 358 kbar (13%), 161 kbar (10%), and −164 kbar
(−19%); the PBEsol errors are 199 kbar (7%), 91 kbar (6%), and

−119 kbar (−14%); while the PBE errors are −16 kbar (−0.6%),
13 kbar (0.8%), and −134 kbar (−15%). With the exception of
C44, for which the three functionals have similar errors, the PBE
functional is the closest to the experimental values.

As we have shown in a previous paper,26 the temperature
dependence of the ECs is not strongly influenced by the exchange
and correlation functional that instead can change the 0 K values.
Therefore, in the following, we limit the calculations of the TDECs,
which are numerically heavy, to the PBE functional.

After computing the PBE TDECs, we can estimate the zero
point motion (ZPM) effects on the elastic constants for this func-
tional. The effect is not large but not totally negligible, as shown in
Table II and as already pointed out in the literature for other systems
with lighter atoms.28 Assuming the same change also for the other
functionals, the LDA errors become 311 kbar (12%), 133 kbar (8%),
and −179 kbar (−20%); the PBEsol errors become 152 kbar (6%),
63 kbar (4%), and −134 kbar (−15%); while the PBE errors become
−63 kbar (−2%), −15 kbar (−0.9%), and −149 kbar (−17%). In
Table II, we report, for comparison, the 300 K values of the adiabatic
elastic constants as well. At this temperature the thermal decreases
are comparable to those due to ZPM.

In Fig. 1, we report the 0 K ECs calculated as a function of pres-
sure. At room pressure we find dC11

dp = 4.9, dC12
dp = 3.1, and dC44

dp = 1.0

to be compared with the experimental values dC11
dp = 5.1, dC12

dp = 3.14,

and dC44
dp = 0.995 from Ref. 16. Our data are in good agreement with

Ref. 17. C11 and C12 are also in good agreement with Ref. 19, while
our C44 value is above this reference.

In Fig. 2, we compare the QSA adiabatic TDECs with the exper-
iment and with the previous PBE calculation of Ref. 20. The two
calculations are in substantial agreement, with slightly different val-
ues of the 0 K ECs. On the scale of this figure, the QSA ECs follow
well the experimental results of Ref. 10 and Ref. 11 since the QSA
TDECs have a slope that agrees with the high temperature slope
of the tantalum ECs. Passing from 5 to 2000 K, the decrease is

TABLE II. Elastic constants calculated with the different functionals compared with the experiment and two previous calcula-
tions. B, E, G, and ν are the bulk modulus, the Young’s modulus, the shear modulus, and the Poisson’s ratio, respectively.
ZPM indicates that zero point motion effects have been included.

T (K) a0 (a.u.) C11 (kbar) C12 (kbar) C44 (kbar) B (kbar) E (kbar) G (kbar) ν

LDA 0 6.138 3021 1743 710 2169 1849 681 0.358
PBEsol 0 6.189 2862 1673 755 2069 1853 686 0.351
PBE 0 6.262 2647 1595 740 1946 1743 645 0.351
PBE 0 + ZPM 6.268 2600 1567 725 1911 1710 633 0.351
PBE 300 6.278 2540 1548 674 1878 1617 596 0.357
PBE17 0 6.253 2650 1590 740 1943 1748 647 0.350
GGA19 0 6.357 2636 1600 514 1945 1421 515 0.378
Expt.12 0 2663 1582 874 1942 1924 721 0.335
Expt.13 0 2701 1595 873 1964 1941 727 0.335
Expt.11 0 2665 1582 873 1943 1924 721 0.335
Expt.12 300 2609 1574 818 1919 1826 680 0.341
Expt.10 300 2602 1544 826 1897 1848 691 0.338
Expt.16 300 2661 1610 824 1960 1847 688 0.343
Expt.15 300 2536 1627 719 1930 1627 598 0.359
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FIG. 1. T = 0 K elastic constants C11, C12, and C44 as a function of pressure
calculated within PBE compared with the experiment15 (orange squares). As a
reference, we also report previous calculations of the PBE results of Ref. 17 (blue
diamonds), Ref. 19 (red circles), Ref. 18 (yellow triangles), and Ref. 51 (cyan
squares).

FIG. 2. Comparison of the PBE adiabatic QSA elastic constants C11, C12, and C44
(continuous blue line) as a function of temperature with experiments from Ref. 12
(red dots), Ref. 11 (yellow dots), Ref. 13 (light blue diamonds), and Ref. 10 (cyan
dots). Dashed lines indicate the isothermal elastic constants. The dotted red line
is the PBE QSA calculation of Ref. 20.

ΔC11 = 298 kbar (11%), ΔC12 = 7 kbar (0.4%), and ΔC44 = 169 kbar
(22%), compared to the experimental values from Ref. 11:
ΔC11 = 408 kbar (15%), ΔC12 = 102 kbar (6%), and ΔC44 = 188 kbar
(22%). For comparison, we also report the calculated isothermal
ECs, which decrease more rapidly than the adiabatic ones since the
correction term due to thermal stresses in Eq. (4) is positive.

The QHA adiabatic ECs are shown in Fig. 3 and compared
with the experimental results. The QHA ECs decrease with temper-
ature more than the QSA ones. Passing from 5 to 2000 K, we have
ΔC11 = 595 kbar (22%), ΔC12 = 260 kbar (16%), and ΔC44 = 423
kbar (57%). Therefore, in this extended temperature range, the QSA
ECs are in better agreement with the experiments than the QHA
ECs.

A comparison of the QSA and QHA TDECs is presented
in Fig. 4. In this figure, we have limited the temperature from
0 to 1200 K, a range where the QHA is expected to be a good
approximation. The difference between the two approximations is
not large, but still the QHA seems to worsen the agreement with

FIG. 3. Comparison of the PBE adiabatic QHA elastic constants C11, C12, and C44
(continuous blue line) as a function of temperature with experiments from Ref. 12
(red dots), Ref. 11 (yellow dots), Ref. 13 (light blue diamonds), and Ref. 10 (cyan
dots). Dashed lines indicate the isothermal elastic constants.

FIG. 4. Comparison of the PBE QSA (dashed blue line) and QHA (solid blue line)
elastic constants C11, C12, and C44 as a function of temperature. The experiments
are from Ref. 12 (red dots), Ref. 11 (yellow dots), Ref. 13 (light blue diamonds),
and Ref. 10 (cyan dots). The green dots represent the PBE results of Ref. 23. The
dashed orange line is the calculation of Ref. 22.

the experiment. For comparison, we also report the QHA calcula-
tion of Ref. 22. These data follow our QSA calculation better than
the QHA one.

In order to better interpret the results, we present in Figs. 5–7
the combination of elastic constants C = 1

2(C11 + C12 + 2C44),
C′ = 1

2(C11 − C12), and C44 after subtracting their 0 K value. These
combinations are measured in the experiment, while the elastic con-
stants themselves are derived from them. We plot both the QSA and
the QHA results. The QHA C and C44 closely follow the experimen-
tal data from 0 K to about 500 K but fail to predict the change in slope
measured in the experiment at higher temperatures. QHA C′, on the
other hand, is in agreement with the experiment across the entire
temperature range, while QSA C′ is higher. In these figures, we also
report the QSA results from Ref. 21, which are in good agreement
with our QSA results. In the supplementary material, we report sim-
ilar pictures for C11 = C + C′ − C44 and C12 = C − C′ − C44. At low
temperatures, these curves are more challenging to interpret, and the
situation remains unclear, while at higher temperatures, the slope
continues to align with that predicted by QSA, as already illustrated
in Fig. 4.
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FIG. 5. PBE adiabatic QSA (dashed line) and QHA (continuous line) combinations
of elastic constants C = 0.5(C11 + C12 + 2C44) as a function of temperature after
subtracting the T = 0 K value. The function is compared with experiments from
Ref. 12 (red dots), Ref. 11 (yellow dots), Ref. 13 (light blue diamonds), and Ref. 10
(cyan dots).

FIG. 6. PBE adiabatic QSA (dashed line) and QHA (continuous line) combina-
tions of elastic constants C′ = 0.5(C11 − C12) as a function of temperature after
subtracting the T = 0 K value. The function is compared with experiments from
Ref. 12 (red dots), Ref. 11 (yellow dots), Ref. 13 (light blue diamonds), and Ref. 10
(cyan dots). The QSA results of Ref. 21 are also shown (green dots).

FIG. 7. PBE adiabatic QSA (dashed line) and QHA (continuous line) C44 elastic
constants as a function of temperature after subtracting the T = 0 K value. The-
ory is compared with experiments from Ref. 12 (red dots), Ref. 11 (yellow dots),
Ref. 13 (light blue diamonds), and Ref. 10 (cyan dots). The QSA results of Ref. 21
are also shown (green dots). The orange dashed line shows the results of Ref. 22.

FIG. 8. QHA adiabatic elastic constants C11, C12, and C44 as a function of pressure
calculated within PBE at 5 K (red line), 300 K (green line), 1000 K (blue line), and
1500 K (yellow line). The orange squares represent the experimental data of Ref.
15 measured at room temperature.

Finally, we present in Fig. 8 the adiabatic QHA elastic constants
as a function of pressure at different temperatures: 5, 300, 1000,
and 1500 K. Except for the room temperature data from Ref. 15,
which are in reasonable agreement with our calculations, we have
not found any other experimental data at higher temperatures to
compare with our results.

IV. CONCLUSIONS
We presented the QHA TDECs of tantalum calculated within

the PBE exchange and correlation functional, and we compared
them with the QSA TDECs. QHA gives a better agreement with
the experiment than QSA at low temperatures, up to 500 K,
for the quantities C, C′, and C44 that are measured in experi-
ments. At high temperatures, experiments show a change of slope
of the temperature dependent curves that is not reproduced by
our calculations. When comparing C11 and C12, the situation
is less clear at low temperatures, and across a large tempera-
ture range from 0 to 2000 K, the QSA TDECs appear closer
to experimental results than the QHA ones. None of the two
approximations, however, predict the change of slope measured in
experiments.

We also presented the pressure dependent QHA elastic con-
stants both at 5, 300, 1000, and 1500 K that could be compared
with the experiment only at 300 K. We hope that these data will
stimulate a measurement of the tantalum ECs at high tempera-
ture and pressure, a piece of information still missing from the
literature.

SUPPLEMENTARY MATERIAL

The supplementary material contains the calculated phonon
dispersions, the thermal equation of state, thermodynamic prop-
erties already available in the literature, and additional elastic
constants plots.
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