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Enhancing upconversion with
space-time entanglement: from twin
photons to twin-beams. Supplemental
document

This document contains supplementary information in support of the manuscript “Enhancing
upconversion with space-time entanglement: from twin photons to twin beams”. It provides the
mathematical derivation of the equations (22-25) of the main manuscript, and supplies a detailed
comparison between the quantum and classical efficiencies of second harmonic generation in the
pulsed case.

INTRODUCTION

Section 1 provides a derivation of the equations (22-25) of the main manuscript for the intensity
of the second harmonic (SH) signal generated by upconverting photons from parametric down-
conversion (PDC). This derivation generalizes the quasi-stationary approximation used for
describing PDC in [1, 2] to the second harmonic generation (SHG) process.

Section 2 focuses on the comparison of the quantum and classical SHG efficiencies, providing
more details on the pulsed case, in which the total energy of the SH pulse is measured.

1. ENTANGLED SHG IN THE QUASI-STATIONARY APPROXIMATION: DERIVATION OF
EQUATIONS (22-25)

Our starting point is the equation (22) for the the coherence function of the second harmonic field
A generated at the output of the NL, medium, which we rewrite as:

N

<A§(W6)Az(@o)> = eilka= (o) ~hax (@) e < 5 (w 6)ﬁ2(wo)> (S1)
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where we remind that @ is the Fourier coordinate (gy, Gy, Q) in RR3. The SH intensity distribution
in the space-time domain & = (x,y, t) will be obtained by Fourier transforming:

<A A //d wi wo A+(1”6)A2(?710)>ei‘f'(woﬂ%) 3)

In the case of quantum illumination, the input fundamental field B; is the output of the PDC
process in NL; , which has propagated through the imaging system, according to the linear
transformation (21). Then, the Gaussian factorization theorem can be used in order to recast its
normally ordered fourth order moment in terms of the second order moments:
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where the first term originates from entangled photon pairs, and gives rise to the coherent
component of the SH field, while the other two terms originate from nonentangled pairs and
would be present also in the case of a multithermal input state.



A. Coherent component

Let’ s start from the first term at the rh.s. of Eq. (S4). By insertingt into Eq. (S2), the result
factorizes into:

(a(whan(@n)) " = (@(wh) (aa(t0)) (s5)
where
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is (up to a phase factor) the expectation value of the second harmonic field, and constitutes its
coherent component. The biphoton amplitude at the NL, input is then rewritten in terms of the
biphoton amplitude at the PDC crystal output by using the propagator in Eq. (21):

(B1(@)B1 (@0 — @) = xr(Q)xr(Qo — Q3 (@)h™ (@ — @)(C1 (@) C1 (T — D)), (S7)

where

Az (= . Az q2
ho* (@) = exp <12klv T (9) (S8)
1
describes the paraxial propagation from NL; to NL; throught the 4 imaging system, and corre-
sponds to the backward propagation from the image plane at z = Az to the input plane z = 0 of
NLy;
1 forQe (—%, %)

Q
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simulates a rectangular bandpass filter of width AQ) around w.

Let us now assume the validity of the quasi-stationary (QS) approximation under which the QS
model for PDC was derived [1, 2]. By Fourier transforming the space-time biphoton correlation
in Eq.(9), one has

<Cl (w)él (i’o - i))> = Plcorr(ZT)O)q)PDC (wr _777)/ (S9)

where @ppc (¥, —@) is the Fourier distribution of biphotons, defined in Eq. (14), which varies on

the slow scales Qp = and Qp = 4/ %, associated with temporal dispersion and diffraction

1
NG
along NL; (see Fig. 2a). On the other side,

3 & g . 2 _ sinh (2g4,(0))
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is a well localized correlation peak, which, as discussed in detail in [1], has a fast decay on the

scales
1 ] 4g 1 4g
QCOYV - ?p m << QD/ qcorr - wp tanh (Zg) << QD/ (811)

where without losing of generality we assumed a Gaussian pump field of the form A, (7,t) =

exp(— 13—22 - %) In the following, we shall refer to the narrow region occupied by the correlation
P
peak (S10) as the fast domain Sy. Equation (S11) is the fundamental ansatz of the QS model [2]: it

requires not only that the pump duration and cross-section are much larger than the temporal

and spatial broadening due to dispersion and diffraction in the medium: 7, > % = | /k/l’ l;, and

wy > Ip = \/%, but also that the generated PDC pulse still satisfies the same requirements

after the exponential shrinking: T, % > 1p and wp % > Ip. These conditions are

typically not difficult to meet: for example, for the 2 mm BBO considered in the main manuscript
(see Fig. (2)), To = 9.4fs and Ip = 14 um, so standard laser pulses, with durations > 100 fs, satisfy
them. A further assumption, that allows to derive a simpler and quasi analytical QS model, is
that the effects of the GVM and of the transverse walk-off between the pump and signal waves
are not too large. This requires that the pump pulse is not shorter than the GVM time delay
Tovm = (k’2 — k’1 )lc and its cross-section is not narrower than the the walk-off distance lyo = ple,



where p is the walk-off angle of the Poynting vector. For the 2 mm BBO considered in the main
manuscript, Tgym = 185fs, and I, = 113 um, hence these conditions might be not precisely
satisfied, and some care should be taken to evaluate the effects of GVM for shorter lase pulses.
Nevertheless, the effects of GVM, if not too large, do not modify drastically the predictions of the
model. Indeed, the data taken in the experiment in [3], which used a ~ 180 fs pulse as a pump for
PDC, showed a very good agreement with the model predictions [3]. These conditions ensures
that for all the @y in the fast domain, the phase mismatch function can be approximated as

D(@, T — @)l B D@, —@)le V¥ € Sp (512)

Substituting the QS approximation (S9) in Eq. (S7), we are now in conditions of making some
simplifications:

<B1(ZT})Bl (wO - ZTJ)> %S XF(Q)XF (QO - Q)hAZ (w)hAZ( _'0 - w)ﬂcorr(wo)(DPDC (wl *71’7)
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where we assumed that the filtered bandwidth AQ) is much larger than the width of porr, SO
that xp(Qo — Q) = xp(—Q) = xr(Q) This constraint is not strictly necessary and can be easily
relaxed in numerical calculations, but it makes the analytical derivation substantially simpler
and cleaner. Moreover, as we have seen, the entangled SHG signal is enhanced by a broadband
entanglement of the source, and the scheme is optimized when AQ ~ 2Q0p > Qcorr. Notice
that instead the request that the filter is symmetric with respect to w; is crucial to preserve the
entanglement, because energy conservation imposes that the frequencies of paired photons are
symmetrically displaced.

Let us now turn to the propagator A% Ina separate publication [4] the problem of the propagation
of the photonic entanglement away from the source will be discussed at length; here we just
sketch the results useful for this work. First, in the QS conditions, terms on the order ()y/w; can
be safely neglected with respect to 1 (we keep instead terms on the order (2/w; even though they
are small). Then:

—
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This approximation holds because the distances that optimize the scheme are at most on the order

2
ﬁ (Ic + 1) < 1mm in our examples (see the insets of Fig. 5). Then, the term ~ %AZ, which

describes the diffraction of the PDC beam envelope is for sure negligible (for example, a beam
2

of transverse size D; = 300 ym diffracts on distances on the order of nTl:l)l = 274 mm). Most

important, also the term that couple the fast and slow variables ~ %ﬁ Az can be neglected [4].

By ispection of Eq. (513), it becomes relevant only when Az > zycz, where zycz ~ 13\% set the
boundary of the so-called deep Fresnel region, where also the classical coherence properties of the
source do not change upon propagation [5, 6]. For the 2 mm BBO described in Fig.2, Ip = 14 ym,
so that for a transverse beam size Dy = 300 ym, zycz = 4.1 mm. For the 0.5 mm BBO, Ip = 7 ym
and zycz = 2mm, but in this case the distances that optimize the scheme are much shorter, on
the order 200 ym. The more detailed analysis in [4] will show that the approximation (S13) can be
extended over longer distances, but for our purposes is sufficient to observe that Az is confined to
the deep Fresnel zone from the source.

We use next the fact that the correlation peak picor+ dies out on the fast scale, so that Eq. (512)
holds. Under these conditions, one also has that

_ - _,\ QS - L,
Iicorr(wo)q)SHG (w/ wo — w) % Heorr (wo)q)SHG (w/ _w) (515)

as long as the SHG crystal is not longer than the PDC crystal, I/ < I, a condition which is anyway
necessary to ensure a high efficiency of the upconversion of the PDC radiation. Using this result,
and substituting the propagated biphoton amplitude (S13) into Eq. (S6), one gets

Pw
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Finally, the mean value of the complete SH field is obtained as

P ik ()1 . a3 - - L S
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(517)

Under the assumptions of the QS model, ¢y is narrow enough that effects of temporal dispersion
and diffraction along I < I. can be neglected, so that ko, (@o)IL ~ (ko + k5o — pqgox)le. When
trasforming back to the real space-time domain, these phase factors snnply give rise to time and
space shifts, which can be eliminated by setting the origin of the time coordinate at the moment
at which the SH wave-packet center exits the medium, and that of the transverse coordinate at
the position of the SH pulse center (which is slightly displaced with respect to the position of the
fundamental because of walk-off). Thus, in the space-time domain, the mean value of the SH
field reads:

;2 ol [ &
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(27)
In this way, we recover equation (24) of the main ms, providing the coherent component of the
second harmonic intensity distribution at the NL; output:

-, N =,
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B. Incoherent component

We now turn our attention to the incoherent component of the upconverted radiation, with the
aim of deriving Eq. (25) of the main manuscript. The incoherent signal originates from the second
and third term at r.h.s of Eq. (S4). By inserting them into Eq. (52) one gets:

R mc d3 B’ o . oL .
<a§(w0 wo // N {Q>SHG @, Wy — @' ) Dspc (W, Wy — D)

(BY (@") By ()) (B} (@ — @) By (o — @)) } (522)

where we used the fact that the second term under the integral in Eq. (S21) can be obtained
from the first one by simply exchanging the coordinates @ <+ @y — @. We hence exploit the
symmetry of the SHG amplitude with respect to the exchange of its arguments, sy (@, Wy —
@) = Ospc(Wy — @, @), and, after renaming the integration variables, we obtain Eq. (S22).

The calculation of the integral in Eq. (522) now relies on the properties of the classical coherence
function of the PDC radiation. Under the quasi stationary approximation studied in [1, 2], the
coherence function at the output of NL; takes the factorized form:

(EH@NC®)) = peon(@ — &) [V (@) (523)

where |V (@) is the Fourier intensity distribution of the PDC light, defined in Eq. (15), variying
on the slow scales Q)p and Qp. In turn

3 o - sinh?[gA,(&
Vcoh(z_‘j) = / %th(é)eﬂw-é/ with Fcoh(é) = w/ (824)

sinh? g



is a well localized coherence peak, which has a fast decay on the scales:

48 . 1] 4
tanh g < fo; Geoh = tanh ¢

Qeon = Ti < Qb (525)
At high enough gain, the coherence and correlation peaks have the same size (see equation (S11)),
while at low gain ¢ < 1 the coherence is a factor /2 larger, but we shall still refer to the narrow
region where the coherence function is localized as the fast (compared to the scale of variation of
|V|?) domain Sp.

For the sake of clarity, let us introduce in in Eq. (522) the “difference” variables AW = @ — @'
and AWy = Wy — @), By using Eq. (523) and inserting the propagation between the two crystals,
the coherence function entering into the integral in Eq. (522) becomes:

(BY(@ — A) By (@) L xr(Q — AQ)xr(0) [1%(@ — AD)| 1) pteon (5T) [V ()2

=~ XF(Q) poon (AD) |V (@) | (S26)

where, oo, (A®) forces AW = (Ag, AQ) to be in the narrow domain (S25). As in the former
section, we assume that the filtered bandwidth is much broader than the coherence width Q,,,
so that xr(Q — AQ) ~ x¢(Q). For the propagator, by neglecting terms on the order Q,, /w1,

one has: 5
* Az 23-AG— 0

1% (@ — Ad)| B (@) = e (ifw)gl 527

(@ o) | 1@ = e (i, (527)

because, as discussed in the previous section, the optimal distance Az is short enough that the
input of NLis in the deep Fresnel zone of the source, where the light coherence properties remain
substantially unchanged upon propagation. Using the same arguments, one also gets:

~ . . . A . . S . . . .
(B (@ — Ay — @ + AD) By (@ — @) B x(Qp — Q) peon (AT — AT) |V (@ — T)> (528)

The presence of oo, (AW) and piop (A@g — A@) under the integral in Eq. (522) forces Aw ~ 0 and
Aty — AW ~ 0 on the slow scale of phase matching, so that it is possible to approximate:

—

Heon (AD) peop (Ao — AD) Py (W — AW, Wy — Ay — @ + AW
Heoh (AD) peon (AW — AW) Dy (T, W — @) (S29)

Qs
) =
as long as I/, < I.. By inserting these approximations into Eq. (522), and making the change of
variables {@, @'} — {@, AW = @ — @' }:
4 N inc 3 . R N
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where in the second line the definition (524) of ., was used in order to perform the convolution
integral over Aw. We are now in conditions of calculating the space-time intensity distribution as:

H A 4 mc dBw d3Aw . L inc .z
< 30A // 0 0 ﬂ;(wo—Awo)ﬂz(w0)> oA
— 22, ( /d3 / (2yp o (@, — @ @2 |V(@)V (@ — @)[2

2 3. 43
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where, as in the previous section, we properly reset the origin of the space-time coordinate frame
at the center of the SH pulse, and neglected terms of order higher then linear in the fast variable
Ay in the phase factor (kp,(@g) — ko, (@o — AWy))IL. In the last line we simply renamed the
integration variables to make the result identical to the equation (25) of the main manuscript.



2. EFFICIENCY OF SHG FROM ENTANGLED PHOTONS, PULSED CASE

In order to underline analogies and differences with previous studies, in the main manuscript the
efficiency of SHG was mainly studied by considering detection of the peak intensity of the SH
signal, which makes sense in the CW case, but clearly is not the best choice in the pulsed case.
Moreover, we remind, the quantum advantage is significantly larger when the entire SH pulse,
instead of its peak, is detected. In the pulsed case, one is led to consider:

Nasui = 01 Nepc + 03 Nipe + 03" Nipe, (833)

where Nppc is the number of PDC photons in a pulse, obtained by integrating the intensity in
Eq. (29) over the pulse:

Nooe = [ @eFa(@) [ 35 1V (@) (s34

For our choice of the classical reference, this is also the mean number of photons of the classical
pulse at the fundamental frequency. Equation (S33) has to be then compared with the classical
upconversion relationship:

f dg‘: coh P .Bcl
[fﬂéﬂw@ﬂz DTy

where we used Eq. (33) for the number of SH photons per pulse in the classical case, and 7D3T;
is roughly speaking the spatiotemporal volume of the fundamental pulse at w;, which for our
choice of the classical reference, coincides with the volume of the quantum pulse.

Taking into account the results for the number of SH photons per pulse in equations (26) and (27),
the coefficients of Eq. (533) can be easily obtained from those in Eq. (36), as

cl 2 .
NS(H> = 0aNppe, with oq = Ba

(S35)
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Figure S1 illustrates the behaviour of these coefficients at increasing parametric gain, and for
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Fig. S1. Efficiency of SHG from entangled photons, from Eq. (S33), for different bandwidths

AQ) of the entangled source, indicated by the legend in (b). (a) Coefficient Uf of the linear term.

(b) Coefficient o of the quadratic term, scaled to the classical coefficient v;. The gray line is
the limit optimal behaviour described by Eq. (540).(c) Total quadratic efficiency, including
coherent and incoherent processes. Parameters as in Fig. 2.

different bandwiths trasmitted on the SHG crystal. For the linear coefficient, a semianalytic
approximations of the integrals in Eq. (S36) shows that

3
O'E - ‘BE (1 +0.3 Nppc > 2 N ‘3113 for Nppc — 0 (539)
PP\ 14 0.7 nppe 0.28 B¥  for nppc — o0



Hence, of has the same properties as B: in particular, when the scheme is fully optimized for the
coherent upconversion of entangled photons 1 itis proportional to the Fourier volume occupied
by entangled modes, or inversely proportional to the entanglement volume in direct space (see
the discussion in Sec. 6), but it slowly decreases with gain.

In turn, when the scheme is optimized so that the limit behaviours of Eq. (37) holds, the quadratic
coefficient oF has the following behaviour:

-,

E 1 |:fd3w |6PDC(ZH/ DT))‘:|2 f d3§Fc20rr(€)

0y — O

[dw V@) | JPEF,E)
3
~ 0y <2 14032 i’lpDc) 2 N 2\/50'(3] for nppc — 0 (840)
1+ 0.64 nppc Ta for Nppc — X

where the function of nppc in the second line comes from a seminalytic fit of the spatiotemporal
integrals in Eq. (S37). The behaviour described by Eq. (540) is shown by the gray curve in Fig. S1.
As for 5]25, for the two smaller bandwidths (Tg stays close enough to this optimal limit, while,
when the bandwith is too large with respect to 2Q)p, (red curve, AQ) = 354 THz), it undergoes a
significant reduction because of dispersion broadening of biphotons. Notice that the quadratic
efficiency shown in Fig.S1 is much larger than that in Fig. 6b, corresponding to detection of
the peak intensity, because, as already remarked, the peak value of the entangled SH signal
underestimates the number of entangled pairs upconverted. This in turn corresponds to a true
enhancement of the quadratic SHG rate due to entanglement, because the coefficient has been
normalized to its classical counterpart 0.

Finally, panel (c) of Fig.S1 shows the total quadratic SHG efficiency, including both coherernt
and incoherent processes. From Eq. (538), we have that Ug‘c [0q = ,Biznc / Ba =~ costant with gain,
hence the curve in panel c are simply the curves in panel b shifted up by a costant value. As a
result, in all these examples (even for the red curve, in which the bandwidth is not optimal) the
quadratic rate of SHG from PDC photons is always larger than its classical counterpart
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