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Abstract

Many algorithms for quadratic 0-1 programming find a global solution by
searching some or all the local solutions of the problem. In this paper we present

some necessary and/or sufficient conditions for global optimality of local optima

in quadratic 0-1 programming.
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1. Introduction and notations
Consider the quadratic 0-1 minimization problem
(1) min f(x) s.t. xe B"= {0,1}" ,

where f(x) = xTCx + q'x, CeR™" and qeR™. Any unconstrained
minimization problem in 0-1 variables, as well as many other problems in
combinatorial optimization, can be rather naturally formulated as (1) (see [3,5] ).
Unfortunately, (1) is an NP-hard problem [1] and therefore it is not easy to
solve when n is large. One of the difficulties involved in its solution is due to
the fact that in general f may have many local minima over B™ that are not
global (see [6] ). However, f has only one local minimum, which is obviously
global, when it belongs to some special class of functions [4] .

Let us mention that from a complexity viewpoint it is not yet clear weather
the problem of finding a local minimum for f is polynomial, but in practice a
simple greedy algorithm may be employed to compute a local minimum in a quite
efficient manner [2,7] .

If a local minimum point for f is available, the question arises weather it is
also a global minimum. Also for this problem the theoretical complexity is not
known. However, in the following section we will present some necessary and/or
sufficient conditions which may be employed for testing global minimality of a
local minimum point for f over B".

Let us now introduce some notations and some preliminary remarks. Let I

denote the set of indices {1, ... ,;n}. Given two points x,ye B® the Hamming
distance d"(x,y) between them is equal to the number of indices iel such that

x;#y; . Apoint xeB" is called a k-local minimum point for f if f(x) <f(y),

for every yeB" suchthat d"(x,y)<k. If k=1, then x is called simply a




0.
local minmum point. Note that an n-local minimum point is obviously a global

minimum point for f over B". With every point xeB" we associate the point

x'e {-1,1}® such that X, =1-2x%x, for k=1, ... ,n. Furthemore, we define

k

x*=x+x'\e , where e_ isthe k™" unit vectorin R" , for k=1,...n.

The discrete first order derivatives of f are defi,ned as follows

d (x) = fx-f(x), k=1,..,n.

It is trivial to see that x is a local minimum for f if and only if d, (x) 20 for

every k. Let x,yeB" andset S= {iel:x,#y, ] . Then,

2) f(y) - f(x) = %Sdi(x) + n,jé:s c;j X'y X'}

2. Necessary and sufficient conditions for global optimality

If xeB" is a k-local minimum point for f for some k <n, then clearly x
is an h-local minimum point for every h <k . In particular, if x is a solution of
(1) , then x 1is a k-local minmum point for every k < n . In the next

proposition we present a necessary condition for k-local minimality of x .

Proposition 1

If xeB" is a k-local minimum point for f, then for every 2 < h<k the

following relation holds :

D) 5
b= (k-1) icS ’(X) )

i,je

(3) dSc<1I suchthat ISI=h and SCin'iX" > -

Proof

Assume on the contrary that for some h <k andforevery Scl with




[S1=h one has

ije

_— h-1
Zscijxixj <- =y iEsti(x) .

Take any set T suchthat TcI and ITlI=k. Then

k-2\"1
> cpXxyx'y = 2 X cpxix' <
ijeT U J h-2 ScT ijes Y J
181=h

1 (k-2y! 1 /k2\ L /k-1
< Bl ( ) X X d®x) = - _13._1< > ( l)zdi(x)z-'z dx).
-1 \h-2 |§CI ieS k-1 \h-2 h-1/ieT ieT

Ifweset y= x+ kZTx'kek , then the above inequality implies f(y) < f(x),

contradicting the k-local minimality of x . a

Corollary 2

A point xeB" is a global minimum point for f over B" if and only if x isa

local minimum point and satisfies (3) forevery 2<h<k<n.

Proof
The necessity of (3) is a trivial consequence of proposition 1 . On the other
hand, if (3) holds forevery 2<h=k<n, then (2) implies that x is a global

minimum point for f. QO

We now present a condition that guarantees k-local minimality of an h-local

minimum point with h <k .

Proposition 3

Let x be an (h-1)-local minimum point for f over B! for some h > 2 and
take k>h. If




-

4 2 c--x'ix'j > - —E;l 2 dx) , VScI suchthat ISI=h,
, k-1 ieS

then x isa k-local minimum point for f on BR.

Proof
Let y be any point in B" such that d¥(x,y)=m <k andset T = {iel: X, # Y.}

If m<h-1,then f(y)>f(x) because x 1is an (h-1)-local minimum. Hence we

assume that m 2h . Taking into account (4), the following relations hold

m-2\"1
G XX = (h-Z) sZh s XN 2
ISi=h
1 /m-2\"1 1 /m-2\"1 /m-1
> L ) = 1 )( )Zdi(x>=
k-1 \h-2 ISST:_T] ie$S k-1 \ h-2 h-1/1T
m-1

= g;r d(x) = ZT di(x) .
Hence, by (2)
fy)2f(x). O

Corollary 4

If x isan (h-1)-local minimum for f over B" forsome h=2 and (3) holds

with k =n, then x is a global minimum point for f over B".

Corollary 5
Under the assumptions of proposition 3 , if 2;4 X;=p<m, then x isa global
i€
minimum point for f over the set K_ = {xe B ZI x;<m } forevery m such
i€

m

that min {m+p,n} <k.
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Proof

It is sufficient to observe that the assumption on m implies dY(x,y) <k for

every yeK_ . O

Note that if x is an (h-1)-local minimum point, then (4) holds with k =h
if and only if x is an h-local minimum. This trivially implies that x is a
k-local minimum for f over B™ if and only if the hypothesis of proposition 3
holds for some h <k . However, when h is fixed and k >h, condition (4) is
only sufficient for the k-local minimality of x .

It is easy to check that, even if h=n, conditions (3) and (4) can be tested
in polynomial time for any fixed k . However, the number of operations reqired
increases exponentially with h . Hence, these conditions may be practically useful
only for small values of h .

Note also that if (4) does not hold for every set Sc 1, it may still be valid

forall ScJ, where Jc 1. In such a case, if x is an (h-1)-local minimum on
the subcube B";(x) = {yeB": ¥;=X;, Viel] }, we can clearly conclude that x is

a k-local minimum on the same subcube. This remark may be employed in a
branch-and -bound algorithm for solving (1) .
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