THE 0-FRACTIONAL PERIMETER BETWEEN
FRACTIONAL PERIMETERS AND RIESZ POTENTIALS

L. DE LUCA, M. NOVAGA, AND M. PONSIGLIONE

ABSTRACT. This paper provides a unified point of view on fractional perimeters and Riesz potentials.
Denoting by H? - for ¢ € (0,1) - the o-fractional perimeter and by J? - for o € (—d,0) - the o-
Riesz energies acting on characteristic functions, we prove that both functionals can be seen as limits
of renormalized self-attractive energies as well as limits of repulsive interactions between a set and its
complement.

We also show that the functionals H? and J?, up to a suitable additive renormalization diverging
when o — 0, belong to a continuous one-parameter family of functionals, which for ¢ = 0 gives back
a new object we refer to as 0-fractional perimeter. All the convergence results with respect to the
parameter o and to the renormalization procedures are obtained in the framework of I'-convergence. As
a byproduct of our analysis, we obtain the isoperimetric inequality for the O-fractional perimeter.

KEYWORDS. Fractional perimeters, Riesz kernels, I'-convergence, isoperimetric inequality.

AMS SUBJECT CLASSIFICATIONS. 49J45, 49J10, 49Q10, 49J99.

CONTENTS
Introduction
1. Renormalized fractional perimeters and renormalized Riesz energies
2. Convergence of ﬁg as R — +o0
3. Convergence of J7 as r — 01
4. HO=J°
5. Compactness
6. TI'-convergence
7. The fractional isoperimetric inequality

Appendix A. Rearrangement inequalities
References

INTRODUCTION

Given o € (0,1), the o-fractional perimeter [7] of a measurable set £ C R? is defined as

0.1 // dy dz .
1) e T

Moreover, given ¢ € (—d,0) one can define o-Riesz energy functionals as

(0.2) Jo(E) = —/E/Em dy da .

= O ot W
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The main purpose of this paper is to introduce meaningful extensions of both functionals for all
€ (—d,1). Clearly, plugging o € (—d,0] in (0.1), as well as o € [0,1) in (0.2), would give back infinite

tail and core energies, respectively. Moreover, for every set E with 0 < |E| < +00 we have
lim H(E) = o0, lim J7(F) = —o0.
o—0~

oc—07t

A natural question is then to understand the blow up scaling of these energies as o — 0. In [17, 29, 4],
the asymptotics of the o-fractional perimeter and of the corresponding o-fractional curvature inside a
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regular domain €, as ¢ — 07, have been studied. In [17], the authors have proven that, under suitable
conditions on the set E, the o-fractional perimeter of F scaled by o, converge to dwg|E| as ¢ — 07,
where wy denotes the measure of the unit ball in R?.

In this paper we provide a unified point of view on fractional perimeters and Riesz potentials and,
in particular, we develop a “first order” I'-convergence analysis (see [3]) of the functionals H? and J°
as 0 — 0. We first introduce suitable regularization procedures, usually referred to as the core radius
approach, to cut off the tail and the core energy from H? and J¢ respectively, extending these functionals
to all o € (—d, 1), including o = 0, by setting

1
HO(E ::// 1 4yde,
o () £JB,@n\E [T =yt

1
J"E::f// . dyda.
s (E) £ JE\B, @) [T =yt

For o € (0,1), the functionals HJ converge to the o-fractional perimeters as p — 400, while for

(0.3)

o € (—d,0), the functionals Jg converge to o-Riesz potentials as p — 07. Clearly, in the remaining range
of parameters these functionals still diverge.

Then, we introduce suitable renormalized functionals, removing a tail energy from Hy, and adding a
core energy to J7. More precisely, for every o € (—d, 1), for every p > 0, and for every set E C R? with
finite measure we set

HJ(E) = HJ(E) =v7|El,  JJ(E) = JJ(E) = 7| El,

where the constant 7 is defined in (1.3). These renormalized functionals H’g and jg converge, for all
€ (—=d, 1)\ {0} to fractional and Riesz type functionals. Setting 77 := %4 for o € (—d, 1)\ {0}, and
H°(E) := H°(E) —~°|E|, for o € (0,1),  J°(E):=J°(E) —4°|E|, for o € (—d,0),
we have that for o € (—d,0), f[g — J7 as p — 400 (and clearly Hg — H7 for 0 € (0,1)), while for
€ (0,1), jg — H7 as p — 0 (and clearly j;)’ — Joforo € (—d,0)).

These two families H° and J° of renormalized energies are separated by the limit case ¢ = 0. Indeed,
also for o = 0, the following limits exist

Fr0 — 1 70 — Tl 70 _ 170 0

HO(E) = lim AY(E) = lim JO(E) = HY(E) + J0(B).
where HY(FE) and J?(E) correspond to the functionals defined in (0.3) with p = 1 and o = 0. We refer
to the functional H as 0-fractional perimeter since this is formally the limit of H? as ¢ — 01. Indeed,
we shall show that

lim H° = lim J° = HY,
oc—0t oc—0~

where the limits are understood in the sense of I'-convergence; therefore, we can set JO := HO and
understand the O-fractional perimeter also as a 0-Riesz functional.

This functional is closely related to the notion of logarithmic laplacian La introduced in [12]. There,
the authors prove that La, computed on regular enough functions, is the pointwise limit, as o — 0%,
of a suitable renormalization of the fractional laplacian (—A)%. While [12] deals with the functional
analytic framework of the operator La, our paper focuses on the geometric framework of characteristic
functions, and specifically on the variational analysis of the o-fractional perimeter as ¢ — 0. In fact,
our analysis consists in a I'-convergence approach to the two-parameter families of functionals introduced
above, showing that H% and JZ are continuous, in the sense of I'-convergence, with respect to variations
of all the parameters ¢ € (—d, 1), r € [0, +00) and R € (0, +0o0] (see Theorems 6.3 and 6.5).

Our I'-convergence results are completed with compactness properties for sequences with equi-bounded
energy. It is well known that families of equi-bounded sets of equi-bounded perimeter are pre-compact
in L', and such property extends to fractional perimeters. Here we show the same compactness property
also for the new O-fractional perimeter. In fact, we can deal also with the case of varying parameters
o € [0,1), and R € (0, 400] (see Theorem 5.4). Analogous compactness results hold for the functionals JZ
for ¢ € [0,1) when r — 0%, for H, when o — 0™, and for JZ when r — 0% and o — 0~ simultaneously.
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In all the other cases we expect only weak* compactness in the family of L' densities. We address the
interested reader to [24, 14], where the authors provide compactness results for nonlocal Sobolev spaces,
for a large class of non-integrable kernels.

Summarizing, the main novelty of our approach consists in casting fractional perimeters into the frame-
work of self-attractive Riesz potentials, and viceversa. The underlying idea is that fractional perimeters,
defined through interaction potentials of the set with its complement, can be formally seen as the op-
posite of the self-interaction of the set with itself, but with an infinite core energy. This heuristic point
of view is formalized by our analysis through rigorous renormalization procedures. The advantage of
this approach is that one can exploit classical techniques for self-attracting energies to the framework of
fractional perimeters and to the new O-fractional perimeter. A clarifying example of this fact is given
by the isoperimetric inequality. Indeed, for self-attractive interaction potentials the celebrated Riesz in-
equality states that the energy is maximized on radially symmetric functions and, under L°° constraint,
by characteristic functions of balls. In the terminology of fractional perimeters, this is nothing but the
fractional isoperimetric inequality, proven in [21, 22, 18, 19]. Here we provide a self-contained proof based
on Riesz inequality, which provides the o-fractional isoperimetric inequality and its stability also in the
limit case o = 0. We refer to [9, Proposition 3.1] for a similar result in the case of nonlocal perimeters
with a general radially symmetric interaction kernel.

Finally, we point out that the 0-fractional perimeter fits into the class of nonlocal perimeters introduced
in [11], up to the fact that it is, in general, non-positive. Therefore, it would be interesting to study the
corresponding O-fractional mean curvature flow. We notice that o-fractional mean curvature flows (for
o € (0,1)) are nowadays relatively well understood (see [23, 11]), and that their limit as ¢ — 1 gives back
the classical mean curvature flow [23]. This is consistent with the fact that the o-fractional perimeter,
rescaled by (1—0), converges to dwy times the Euclidean perimeter (see [1], for a I-convergence result, and
the references therein). A natural problem is to study the limit of (suitably rescaled) o-fractional mean
curvature flows as ¢ — 0%. On the one hand, one could expect that such flows, suitably reparametrized
in time, converge to evolutions of sets with constant normal velocity; on the other hand, gradient flows
of renormalized o-fractional perimeters, as well as o-fractional mean curvature flows with a volume
constraint, could converge to the 0-fractional mean curvature flow, as ¢ — 07.

Acknowledgments: The authors are members of the Gruppo Nazionale per 1’Analisi Matematica,
la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM).
The authors thanks the anonymous referee for her/his careful revision of the paper.

1. RENORMALIZED FRACTIONAL PERIMETERS AND RENORMALIZED RIESZ ENERGIES

Let M(R?) be the family of measurable sets in R? and let

Mi(RY) := {E € M(R?) : [B| < +o00}.

For o € (0,1), the o-fractional perimeter H°: M(R%) — [0, +o00] is defined in (0.1), while for every
o € (—d,0), the o-Riesz energy J7: M(R?) — [—o0,0] is defined in (0.2).
For every o # 0 we define 77 := 94  Letting E € M;(R?), we recall that

o

(1.1) H°(E) := H°(E) —°|E|, JO(E) := J°(E) —~°|E|.

Remark 1.1. By definition, H: M;(R?) — (—o0,+0oc]. Moreover, by Riesz inequality (see Theorem
A.1), we have

1
1.2 Jo(E 2—/ / ———— dy dz > —o0,
(1.2) (E) e e To =g W
where BIF! denotes the ball with center at 0 and volume equal to |E|. It follows that J7: M¢(R%) — R.

We introduce two types of approximations of the functionals H? and J” above.
Let 0 € (—d,1). For every R > 0 we define the functionals Hg : M(RY) — [0, +00] as

1
HZ(E ::// ——— dy dx.
#(E) £ JBr@)\E [T —yl4T
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Moreover, for every p > 0 we set

1—p77 |
(1.3) 5 = dwg——— if o #0,

o
dwgqlog p ifo=0,

and for every R > 0 we introduce the functionals H % defined by
HE(E) == HR(E) —1Z|E|.

Notice that if o € [0,1), then H : M(R%) — (—00, +-00], whereas if o € (—d,0) then H : M(R%) —
R.
Furthermore, for every r > 0 we define the functionals JZ : M(R?) — [—o0,0] as

1
14 J;’E::—// — dyds
4 (®) B JE\B.(2) [T —yl?T

and the renormalized functionals J7 : M¢(R%) — R as
JO(E) = J(E) —~2|E|, for all E € M(R%).

Remark 1.2. Let R > 0. By Fatou Lemma, it immediately follows that the functionals H?, H°
(for 0 € (0,1)) and H$, HE (for o € (—d, 1)) are lower semicontinuous with respect to the strong L?
convergence of characteristic functions.

Lemma 1.3. Let r > 0. The functionals J°, J° (for o € (—d,0)) and J?,J¢ (for o € (=d,1)) are
continuous with respect to the strong L' convergence of characteristic functions.

Proof. We first prove the continuity of the functionals JZ and j;,’ for every o € (—d,1). Moreover we
notice that the functionals JZ are nothing but a continuous perturbation of the functionals J? so that it
is enough to prove only the continuity of JZ . For all ;, 7o € L*(R%;[0,1]), we set

n2(y)
(15) T == [ m@) | [ Ryl do,
' Rd R\ B, (z) |T — y|TH
Clearly, J is bilinear and continuous, i.e.,
(1.6) |77 (s ma)l < v [Imal e for all my, mp € L' (R [0,1]).

It follows that J.7 (1, 7n) — J2(n,1) as n — +oo for every {1, }neny C L' (R%;[0,1]) converging to some
n € LY(R%[0,1]) . Since
JO(E) = J%(xg,xe) forall E € M{(R%),
we get the claim.
Now we prove the continuity of the functionals J? for ¢ € (—d,0), which trivially implies also the

1

continuity of J7. In such a case, for every 1, o € L'(R%[0,1]), we set R(n) := (%)d; by an easy

rearrangement argument we have

n2(y) ] / / X By (@) (¥)
T — = dy| dx < T — 2L dy
/Rd () [/ [ =yl i MO foo T — i

—o 1+2 .y
=lmllprdwd(=o)[R(n2)]"" = dw, " * (=)l ||z [n2 s

again such an estimate yields the claim. O

dx

Remark 1.4. We notice that, for every o € (—d, 1), the renormalization constants introduced above
can be seen either as core or tail energy terms; in fact, they are nothing but

1 1
70:/ o dz if o € (0,1), 'y":—/ T 4z if o € (—d,0),
RA\B, |2]%T By |2]9F

1 1
'y”:/ —— dz if R>1, 7”:—/ — dz ifr<i,
r Br\B 2]717 " Bi\B, 2|77
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where here and below B, := B,(0) for every p > 0. It follows that for every 0 < p1 < pa < 400

1
(1.7) Vor — Vo = /sz\Bpl [ dz
Lemma 1.5. For all 0 € (—d, 1) and for all E € M;(R?), the quantity
(1.8) HJ(E)+ JJ(E) — v, | E|
is independent of p. Moreover,
(1.9) H? =H{ +J7 foroe(0,1), Jo=H{+J? foroe(—d,0).

Proof. For every 0 < r < R < 400, we have

1
H"(E):H"(E)—i—// . dyda
f " B J(Br@)\B.@N\E [T — yl?T°

1 1
=HJ(E —I—W"E—'ny—// 7dydx—|—// —— dy dz
(B) +75IE 1Bl B JE\B.(2) |7 — Y|4 EJE\Br(x) [T =yl
=H](E) +7&|E| =7 |E| + J7(E) = JR(E),
whence we deduce (1.8).
Let us pass to the proof of (1.9). First, we notice that
(1.10) lim JZ(E)=0 foraloel0,1), lim H7(E) =0 forall 0 € (—d,0).
R—+o0 r—0

Then, recalling also Remark 1.4, (1.9) can be easily deduced by taking the limits as p — 0 and p — +00
in (1.8). O

2. CONVERGENCE OF H% AS R — +00

In this section, we establish the convergence of ﬁ% as R — +o0o. We distinguish among three cases:
o€ (—d,0),0€(0,1),0=0.
We start by discussing the case o € (—d,0).

Proposition 2.1. Let o € (—d,0) . For every E € M(R%), H%(E) and v% are monotonically increasing
with respect to R and

(2.1) lim HZ(E)= lim ~% = +occ.

R—+o0 R—+o0
Moreover, ﬁ%(E) is monotonically non-increasing with respect to R and

(2.2) JO(E) = Llim HE(E) for all E € M;(RY).

Furthermore, for all € > 0 the convergence in (2.2) is uniform with respect to o € [—d + €,0); precisely,
for every R >0

(2.3) 0< Ao(E) - Jo(r) < 22D

< mite forall E € Mf(Rd).

Finally, J° is the D-limit of the functionals IAJI‘?C as R — 400, with respect to the strong L' topology.

Proof. The limits in (2.1) are trivial consequences of the definitions of H(E) and 1§ for o € (—d,0).
Let now R > 0. By Remark 1.4, we have

1
Tr =7 :/ e 4z
" By |21917

N 1
H"E:—// ———— dydz —+°|E
#(E) EJBrne |7 —yl4te gl

N 1
=J°(FE +/ / ————— dy dx;
(&) £ JB\Br(a) [T — Yl

whence we deduce

(2.4)
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since the last integral is monotonically non-increasing with respect to R, the same holds for ﬁj‘%(E),

moreover, by the monotone convergence Theorem, we deduce that H%(E) converge to J7(E). By (2.4),

it follows that
|E?

R R 1 E
H"(E)fJ"(E):// 1 gyde< ,
" EJE\Br(z) [T — Y|4t Rd+e

i.e., (2.3) holds. Finally, the I'-convergence of I;TE to J7 is an obvious consequence of (2.3). O

We now consider the case o € (0,1). Both the result and its proof are fully analogous to those of
Proposition 2.1; we only provide the corresponding statement.

Proposition 2.2. Let o € (0,1). For every E € M(R?), H%(E) is monotonically non-decreasing with
respect to R and tends to H° (F) as R — +o0.

Moreover, v% is monotonically increasing with respect to R and tends to v7 as R — +oo. As a
consequence,

(2.5) H7(E) = lim H%(E) for all E € My(R?).

Furthermore, FIE(E) is monotonically non-increasing with respect to R, and the convergence in (2.5) is
uniform with respect to o; precisely, for every R > 1

||

0< HE(E)—H(E) <

< pire for all E € M(R?).

Finally, H7 is the D-limit of the functionals I:II‘?z as R — 400, with respect to the strong L' convergence
of characteristic functions.

We finally introduce the O-fractional perimeter as the limit of the functionals H % as R — +o0.

Proposition 2.3. For every E € M;(RY) the functionals ]EI%(E) are monotonically non-increasing with
respect to R and

(2.6) Llim HY(E) = H)(E) + J)(E) = H'(E).

Finally, HO is the T-limit of the functionals ffl% as R — +o0o, with respect to the strong L' convergence
of characteristic functions.

Proof. Let 0 < Ry < Ry < +00; then, recalling (1.7), we have

H, ()

oY, (E)+ /

E

1
——— Ay + %, — k| dz
/<BRz<z>\BR1 @\ [z =yl Lo

IN

oy, (E) + /

E

R
/ — dy—dwdlog—2 dz
Br, (2)\Bg, (z) 1T = Y| Ry

_ ).

Therefore, H’%(E) are monotonically non-increasing with respect to R. Moreover, by Lemma 1.5, for
every R > 0, we have

Hy(B) + Jp(E) — 7Rl E| = HY(B) + J)(B)
whence, sending R — +oo and recalling (1.10) we deduce (2.6). Finally, by Remark 1.2 and by Lemma
1.3, we have that the functional H° is lower semicontinuous with respect to the strong L' convergence

of the characteristic functions; therefore, by the monotonicity of HI% with respect to R and by [15,
Proposition 5.7], we deduce the I'-convergence result. O

Lemma 2.4. For every E € M;(R%) we have

AY(E) > —\E|wd10g(|E‘).

Wd
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\EﬂBR(ﬂﬁﬂ)

Wd

1
HY(E :// ——— dy dx
w(E) E JBr(z)\E |z —y[?

1 R
2// ﬁdydx:/dwdlogidx
E BR(T)\B7R,E(‘E)(I) |x - y| E TR-,E(I')

EN Br(x
=W%IE\—wd/ log LE0 B2 (@)
E Wd

Proof. For every R > 0 we set 7r g(z) := ( 7. By Lemma A.5, we have

dx,

whence the claim follows by sending R — 400 and using Proposition 2.3 and the monotone convergence
Theorem. g

Definition 2.5. We refer to the functional H : M¢(R?) — (—o0, +00] as 0-fractional perimeter.

We observe that, as a consequence of the definition above and of [12, formula (1.4)], we can write the
O-fractional perimeter of E as

A 1
(B) = - [ Laxe(e) do— 2B
Cd JE Cd
here La denotes the logarithmic laplacian introduced in [12], ¢4 := ﬁ and pq := 2log2 4+ ¢(%) + I'(1),
where I' is the Euler Gamma function and ¢ := 1% is the Digamma function (see [12] for further details).
Remark 2.6. By (1.9) and (2.6) it immediately follows that, for every E € M;(R?) with positive
measure, H?(FE) is increasing with respect to o € [0,1).
Remark 2.7. If E is a bounded set, by arguing as in the proof of Proposition 2.3, one immediately has
ﬁ%l (B) = ﬁ%Q (E) for every Ry > R; > diam (E),
whence
HY(E) = H%(E) for every R > diam (E).
Analogously, one can show that if F is a bounded set, for every R > diam (F) it holds
J?(E) = HR(E) (for o € (—d,0)) and  H(E)= HH(E) (foro e (0,1)).

Lemma 2.8. Let 0 € (—d,1). For every R > 0 the functionals Hf, are submodular, i.e., for every
E1, By € M¢(R?)
(2.7) HZ(EyUEy)+ HR(EyNEy) < HEZ(Ey) + H(Es) .

As a consequence, also the functionals ﬁ% are submodular.

Moreover, the functionals He are submodular for o €10,1) and the functionals J° are submodular for
o€ (—d,0).

Finally, for every o € (—=d, 1) and for every r > 0, also the functionals J¢ and the functionals j;’ are
submodular.

Proof. Fix R > 0 and let By, B> € M;(R?). Trivially,
(2.8) |E1 U Es| + |Ey N Eo| = [E1| + |Ea|.

Therefore, once (2.7) is proven, the submodularity of Hj‘2 follows, and in turn the submodularity of H®
and j", by sending R — +o0o and using Propositions 2.1, 2.2 and 2.3.

To prove (2.7) we preliminarily notice that for every disjoint sets A1, Ay € M¢(R?) and for every
x € R? we have

Br(z) N A2 C Br(z) \ A1, Br(z) \ (A1UA2) = (Br(z) \ A1) \ (Br(z) N A2)
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(where U denotes the disjoint union), so that

. 1
HE(AUAy) =HE (A —/ / . dyde
R( 1 2) R( 1) v J Br(e)nas |I _ y|d+0’

1
+H”(A2)—/ / — dydz.
f Ay JBr@)na, T —yldte

EyUEy, = (Ey\ E1)UE],

(2.9)

Since

by (2.9), we deduce

1
H%(E1UEs) =H%(Es \ By —/ / ——— dy dx
il ) R(E2\ EY) B\E: J Br(z)nE, [T =yl

(2.10) )

+H”(E1)—/ / — — dyd=z.
r By J Br(e)n(Ea\ By [T — Y|4

Ey = (E2 \ E1)U(E1 N Ey),

Analogously, since

then, again by (2.9), we get

1
HU(EQ) :HU(EQ\El)f/ / 7dyd$
" n Ea\Bx J Br(@)n(EinEy) |T — ylTT
1
+H<’(EmE2)—/ / . 4yda.
" BinEs JBr()n(E\Ey) [T — ylTT

In conclusion, by (2.10) and (2.11), we obtain
HE(EH U Ez) + H%(El N E2) = H%(El) + H%(EQ)

1 1
+/ / 7d+odydx+/ / ﬁdydx
E3\E; J Br(z)N(E1NE>) |z -yl E1NEs J Br(x)N(E2\E1) lz -yl

1 1
Ea\E1 JBr(a)nE 1T — Y|4 By JBra)n(E\Er) 1T — Yl

<HR(E1) + HE(Es),

i.e., (2.7) holds.
The proof of the submodularity of JZ and of J? works analogously. We just sketch it. In view of (2.8),
it is enough to prove only the submodularity of J?. By arguing as in (2.10) and (2.11), we obtain

1
J7(Ey U Ey) =J (Es \ Ey) f/ / 1 dyde
Ba\Ey JEN\B,.(2) [T — Y|4

1
vae) - [ f Ly
Ey J(E2\E1)\B,(z) |z — y|d+
1
g2(E) s (B \E) - [ ] ' gy
BB (B B\ B.(2) [T — ]9
1
EinEs J(B2\EO\B, () |7 = Y]
whence we get
JO(Ey U Ey) + J2 (BN Ey) = JO(Ey) + J2 (Ey)
1 1
—i—/ / oo dyde +/ / 7o dyde
Ba\Ey J (B1nEs)\B(2) 1T — Y EinEs J(Ex\E)\B(z) 1T — Y

1 1
—/ / ﬁdydx—/ / T g Wz
Es\E; J E1\B,(z) |z —yl E;1 J(E2\E1)\B,(x) |z —yl

< J7(Er) + J7 (E2),

(2.11)
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i.e., the submodularity of J?.
O

For every o € (—d,1) we extend the functional H% to L' functions, obtaining a generalized total
variation functional TVyg : L'(R?) — [0, +00] (see [31, 32]) defined by

+o0o
(2.12) TVirg (u) = HE({u>t})dt for all u € L*(RY).

—00
By Lemma 2.8 and by [10, Proposition 3.4], TVpyg is convex. Analogously, one can consider for all
o € (—d, 1) the functionals TVH; : LL(RY) — (—o00, +0oc] defined by

“+o0
(u) := HZ({u>t})dt for all w € LY(RY),

—00

TV

a
R

where L!(R?) denotes the set of L' functions compactly supported in R?.

3. CONVERGENCE OF J7 AS 7 — 0

In this section, we study the convergence of the functionals jﬁ as 7 — 0. We preliminarily notice
that for every o € (—d, 1) and for every r > 0

. 1
Gy BE - [ Rep . whee @B == [ -y
E E\B,.(x) |z —yl
Lemma 3.1. Let o € (—d,1). For every E € M¢(R?), the functions j¢(-,E) : RY — R, as well as the
functionals J?(E), are monotonically non-increasing with respect to r. In particular, for every x € R?
there exists j°(x, E) := lim, o+ jZ(z, E) and there exists the limit

(3.2) lim JI(E) = / §%(z, E) dz .
r—0t E
Moreover, if o € (—d,0), then
1
3.3 °(x,B)=— | —————dy -7,
(3.3) J%(z, E) g WO

and

J?(E) = lim J7(E),

r—0t

where J is the functional defined in (1.1).

Proof. Let 0 < r; < ry < +00. By the very definition of j7(-, E) and by (1.7), for every € R? we have

1
ReE) = ien - | B T
! 2 (Byy (@)\Bry (@) E [T — YT 2 !
1
> Q@B - [ S S W R
: By @N\Br, () |7 = Y| o
= Jjo(x,E).

Therefore, j7(x, E) monotonically converge to some j°(z, E) for every x € R?. Moreover, by (3.1) and
by the monotone convergence Theorem, we deduce (3.2). Finally, (3.3) is again a consequence of the
monotone convergence Theorem and of the very definition of J . 0

Definition 3.2. Thanks to Lemma 3.1 we can extend the definition of .J7 (E) also to the case o € [0,1),
by setting J°(E) := lim,_,o+ JZ(E) for all E € M¢(R%), as in (3.2). In Remark 3.3 below we show that
actually J7 : Mg(R%) — (—o0, +00].
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Remark 3.3. Let 0 € (—d,1), E € M¢(R?), and r € (0,1]; by the very definition of JZ in (1.4), we
have

3.0 gz = ) < B
r
and hence
(35) Jem) = 20 e
Therefore, by (3.5) and by Lemma 3.1, we deduce
(3.6) J7(E) > J{(E) = J7(E) > —|E[*.

Notice that the lower bound in (3.6) is worse than the one obtained in (1.2) for o € (—d, 0) . Nevertheless,
such a lower bound is enough to guarantee that J7 : M;(R%) — (—o0, 4+0c] for every o € [0,1).

Now we extend the functionals J? and J7 to L' densities by setting, for all p € L'(R%;[0,1]),

J2(p)= | plx)j(x,p) da,
(3.7) /R

. P(y)
where j2(wp) == [ P ay— gy
RI\ B, (z) |7 — y|?T

Arguing as in the proof of Lemma 3.1, one can prove the following result.

Lemma 3.4. Let o € (—d, 1); for every p € L*(R%;[0,1]), the functions j2(-,p) : R? — R, as well as the
functionals JZ(p), are monotonically non-increasing with respect to r. In particular, for every x € R?
there exists j°(x, p) := lim,_,o+ j2(x, p) and there exists

Moreover, if o € (—d,0), then

. p(y)
g = — _— d — (T.
3% (z, p) /Rd o= g W

By arguing as in Remark 3.3 we have that J7(p) and J°(p) are bounded from below by —llpll3..
Moreover, in Remark 5.2 we will see that if o € [0, 1) then J? (p) = 400 whenever p is not, the characteristic
function of a set with finite measure.

Proposition 3.5. Let o € (—d,1); for every r > 0, the functionals J¢ : L' (R%;[0,1]) — (—o0, +00] are
continuous with respect to the strong L' convergence. As a consequence, their monotone limit J° is lower
semicontinuous; more precisely, J° is the D-limit of {jﬁ}r>0 with respect to the strong L' topology, as
r — 0%. The same I'-convergence result holds true for the functionals jﬁ, Jo defined on M;(R?).

Proof. By arguing verbatim as in the proof of Lemma 1.3 (see formulas (1.5) and (1.6)), one can prove
the continuity of the functionals j,‘,’ with respect to the strong L' convergence. Moreover, it is well
known that monotone convergence of continuous functionals implies I'-convergence to the pointwise (lower
semicontinuous) limit [15]. O

Remark 3.6. Notice that for every r € (0,1) the functionals J¢ are monotonically non-decreasing with
respect to o € (—d, 1). Indeed, recalling (3.1), it is easy to check that

1 1
j3($7E):/ 7dy+/ - dy,
(B1(2)\Br(o)\E |7 — Y|4 E\Bi(z) |7 —yl¢Te

and that both the addenda are monotonically non-decreasing with respect to o.
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4. Ho = J°
In view of Proposition 2.1 and Lemma 3.1 we have that for every o € (—d,0) and for every E € M;(RY)
Jim A (B) = J°(B) = lm J7(B),
where Jo(E) is finite for every E € M(R%). By definition we set H” := J° for every o € (—d,0).
Moreover, we recall that H? := J% = H{ 4+ J{ for every o € (—d,0). In this section we show that the
identities above extends also to the functionals H? and J° for o € [0,1). More precisely, we prove that

for every o € [0,1) the functionals H” and .J° coincide on all the measurable sets with finite measure
and are finite on smooth sets.

Theorem 4.1. Let 0 € [0,1). For every E € M¢(R?), it holds
JO(E)=H°(E).
Moreover, J°(E) and H°(E) are finite if and only if HY (E) < +0c.

Proof. We distinguish among two cases.
Case 1: H°(E) = +o0o. By Proposition 2.2 and by Proposition 2.3, we have that H{(FE) = +oo
which, by the monotone convergence Theorem, implies

1
(4.1) lim / / ————— dydax = H{(E) = H{ (E) = +00.
£ J (B @o)\B.(2)\E [T — Y|4t ! !

r—0+

Moreover, by Remark 1.4 for every r € (0,1] we have

1
/ / o gire Wde
EJ(Bi@)\B@)\E [T — Yl

1
:*'YﬂE‘*// 7d+gdydz
(4.2) EN(B1(z)\B- (z)) |z —y|
=—~7|E| - // dydx—!—// dy dz
" B\By(z) 1T — |d+g E\Bi(z) 1T — |d+0
=J7(E) - J7 (B

Therefore, by taking the limit as » — 0T in (4.2), using (4.1), Lemma 3.1 and (3.4), we deduce that
Jo(E) = +o00.

Case 2: H°(FE) < 400 . By Proposition 2.2 and by Proposition 2.3, we have that there exists Ry > 1
such that
(4.3) H%(E)< H°(E)+1 for R>R.
Let now r < 1 and R > Rj; then, by (4.3) and Lemma 1.5, we get

(4.4) H(E)+1 2H}(E) = J7 (E) + HY (E) — JR(E) > J{ (E) + H] (E)

- |E|2 +H5(E)a
where we have used also that —JZ(E) > 0, Lemma 3.1 and (3.6) ; it follows that
(4.5) HS(E) < |E*+ H°(E)+1< +o00 forevery0<r<1.

By the non-negativity and the monotonicity of H? (F) with respect to r, we deduce that there exists
Tl_igl+ HZ(E) € [0,4+).
Let now 0 < 7 < 1; by the monotone convergence Theorem, we have
H(B) — lim HE(E) = lim (H?(E) - H (E))

= lim // dy dx
r—0% ~(@\Br @)\ \x— o —y|d+e

_HO'
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ie.,

(4.6) lim HI(E)=0.

r—0t
In conclusion, by taking first the limit as » — 07 and then the limit as R — +oco in the equality in (4.4),
by Lemma 3.1, (4.6), Proposition 2.3 and (1.10), we deduce that H?(E) = J?(E).
Finally, we prove the last sentence in the statement. If H?(E) = o0, then H?(E) = HY(E) >
H?(E) = 400, whereas, if H?(E) < 400, then (4.5) with r = 1 yields H{ (E) < +oc. O

It is well-known that fractional perimeters are finite on smooth sets. Next, we extend this property to
the O-fractional perimeter. This fact is not completely obvious, since H? (FE), together with its renormal-
ization 77 |E|, diverges as o — 0F; clearly, we expect that the C? regularity condition assumed below is
far from being sharp in order to have finite H°-perimeter.

P:roposition 4.2. Let o € [0,1). If E is an open bounded set with boundary of class C?, then fI"(E) =
J?(E) < 4.

Proof. In view of Theorem 4.1 it is enough to show that HY (E) < +oco. Let T := %H%”HZL((?E), where
S is the second fundamental form. Moreover, for all ¢ > 0 we set

(4.7) E,:={x € E: dist(z,0F) > t}.

Since E has boundary of class C?, we have that T' < +oo; moreover, there exists C > 0 such that
HI"Y(OE;) < C and E; has boundary of class C? for all ¢t € (0,T). Then, for 0 < r < min{1,T} by
coarea formula we have

1 1
H:E):// 7dydx:/ / _ ayde
( B JB.(o)\E |7 — Y|4 B\E, JB,(x)\E [T —y|?t°
" 1
- / / / o dydzdt
o Jor, JB.(\E T — Y|t

T 1
< ———— dy dz dt
/o /6E,, /Br(m)\Bt(ac) lx — y|dto

-
< C’/ (G7(r) — G°(t)) dt < +o0,
0
where G°(7) is the primitive of 77177 and in the last inequality we have used that it is integrable around
the origin. By Propositions 2.2 and 2.3, we conclude that
HY(E) = H{(E) < H(E) = H7(E) — 7] |E| < +oc.

The following lemma clarifies the scaling property of H for o € (=d, 1).
Lemma 4.3. Let 0 € (—d,1). For every E € M¢(R?%) and for every X > 0 it holds
(48) () = X7 A7 (E) - X*+3 |,
with v§ defined in (1.3).

Proof. Let E € M;(R?) and A > 0. We preliminary notice that, by the very definition of 75 in (1.3) and
by a change of variable in the functional H; defined in (0.3), for every R > 0 it holds

e =A""7R +% HSr(AE) = A" HR(E).
These two facts imply that, for every R > 0,
I:IKRO‘E) = H{r(\E) —13glAE

)
= XTTHE(E) ~ (V0o + AN Bl
= ATOHE(E) = XTg Bl + A B
= ATUHR(E) + A5 B,
whence (4.8) follows by sending R — +oo and using Propositions 2.1, 2.2, and 2.3. g
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5. COMPACTNESS

This section is devoted to the proof of compactness results for the functionals Je, j;f , FIE First we
prove compactness properties for the functionals JZ and J? for o € [0,1).

Theorem 5.1 (Compactness). Let {0y }neny C [0,1) and let v, — 0F. Let U C R? be an open bounded
set and let {Ep}neny C Me(RY) be such that E,, C U for alln € N. Finally, let C > 0.
If Jom(E,) < C for alln € N, then, up to a subsequence, Xg, — XE in LY (RY) for some E € M;(R?).

In particular, if Jor (E,) < C for alln € N, then, up to a subsequence, xg, — Xg in L'(R?) for some
E e Mf(Rd).

Proof. Recalling the definition of j7 in (3.7), we claim the following two properties satisfied by all €
LY(R%[0,1]):
(1) For every z € R%, r € (0,1) it holds j%(z,n) > —|n||L: -

(2) For every Lebesgue point x € R? with Lebesgue value A € (0,1) it holds
1. -0 _ .
Jim g (z,m) = +o0

Proof of (1). For every r € (0,1] we write

(1) B == [ 7M)dw¢é( M) 2y

4\ By (x) |z — y\d )\ B (z) |z —yl

By Remark 1.4 the last term in square brackets is always non-positive, whence property (1) easily follows.
Proof of (2). We have to show that, whenever the Lebesgue value A of n at z is in (0, 1), the last term
in square brackets in (5.1) in fact tends to —co as r — 0F. To this purpose, in order to short notation
we assume z = 0, we let 6 € (0,1) be defined by 6¢ = 152, and for all k > 1 we set AF := Bpe—1 \ Bgr.
Since )\ is the Lebesgue value of 7 at 0, there exists & € N such that, for all k£ > k we have

1 1—X 143X
- - <A+ —= = .
wgf k1 /Bek_1 n(y) dy < A+ 1 1

It follows that, for all k > k,

/Ak n(y) dy < / n(y) dy < wdTg(k—l)d -

Byk—1

Now, we apply Lemma A.6 with m replaced by my, s replaced by 6% and in turn R(m, s) replaced by
R(my, 0%). Therefore, setting A¥ := Bgr(my,0%) \ Box , for all k > k we have

n(y) 1
5.2 / —dyg/ 1oy
(5:2) ax |yld Ax |yl

Now we prove that there exists d4.» > 0 (independent of k) such that

1
(5.3) /A T dy + vgs — Vg1 < —0a,x -

By the very definition of R(my,#*) in Lemma A.6, we have that |A| = my, so that
1430\ 7 A43)7

(5.4) R(my, 0F) = o*~1 (9d + Z) — gkt (I) .

By using (5.4), we deduce (5.3) as follows:

R(my, 0%)
ek‘

A+3
= wqlog <4) = =04,

1
/ dy + ng — ’ygk_l = dwy log + dwg log 0

Ak |yl
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Therefore, by (5.2), (5.3) and by the fact that 7 = 0, for all K > k we get

/ n(d) d +'Y(9K
Bi\By VI

,Z(/ dy + 95 = Voo ) + i (/ ) 4y 48, )
< i (/k |(|d) dy + 99 =91 ) < i (/ 7|7(|)dy+w )

k=k+1
—(K — k)Sa.-

Letting K — 400, we deduce property (2).
Conclusion. Up to a subsequence, p, := xm, — p for some p in L'(R% [0,1]). For every 7 € (0,1), by
Remark 3.6 and Lemma 3.4, we have

lim inf Jo7 (E,) > lim inf J° (En)

n—-+oo T'n n—-+oo

n—-+oo

>liminf [ pn(2)j)(z, pn) da
U

=/mmmamm,
U

where in the last equality we have used that p, — p in L (U) and that, by the dominated convergence
Theorem, jO(-, pn) — 52(-,p) in LY (U) as n — +o0.
Setting N :={x € U : p(x) € (0,1)} and using the claims (1) and (2) we deduce that

C > liminf J"(E,) > lim [ p(x)j%(z, p) dz > 4o0o|N| — ||p|%:.

n—4oo " 7—0 U
As a consequence N is a negligible set, hence p is the characteristic function of some set £ C U. Tt
follows that xg, — xg strongly in L'(R%).

The last part of the theorem is a trivial consequence of the monotonicity of j,i’ established in Lemma
3.4. O

Remark 5.2. By the proof of Theorem 5.1, and in particular by claims (1) and (2), it immediately

follows that, for every o € [0,1), J(p) = 400 whenever p is not the characteristic function of a set with
finite measure.

We notice that the compactness property stated in Theorem 5.1 is not satisfied by the functionals Jeo
for o € (—d,0). In this case, indeed, J7(n) is finite for every density n € L'(R%;[0,1]). Nevertheless we
have the following compactness result for the functionals J% as ¢ — 0~

Theorem 5.3. Let {0, }nen C (—d,0) and {r,}nen C RT be such that o, — 0~ and r, — 0% . Let
U C R? be an open bounded set and let {E, }nen C Mi(R?) be such that E,, C U for all n € N. Finally,
let C>0.

If j;’” (E,) < C foralln € N, then, up to a subsequence, xg, — Xg in L'(R?) for some E € M;(R?).

In particular, if Jon (E,) < C for alln € N, then, up to a subsequence, xg, — Xg in L'(R?) for some
E e Mf(Rd).

Proof. Up to a subsequence, p, := xz, — p for some p in L'(R%;[0,1]). For every 7 € (0,1), by Lemma
3.4, we have

lim inf .J7 " (Ep) > liminf pn( )i (z, pn) dx

n—-+oo n—-+oo

=/m%mmm
U
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where in the last equality we have used that p, — p in L*(U) and that, by the dominated convergence
Theorem, 52" (-, pn) — 32(-,p) in LY(U) as n — +oo. By using claim (2) in the proof of Theorem 5.1
and arguing as in the conclusion therein we get the statements. ([

Finally, we prove the following compactness result also for the functionals H’;’z .

Theorem 5.4. Let {0, }nen C (—d,1) and {R,}nen C (0,+00). Let U C R? be an open bounded set
and let {E,}pen C Mg(R?) be such that E, C U for alln € N. Finally, let C > 0.
Ingz(En) < C for alln € N, we have:

(a) if {on}tnen C [0,1), then, up to a subsequence, xg, — X& in L*(R?) for some E € M;(R?),
(b) if o, — 0, then, up to a subsequence, Xg, — xg in L*(R?) for some E € M¢(R?).

Proof. By Proposition 2.2 we can assume without loss of generality that R, > diam (U). By Remark
2.7, we have that PAIE:(E,L) = Ho"(E,) = J°*(E,) . By Theorems 5.1 and 5.3 we deduce (a) and (b). O

6. I'-CONVERGENCE

This section is devoted to the I'-convergence analysis of the functionals J 7, j;,’ , H Rasoc—o,r —7T,
R — R for some ¢ € (—d,1), 7 € [0,400), R € (0,+x)].

Next, we shall prove the I'-convergence of the functionals f[g as 0 — & . Firstly, for smooth sets F,
we show the pointwise convergence of H%(E) to ﬁ%(E) as 0 — & and R — R for some & € (—d, 1) and
R € (0,+0cc] . From now on, it is convenient to adopt the notation f[go = H°.

Proposition 6.1. Let ¢ € (—d,1) and R € (0,+00]. Let moreover {0y }nen C (—d,1) and {Rp}nen C
(0, +00] be such that o, — & and R,, — R asn — +oo. If E € M;(R?) is an open bounded set with
boundary of class C? , then

(6.1) lim H (E) = HL(E).

Proof. We claim that
(6.2) lim H%(E) = HZ(E)  for every R € (0, +0c].

o—0

Now we prove that (6.2) implies (6.1). If R € (0, +0c0), in view of (1.7), we have
[He (B) — Hy (B)| < |HE (E) = HE (B)| + v, =73 ||E]

1
0-3 < ‘/ / e, Wwdz| + g - lIE
(6.3) EJAg, n() |z — y|dton fin IR

=2\vg =% I1E[ =0 as n — 400,

where Ag z(z) denotes the annular ring centered at 2 having as inner radius min{R,,, R} and as outer
radius max{R,, R} . Moreover, if R = 400, then for n large enough we have that R, > 1 and o, > &
for some 6 € (—d, 1). Therefore, by Proposition 2.1, Proposition 2.2 and Proposition 2.3, for every € > 0
there exists R. > 0 such that, for every o € (—d, 1) and R,, > R. we have

(6.4) |H?(E) — H (E)| <e.

By (6.3), (6.4), and (6.2), we get

ngr—ir-looHRz (E) = HETOO(HRZ (E) — HR”(E)) + lim H

On
no4oo R

(E) = HR(E),

Qi

i.e., (6.1) holds.

Now we prove (6.2) and we consider only in the case & = 0, being the proof in the other cases fully
analogous. By (6.4) and triangular inequality, for every e > 0 there exists R. > 0 such that, for every
o€ (—d,1) and R > R, we have

|H7(E) = H(E)| < 2¢ + |HE(E) — HR(E)|.
Therefore, in order to get (6.2) for R € (0, +oc], it is enough to prove it only for R € (0, +00) .
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Claim: For every € > 0 and for every R > 0 there exists 0. r with oz r| > 0 such that

|HG(E) — HY(E)| < ¢ for all o with |o| < |ocR|-

In order to prove the claim, we preliminarily notice that

(6.5) |HE(E) — Hy(E)| < W% — 1%/ E| + [HZ(E) — HY(E)|.

As for the first addendum in (6.5), by the very definition of 7% and ~% in (1.3) , we get
o 1 —e—ologR ) o

(6.6) [v% — YR| = dwa| log R| ‘UlogR - 1‘ < |o|dwg log® Rmax{R°, R~ },

where the inequality follows by applying

1—et

= el
t

e t—(1—-1) < t2eltl
t L

_1‘:

with t = olog R. In order to estimate the second addendum in (6.5), we notice that

1 1
ImmeMK// - dy da
(6.7) ’ " EJBre\ENB@) | |7 =y |z —yld
: 1 /
5 J(BrE\B)NB @) | T~ Yl iz —y|

Notice also that, if R <1, the first integral in (6.7) is equal to 0, whereas, if R > 1, in view of (6.6), we

have
1 1
/ / dto 7| dy dz
E J(Br(z)\E)\B1(z) |z — y |z -y
(68) </ / 1 1 d o 0
< - yde=  |E|[vg — V&l
B JBr)\Bi(x) | [T —ylTT7 |z —y[d o

<|o|dwglog® Rmax{R’, R~} E|,

where the last equality follows by the fact that the integrand in the modulus has constant sign in the
annulus Bg(z) \ B1(z) .

In order to estimate the second integral in (6.7), we first consider the case ¢ > 0. Setting R :=
min{1, R} and r, := dist(x, OF) for every z € E, we have

/ / 1 1
E J(Br(z)\E)NB1 ()

|z —ylite |z —yl?
1 1
S// ( dfo d) dy dz
E JBg(2)\Br, (2) |z =yl |z —yl

log |z — 1 /7o
<[ Iy o < odua [ o [T EL dpa
E J Bg(z)\By, () |z -y ETz Jr, P

1 1 11 —
Sadwd§ /E E log?r, dz — adwdéﬁ log? R|E|,

dy dx

(6.9)

where the first inequality follows by applying the bound (valid for ¢ > 1)
tdte —¢d —¢dto(1 —179) < 495 logt

As for the case 0 < 0, by arguing as in (6.9) one can easily show that

1
6w [ [
EJ(Br(x)\E)NB1 ()

1
|z —ylito |z —y|d

dy do < |a|dwd/ log? ry dz — |o|dwqlog® R|E] .
E
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Therefore, in view of (6.5), (6.6), (6.7), (6.8), (6.9), (6.10), the equality (6.2) is proven once we show
that there exists a constant C'(E) > 0 such that

1
(6.11) s log? r, dz < C(E) for every o € [0,1).
E Tz

Recalling that E has boundary of class C2, let T := %H%HZ;(
form. Moreover, for all ¢ > 0 let

o) where 7 is the second fundamental

E;:={z € E: dist(z,0F) > t}.

Then, for all t € (0,T) we have that E; has boundary of class C?, and H?"1(OE;) < C for some C
independent of ¢. Then, by coarea formula we have

1 T 1 1
—log®r, dz < / Hdil(aEt)t— log?t dt + (T— max{log? diam (E), log? T}) |Ep|
ETZ 0 7 7

T
1
§q/%ﬂ%%&+Q§C@L
0
i.e., (6.11) holds. O

In the following proposition we show that a set E € M;(R?) with H?(FE) < +o0o can be approximated
by a sequence of smooth sets. The same property related to the o-fractional perimeters, with o > 0, has
been proved in [28].

Proposition 6.2 (Density of smooth sets). Let o € (—d, 1) and let R € (0,+oc]. Let E € M;(R?). If
H{(E) < 400, then, there exists a sequence {Ey}nen of bounded sets with smooth boundary such that
XE, — X& strongly in L*(R?) and HE(E,) — H%(E) as n — +o0.

Proof. First, we recall that for sets of finite perimeter, this result is classical, and its proof is based on the
lower semicontinuity of the perimeter, on the convexity of the total variation functional, and on the coarea
formula (see [2, Theorem 3.42]). Recalling that HE are lower semicontinuous and that the functionals
T'Vye introduced in (2.12) are convex, the same proof shows that, for every R € (0,+00), there exists a
sequence {Ep m tmen of bounded sets with smooth boundary such that xg, , — Xg strongly in L'(R?)
and H%(Eg.n) — H%(E) as m — 4o0c. As a consequence, H%(Egr.,,) — H%(E) as m — +o00. We
now prove the statement for R = +oco. By Propositions 2.1 and 2.2, the functionals H? are lower
semicontinuous; this fact, together with Propositions 2.1, 2.2, and 2.3, implies
H(E) < liminf H?(Eg.,,) < liminf H4(Er.m) = HH(E).
m——+o0 m——+o0

Since H%(E) — H(E) as R — 400, a standard diagonal argument provides a sequence {E, }nen with
E, = ER, m, satisfying all the claimed properties. U

We are now in a position to prove the I'-convergence result for the functionals fAII‘% as 0 — ¢ for some
g € (—d,1), and R — R for some R € (0, +00].
Theorem 6.3. Let R € (0,400] and & € (—d,1). Let moreover {Ry}nen C (0,400] and {0y }nen C
(—d, 1) be such that R, — R and o, — & as n — 400 . The following T'-convergence result holds true.
(i) (T-liminf inequality) For every E € M;(R?) and for every sequence {Ey}nen with Xg, — XE
strongly in L*(R%) it holds

HE(E) < liminf HE' (E,).

n—-+oo
(ii) (T-limsup inequality) For every E € M;(R?), there exists a sequence {Ey }nen such that xg, —
XE strongly in L*(R?) and

HE(E) > limsup HY" (E,) .

n—-+oo
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Proof. We first prove (i). We distinguish among two cases.
Case 1: R € (0,400) . Trivially, we have

liminf HS" (E,) — HZ(E) > liminf HY (E,) — HZ(E
(6.12) lim inf HE, (En) = Hg(E) 2 liminf H' (En) = Hp(F)

. On -
+ ngr_{}w YR, E,| '7R|E| .

Moreover, by Fatou Lemma

1-— _
lim inf HJUQZ (En) > / / lim inf XBRH(@(y) XE. (2)( XE. (Y)) dy dz = HE(E),
Rd JR

n——+o0o 4 m—+00 |{E — y‘d+gn

which, together with (6.12) and (6.6) implies (i).

Case 2: R = 400 . By Theorem 4.1, Lemma 3.1, Lemma 6.4 below, and Propositions 2.1, 2.2, 2.3, we
have

H?(E)=J%°(E)= lim J7(E)= lim lim J7"(E,) < liminf Jo"(E,)

r—0+ r—0+ n—+oo n——+o00
= liminf H7"(E,) < liminf H}" (E,,),
n—-+o0o n——+oo n

i.e., (i) holds.

Now we prove (ii). We can assume without loss of generality that H%(E) < 4o0o. If E is smooth,
in view of Proposition 6.1, in particular by (6.1), the constant sequence E, = E satisfies the I'-limsup
inequality. The I'-limsup inequality in the general case is an easy consequence of Proposition 6.2 and of

a standard diagunal argument, usually referred to as density argument in I'-convergence. The details are
left to the reader. O

Lemma 6.4. Let ¢ € (—d,1) and let ¥ > 0. Let {op}nen C (—d,1) and {ry}nen C (0,+00) be such
that o, — & and r, — T as n — +oo . Let moreover E € M¢(R?) and {E, }nen C M;(R?) be such that
XE, — X& strongly in L*(R%) as n — +oco. Then,

(6.13) jZ(z,E) = Erf Iz, En) for every x € R?
(6.14) J2E) = tm Jg(E,).

Proof. We start by proving (6.13). Let z € R%. It is easy to see that

- XE(Y) — x5, (Y)
J:(x,E)=/ = dy
" " RI\B,, () |7 —yliTon

(6.15)
- / el g e
RA\B,, (z) [T — yldTon "

As for the first integral in (6.15) we have

— 1
R4\ B,.,, () |z — y[dFon Tptom
while for the remaining terms, by the dominated convergence Theorem, we obtain
—/ %dy—’yﬁj%j?(m,E) as n — +0o,
R4\ B, (z) |z -y "

which together with (6.15), and (6.16), implies (6.13).
Now we prove (6.14). In view of the strong L' convergence of the functions y g, we have that there
exists a constant C' > 0 such that

(6.17) sup |E,| < C.
neN

By (3.1), we have

(615) Jer(Bn) = | (i le) = xp(e))ify (o B do+ [ 2By do.
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By (6.17) we have

(6.19) /R e, (0) = X377 (o, Bo)] e < — B AB| 5 0as n - +o0,

whereas by (6.13) and by the dominated convergence Theorem we deduce

(6.20) /E Jor (@, By) do — JI(B)  asn— too.

Therefore, (6.14) follows by (6.18), (6.19), and (6.20). O

Finally we prove the I'-convergence result for the functionals J 7 as 0 — & for some & € ( d,1) and
r — 7 for some 7 € [0, +00) . To this purpose, it is convenient to adopt the notation Jg := J”

Theorem 6.5. Let ¢ € (—d,1) and let 7 € [0,+00) . Let {op}nen C (—d,1) and {ry,}nen C [0, +00) be
such that 0,, — & and r,, = T as n — +oo . The following T'-convergence result holds true.
(i) (T-liminf inequality) For every E € M;(R?) and for every sequence {E,}nen with Xg, — XE
strongly in L*(R?) it holds
J?(E) < liminf JZ " (En) -

n—+o0o
(ii) (T-limsup inequality)For every E € M;(R?), there exists a sequence {Ep}nen such that xg, —
XE strongly in L'(R?) and
JZ(E) > limsup j,ﬁ’;‘ (En) -
n—-+4oo
Proof. It 7 € (0,+00), the statement follows immediately by (6.14). We discuss the case # = 0. By
Lemma 3.1 and by (6.14) we have
J?(E) = lim J?(E)= lim lim Jo"(E,) <liminf JI"(E,),
r—0+ r—0+ n—+o0 n—+too '™
i.e., (i). We prove (ii) for # = 0. By Theorem 6.3, Theorem 4.1, and Lemma 3.1, there exists a sequence
{E, }nen C M¢(R?) such that xg, — g as n — +oco and
J?(E)= lim J°(E,) > limsup j;’: (E,).

n—+00 n— 400

7. THE FRACTIONAL ISOPERIMETRIC INEQUALITY

The isoperimetric inequality for the functionals Jo for o € (—d,0) is nothing but the Riesz inequality
(see [30] and Theorem A.1). For o € (0, 1), one deals with fractional isoperimetric inequalities, that have
been proven in [21], while their quantitative counterpart has been established in [22] (see also [18, 16, 19]).
Here we prove the isoperimetric inequality and its stability also for the O-fractional perimeter. In fact,
our short proof based on Riesz inequality yields the result for every exponent o € [0, 1).

Let o € [0,1). For every r > 0, we set

1
max{tdto pdto}

and we define the functionals _#,7 : M¢(R%) — (—o0,0] as

(7.1) k2 (t) == +(r—t",

——//k;?ux—y\)dydx for all E € M;(R?).
EJE

Notice that k¢ is strictly decreasing with respect to ¢ and that, for every E € M;(R?),

72 i =am - [ et s,

We have the following result.
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Lemma 7.1. Let E, F € M¢(R%) with |E| = |F|, and, for ¢ # 0, assume also that E and F have C?
compact boundary. Then,

(7.3) lim (7,7 (E) — 77 (F)) = lim (J7(E) = J7(F)) = J7(E) = J7(F).

r—0 r—0

Proof. We preliminarily notice that the second equality in (7.3) is a trivial consequence of the very
definition of J7 and of the fact that |E| = |F|.
Moreover, we notice that, for all G € M;(R?%) we have

// (r— |z —y)* dy dz =4,
¢ JB, (v)nG

with §, — 0 as r — 0" . Therefore, by (7.2) we have
SIE) = J7(F) = JI(E) = JI(F)

74 |
7 +—=[ [ 1B.@) nFlde— [ |B,(x) 0 B da] + 6.,
rd+o P .

with §, = 0asr — 0T .

We first consider the case ¢ = 0. By the mean value and dominated convergence Theorems, for all
G € M¢(R?) we have

r—0+

(7.5) lim // )Grd +(r— |z —y)" dy dz = wy|G|,
(z)N

whence, by (7.4) we deduce (7.3).
Let now o € (0,1). Using the notation in (4.7), by coarea formula, for all G € M;(R?) with C?
compact boundary we have

(7.6) / |B.(z) NG| dz < war? / HEL(0G,) dt < Cward™!
G\G, 0
Moreover, we have

& |, 1eten = [ 50 || =B - 15D

—war!||F\ Fy| -

< wdrd<|F \E.|+|E\ ET|) < Cwgr®*!

where the last inequality easily follows by the coarea formula and the regularity of OF, OF.
By (7.4), (7.6) and (7.7), we deduce (7.3) also for o € (0,1). O

Theorem 7.2 (Isoperimetric inequality). For every o € [0,1), the ball B™ of measure equal to m > 0 is
the unique, up to translations, minimizer of the o-fractional perimeter Jo among all the measurable sets
with measure equal to m.

Moreover, if {En}nen is a sequence of sets such that |E,| = m and J°(E,) — J7(B™), then, there
ezists a sequence of translations {7, }nen such that xg, +r, — XBm strongly in L'(R?).

Proof. We set Inf := inf pc v, me) J7(E); for all £ > 0 let E. (see Proposition 6.2 and [28] for o > 0) be

|[E|l=m
a smooth set such that
(7.8) JO(E.) —Inf <e.
In view of the scaling property (4.8) (and recalling that H° = J7) we can assume, without loss of

generality, that |E.| = m for every € > 0. Recalling the definition of k7 in (7.1), for every 0 < r; <19 <1,
we set

leﬂ”z (t) = krl (t) - kr2 (t) forallt > 0.
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Noticing that k;, ,, is monotonically non-increasing with respect to ¢, and using Riesz inequality (Theorem

A.1) we have
FE(E) = Fo(B™) = g2 (E) — go(B™) / / rora(7 — 9) dy da

A
> go(B)— fo(B™) —// oma(lz — ) dy da
= TZ( ) jrg(Bm) = c72 6)

where the last inequality follows again by Riesz inequality. Chosing 75 = 1 and letting » = r; — 0T, by
Lemma 7.1 we deduce that

(7.9) Jo(E.) = J°(B™) > ¢1(e),

and by (7.8) we conclude that c;(g) (and in fact c,.(¢) for all positive r) vanishes as e — 07. Therefore
J7(E.) — #{(B™) as e — 0% . Noticing that k7 is strictly decreasing, by Theorem A.4 we deduce
that, up to translations, xp. — Y= strongly in L*(R%). The minimality of B™ is then a consequence of
the lower semicontinuity (together with the translational invariance) of Je. 0

Remark 7.3. Notice that our proof of Theorem 7.2 relies on elementary rearrangement inequalities
which provide uniqueness and stability for the O-isoperimetric problem. Actually, using the more refined
result in [13] (see also [20]) and the quantitative isoperimetric inequality for the Riesz functionals in [19],
we can easily show also a quantitative isoperimetric inequality for the functional HO. Indeed, writing
the last estimate in [19, proof of Theorem 4] in our notation, we have that there exists a constant cg4
depending only on the dimension such that for every o € (—d,0), m > 0, and for every measurable set
F C R? with |F| = m, it holds

(7.10) J7(F) — J7(B™) > (d+ o)calm|2A2[F] /1 ﬁ dR,

where

HXF — XBmtall1 (R4)

and I :=={R>0: ;< 1Brl? < 3} by (7.10) we get

1
3d+a

(7.11) JO(F) — J°(B™) > cd2d+ff(1 - )w;r%ml*%AQ[F].

Now, let E C R? with |E| = m, and let {0, }nen C (—d,0) with 0, — 0~ as n — +oo. By Theorem
6.5(ii), there exists a sequence {Ep }nen with || xg, — XE| £1(re) — 0 as n — +oo such that

(7.12) JY(E) > limsup Jo (E,).
n—+400
Set moreover m,, := |E,|. Clearly, ||[xpm: — Xpm|p1(re)y — 0 as n — 400 which in view of Theorem
6.5(1), yields
70 my <1 : Ton zo
(7.13) J°(B )71;&3;3] (B™n).

By (7.12) and (7.13), using that |E,| = m,, = |[B™"| and (7.11), we deduce that
JY(E) — J°(B™) > limsup(J°(E,) — Jo(B™")) = limsup(J°" (E,) — Jo (B™"))
n—+o0o n—-+o0o

> Cylimsup A?[E,] = C4A?[F],

n—-+oo
where Cy > 0 depends only on d.
In view of (1.9) one may wonder whether both the functionals H{ and J{ are minimized, under volume

constraints, by the ball. We show that this is the case for HY (see Proposition 7.5) but, in general, not
for J¢ (see Remark 7.4).
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Remark 7.4. Let 0 € (—d,1) and let r > 0. We set m, := wq(5)%. Clearly, for all m € (0,m,) we
have that 0 = J7(B™) > JJ(E) for all E with |E| = m. Moreover, taking E := B% U B% () with
|€] = 2r, we have immediately that |F| = m and J?Z(E) < 0. Therefore, for all m € (0,m,) the ball
B™ is a maximizer of J7 ; in particular, for general values of m and 7 the ball is not a solution of the
isoperimetric inequality.

Proposition 7.5. Let 0 € (—d, 1) and let R > 0. The ball B™ of measure equal to m > 0 is the unique,
up to translations, minimizer of Hf, among all the measurable sets with measure equal to m.

Moreover, if {Ep}nen s a sequence of sets such that |E,| =m and HE(E,) — HE(B™)as n — +o0,
then, there erists a sequence of translations {7, }nen such that Xg, +,, — XBm strongly in L*(R9).

Proof. For every 0 < r < R we set k7 z(t) := x[o,r)(t)k; (t) where k7 is defined in (7.1), and we define
Kig: M;(R?) = (—o0,0) as

2B i= = [ [ xe@xs k(s ) dy da.

Let E € M¢(R?) with |E| = m and H%(FE) < +oc. For every 0 < 7 < 7 < min{R, 1} we have
HR(E) — HR(B™) 7r(E) = K7 r(B™)

(7.14) +(K7 r(E) = K7 R(E)) = (K7 r(B™) = K7 g(B™))
+HR(E) = KT p(E) — HR(B™) + K] r(B™)
(7.15) > K7 gr(E) - K7 g(B™)
(7.16) +HZ(E) — K] g(E) — HE(B™) + K] g(B™),
where the non-negativity of the quantity in (7.14) follows by the monotonicity of k7 — kZ and by Riesz

inequality.
Now we show that the sum in (7.16) tends to 0 as 7 — 0% . Indeed, by the very definiton of K7 g and
by (7.1) we have

H{(E) = K7 p(E) — HR(B™) + K7 p(B™)

(7.17) = // XBx( w)d+ dy dx—// XBr(z) W)k, (|2 —y]) dy dx
ri\E |T — y[?te RI\E

XB ) o
(7.18) /Bm /Rd T _R($|)d+a dy dx—k/m /d - XBr()(W)E] (|2 —y|) dy dz,
\B Bm JRI\B

and k2 (t) monotonically increases to W as 7 — 07 . By the monotone convergence Theorem, we have
that the expressions in (7.17) and (7.18) tend to zero as » — 07 . Therefore, by taking the limit as
r — 0" in (7.16) and by (7.15), we get

(7.19) HR(E) — HR(B™) = K7 g(E) — K7 g(B™) 20,

where the last inequality follows by Theorem A.1. Noticing that k7 p is strictly decreasing in (0, ) and
using Proposition A.2, we get that, up to translations, the ball B™ is the unique minimizer of K7 5, and
hence of H, .

Finally, if {E, },en is a sequence of sets such that |E, | = m and HE(E,) - H%(xB), by (7.19) we
have that K7 p(Ey) — K7 g(B™) as n — +00. By Theorem A.4 we deduce that there exists a sequence
of translations {7, }nen such that xg, 4., — xp= strongly in L!(R9). O

APPENDIX A. REARRANGEMENT INEQUALITIES

In this appendix we recall some results on rearrangement inequalities and we provide some cases of
uniqueness and stability for the Riesz inequality, in the specific case of a set interacting with itself.

Let K € Li (R%[0,+00)) be such that K( ) = k(]z]) for some k : [0,400) — [0, +00) monotonically
non-increasing. For every 11,12 € L'(R%; [0, +00)) we set

I(m,m2) //m z)n2(y)K(x —y) dy do .
Rd
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First, we recall the classical Riesz inequality [30]. To this purpose, for every m > 0 and zy € R%, we
denote by B™(xz¢) the ball centered in zy with |B™(x¢)| = m (B™ if o = 0). With a little abuse of
notation, for any zo € R% and for any n € L'(R%; [0, +00)), we set B"(xq) := Bl"let (z0) (B := Bl
if 29 = 0). Moreover, for every function n € L'(R%; [0, +00)) we denote by n* the spherical symmetric
nonincreasing rearrangement of 7, satisfying

(A1) {n* >t} = B™* where m; := |{n > t}| forallt > 0.

Now, we state the Riesz inequality, restricting our analysis to densities with values in [0, 1]. The proof of
Theorem A.2 below follows from the Riesz rearrangement inequality [30, 6, 5] and the bathtub principle
[26, Theorem 1.14].

Theorem A.1 (Riesz inequality). Let 0y, n2 € L*(R%;[0,1]) with |m ||z, |n2]lzr > 0. Then,

(A.2) I(ni,m2) < I(ny,m3) < I(xBm,XBn2)-

Moreover, if k is strictly decreasing, then the first inequality in (A.2) is an equality if and only if n;(-) =
ni(-— o) (i = 1,2) for some vy € RY, whereas the second inequality in (A.2) holds with the equality if
and only if nf = xpm -

Equality cases have been largely studied in the literature (see [25, 5, 8, 9]); here we provide a case of
equality specific for a characteristic function interacting with itself.
For every E € M¢(R?), we set K(E) := I(xg, XE) -

Proposition A.2 (An equality case). Assume that k is strictly decreasing in a neighborhood of the origin.
If E € M;(R?) satisfies

(A:3) K(E) = K(BFl),
Then E = BIP!(xq) for some xo € R

Proof. By the layer-cake principle, we have

K(E) = /Om /Rd /Rd X5(2)XEY)X x> (r —y) dy dz dt.

By (A.2) and (A.3) we have that for a.e. ¢ >0

/ / 2 (@) xE@)Xxon (@ — y) dy dz = / / xmie (@)xze @) xixsn (@ — ) dy do.
R4 JR4 Rd JRd

Set () := |{K > t}| for every t. Since K is radially symmetric and & is monotonically decreasing, we
clearly have that {K >t} = B? ) for all t > 0. Moreover, since k is strictly monotone in a neighborhood
of the origin, we have that for all 3 > 0 the set Fz := {t > 0 : 0 < 3(t) < 3} has positive measure.
Furthermore, for a.e. ¢ € Fz we have

(A4) /Rd /Rd xe@)xe)xpsm (r —y) de dy = /Rd /Rd XglE ()X pie (Y)Xpeom (v —y) de dy.

Now fix 3 = 2|E| and let ¢ € Fj be such that (A.4) holds; by [5, Theorem 1] we conclude that, up to a
translation, E = BIFI, ]

We will also need the following result.

Proposition A.3. Assume that k is strictly decreasing in a neighborhood of the origin. Let n €
LY (R [0,1]) be such that 1(n,n) = I(X giaig:» X glaig: ) - Then n is a characteristic function.

Proof. The proof is based on first variation arguments; we briefly sketch it. Let n* be the spherical
symmetric rearrangement of 7 defined in (A.1). By Riesz inequality (A.2) we have I(n,n) < I(n*,n*).
Assume by contradiction that there exists a Lebesgue point Z of n* with n*(z) € (0, 1). Since n* is radially
non-increasing there exists ¢ > |Z| such that n*(z) € (0,1) for a.e. € B;\Bz|. Let 7] : [0, +00) — [0, +00)
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be the function defined by 7(t) := n*(tv) where v is a (arbitrarily chosen) unitary vector in R?. For every
e >0let f.:[0,4+00) — [0,+00) with f.(0) = 0 and derivative given by

i 1 if0<t<|z|
flt)y:==4 1—¢ if|zg|<t<t
1 elsewhere.

We set fo(z) := f-(|z|) and let pe := ff(n* dz) be the push-forward of the measure n* dz through f..
Trivially, 1. (R%) = ||||£1; moreover, notice that ju. is absolutely continuous with respect to the Lebesgue
maesure, and, for ¢ sufficiently small, its density takes values in [0, 1]. By assumption there exists r* > 0
such that k is strictly decreasing in (0,7*); for every x € R? we set

(A.5) Ec(zx):={y e R? : |fo(x) = fe(y)| < |z —y| <"}

By the very definition of push-forward, for £ small enough we have

1) = [ [ @) = £ @) dieo) diel)
(A6) <[ o E =) () (o

+/ / E(|z —yl) dpe(y) dpe(z) = I(pe, pe)
Rd Rd\fE(EE(fD))

where the inequality is strict by the very definition of E.(z) in (A.5), using also that

/ / dpie (y) dpe(z) > / / dpie (y) dpe(z) > 0.
Re J fo (Ec(x)) fe(Bi\B)z|) V fe(Ee(x))
By (A.6) and (A.2) we get the desired contradiction. O

Now we provide a stability result for the Riesz inequality.

Theorem A.4 (A stability case). Assume that k is strictly decreasing in a neighborhood of the origin.
Let m > 0 and let {Ep}neny C Mg(R?) with |E,| = m be such that K(E,) — K(B™). Then, there exists
a sequence {Tn}nen C R? such that xg, (- — 7,) — xBm strongly in L'(R?).

Proof. The proof is based on a concentration compactness argument a la Lions [27]. Roughly speaking,
such a method consists in showing that it is impossible to split F,, into two sets (with measure bounded
away from zero) whose mutual distance diverges. We can assume without loss of generality that m = 1.
Let {A}}nen, {A2}nen be two sequences of open sets and let A € [4,1] be such that, up to a (not
relabelled) subsequence

|E,NAL =\ |E,nA2 = 1-),

dist(A}, A2) — +oo as n — +00.

Let 7 € R? be such that B'=*(7) N B = (), set E := B'~*(7) U B* and notice that |E| = 1. By Riesz
inequality we have
K(B') = limsup K(E,) < K(BY) + K(B' ™) < K(E) < K(BY),
n—-+oo

which, in view of Proposition A.3 implies that, up to a translation, E = B!, ie., A = 1. Once proven
that it is impossible to split (any subsequence of) F, into two sets whose mutual distance diverges,
arguing as in the proof of [27, Lemma I.1], the tight convergence of xg,, up to subsequences and to
translations, follows. More precisely, there exists a sequence of translations {7, },en and a probability
measure with density p such that, up to a subsequence, xg, (- — 7,) = p tightly. Since K is invariant by
translations and continuous with respect to the tight convergence of characteristic functions, we deduce
that I(p,p) = K(B'), which together with Proposition A.3, yields p = yg for some E € M;(R?). By
Proposition A.2 we get that F is a ball. Since the limit is uniquely determined, we conclude that the

whole sequence {xg, -, } tightly converges to the characteristic function of a ball.
O
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We conclude with two lemmas that have been used in this paper. In these results we replace the
assumption K € Li (R%[0,+00)) by the weaker assumption K € L{ (R%\ {0};[0, +00)) .

loc loc

Lemma A.5. Let R > 0 and let F € M¢(R?) with F C Bg. Then

/ K(y) dy > / K(y) dy.
Br\F Br\BIF!

Lemma A.6. Let s, m > 0. Then, for all p € L*(R%;[0,1]) with ||p||1 < m and with supp(p) C R\ B,
we have

/ o) K (y) dy < / K(y) dy,
Rd

As,R(m,s)
where As, s, denotes the annulus B, \ Bs, for all 0 < s1 < s2, and R(m,s) = (> + s4)a (so that
|AS,R(m,s)| = m) .

The proofs of Lemmas A.5 and A.6 are easy consequences of standard rearrangement techniques and
are left to the reader.
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