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SUMMARY

Stemming from a consulting project about a gas distribution network, a new, Bayesian model is proposed
to describe failures in a complex, expanding over time, repairable system, which is split into components
installed over different years. Both exchangeable and independent Poisson processes, homogeneous in
space but not in time, are used to model the components. The model takes also into account missing data,
due either to unrecorded early failures or unknown installation dates of failed parts.
Actual escape data from a gas distribution network illustrate the implementation of the model, which

relies on the use of Markov chain Monte Carlo methods. Copyright # 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Repairable systems subject to minimal repair retain the same reliability level that they had
before the failure, namely of a small component. This condition is commonly called ‘bad-as-old’
or ‘same-as-old’. Failures of repairable systems are often described by means of non-
homogeneous Poisson processes (NHPP), mainly the Power Law process (PLP); see, e.g.
Rigdon and Basu [1] and the references therein.

The paper arises from a consulting project in which failures are considered in an expanding
city network of gas pipes, but we address the problem from a more general point of view. We
propose a model for complex systems with identifiable components which function
independently and are repairable systems themselves; components can be added and removed
at any time and failures of each component are modelled by an NHPP. Data are given by both
failure times and installation dates of failed parts. We assume that not all the data are available
since the system inception. Installation dates could be unknown for some recorded failures. We
also model situations where failures prior to a given time are either unknown (left-truncated
data) or known only up to their number (left-censored data). Engelhardt et al. [2] have
considered, from a frequentist point of view, left-truncated and left-censored data for a single
NHPP.
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We consider two alternative parameterizations. First, we focus on systems with virtually
identical components, which differ only in size and installation time, but perform identical tasks;
then it seems appropriate to consider the same NHPP with identical parameters for each one of
them. Second, we allow for individual differences among similar components, maybe due to
some unobserved environmental influence; then it is reasonable to assume exchangeability of
parameters with the same meaning within each NHPP.

The motivating example, based on gas-escapes in a city distribution network, is described in
Section 2. After introducing and examining the model for general systems in Section 3, where we
also explain how to deal with left-truncated and left-censored data, we illustrate in Section 4
the two above-mentioned alternative parametrizations, using a PLP for each component. The
existence of some relevant expected values as functionals of the posterior density of the
parameters is studied in Section 5. Based upon Markov chain Monte Carlo (MCMC) methods,
analyses of actual gas escapes are presented in Section 6, whereas Section 7 contains some
concluding remarks.

2. GAS ESCAPES IN A DISTRIBUTION NETWORK

As our motivating example, we are interested in making forecasts about future gas escapes
(failures) from the steel pipelines of a gas distribution network in a well-known European city,
with more than one million inhabitants. Steel pipelines have very strong mechanical properties
(failures are very rare), but they are easy prey for corrosive agents unless they are correctly
protected. In the case under examination, the number of failures of the steel pipelines due to
corrosion is very small (33 failures in the period 1978–1997 over a network of 275 km as of
1997). The cumulative effect of possible ageing of the protection and corrosion makes older
portions of the network less reliable. Then it is reasonable to subdivide the life span of the
network into suitable intervals (e.g. years) and regard all the pipes laid in the same time-interval
as one component of the system. If these subnetworks are sufficiently large, they can be
considered as subsystems subject to minimal repair, and their failures can be separately
modelled by different NHPPs. If we suppose that the technical properties of the newly installed
pipes are not changing over time, then the NHPPs are assumed to be independent with the same
parameters; if we allow for changes over time, then it is convenient to assume the NHPPs to be
exchangeable, i.e. with different parameters but drawn from the same distribution. Furthermore
the length of the network is increasing over time and we assume, for simplicity, the increase
occurs at the same time each year (the unit of time we use to subdivide the network into
subnetworks). Finally, we have to deal with missing information, represented by the unrecorded
installation date of some failed pipes (i.e. pipes in which the escape occurred) and the incomplete
information about unrecorded failures before 1978. In the former case we allocate gas escapes to
subnetworks according to a probability distribution, whereas in the latter we use methods for
left-truncated data, supported by the literature on Poisson processes.

3. A POISSON PROCESS FOR COMPLEX SYSTEMS

3.1. Generalities

Consider a complex system composed of several repairable components which function
independently. The system can be either static or dynamic. In the latter case old parts of
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components can be removed without being replaced, and new components can be added at any
time.

Suppose that data on the system have been collected up to time T ; and let S be a set
containing the indices s1; . . . ; sr (denoting, e.g. the year of installation of each subnetwork in the
gas example) of all the r components that are in the system at T or have been in it before T ;
let also s denote a generic element of S: The failures of each component follow a (possibly non-
homogeneous) Poisson process with intensity function lsðt; ysÞ; s 2 S; where t denotes time and
ys is a vector of parameters. Each intensity function lsðt; ysÞ is zero before the installation of the
component s and after its possible removal.

Many situations are possible depending on the characteristics of the system under
examination: the components can perform different operations, and thus be subject to different
types of failures, or they can be identical units with minor differences only. In the first case it is
appropriate to have different intensity functions with different parameters, whereas in the
second one the intensity functions would have the same functional form and would differ only
for a subset of the ys’s or for some known constant (for example, one that is related to the size of
the component).

Nevertheless, the problem of allocation of the observed failures to the different components
can be dealt with regardless of the system configuration.

If n failures have been observed in ½0; T �; let ðxi; diÞ; i ¼ 1; . . . ; n; be the pair of the (ordered) ith
failure time and the index (e.g. the installation date of the gas pipe) of the failed component,
respectively (so di 2 S). Let y denote the vector of different parameters within fys; s 2 Sg; and
set x ¼ ðx1; . . . ; xnÞ and d ¼ ðd1; . . . ; dnÞ: When d is known, the likelihood function for y is, by
independence, the product of the likelihood functions for each component:

Lðy; x; dÞ ¼
Yn
k¼1

ldk ðxk; ydk Þ

" #
exp �

Xr
i¼1

Z T

0

lsi ðt; ysiÞ dt

( )
ð1Þ

Then, given a prior density pðyÞ; Bayesian inference can be performed using the posterior density

pðy j x; dÞ / Lðy; x; dÞpðyÞ

Suppose now that a subset of d is missing (e.g. the installation date of a failed pipe), and
define the subvectors dðuÞ and dðoÞ of unobserved and observed component indicators
accordingly. Then we can treat dðuÞ as an additional unknown parameter by including it within
the posterior density. If the components of dðuÞ are independent and identically distributed with
prior probability mass function pðsÞ; s 2 S; the new posterior can be written as

pðy; dðuÞ j xÞ / Lðy; dðuÞ; x; dðoÞÞpðyÞ
Y
k2Iu

pðdkÞ ð2Þ

where Iu is the set of indices of the missing elements of d: If dðuÞ is not a parameter of interest, the
relevant posterior density is obtained by marginalization:

pðy j xÞ /
Y
k2Io

ldk ðxk; ydk Þ

" #
exp �

Xr
i¼1

Z T

0

lsiðt; ysi Þ dt

( )
pðyÞ

�
Xsr
dk¼s1
k2Iu

Y
k2Iu

ldk ðxk; ydk ÞpðdkÞ ð3Þ
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The second line in (3) can also be written as

Y
k2Iu

Xr
i¼1

lsi ðxk; ysiÞpðsiÞ

so, if pðsÞ ¼ 1=r; s 2 S; and the entire d is unobserved, the posterior for y becomes

pðy j xÞ /
Yn
k¼1

Xr
i¼1

lsiðxk; ysiÞ

" #( )
exp �

Xr
i¼1

Z T

0

lsiðt; ysi Þ dt

( )
pðyÞ ð4Þ

The right-hand side of (4), neglecting pðyÞ; is the likelihood function of a Poisson process with
intensity function

lðt; yÞ ¼
Xr
i¼1

lsiðt; ysi Þ ð5Þ

resulting from the superposition of r independent Poisson processes. If the ys’s parameters are
all different and independent, so that y ¼ ðys1 ; . . . ; ysr Þ; and pðyÞ is factorized as

Q
s psðysÞ; the

posterior density (4) coincides with the model by Yang and Kuo [3], which is thus a particular
case of our formulation, although from a different perspective. Those authors seek to estimate
the parameters of a superposed Poisson process; in order to express conveniently the posterior
density of y; they introduce the indicator variables di; i ¼ 1; . . . ; r; imposing that a posteriori they
are independently distributed as

pðdi j y; xÞ ¼
ldi ðxi; ydiÞPr
k¼1 lsk ðxi; ysk Þ

di 2 S ð6Þ

This preserves the marginal posterior for y and gives (2) as the joint posterior of ðy; dÞ; with the
advantage that a Gibbs sampler is easily implemented on the enlarged parameter space ðy; dÞ: Of
course, when the prior pðdkÞ is uniform over S; we also obtain the same posterior for dk ; k 2 Iu:

3.2. Truncated and left-censored data

Our model can be adapted to the case of truncated and left-censored data as in Engelhardt et al.
[2], who examine the case of a PLP in a frequentist framework. Data are truncated if nothing is
known about the failures prior to time t5T (before 1978 in the gas example) and x is observed
in ½t; T �: Then, by standard results in the theory of Poisson processes, the likelihood function for
y with known d is

Lðy; x; dÞ ¼
Yn
k¼1

ldk ðxk; ydk Þ

" #
exp �

Xr
i¼1

Z T

t
lsiðt; ysi Þ dt

( )
ð7Þ

where we recall that if component si has been in the system only during ½tðiÞ1 ; tðiÞ2 �; then lsiðt; ysiÞ
vanishes outside this interval, and in particular within ½t; T � \ ½tðiÞ1 ; tðiÞ2 �: The presence of truncation
does not involve d; so that the treatment of the components indicators is unchanged.

Data are left-censored when we know only that m failures have occurred prior to t and x is
observed in ½t; T �: By the independence of increments in the Poisson process, the likelihood
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function for y for known d is

Lðy;m; x; dÞ ¼ exp �
Xr
i¼1

Z t

0

lsiðt; ysi Þ dt

( ) Xr
i¼1

Z t

0

lsiðt; ysiÞ dt

" #m
1

m!

�
Yn
k¼1

ldk ðxk; ydk Þexp �
Xr
i¼1

Z T

t
lsiðt; ysi Þ dt

( )
ð8Þ

where the first line is derived from the assumption that the intensity function is (5), that is, the
unknown installation dates for the first m failures have a uniform prior over S and they have
been summed out.

If we had observed, jointly with m; how the failures were allocated to the components of the
system, the sample space could be enlarged to also include

ðm1; . . . ;mr�1;mrÞ; mr ¼ m�
Xr�1

i¼1

mi

where mi; i ¼ 1; . . . ; r; is the number of times component i failed. For notational simplicity we
have also written those mi that are structurally zero, because they correspond to components not
yet installed before t: The likelihood function for the enlarged sample space, after performing
the product of the two exponential functions in (8), is

Lðy;m;m1; . . . ;mr; x; dÞ ¼
Yr
i¼1

R t
0 lsiðt; ysiÞ dt

� �mi

mi!

Yn
k¼1

ldk ðxk; ydk Þ

� exp �
Xr
i¼1

Z T

0

lsi ðt; ysiÞ dt

( )
ð9Þ

When an intensity function is zero above all ½0; t�; the corresponding 00 factor that appears
within the first product in (9) will take value 1. By the properties of the multinomial distribution,
it can be shown that summing (9) over the admissible values of ðm1; . . . ;mrÞ gives back the
marginal likelihood (8). Now, as was done for d with the uncensored sample, we can assign a
uniform prior to ðm1; . . . ;mrÞ; so that the sampling distribution (8) is preserved after summing
ðm1; . . . ;mrÞ out, and obtain a posterior density for the augmented parameter space pðy; dðuÞ;
m1; . . . ;mr jm; xÞ where all the ys parameters appear in different factors. Again, this makes it
easier to implement an MCMC algorithm to approximate functionals of pðy j x;mÞ; without
additional difficulties for the treatment of d which appears in the likelihood function without
modifications.

4. POWER LAW PROCESS

We consider now a special case of the general model introduced in Section 3, suitable to describe
gas-escapes in the distribution network.

Here the subnetworks will be identified by S ¼ fs1; . . . ; srg; the set of their installation dates.
For each subnetwork we consider a Poisson process which is homogeneous in space and non-
homogeneous (namely, a PLP) over time. Its intensity function is, for all s 2 S;

lsðt; ysÞ ¼ lsMsbsðt � sÞbs�1I½s;þ1ÞðtÞ; Ms; bs; ls > 0 ð10Þ
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where ys ¼ ðMs;bsÞ; ls is the length of subnetwork s; and I½s;þ1Þð�Þ is the indicator function of the
interval ½s;þ1Þ: Recorded failure times are in the x vector, and some elements of d; that is, the
subnetworks to which the failed pipes belong, may be missing.

In Section 4.1 we consider the case of identical steel pipes installed over time, and we assume
bs ¼ b and Ms ¼ M for all s: Conversely, in Section 4.2 ðbs1 ; . . . ;bsr Þ and ðMs1 ; . . . ;Msr Þ will be
considered a priori exchangeable, so that unobserved individual features of the subnetworks can
be modelled.

4.1. Equal intensity functions

With Poisson intensity (10), bs ¼ b; and Ms ¼ M for all s; from (1) and (2), we obtain the
following posterior density on the enlarged space of parameters and missing dates dðuÞ:

pðM ; b; dðuÞ j xÞ /Mnbn
Y
k2Io

ldk ðxk � dkÞ
b�1 exp �M

Xr
i¼1

lsiðT � siÞ
b

( )

�
Y
k2Iu

pðdkÞldk ðxk � dkÞ
b�1Iðdk ;þ1ÞðxkÞpðM ;bÞ ð11Þ

where pðM ;bÞ denotes the prior density of ðM ;bÞ:
Now take M and b to be independently gamma distributed: M � Gðq1; mÞ; and b � Gðq2; nÞ;

and also consider pðsÞ to be uniform overS; then the full conditional densities of dk ; k 2 Iu; from
(6), and M are:

pðdk j x;bÞ ¼
ldk ðxk � dkÞ

b�1Pr
i¼1 lsi ðxk � siÞ

b�1Iðsi;þ1ÞðxkÞ
; dk4xk

M j b; n � Gðnþ q1; mþ
Xr
i¼1

lsiðT � siÞ
bÞ

The full conditional density of b is unavailable in closed form, so the transition kernel of a
Metropolis-Hastings algorithm for the simulation of dependent samples from the posterior can
be implemented as the sequence of the following steps: (1) update b with an accept/reject
Metropolis step; (2) update M by sampling from its full conditional; (3) update each missing
date dk ; k 2 Iu; by sampling from its full conditional. The updates of M and dðuÞ may be done in
parallel.

4.2. Exchangeable parameters

Now assume that the parameters of the PLPs are partially exchangeable and that the scale and
shape parameters are a priori independent:

pðM1; . . . ;MrÞ ¼
Z Yr

i¼1

m e�mMipðmÞ dm

pðb1; . . . ;brÞ ¼
Z Yr

i¼1

n e�nbipðnÞ dn

pðM1; . . . ;Mr; b1; . . . ; brÞ ¼ pðM1; . . . ;MrÞpðb1; . . . ;brÞ
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We have made the following simplifications: we have setMsi ¼ Mi; and bsi ¼ bi; for all i; we have
also set q1 ¼ q2 ¼ 1; to avoid assigning hyperpriors to these parameters, besides those for m and
n: To keep things simple we consider both m and n independently and exponentially distributed,
with parameters r1 and r2; respectively.

To simplify notation, set M ¼ ðM1; . . . ;MrÞ and b ¼ ðb1; . . . ;brÞ: The prior density of ðM; bÞ
can be written in closed form:

pðM; bÞ ¼ r1r2
r!

r1 þ
Pr

i¼1 Mi
� �rþ1

r!

r2 þ
Pr

i¼1 bi
� �rþ1

Now, combine this result with (1) and (2), denote by Is the set of indices of the failures that
occurred in network s; and let jIs j be the cardinality of Is: Then the posterior distribution of
ðM; b; dðuÞÞ is as follows:

pðM; b; dðuÞ j xÞ /
Yr
i¼1

ðMibiÞ
j Isi j

Y
k2Io

ldk ðxk � dkÞ
bdk�1exp �

Xr
i¼1

MiliðT � siÞ
bi

( )

�
Y
k2Iu

pðdkÞldk ðxk � dkÞ
bdk�1Iðdk ;þ1ÞðxkÞpðM; bÞ ð12Þ

where li ¼ lsi ; for all i; and the dependence of Isi on dðuÞ is not explicitly indicated for notational
convenience. From (12), the only available full conditional distributions are those of dk; then, a
possible MCMC algorithm would require a Metropolis step for each Mi and each bi; with an
acceptance ratio involving all the other Mi’s and bi’s, respectively.

Alternatively, one might implement the MCMC sampler for the distribution on the
augmented state space of ðM; b;m; nÞ; which is obviously obtained from (12) after substituting
pðM; bÞ by pðM; b j m; nÞpðm; nÞ: Then, for uniform pðsÞ over S; the following full posterior
densities are available in closed form:

pðMi j x;bi;m; d
ðuÞÞ ¼ GðjIsi j þ 1; liðT � siÞ

bi þ mÞ; i ¼ 1; . . . ; r

pðm jMÞ ¼ Gðr þ 1;r1 þ
Xr
i¼1

MiÞ

pðn j bÞ ¼ Gðr þ 1; r2 þ
Xr
i¼1

biÞ

pðdk j x;M; bÞ ¼
ldkMdkbdk ðxk � dkÞ

bdk�1Pr
i¼1 liMibiðxk � siÞ

bi�1Iðsi ;þ1ÞðxkÞ
; dk4xk ; k 2 Iu

(see (6) for the last line). Besides, the acceptance probability for the update of bi; i ¼ 1; . . . ; r;
with a Metropolis step simplifies considerably, because the ratio between the posterior
densities of the current state b and the proposed state b0; where b0i substitutes bi and the
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rest is unchanged, is

pðb0 j x;M; dðuÞ; nÞ

pðb j x;M; dðuÞ; nÞ
¼ exp liMi½ðT � siÞ

bi � ðT � siÞ
b0i � þ nðbi � b0iÞ

n o

�
b0i
bi

� �j Isi j Y
fk:dk¼sig

ðxk � siÞ
b0i�bi

We will implement this second algorithm because it has more automatic steps and
simpler acceptance ratios. The Monte Carlo variance of ergodic averages might be
larger for the augmented state space, but to date no theoretical argument can be
employed for a clear-cut choice between the Gibbs sampler and the Metropolis-Hastings
algorithms.

5. EXISTENCE OF RELIABILITY MEASURES

Let us denote by Nsðt0; t1Þ the random variable for the number of failures that
occurred in subnetwork s; s 2 S; within ðt0; t1Þ; and let N ðt0; t1Þ ¼

P
s Nsðt0; t1Þ: For known M

and b the reliability of the network (i.e. the absence of escapes in the gas network)
within ½t0; t1� is

Rðt0; t1;M; bÞ ¼Pr
X
s2S

Nsðt0; t1Þ ¼ 0 jM; b

 !

¼ exp �
X
s2S

lsMs ð0_ ðt1 � sÞÞbs � ð0_ ðt0 � sÞÞbs
� �( )

the expected number of failures within ½t0; t1�; is

E½N ðt0; t1Þ jM; b� ¼
X
s2S

EðNsðt0; t1Þ jM; bÞ

¼
X
s2S

lsMsf½0_ ðt1 � sÞ�bs � ½0_ ðt0 � sÞ�bsg ð13Þ

To compute the posterior predictive expected value and variance of N ðt0; t1Þ; we
can easily check the existence of EðMsðt � sÞbs Þ; t > s; and of EðMiMjðt0 � siÞ

bi ðt1 � sjÞ
bj Þ;

for t0 > si; t1 > sj; si; sj 2 S: For forecasting purposes, these a posteriori expectations should
be calculated letting t0 ¼ T ; but it is shown in the following example that we cannot
consider t1 > T :

Consider, as an example, the case in which just one component is installed at time s ¼ 0; n
failures are recorded up to time T ¼ 1 and we are interested in predicting the expected number
of failures E½N ð0; tÞ�; t > 1: In this example, no installation date can be unknown, obviously.
Combining (12) and (13) and removing subscripts and constants, we have to integrate the
function

Mnþ1bn
Qn

i¼1 x
b�1
i expf�Mlgtb

½r1 þM �2½r2 þ b�2
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The M and b variables are separable and we can integrate with respect to M ; obtaining, up to
constant terms,

bn expfb log t
Q

xi
� �

g

½r2 þ b�2

The resulting function is not integrable when t51=
Qn

i¼1 xi: Similar results are obtained in the
general case when considering parameters from the component installed one time unit (year)
before T : Thus the median and other quantiles must be employed.

It might also be of interest to predict the behaviour of an lrþ1-kilometre-long subnetwork laid
in date srþ1; calculating for example the expected number of failures during u time units. This
can be accomplished by adding to the parameter space the pair ðMrþ1;brþ1Þ; that is, the
individual parameters of the new subnetwork. Then, the new posterior distribution over the
augmented parameter space is simply proportional to the old multiplied by pðMrþ1;brþ1 j m; nÞ;
that is, the product of two exponential density functions. The new MCMC sampling scheme is
as before, with the addition of two draws from the full conditionals of Mrþ1 and brþ1; which
coincide with their priors conditional on m and n; respectively. In fact, ðMrþ1; brþ1Þ depend on the
data only through ðm; nÞ: It is then possible to estimate the a posteriori quantiles of expected
number of failures in the interval ½0; u�;

E½Nrþ1ð0; uÞ jM; b� ¼ lrþ1Mrþ1ubrþ1 ð14Þ

For fixed n; E½Nrþ1ð0; uÞ jM; b; n� depends on brþ1 through expfðlog u� nÞbrþ1g: Given u > 1 and
integrating (14) with respect to brþ1; the new conditional expectation does not exist for a subset
of n’s, 05n5log u; which has positive probability. Therefore, the unconditional, posterior
expectation (14) does not exist, at least for u > 1: The drawback induces considering quantiles
instead of the expectation.

6. MODEL ESTIMATION, VALIDATION AND PREDICTIONS

In the following table we display the failure dates, expressed in years since 1st January 1931,
when the first pipes of the steel gas network were laid. Near the failure dates, we have also
reported the installation date of the failed pipe. The headings of each column follow the
notation of Section 3.1.

xi di xi di

47.485 19.001 57.495 >35.001
47.488 19.001 57.495 >31.001
47.589 27.001 59.069 55.001
47.836 19.001 59.220 42.001
48.660 * 59.239 7.001
49.552 56.998 59.354 3.001
51.455 0.000 59.365 24.999
52.394 27.001 59.368 0.999
52.515 6.001 62.001 555.280
52.775 2.001 62.037 18.001
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53.103 39.001 62.866 31.001
53.243 32.000 63.433 530.998
53.703 24.999 63.639 34.001
54.502 * 63.956 48.000
55.225 >43.001 65.331 38.001
56.622 40.000 65.643 19.001
56.786 27.001

The asterisks denote the missing installation dates, whereas in some cases an upper or lower
limit only for the installation dates is known (and indicated accordingly in the table). Then we
are in the truncated-data situation described in Section 3.2, with t ¼ 47:001 and T ¼ 66:998;
with some missing installation dates and some interval-censored ones. The full conditional
posterior distribution for the latter ones is simply obtained by an appropriate truncation of the
distributions derived in Section 4.

As regards the lengths (in kilometres) of the subnetworks laid during each year, they are
known only since 1987:

Year 1987 1988 1989 1990 1991 1992 1993 1994 1995 1996 1997
km 2.093 3.900 6.023 8.477 5.352 9.280 6.849 2.533 4.675 4.089 4.125

Before 1987, only the total length of the network at the end of 1986 is known to be 217:482 km;
and it is also known that no pipes were laid in the years 1940–1945. We could only assume that
during each of the 50 years from 1931 to 1986 when the network grew, 217:482=50 ¼ 4:350 km
of pipes were laid.

To implement the MCMC algorithm sketched in Section 4.2 for our data, r1 and r2 must be
set. It is easy to show by direct integration that these parameters coincide with the common
median of the marginal prior distributions of the Mi’s and bi’s, respectively. The parameter r1
influences the magnitude of the number of failures, whereas r2 influences its temporal evolution.

A series of simulations showed that r2 has very little effect on the estimations, because all the
posterior marginals of the bi’s are concentrated within the interval ½0; 1� even if r2 > 1: This
happens because we are working with a superposition of Power Law processes, which would
give too fast an increasing mean value function (compared to the data) if some of its
components were convex (that is, with a shape parameter larger than 1 with a high posterior
probability). So we set r2 ¼ 0:5:

On the contrary, the estimates proved rather sensitive to the value of r1:We followed an ad hoc
empirical approach choosing for r1 the value that visually produced the best fit of the posterior
mean of the mean value function to the observed cumulative number of failures, that is, r1 ¼ 0:2:

The fit can be appreciated in Figure 1, which displays the Monte Carlo estimate of the
posterior predictive expected value EðN ðt; tÞ j x; dðoÞÞ as t ranges from t to T ; with pointwise 95%
posterior predictive probability intervals. The continuous line represents EðN ðt; tÞ j #MM; #bbÞ; where
#MM and #bb are the estimated posterior means of the parameters.
To assess the predictive power of the model and to check its goodness of fit, we have plotted

the posterior predictive median of N ðt; t þ uÞ; u4T � t; in Figure 2, with t belonging to ftþ
3; tþ 8; tþ 13; tþ 18g; using each time only the data up to t; as shown by the vertical lines. The
plot also displays the cumulative number of failures and the pointwise 95% posterior predictive
probability intervals. We used quantiles instead of moments because of the results of Section 5.
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In the actual implementation of the MCMC scheme, it is worth mentioning that, since we
have considered Gibbs sampling with a Metropolis step only for b; our major intervention has
been about the choice of the proposal distribution for each bi: We have considered an
exponential distribution with unit mean and 20 000 iterations for each run.

We have analysed the simulations considering the autocorrelation functions of the (random)
sequences fbigm; fMigm; fd

ðuÞgm; fngm and fmgm; where m indexes the sweep. We have considered

Figure 1. Monte Carlo estimate of EðNðt; tÞ j x; dðoÞÞ as t ranges from t to T (dashed line), with pointwise
95% posterior predictive probability intervals (dotted) and the plug-in estimate of the mean value function

(continuous); the observed cumulative number of failures is also shown.

Figure 2. Monte Carlo posterior predictive median (dashed), and 95% high probability intervals (dotted)
of N ðt; t þ uÞ; u4T � t; for t belonging to ftþ 3; tþ 8; tþ 13; tþ 18g; using only the data up to t (shown

by vertical lines); the plug-in estimate of the mean value function is also shown (continuous line).
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0:4 as a threshold value for the autocorrelation and we have found out that the autocorrelation
functions decay quite quickly for the bi’s, Mi’s and dðuÞ parameters. In fact all the Mi’s have
autocorrelations smaller than 0:4 at lag 1, whereas all the bi’s are below the threshold at lag 5.
The sequence fdðuÞgm shows a very small autocorrelation at lag 1. Different behaviours are
exhibited by n and m; since their autocorrelation functions fall below the 0:4 threshold at lag 15
and 9, respectively. A possible explanation for this behaviour is that their updates depend on all
the bi’s and Mi’s. As an important finding, this behaviour does not affect the quantities we are
interested in most directly. In particular they do not affect the computation of EðN ðt; tÞ j x; dðoÞÞ
via ð1=nswÞ

P
m EðN ðt; tÞ j bðmÞ;MðmÞÞ; where nsw denotes the number of sweeps. It turns out that

the autocorrelation of fEðN ðt; tÞ jM; bÞgm is below 0:4 at lag 2.
Finally, we note that the estimates of the individual parameters within ðM; bÞ are not very

meaningful, because they only tend to take those values that produce a good fit of the
superposed mean value function. However, the model can be effectively used to estimate useful
summaries of observable quantities.

7. CONCLUSIONS

We have presented a new Bayesian model which describes failures in a complex repairable
system, which evolves under some different circumstances. We have briefly discussed which
quantities are the most suitable to analyse the system, implementing an MCMC scheme capable
of computing them. We concentrated on the Power Law process, a commonly used nonhomo-
geneous Poisson process, but the results of Section 3 apply to other processes as well.
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