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and countermoves that outperform known heuristic strategies and exploit the hydrodynamic

environment.
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I. INTRODUCTION

Aquatic organisms can detect moving objects by sensing the induced hydrodynamic disturbances

[1–3]. Such an ability is crucial in prey-predator interactions and for navigation, especially in

murky or dark waters, as for the blind Mexican cavefish [4]. Fishes have developed the lateral line,

a mechanosensory system very sensitive to water motions and pressure gradients [5–7]. Planktonic

microorganisms, inhabiting a low-Reynolds-number environment, have antennae and setae to sense

hydrodynamic signals produced by predators and preys [8, 9].

Abstracting away from specific mechanisms developed by aquatic organisms, the problem of

pursue-evasion in microswimmers guided by hydrodynamic cues poses substantial difficulties rooted

in the physics of the ambient medium. At low Reynolds numbers, flow disturbances are generally

weak and rich of symmetries [10] leading to ambiguities about the signal source location especially

if distant from the receiver [2, 3, 8]. Moreover, hydrodynamics has dynamical effects, as the

disturbances generated by one microswimmer alter the other motion. Consequently, an agent’s

strategy inevitably affects the opponent dynamics and strategies. It is thus crucial to understand

how agents’ strategies co-evolve by competing against one another [11], which necessitates going

beyond just escaping from a prescribed pursuit strategy or pursuing a nonresponsive moving target

[12, 13]. Which pursuit-evasion strategies can be devised in such dynamic, partially observable

environments? How do they coevolve while competing? Can hydrodynamics be exploited and

how? How do they compare with strategies based on visual cues?

Here, we formulate the problem of prey-predator microswimmers in a game-theoretic framework

[14], a natural setting to model the emergence of adversarial strategies [11]. As we are interested

in the learning and evolution of strategies and not in fine tuning on specific details of the two

microswimmers, we choose a simplified hydrodynamics. Inspired by recent applications of multi

agent reinforcement Learning (MARL) [15] to hide-and-seek contests [16, 17], we explore its use as a

general model-free framework for discovering effective chase-and-escape strategies at low Reynolds

number. Reinforcement learning (RL) approaches rely on trial and error to improve the quality of

the decisions made by an agent – here a microswimmer – and has been already applied in numerical

and experimental study of navigation in complex fluid environments [18–27]. We show that RL is

able to discover complex strategies, evolving during the different phases of the adversarial learning,

and thus depending on the combined training history. The discovered strategies efficiently overcome

the limitations imposed by the partial observability. In particular, pursuer strategies are shown to

outperform a heuristic baseline policy. Moreover, we show that the main strategies discovered by
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RL are explainable and for some of them we provide an analytical description, which allows us to

rationalize how the pursuer overcomes the difficulties due to partial information.

The material is organized as follows. In Sec. II we present the model. In Sec. III we discuss the

basic ideas of reinforcement learning applied to our model and some detail on the implementation.

In Sec. IV we present the results, while Sec. V is devoted to discussions and conclusions. Some more

technical material is presented in the Appendices and details on the numerical implementation of

the reinforcement learning algorithm are discussed in supplementary material [28].

II. MODEL

A. Game theoretic formulation

The basic settings of the game-theoretic formulation of the problem are shown in Figs. 1(a)

and 1(b). Agents have a limited maneuverability and partial information on the opponent via

hydrodynamic cues, which we choose to be the gradients of the velocity field [Fig. 1(a)]. The two

swimming agents play the following zero-sum game [Fig. 1(b)]: They start at distance R0 with

random heading directions. At each decision time τ each agent senses the hydrodynamic field and

chooses an action (steer left/right or go straight). The pursuer (p) aims at reaching the capture

distance Rc from the evader (e) in the shortest possible time, while the latter has to keep the

pursuer at bay (at distance R > Rc). The game terminates either on capture (pursuer wins) or if

its duration exceeds a given time Tmax (evader wins). While playing many games the agents are

trained via via reinforcement learning (see Sec. III)

B. Modeling the agents

For simplicity, we model the agents as “pusher” discoids in an idealized two-dimensional envi-

ronment disregarding any effect due to walls or confinements and in the absence of external flows.

By swimming, they generate a velocity field modeled as a force dipole moving with speed vα with

α= e, p [Fig. 1(a)]. The force-dipole approximates well the far field of many microorganisms [29].

Near-field corrections, depending on details, are not implemented as we are not interested in tun-

ing the model to a specific swimming mechanism, though they can matter in close encounters [30].

Besides self-propulsion each microswimmer is advected and reoriented by the flow generated by the

other. Every τ time units, i.e., at each decision time, agents can steer by imparting a torque, re-

sulting in an angular velocity Ωα. Thus the position xα and heading direction nα=(cos θα, sin θα)
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FIG. 1. (Color online) Model illustration. (a) Basic elements: The pursuer (p, red)/evader (e, blue) swims

with speed vp/e generating a velocity field u(p/e), which drags the other agent and offers a cue to the other

agent on the relative position and orientation via its gradients, ∇u(p/e). Agents only have a limited control

on their heading directions – the actions. (b) Sketch of a game: The game starts with the agents at distance

R0 and the pursuer/evader goal is to min/maximize the time their distance reaches the capture value Rc

within a given time horizon. Agents move in the plane, every τ time-unit they choose to maintain or turn

left/right their heading direction on the basis of the cues they receive. (c) Geometry of the problem in a

fixed frame of reference with indicated the heading angles. (d) Bearing angle Φe/p corresponding to the

angular position of an agent with respect to the heading direction of its opponent.

evolve as

ẋα = vαnα + u(β) (1)

θ̇α = Ωα + ω(β)/2 , (2)

where u(β)(x) and ω(β)(x)(= ∇×u(β)(x)) are the velocity and vorticity field at position at position

xα, generated by the opponent agent β in xβ with heading orientation θβ, see Fig. 1c.

As detailed in Appendix A, we can write u(β)(x) = (∂y,−∂x)Ψ(x−xβ; θβ), with the stream

function Ψ = Dβ/2 sin(2φ− 2θβ), where x− xβ = |x− xβ|(cosφ, sinφ) and Dβ denotes the dipole

intensity of agent β. We consider Dβ > 0, i.e., pusher like microswimmers [29]. The velocity in

Eq. (1) is then obtained by deriving the stream function in x = xα, corresponding to φ = φα

[see Fig. 5(a) for the notation on the angles with respect to a fixed frame of reference]. While the

vorticity in Eq. (2) is ω(β) = 2Dβ/R
2 sin(2φα− 2θβ) = 2Dβ/R

2 sin(2φβ − 2θβ), with R = |xα−xβ|

and the second equality stemming from φβ = φα + π [Fig. 5(a)].
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C. Modeling the hydrodynamic cues

As already discussed, we assume an agent can only sense the gradients of the velocity field

generated by its opponent, similarly to what copepods do with sensory setae [8]. Since agents have

no notion of an external frame of reference we assume that they perceive the gradients in their

own frame of reference, i.e., projected along the angents’ swimming direction. In this frame of

reference the three independent components (vorticity and longitudinal and shear strain) of the

velocity gradients read

ω(β)= ∂xu
(β)
y −∂yu(β)x =

2Dβ

R2
sin(2Φβ − 2Θβ) (3)

L(β)= ∂xu
(β)
x =−∂yu(β)y = −

Dβ

R2
cos(4Φβ−2Θβ) (4)

S(β)=
1

2
(∂xu

(β)
y +∂yu

(β)
x )=−

Dβ

R2
sin(4Φβ−2Θβ) . (5)

They depend on agents’ distance (R), relative heading Θβ = θβ − θα [see Fig. 5(b)] and angular

position of β with respect the heading direction of α, Φβ=φβ−θα, i.e., the bearing angle [Fig. 1(d)],

as called in the pursuit-evasion-games language [13].

In general, gradients are symmetric with respect to parity, i.e., to the combined transformation

Θβ → Θβ + π and Φβ → Φβ + π. The force dipole case is even more degenerate as, owing to

the fore-aft symmetry, either of the two transformations leaves the gradients unchanged, due to

the nematic nature of dipoles. Such symmetries result in ambiguities in the identification of the

position and orientation of the opponent, akin to the 180o ambiguity in fish hearing [31]. Memory

of past detections and/or multiple hydrodynamical cues can, in principle, mitigate such ambiguities

which, however, typically persist at large distances [1, 2, 32]. In spite of its simplicity the model is

thus rich enough to represent the typical observability limitation inherent to organisms that can

only perceive the gradients of the velocity field.

III. LEARNING TO PURSUE AND EVADE THROUGH REINFORCEMENT

To set up a learning framework, we need to identify: a set of observations, o, that an agent

perceives and uses to infer the opponent’s state; the actions, a, through which it can implement its

strategy; and the rewards, r, to evaluate its actions. The learning task here is to find an optimal

reactive policy, π∗(a|o), that associates actions to observations in order to maximize the expected

cumulative rewards. In our setting, the environmental state (relative position and heading) is only

partially observable through the velocity gradients[33]. The actions a ∈ A= {0,+,−} [Fig. 1(a)]
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correspond to the three angular velocities Ωα = 0,+$α,−$α agent α can choose to control its

orientation. Once actions are taken, the agents evolve for a time τ with the dynamics (1) and (2) and

a reward is issued. In this zero-sum game, the currency is the elapsing time: The pursuer/evader

receives a reward r=∓1 at the end of each decision time. After each action, the agents update

their policy by combining past and new information with the issued reward. In the new state,

gradients are sensed again, new actions are taken and rewards received; the cycle repeats itself

until the terminal state is achieved, with either the pursuer (if R ≤ Rc) or the evader winning

(if the game duration exceeds Tmax). The total return accumulated by the pursuer/evader in an

episode is therefore ∓T where T is the duration of the episode itself.

A. Reinforcement Learning algorithm

Among the many approaches to MARL we adopt a natural actor-critic architecture (see [34, 35]

and supplementary material [28] for details) because of its theoretical guarantees and connection

with evolutionary game theory [14, 36]. In this class of algorithms, locally optimal solutions are

sought by means of stochastic gradient ascent in policy space. Natural gradients are used, by

virtue of their covariance with respect to the metric defined by the Fisher information [37]. Real

organisms process the environmental cues with their nervous system that encodes the policy, e.g.,

in fishes dedicated neurons control escape responses [38]. Such neural encoding can be emulated

by artificial neural networks [39]. Here, in the interest of explainability, we opted for an explicit

parametrization of the policy in terms of few selected features of the observations. Dropping the

agent indices for simplicity, we set

π(a|o) =
exp(F(o) · ξa)∑
a′ exp(F(o) · ξa′)

,

where a, a′ ∈ A, F(o) are features that encode the observations o, and ξa the learning parameters.

By combining the velocity-gradient components, we chose to extract the following observables

(o) (see Appendix B): the vorticity ω; a proxy for the agents’ distance, R̂ ∝ 1/R2; and a linear

combination of heading and bearing angle γ = 4Φ−2Θ. As features, F(o), we used the raw observ-

ables ω and R̂, and the first and second harmonics of angle γ. To encode for the heading direction,

we include some short-term memory by combining a few past observations. As discussed in Ap-

pendix B, exploratory studies with more features did not give qualitatively different results from

the minimal setting described above. Moreover, eliminating memory yields the same strategies,

which indicates that a more sophisticated exploitation of memory is needed.
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B. Training scheme

To better interpret the evolution of strategies and counter-strategies, we organized learning

in phases (each made of M = 5 × 103 episodes) where agents alternately improve their policies.

Assuming no prior knowledge, agents start their training with a random policy, π(a|o)=1/|A|=1/3

for all o. At first, the pursuer learns with the evader’s policy frozen, and then the evader learns

against the pursuer policy from the previous phase, and so on. Episodes start with agents at a

distance R0 = 1 and random heading directions, and end either on capture (R≤Rc = 0.05R0) or

when time exceeds the cap Tmax=50T0, where T0=R0/ve is estimated in terms of the evader speed

and initial distance. We fixed the evader speed at ve = 0.1 and angular velocity $e = 3. For the

pursuer, we chose (vp, $p)=(0.15, 4.5) which gives a slight speed advantage maintaining the same

steering ability (same curvature radius vp/$p=ve/$e). The intensity of the force dipole is taken

to be equal for both agents Dp = De = 0.03. With this choice hydrodynamic velocity dominates

over swimming at distances R . R0. The decision time is τ=0.01T0 for both agents.

IV. RESULTS

Our main results are summarized in Fig. 2: Figure 2(a) shows the running average of nor-

malized game duration T/Tmax [40] in the first six learning phases for three independent learning

experiments; Figs. 2(b)-2(g) and Figs. 2(h)-2(m) display some representative examples of pursuer

and evader winning strategies, respectively. Cycles 1 and 2 are quite reproducible: The pursuer

discovers ways to rapidly catch the evader which, in turn, finds ways to counteract. Conversely,

cycles 3-6 are characterized by a higher variability: Agents seem to acquire and lose good poli-

cies also within their own learning turn, and we see cases (run1 in Fig. 2a) in which the evader

eventually dominates the game. We hypothesize that such variability arises from a combination

of insufficient hyperparameters tuning [41] and/or subtle instabilities in the learning algorithm.

Notwithstanding these limitations, many aspects of the learned strategies are reproducible and, to

some extent, physically explainable as discussed below. The effect of a variation of the parameters

and the addition of rotational noise is discussed in Sec. II of supplementary material [28].

A. Pursuit strategies: Mirroring and tailgating

In its first learning phase, the evader executes a random cue-insensitive policy, while the predator

learns to pursue its prey either “mirroring” its actions [Fig. 2(b)] or “tailgating” it [Fig. 2(c)]. When
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FIG. 2. (Color online) Co-evolving strategies in the first six training cycles. (a) Running average (over

100 episodes) of normalized episode duration T/Tmax for three realizations of learning: run1, run2 and 3

(purple, green and black curves). The dashed horizontal gray line represents a heuristic baseline value as

discussed in Sec. IV A 1. [(b)-(g)] Winning pursuit strategies: (b) mirroring, (c) tailgating, (d) mirroring

vs linear escape with a rendez-vous, [(e) and (f)] tailgating with countermoves to hydrodynamic defense,

and (g) failing twirling on mirroring. [(h)-(m)] Winning evasion strategies: (h) hydrodynamic defense, (i)

linear escape with turn and hydrodynamic collision at rendez-vous, (j) linear escape against mirroring, (k)

linear escapes and turns inducing pursuer switches between mirroring and tailgating at distance, and [(l)

and (m)] twirling trap. Red/blue denotes pursuer/evader trajectories, time runs from lighter to darker color

(apparent close encounters actually take place at different times); run/episode labeled on each panel; the

bottom-right bar displays the unit length.

the pursuer approaches the evader, a switch between the two strategies can sometimes be observed

presumably due to hydrodynamical effects overcoming self-swimming at these distances combined

to evader turning [Fig. 3]. Close inspection reveals that the pursuer orchestrates its actions in

such a way to enforce over time specific relations (linked to the hydrodynamical cues as discussed

in Appendix C) between the bearing angles, namely Φe =−Φp for mirroring and Φe =−Φp + π

for tailgating [Fig. 3(a)]. Due to the aforementioned 180o ambiguities, the pursuer cannot discern

mirroring and tailgating just on the basis of instantaneous hydrodynamical cues: The strategy

chosen depends on initial conditions and hydrodynamic interactions [as, e.g., in Fig. 3(b)]. The two

strategies emerge from the same policy in response to partial observability and can be analytically

described, as detailed in Appendix C and briefly summarized in the following. On neglecting

hydrodynamical interactions in Eqs. (1) and (2), we can derive the equations for the separation
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FIG. 3. (Color online) Switching between tailgating to mirroring. Inset (a): Sum of bearing angles Φe+Φp

vs normalized time. Proximity and evader turning [inset (b)] triggers the switch Φe+Φp≈π→0 (tailgating

→ mirroring) at t/Tmax≈0.15.

and bearing angle [42]. By imposing that the pursuer follows either mirroring or tailgating, such

equations read

Ṙ = −(vp ± ve) cos Φe (6)

Φ̇e = Ωe −R−1 (vp ∓ ve) sin Φe , (7)

with ± for mirroring/tailgating. Equation (6) shows that tailgating is doomed to fail when vp = ve

as Ṙ = 0, while for vp > ve it becomes an efficient strategy as the dynamics (7) leads to Φe→0 for

small enough distances, and (6) implies Ṙ < 0. Mirroring remains effective also for vp = ve (and

Ωe random) as it essentially maps the pursue into a first hitting problem for a random search with

dimensionality reduction [43]. Tests with RL and the full dynamics [Eqs. (1) and (2)] for vp = ve

confirmed the scenario.

1. Comparison with a heuristic strategy based on visual cues adapted to partial information

It is interesting to compare the pursuit policies discovered by RL against well-established visual

pursuit strategies based on the knowledge of the line of sight with the target [13, 42]. Mirroring

bears some similarities with parallel navigation, where the line-of-sight direction is kept constant

with respect to an inertial frame of reference, a strategy that appears to be applied by dragonflies
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[44]. Tailgating resembles pure pursuit, where heading is constantly directed toward the line of

sight (zero bearing angle), as bats or some fishes appear to do [45, 46]. Such strategies cannot be

directly implemented here because of the 180o ambiguities inherent to perceiving only the gradients.

However, we can introduce a heuristic strategy in the form of a randomized pure pursuit: The

pursuer heads either toward the evader (Φe=0) or to its “image” (Φe=π) with equal probability

with some persistency in time. As a limiting case, it could randomly choose its target once for

all at the beginning, in which case it is bound to fail half of the times so that 〈T 〉/Tmax > 1/2;

however, the pursuer may instead randomly choose either targets every Np decision times (we call

Np persistency). By scanning 〈T 〉/Tmax as a function of Np, at Np ≈ 400 we numerically found the

minimum 〈T 〉/Tmax ≈ 0.4 [see Fig. 4 and dashed line in Fig. 2(a)] which is slightly more than twice

the value obtained with the mirroring-tailgating strategy. The policy discovered by RL clearly

outperforms the randomized pure pursuit offering a more efficient way to overcome the ambiguities

due to the partial information provided by the hydrodynamic cues.
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FIG. 4. (Color online) 〈T 〉/Tmax as a function of the persistency Np (circles) of the randomized pure pursuit

strategy described in text. The black line shows the normalized episode duration for the optimal Np, while

the red dashed line shows the average value obtained with the mirroring-tailgating strategy obtained from

Fig. 2(a).

B. Evader strategies: Hydrodynamic defense and linear flights

In its training phase, the evader learns to contrast mirroring and tailgating. As for the latter,

it finds a way to exploit hydrodynamics [Fig. 2(h)]. In many episodes of this kind, the pursuer
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approaches its opponent from behind with small bearing angle (tailgating). The evader reacts by

placing itself in a position relative to its predator such that its backward push cancels the speed

advantage of the pursuer and keeps it at bay at a fixed distance (supplementary movie1 displays

the pursuer’s trajectory in the frame of reference of the evader). In principle, near-field corrections

to the force dipole could modify the hydrodynamic defense, and it would be interesting to explore

this aspect when focusing on specific microswimmers. Another strategy adopted by the evader

takes the form of an almost linear escape trajectory [Figs. 2(i) and 2(j)]. As shown in Fig. 2(d),

this is not always successful as, via mirroring, the pursuer can intercept the evader to a rendezvous

point by performing a long smooth arc. Such arcs correspond to adjusting the axis of mirroring

in the course of time. However, either by making such rendezvous point very far [Fig. 2(j)] or by

exploiting hydrodynamics and turns on close encounters [Fig. 2(i)], the evader can consistently

make its evasion strategies quite efficient.

C. Refining strategies

As training proceeds both agents learn more complex strategies in response to the ones described

above. We now briefly discuss some examples that stand out because of their repeated occurrence

and explainability. Interestingly, the pursuer discovers different ways to contrast the hydrodynamic

defense of its opponent [Figs. 2(e) and (f), see also supplementary movie2]. Remarkably, the

evader learns to devise diverse winning manouvers as in Fig. 2(k), which consist in linear escapes

and turnings which make the predator switching from mirroring to tailgating before capture (see

supplementary movie3). The evader also discovers that twirling can trap the pursuer [Fig. 2(l) and

2(m)] in a looping motion induced by its own mirroring-tailgating strategy. Trapping is not always

successful though [Fig. 2(g)]. With small variations, the basic strategic patterns discussed above

are found also with different parameter choices and will be reported elsewhere.

V. CONCLUSIONS

In this study, we have shown how microswimmers can discover complex strategies to pur-

sue and evade from each other, even if endowed with limited maneuvering ability and inherently

equivocal information about their relative position and orientation. Our study presents a novel

game-theoretic approach to pursuit and evasion in an aquatic microenvironment. We expect it

to spur further research on the use of reinforcement learning algorithms to rationalize observed
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prey-predator interactions in more general contexts [11]. Owing to the simplicity of our model

we have been able to analytically describe some of the strategies discovered by RL and show why

they are effective in overcoming partial observability: For instance, mirroring and tailgating allow

to reduce the dimensionality of the search by mapping the search into a first hitting problem. In

this respect it would be interesting to study a three dimensional version of the problem to under-

stand which dimensionality reduction could emerge in that case and if it can be still reduced to a

one-dimensional hitting time problem.

The present model can be easily generalized to ellipsoidal swimmers, by adding to Eq. (2) ro-

tation by the strain-rate tensor. It can also be extended to “pullers” as well as to other specific

microswimmers by including the appropriate near-field hydrodynamics. Indeed while, e.g., mir-

roring and tailgating are expected to maintain their efficiency in the far field, the pursuer policy

may need some refinement in the near-field in order to account for more complex hydrodynamic

interactions and near-field corrections would also modify the response of the evader (e.g., the kind

of hydrodynamic defense it can develop). With suitable modifications of the hydrodynamics, the

approach that we developed here can be used to train underwater robots which can sense the

hydrodynamic fields with bioinspired mechanosensors[47, 48] and thus accomplish complex tasks –

for instance, artificial fishes that imitate escape responses [49]. Here we did not discuss the effect of

external flows and boundaries. Preliminary results in a circular arena confirm that the agents can

learn to exploit hydrodynamics to perform their pursue/evasion tasks in spite of the confounding

cues and complex dynamics arising from the presence of the walls.

Exciting and formidable challenges still lie ahead, and among them stands out the emergence of

collective pursue strategies like wolf-packing, and collective escape responses such as hydrodynamic

cloaking [23].
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Appendix A: Force-dipole hydrodynamic fields

As described in Sec. II B, we model the agents as two swimming discoids which generate a force

dipole, in the sequel we detail the hydrodynamic fields, which enter the dynamics of the agents

[see Eqs. (1) and (2)], generated by a force dipole in two dimensions.

We start considering a Stokeslet, i.e., the fundamental solution of the Stokes equation for a

point force, F = Fn, which, for the sake of simplicity, we locate in the origin, and thus solving

the equation

ν∆u−∇p = F δ(x) , (A1)

where u and p are the velocity and pressure field, and ν the fluid viscosity. The fundamental

solution to Eq. (A1) in two dimensions is

ui(x) = Gij(x)Fj , (A2)

where G is the Green function:

Gij(x) =
1

4πν

[
−δij ln

(
|x|
L

)
+
xixj
|x|2

]
(A3)

with L being an arbitrary length. The pressure field takes the form p(x) = F · x/(4π|x|3) + p∞,

with p∞ a constant.

Considering two point forces F± = ±Fn located in x± = ±εn, with ε� 1 and using Eq. (A2),

we can express the velocity field generated by this couple as

u(x) = Gij(x− x+)F+
j +Gij(x− x+)F−j ' −2Fnk∂kGij(x)nj (A4)

where F+
i = −F−i = Fni and we retained only the first order, to obtain an expression which well

approximates the velocity field for large distances |x| � ε. Working out the algebra yields:

u(x) =
D

|x|

[
2

(
n · x
|x|

)2

− 1

]
x

|x|
=

D

|x|
cos(2φ− 2θ)(cosφ, sinφ) (A5)

where D = Fε/(2πν) measures the dipole intensity (D > 0 corresponding to pushers and D < 0 to

pullers [29]) and, in the second equality, x = |x|(cosφ, sinφ) and n = n(θ) = (cos θ, sin θ). Notice

that the velocity (A5) can equivalently be derived as u = (∂yΨ,−∂xΨ) where Ψ is the stream

function which can be written as

Ψ(x) =
D

2
sin(2φ− 2θ) . (A6)



14

(a) (b)

<latexit sha1_base64="ZkMkQp6Fe4t3XE703qOLXJfDpJw=">AAACOnicbZDLTgIxFIY7eEO8gS7dNBITF4bMIF6WRDcuwcglAUI65Qw0dC5pOyaTyTyBW30bX8StO+PWB7AMs5DLSdr8+c+lp58dcCaVaX4auY3Nre2d/G5hb//g8KhYOm5LPxQUWtTnvujaRAJnHrQUUxy6gQDi2hw69vRhlu+8gJDM955VFMDAJWOPOYwSpa3m07BYNitmGnhVWJkooywaw5JR7o98GrrgKcqJlD3LDNQgJkIxyiEp9EMJAaFTMoaelh5xQQ7idNMEn2tnhB1f6OMpnLr/O2LiShm5tq50iZrI5dzMXJuz3bX2/NnFnZRzN4iZF4QKPDpfyQk5Vj6eAcIjJoAqHmlBqGD6V5hOiCBUaYyF/ggcjTqdG48FREksxnYSm5Xa1aUGd51eicZqLUNcFe1qxbqpVJu1cv0+A5xHp+gMXSAL3aI6ekQN1EIUAXpFb+jd+DC+jG/jZ16aM7KeE7QQxu8ft+OrSw==</latexit>

R <latexit sha1_base64="2hXmO9O8VQk2LVmqRgRaneaY2bg=">AAACQHicbZDLTgIxFIY7eEO8gS7dNBITF4bMCF6WRDcuMREhAUI65Qw0tDOTtmMkk3kIt/o2voVv4M64dWUZZiGXk7T5859LTz835Exp2/60cmvrG5tb+e3Czu7e/kGxdPikgkhSaNKAB7LtEgWc+dDUTHNohxKIcDm03PHdNN96BqlY4D/qSQg9QYY+8xgl2litrivwSz/sF8t2xU4DLwsnE2WURaNfssrdQUAjAb6mnCjVcexQ92IiNaMckkI3UhASOiZD6BjpEwGqF6f7JvjUOAPsBdIcX+PU/d8RE6HURLimUhA9Uou5qbky54qV9uzZ+Z20d9OLmR9GGnw6W8mLONYBnmLCAyaBaj4xglDJzK8wHRFJqDYwC90BeAZ4OjceSpgksRy6SWxXatVzA+4yvRKD1VmEuCyeLirOVaX6UCvXbzPAeXSMTtAZctA1qqN71EBNRNEYvaI39G59WF/Wt/UzK81ZWc8Rmgvr9w/A163I</latexit>xp<latexit sha1_base64="PXzEadsrw5OfA8tlc74ZITkLMEI=">AAACQHicbZDLTgIxFIY7eEO8gS7dNBITF4bMCF6WRDcuMREhAUI65Qw0tDOTtmMkk3kIt/o2voVv4M64dWUZZiGXk7T5859LTz835Exp2/60cmvrG5tb+e3Czu7e/kGxdPikgkhSaNKAB7LtEgWc+dDUTHNohxKIcDm03PHdNN96BqlY4D/qSQg9QYY+8xgl2litrivwSx/6xbJdsdPAy8LJRBll0eiXrHJ3ENBIgK8pJ0p1HDvUvZhIzSiHpNCNFISEjskQOkb6RIDqxem+CT41zgB7gTTH1zh1/3fERCg1Ea6pFESP1GJuaq7MuWKlPXt2fift3fRi5oeRBp/OVvIijnWAp5jwgEmgmk+MIFQy8ytMR0QSqg3MQncAngGezo2HEiZJLIduEtuVWvXcgLtMr8RgdRYhLouni4pzVak+1Mr12wxwHh2jE3SGHHSN6ugeNVATUTRGr+gNvVsf1pf1bf3MSnNW1nOE5sL6/QOspa29</latexit>xe

<latexit sha1_base64="ZkMkQp6Fe4t3XE703qOLXJfDpJw=">AAACOnicbZDLTgIxFIY7eEO8gS7dNBITF4bMIF6WRDcuwcglAUI65Qw0dC5pOyaTyTyBW30bX8StO+PWB7AMs5DLSdr8+c+lp58dcCaVaX4auY3Nre2d/G5hb//g8KhYOm5LPxQUWtTnvujaRAJnHrQUUxy6gQDi2hw69vRhlu+8gJDM955VFMDAJWOPOYwSpa3m07BYNitmGnhVWJkooywaw5JR7o98GrrgKcqJlD3LDNQgJkIxyiEp9EMJAaFTMoaelh5xQQ7idNMEn2tnhB1f6OMpnLr/O2LiShm5tq50iZrI5dzMXJuz3bX2/NnFnZRzN4iZF4QKPDpfyQk5Vj6eAcIjJoAqHmlBqGD6V5hOiCBUaYyF/ggcjTqdG48FREksxnYSm5Xa1aUGd51eicZqLUNcFe1qxbqpVJu1cv0+A5xHp+gMXSAL3aI6ekQN1EIUAXpFb+jd+DC+jG/jZ16aM7KeE7QQxu8ft+OrSw==</latexit>

R
<latexit sha1_base64="kQbZvFLlU5Vgksex+jRrrVDR9mQ=">AAACQXicbZDJTsMwEIYd1lK2Fo5cIiIkDihKaFmOFVw4Fqmb1FaV40xaq84i20GKorwEV3gbnoJH4Ia4csFNc6DLSLZ+/bN4/DkRo0Ja1qe2sbm1vbNb2ivvHxweHVeqJx0RxpxAm4Qs5D0HC2A0gLakkkEv4oB9h0HXmT7O8t0X4IKGQUsmEQx9PA6oRwmWyuoNWhOQeASjimGZVh76qrALYaAimqOqZgzckMQ+BJIwLETftiI5TDGXlDDIyoNYQITJFI+hr2SAfRDDNF840y+U4+peyNUJpJ67/ztS7AuR+I6q9LGciOXczFybc/y19vzZxZ2kdz9MaRDFEgIyX8mLmS5DfcZJdykHIlmiBCacql/pZII5JlLRLA9c8BTxfG465pBkKR87WWqZ9dqVAneTX5nCai9DXBWda9O+NWvPdaPxUAAuoTN0ji6Rje5QAz2hJmojghh6RW/oXfvQvrRv7WdeuqEVPadoIbTfP9ugrlY=</latexit>

⇥e

<latexit sha1_base64="iMVGOUVI3YUngoOfk6Amw5v0S2A=">AAACQXicbZC7TsMwFIYdrqXcWhhZIiokBlQltFzGChbGIvUmNVHluCetVceJbAepivISrPA2PAWPwIZYWXDTDPRyJFu//nPx8edFjEplWZ/GxubW9s5uYa+4f3B4dFwqn3RkGAsCbRKyUPQ8LIFRDm1FFYNeJAAHHoOuN3mc5bsvICQNeUtNI3ADPOLUpwQrbfWc1hgUHkSDUsWqWlmYq8LORQXl0RyUjYozDEkcAFeEYSn7thUpN8FCUcIgLTqxhAiTCR5BX0uOA5Buki2cmhfaGZp+KPThyszc/x0JDqScBp6uDLAay+XczFyb84K19vzZxZ2Uf+8mlEexAk7mK/kxM1VozjiZQyqAKDbVAhNB9a9MMsYCE6VpFp0h+Jp4NjcZCZimiRh5aWJV67UrDe4mu1KN1V6GuCo611X7tlp7rlcaDzngAjpD5+gS2egONdATaqI2IoihV/SG3o0P48v4Nn7mpRtG3nOKFsL4/QPv0q5h</latexit>

⇥p

<latexit sha1_base64="f28QUJ5TqIEhyXy9/5bbt6yokKA=">AAACP3icbZC7TsMwFIadcivl1sLIElEhMaAqoeUyVrAwFolepCaqHPekNXUSy3aQoijvwApvw2PwBGyIlQ037UBbjmTr138uPv48zqhUlvVhFNbWNza3itulnd29/YNy5bAjo1gQaJOIRaLnYQmMhtBWVDHocQE48Bh0vcndNN99BiFpFD6qhIMb4FFIfUqw0lbH4WM64INy1apZeZirwp6LKppHa1Axqs4wInEAoSIMS9m3La7cFAtFCYOs5MQSOCYTPIK+liEOQLppvm5mnmpnaPqR0CdUZu7+7UhxIGUSeLoywGosl3NT89+cF/xrz55d3En5N25KQx4rCMlsJT9mporMKSVzSAUQxRItMBFU/8okYywwUZplyRmCr3nnc9ORgCRLxcjLUqvWqJ9rcJf5lWms9jLEVdG5qNlXtfpDo9q8nQMuomN0gs6Qja5RE92jFmojgp7QC3pFb8a78Wl8Gd+z0oIx7zlCC2H8/AJUU62Y</latexit>

�p

<latexit sha1_base64="Fqr+5yBbvEQV+mMAVl4RUIG8iDM=">AAACP3icbZC7TsMwFIbtcivl1sLIElEhMaAqoeUyVrAwFolepCaqHPekNXUush2kKMo7sMLb8Bg8ARtiZcNNO9CWI9n69Z+Ljz834kwq0/zAhbX1jc2t4nZpZ3dv/6BcOezIMBYU2jTkoei5RAJnAbQVUxx6kQDiuxy67uRumu8+g5AsDB5VEoHjk1HAPEaJ0lbHjsZsAINy1ayZeRirwpqLKppHa1DBVXsY0tiHQFFOpOxbZqSclAjFKIesZMcSIkInZAR9LQPig3TSfN3MONXO0PBCoU+gjNz925ESX8rEd3WlT9RYLuem5r851//Xnj27uJPybpyUBVGsIKCzlbyYGyo0ppSMIRNAFU+0IFQw/SuDjokgVGmWJXsInuadz01HApIsFSM3S81ao36uwV3mV6axWssQV0XnomZd1eoPjWrzdg64iI7RCTpDFrpGTXSPWqiNKHpCL+gVveF3/Im/8PestIDnPUdoIfDPL0AhrY0=</latexit>

�e evader

evader

pursuer

pursuer

FIG. 5. (Color online) Description of relevant angles entering the agent dynamics. (a) In a fixed frame of

reference it is shown the angular position of the pursuer φp and of the evader φe, heading angles are shown

in Fig. 1(b). (b) We show the relative heading angles Θe = θe − θp and Θp = θp − θe, needed together with

the bearing angles [Fig. 1(d)] to express the velocity gradients in the pursuer and evader frame of reference,

respectively.

The velocity field due to agent β and advecting agent α [see Eq. (1] is simply obtained from

Eq. (A5) substituting φ = φα and θ = θβ, where θβ are the heading directions shown in Fig. 1(c),

and φα the angular position with respect to a fixed frame of reference shown in Fig. 5(a). The

vorticity field due to agent β and rotating the heading orientation θα of agent α instead can be

easily derived to be:

ω(β) =
2Dβ

R2
sin(2φα − 2θβ) =

2Dβ

R2
sin(2φβ − 2θβ) (A7)

with R = |xα − xβ| and the second equality stemming from φβ = φα + π [Fig. 5(a)].

Appendix B: Choice of observables and features

Equations (3)-(5) express the gradients in the frame of reference the observing agent. The three

independent components of the gradients ω,L and S can be mapped one to one onto the space of

the following quantities o = {ω, R̂, γ}, which we assume are observables. Here, ω is the vorticity

itself, which combines information about the agent distance and about sin(2Φ − 2Θ). The other

two quantities can easily obtained combining the expression of the longitudinal and shear strain,

as R̂= (L2+S2)1/2 ∝ 1/R2 and γ = arctan2(S/L). The observations o offer partial information

about the other agent due to the 180o ambiguities in Θ and Φ discussed in Sec. II C. The policy

is parameterized by the features F(o), i.e., functions of the observables. Notice that even if o was

precisely identifying the reciprocal position of the agents, in order to have access to the full space

of possible policies, the features should be chosen as a complete functional basis of the observation,
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which is not practicable if not using deep reinforcement learning techniques, an option that we did

not adopt to have a better understanding of the discovered policies. So we encode the observations

o by using a set of only NF features and, consequently, the agents must decide their actions in

condition of partial observability [15, 33]).

We tested different choices of the features and the results presented in Fig. 2 correspond to the

choice of the NF = 13 features summarized in Table I. While the first six features are clearly related

F1(ot) = R̂(t)

F2(ot) = sin(γ(t))

F3(ot) = cos(γ(t))

F4(ot) = sin(2 γ(t))

F5(ot) = cos(2 γ(t))

F6(ot) = ω(t)

Fi(ot) = (1− µ) Fi(t− τ) + µ Fi−6(t− τ) for i = 7, 12

F13(ot) = 1

TABLE I. Implemented Features. Note that features 7 − 12 provide some memory of the values of the

previous features, in the implementation we chose µ = 0.3 to retain some memory about the last 2− 4 past

observations approximately).

to the information that can be extracted from gradients, the features i = 7, 12 are introduced to

provide the agents with some memory, which may mitigate some of the aforementioned ambiguities.

Finally, the 13th feature is unrelated to the gradients and it is chosen to allow the agents to adopt

strategies independent of the percepts.

We remark that the mirroring and tailgating strategies discussed in Sec. IV A can be obtained

also removing memory (i.e., features from 7 to 12) while they seem to crucially depend on features

4 and 5 which, as explained before, are derived from the strain components Eqs. (4) and (5). These

two features are clearly related to mirroring and tailgating strategies (see also Appendix C). Indeed,

by removing them, such basic strategies are lost. In order to assess the robustness of our results, we

tested the algorithm with different choices of features. Specifically, we tried using powers (both pos-

itive and negative) of R̂, higher harmonics of γ and various products of the percepts. For instance,

we tried to add the following features cos(3γ), sin(4γ), cos(3γ), cos(4γ), ω cos(γ)/R̂, ω sin(γ)/R̂,

ω sin(2γ)/R̂, ω cos(2γ)/R̂, R̂ cos(γ), R̂ sin(γ), R̂ sin(2γ), R̂ cos(2γ), R̂ sin(3γ), R̂ cos(3γ), |ω| and

ω/R̂. In a separate batch of tests, we tried to use R̂2 and log R̂. While it cannot be excluded that

we did miss a specific combination of features or that we did not run enough tests, the strategies

emerging from these additional trials were qualitative equivalent to those presented in Fig. 2.
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Appendix C: Analytical description of mirroring and tailgating strategies

In this Appendix we discuss the mirroring [Fig. 2(b)] and tailgating ([Fig. 2(c)] strategies and

derive Eqs. (6) and (7).

First we recall the definitions [see also Figs. 1(c) and 1(d) and Figs. 5(a) and 5(b)] of the relative

heading angle Θe = θe− θp, bearing angle from the point of view of the pursuer, Φe = φe− θp, and

of the evader, Φp = φp − θe; moreover, we recall that φe = φp + π [see Fig. 5(a)]. As discussed in

Sec. IV A in these strategies the pursuer chooses its actions in such a way to approximatively keep

the following relations between the two bearing angles:
Φp = −Φe Mirroring

Φp = −Φe + π Tailgating .

(C1)

As discussed in Appendix B, one of the key observables available to the pursuer is the angle

2Φe −Θe, with simple algebra one can recognize that

2Φe −Θe = Φp + Φe − π , (C2)

so that we can re-express (C1) as

2Φe −Θe = Γ± mod 2π (C3)

or equivalently, in the laboratory frame of reference

θp + θe = 2φe − Γ± , (C4)

with Γ+ = π for mirroring and Γ− = 0 for tailgating respectively. Note that (θp + θe)/2 identifies

(for vp = ve exactly, and otherwise approximatively) the axis of symmetry with respect to which

the pursuer trajectory mirrors the one of the evader.

Notice that, at least in the absence of memory, Γ± cannot be discriminated from observing

gradients alone due to the fore-aft symmetry of the swimming dipole. Therefore, depending on

the initial condition the agent will pick one of two strategies. Unless the pursuer can resolve the

aforementioned ambiguity, it must learn both strategies or neither. In the actual hydrodynamic

simulations we have added memory effects (see features Fi for i = 7, 12 in Table I) to possibly

allow the agents to break the fore-aft symmetry in observations. Though tests in the absence of

memory suggest that the way memory was implemented is likely not sufficient to eliminate such

ambiguities. Anyway, we will ignore possible memory effects in the following.
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In order to explore the basic features of such strategies we will neglect also the hydrodynamic

effects (i.e., we will not consider the effects on the pursuer due to the velocity field induced by the

evader) meaning that we approximate Eqs. (1) and (2) as

ẋα = vαn(θα) (C5)

θ̇α = Ωα . (C6)

Moreover, while for the evading agent we assume the dynamics as given by Eqs. (C5) and (C6)

with Ωe chosen random among the values 0,±$e, as in Ref. [42] for the pursuer we enforce the

constraint (C4) exactly. It is worth underlying that the above kinematic equations remain valid

also for Ωe non random. Then we can derive – in polar coordinates R = |xe − xp| and Φe – the

motion of the pursuer in the pursuer frame of reference.

Computing Ṙ: In order to compute Ṙ, we have to project both velocities on the direction

(φe) connecting the two agents. We can use Eqs. (C3)-(C1) (i.e., we can either project velocities

onto the pursuer to evader direction of motion or compute Ṙ with the chain rule). This procedure

leads to Ṙ = ve cos(θe − φe) − vp cos(θp − φe) = ve cos(Φe − Γ±) − vp cos(Φe), and thus to Ṙ =

−(vp ± ve) cos(Φe).

Computing Φ̇e: Let us now focus on Φ̇e. By using Eq. (C4) and that θ̇e = Ωe (being Ωe the

angular velocity selected by the pursuer), we can deduce that θ̇p = 2φ̇e − Ωe which implies that

Φ̇e = −φ̇e + Ωe (C7)

On the other hand, a direct computation yields

φ̇e =
1

R
[ve sin(θe − φe)− vp sin(θp − φp)] . (C8)

Now using Eqs. (C7) and (C8) and noticing that θe − φe = φe − θp − Γ± = Φe − Γ± from (C4), we

can deduce that

Φ̇e = Ωe −
1

R
[ve sin(Φe − Γ±) + vp sin(Φe)] = Ωe −

1

R
(vp ∓ ve) sin(Φe) . (C9)

We can then summarize the previous results in the set of equations
Ṙ = −(vp ± ve) cos(Φe)

Φ̇e = Ωe −
1

R
(vp ∓ ve) sin(Φe) ,

(C10)

where we recall the upper sign choice applies to mirroring and the lower choice to tailgating.

Notice that Eq. (C10) essentially coincides with Eq. (17) of Ref. [42] but is specialized to the
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mirroring/tailgating constraint (C4) on the angles.
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OUTLINE OF SUPPLEMENTARY INFORMATION

In Sec. I we detail the implementation of the Reinforcement Learning algorithm (including the pseudocode). In
Sec. II we briefly comment on different choices of the parameters and on the addition of rotational noise, showing
that these variations leave qualitatively unchanged the results presented in main text. Finally, Sec. III contains the
captions of the supplementary movies.

I. DETAILS ON THE IMPLEMENTATION OF REINFORCEMENT LEARNING

As explained in main text, the two agents play a zero-sum game with opposite goals: the pursuer needs to find (i.e.
to be at distance ≤ Rc from) the evader in the shortest possible time, while the latter needs to remain at distance > Rc
from the opponent as long as possible. In order to accomplish their goals they can only act on their angular velocity
which can take three discrete values: these constitute the set A of actions a each agent can take (here and in the
following we drop any reference to the specific agent unless necessary). At each time t (multiple of the decision time
τ) the agent has access to some (partial) observation ot of the state of the environment via the perceived gradients of
the velocity field which are summarized in the features F(ot) (observables and features are discussed in Appendix B
of main text). Such features are used to parameterize the policy π(a|o) of each agent that is the probability to take
action a ∈ A given the observation o, parameterized as a softmax function:

π(a|o) =
exp

(∑NF

i=1 Fi(o)ξia
)

∑
a′∈A exp

(∑NF

j=1 Fj(o)ξja′
) . (1)

In the above expression ξ = {ξia}i=1,NF a∈A are the parameters defining the policy that the agent needs to (learn)
optimize to achieve its goal and NF the number of features used. Once an action is taken the agents receive a reward.
To perform such optimization we will use a reinforcement learning (RL) scheme to update the parameters ξ, which
is specified below. For a detailed introduction to RL we refer the reader to the book [6].

A. Reinforcement Learning Algorithm

We have now to specify the reinforcement-learning update scheme for the policy π(a|o) of the learning agent within
each episode. We have used a natural actor-critic (NAC) scheme [2] (see also Ref. [3] for a general review on actor-
critic algorithms). This choice motivated by the fact that our problem setting basically defines a zero-sum game and
in Ref. [4] it has been demonstrated that,in stateless zero-sum games, NAC algorithms are able to reproduce the
replicator dynamics and thus to find evolutionary stable solutions to the game.

In a nutshell the basic idea of Actor-Critic algorithms is to learn simultaneously both the policy – actor step –and
the observation value function V (o) – critic step –, the latter corresponds to the expected future reward given a certain
observation. Figure S 1 schematically describes the working principle, which can be summarized as follows: The agent
gets an observation ot of the environmental state, picks an action at according to the current policy π(at|ot), gets a
reward rt (for the reward scheme see main text) and observes the environment again ot+τ then it

critic step: updates with a bootstrap procedure the approximation of the observation value function that, similarly
to π, is parameterized, using the features of table.I in Appendix B of main text, as

V (o) =

NF∑
i=1

Fi(o)κi , (2)
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where κ = {κi}i=1,NF
are the parameters to be optimized. Such optimization is realized using temporal difference

[6], whose basic idea is to produce a new approximation of V evaluating the difference between the actual reward
rt with the expected value according to the approximation of V based on the previous values of the parameters
κ.

actor step: updates the policy parameter with a gradient ascent algorithm (policy gradient theorem in which V (o)
is used as a baseline [6]). To improve convergence, we use gradients covariant with respect to the metrics
on the parameters defined by the Fisher information G – natural gradients [1, 2]. Such natural gradients are
approximated by an auxiliary stochastic process as described in Ref. [2].

B. Pseudocode

We denote with ηA, ηC the learning rates of the actor and critic, respectively. While ηG is the learning rates of the
estimator, gia (depending on feature i and action a), of the natural gradients. The following pseudocode describes
the whole training and policy updating scheme structure. A sample code of the algorithm can be made available
upon reasonable request. Policy and value-function update closely follows the natural actor-critic algorithm 3 of [2],
adapted to our partial observability and adversarial setting (see e.g. [5]). Upper indices p/e refer to pursuer and
evader respectively.

Parameter initialization
ξp/e ← 0 ; κp/e ← 0 ; gp/e ← 0
ηpC = ηeC ← ηC ; ηpG = ηeG ← ηG

Loop on learning cycles: (c = 1, . . .)
IF c is ODD ηpA ← ηA ηeA ← 0 i.e. pursuer learns
ELSE ηpA ← 0 ηeA ← ηA i.e. evader learns

Loop on episodes: (e = 1,M)
Initialize agents’ positions and swimming orientations

observations o
p/e
0

Loop on time t: ({t ≤ Tmax OR t|R(t) ≤ Rc})
pick action a

p/e
t ∼ πp/e(ap/et |op/et )

advance dynamics using Eqs. (1)-(2) of main text from t to t+ τ

observations o
p/e
t+τ

Learning updates based on o
p/e
t , o

p/e
t+τ , a

p/e
t :

Compute temporal difference:

δp/e =

{
−V p/e(op/et ) if the state is terminal

r
p/e
t + V p/e(o

p/e
t )− V p/e(op/et+τ ) otherwise.

update parameters:

κ
p/e
i ← κ

p/e
i + η

p/e
C δp/e∇κi

V p/e

g
p/e
ib ← g

p/e
ib + η

p/e
G

δp/e −∑
jc

∇
α

p/e
jc

lnπp/e(a
p/e
t |op/et )g

p/e
jc

∇
α

p/e
ib

lnπp/e(a
p/e
t |op/et )

ξ
p/e
ib ← ξ

p/e
ib + η

p/e
A g

p/e
ib − (ξ

p/e
ib /ξ0)3 (?)

t← t+ τ

In equation (?) we have added a cubic regularization term to constrain the dynamics of policy parameter since
they would otherwise diverge in norm, preventing efficient adversarial updating. The rationale for our choice is that
the cubic term does not interfere with the parameter update for ‖ξ‖ � ξ0 but becomes relevant for ‖ξ‖ � ξ0 = 20.
The choice of a soft hypercube rather than hard clipping can partially accommodate different intrinsic scales of the
features and was empirically more performing. Note that this regularization breaks the covariant structure but was
still performing well.

In table I we summarize the parameters used in the definition of episodes and turns, and the learning rates, which
as shown in Ref. [2] should be chosen such that ηA � ηG � ηC to ensure convergence.



3

Agent

Action

Environment

Perc
ep

ts 

Rew
ard

Critic Actor

<latexit sha1_base64="16gqeYgBvE5n62t9+GWU8ygX9Nw=">AAACP3icbZC7TsMwFIbtcivl1sLIElEhMaAqgVYwVrAwFolepLaqHOekNXUush2kKMo7sMLb8Bg8ARtiZcNNM9DLkWz9+s/Fx58dciaVaX7iwsbm1vZOcbe0t39weFSuHHdkEAkKbRrwQPRsIoEzH9qKKQ69UADxbA5de3o/y3dfQEgW+E8qDmHokbHPXEaJ0lZn4ABXZFSumjUzC2NVWLmoojxaowquDpyARh74inIiZd8yQzVMiFCMckhLg0hCSOiUjKGvpU88kMMkWzc1zrXjGG4g9PGVkbn/OxLiSRl7tq70iJrI5dzMXJuzvbX2/NnFnZR7O0yYH0YKfDpfyY24oQJjRslwmACqeKwFoYLpXxl0QgShSrMsaWqu5p3NTcYC4jQRYztNzFr9+lKDa2RXqrFayxBXReeqZjVq5mO92rzLARfRKTpDF8hCN6iJHlALtRFFz+gVvaF3/IG/8Df+mZcWcN5zghYC//4BR+etjg==</latexit>

�

<latexit sha1_base64="zCFG73GI+DEQQKUB3yzDIlkKs/4=">AAACQ3icbZDLSgMxFIYz9VbrrdWlm2ARXEiZ8YIui25cVrAX7BTJpGfa0CQzJBmhDPMWbvVtfAifwZ24FUynXWjbAwk//7nk5AtizrRx3Q+nsLK6tr5R3Cxtbe/s7pUr+y0dJYpCk0Y8Up2AaOBMQtMww6ETKyAi4NAORreTfPsZlGaRfDDjGHqCDCQLGSXGWo9+ILA/InFMnspVt+bmgReFNxNVNIvGU8Wp+v2IJgKkoZxo3fXc2PRSogyjHLKSn2iICR2RAXStlESA7qX5yhk+tk4fh5GyRxqcu387UiK0HovAVgpihno+NzGX5gKx1J4++38nE173UibjxICk05XChGMT4Qkp3GcKqOFjKwhVzP4K0yFRhBrLs+T3IbTM87npQME4S9UgyFK3dnF+asFd5ldmsXrzEBdF66zmXdbc+4tq/WYGuIgO0RE6QR66QnV0hxqoiSiS6AW9ojfn3fl0vpzvaWnBmfUcoH/h/PwCTG+vBA==</latexit> <latexit sha1_base64="nP7+1+RhDNNk5MXABP4O50/lRaM=">AAACQ3icbZDLSgMxFIYz9VbrrdWlm2ARXEiZ8YIui25cVrAX7BTJpGfa0CQzJBmhDPMWbvVtfAifwZ24FUynXWjbAwk//7nk5AtizrRx3Q+nsLK6tr5R3Cxtbe/s7pUr+y0dJYpCk0Y8Up2AaOBMQtMww6ETKyAi4NAORreTfPsZlGaRfDDjGHqCDCQLGSXGWo9+ILBPeDwkT+WqW3PzwIvCm4kqmkXjqeJU/X5EEwHSUE607npubHopUYZRDlnJTzTEhI7IALpWSiJA99J85QwfW6ePw0jZIw3O3b8dKRFaj0VgKwUxQz2fm5hLc4FYak+f/b+TCa97KZNxYkDS6UphwrGJ8IQU7jMF1PCxFYQqZn+F6ZAoQo3lWfL7EFrm+dx0oGCcpWoQZKlbuzg/teAu8yuzWL15iIuidVbzLmvu/UW1fjMDXESH6AidIA9doTq6Qw3URBRJ9IJe0Zvz7nw6X873tLTgzHoO0L9wfn4BP4au/Q==</latexit>↵update update

<latexit sha1_base64="5VlF2rypwVEiBj8wXvjAVVAwERw=">AAACPHicbZC7TsMwFIadcivl1sLIYlEhMaAqgVYwVrAwFkEvUhtVjnuSWnUush2kKMojsMLb8B7sbIiVGTftQC9HsvXrPxcff07EmVSm+WkUNja3tneKu6W9/YPDo3LluCPDWFBo05CHoucQCZwF0FZMcehFAojvcOg6k/tpvvsCQrIweFZJBLZPvIC5jBKlradwqIblqlkz88CrwpqLKppHa1gxqoNRSGMfAkU5kbJvmZGyUyIUoxyy0iCWEBE6IR70tQyID9JO810zfK6dEXZDoU+gcO7+70iJL2XiO7rSJ2osl3NTc23O8dfas2cXd1LurZ2yIIoVBHS2khtzrEI8RYRHTABVPNGCUMH0rzAdE0Go0iBLgxG4GnY+N/UEJFkqPCdLzVr9+lKDa+RXprFayxBXReeqZjVq5mO92rybAy6iU3SGLpCFblATPaAWaiOKPPSK3tC78WF8Gd/Gz6y0YMx7TtBCGL9/u1SsTA==</latexit>ot

<latexit sha1_base64="kM4bt4EPBk7V9ScsYvI6JkQFsgk=">AAACQ3icbZDLSsNAFIYnXmu9VV26CRbBhZZEW3QpunFZwdpiW8pkclIHJ5MwcyKEkLdwq2/jQ/gM7sSt4DTNQqsHZvj5z2XOfF4suEbHebPm5hcWl5YrK9XVtfWNzdrW9q2OEsWgwyIRqZ5HNQguoYMcBfRiBTT0BHS9h8tJvvsISvNI3mAawzCkY8kDziga646OMjwaIE3yUa3uNJwi7L/CLUWdlNEebVn1gR+xJASJTFCt+64T4zCjCjkTkFcHiYaYsgc6hr6Rkoagh1mxcm7vG8e3g0iZI9Eu3J8dGQ21TkPPVIYU7/VsbmL+m/PCf+3ps793wuBsmHEZJwiSTVcKEmFjZE9I2T5XwFCkRlCmuPmVze6pogwNz+rAh8AwL+ZmYwVpnqmxl2dOo3lyaMC1imuC1Z2F+FfcHjfcVsO5btbPL0rAFbJL9sgBcckpOSdXpE06hBFJnsgzebFerXfrw/qcls5ZZc8O+RXW1zfXia9P</latexit>a
t�

⌧

<latexit sha1_base64="N7D2AUx5xKyR2A2o2Sd5N+x3Klg="></latexit>

⇡(at�⌧ |ot�⌧ )

<latexit sha1_base64="tjMAHIvZOMvfkSVW/tvSH4QR+Oo="></latexit>

⇡new(a|o)

<latexit sha1_base64="5VlF2rypwVEiBj8wXvjAVVAwERw=">AAACPHicbZC7TsMwFIadcivl1sLIYlEhMaAqgVYwVrAwFkEvUhtVjnuSWnUush2kKMojsMLb8B7sbIiVGTftQC9HsvXrPxcff07EmVSm+WkUNja3tneKu6W9/YPDo3LluCPDWFBo05CHoucQCZwF0FZMcehFAojvcOg6k/tpvvsCQrIweFZJBLZPvIC5jBKlradwqIblqlkz88CrwpqLKppHa1gxqoNRSGMfAkU5kbJvmZGyUyIUoxyy0iCWEBE6IR70tQyID9JO810zfK6dEXZDoU+gcO7+70iJL2XiO7rSJ2osl3NTc23O8dfas2cXd1LurZ2yIIoVBHS2khtzrEI8RYRHTABVPNGCUMH0rzAdE0Go0iBLgxG4GnY+N/UEJFkqPCdLzVr9+lKDa+RXprFayxBXReeqZjVq5mO92rybAy6iU3SGLpCFblATPaAWaiOKPPSK3tC78WF8Gd/Gz6y0YMx7TtBCGL9/u1SsTA==</latexit>ot
<latexit sha1_base64="CXcIJ1UYSqo+An70QiN5Y1Qdp8s=">AAACQ3icbZDLSsNAFIYnXmu9VV26CRbBhZZEW3QpunFZwdpiW8pkclIHJ5MwcyKEkLdwq2/jQ/gM7sSt4DTNQqsHZvj5z2XOfF4suEbHebPm5hcWl5YrK9XVtfWNzdrW9q2OEsWgwyIRqZ5HNQguoYMcBfRiBTT0BHS9h8tJvvsISvNI3mAawzCkY8kDziga6y4aZXg0QJrko1rdaThF2H+FW4o6KaM92rLqAz9iSQgSmaBa910nxmFGFXImIK8OEg0xZQ90DH0jJQ1BD7Ni5dzeN45vB5EyR6JduD87MhpqnYaeqQwp3uvZ3MT8N+eF/9rTZ3/vhMHZMOMyThAkm64UJMLGyJ6Qsn2ugKFIjaBMcfMrm91TRRkantWBD4FhXszNxgrSPFNjL8+cRvPk0IBrFdcEqzsL8a+4PW64rYZz3ayfX5SAK2SX7JED4pJTck6uSJt0CCOSPJFn8mK9Wu/Wh/U5LZ2zyp4d8iusr2/xu69d</latexit>ot�⌧

<latexit sha1_base64="H3+ma7xEv298Os9LbqFYNjHQWdQ=">AAACPHicbZC7TsMwFIadcivl1sLIElEhMaAoKeUyVrAwFkEvUltVjnOSWnUush2kKMojsMLb8B7sbIiVGTfNQFuOZOvXfy4+/uyIUSFN80Mrra1vbG6Vtys7u3v7B9XaYVeEMSfQISELed/GAhgNoCOpZNCPOGDfZtCzp3ezfO8ZuKBh8CSTCEY+9gLqUoKlsh75WI6rddMw89BXhVWIOiqiPa5p9aETktiHQBKGhRhYZiRHKeaSEgZZZRgLiDCZYg8GSgbYBzFK810z/VQ5ju6GXJ1A6rn7tyPFvhCJb6tKH8uJWM7NzH9ztv+vPX92cSfp3oxSGkSxhIDMV3JjpstQnyHSHcqBSJYogQmn6lc6mWCOiVQgK0MHXAU7n5t6HJIs5Z6dpabRvDhX4C7zK1NYrWWIq6LbMKwro/HQrLduC8BldIxO0Bmy0DVqoXvURh1EkIde0Ct60961T+1L+56XlrSi5wgthPbzC8HUrFI=</latexit>rt

Fig-SI. 1. Pictorial representation of the actor-critic algorithm. The agent interacts with the environment acting on it and
modifies its own behavior by looking at the consequences of its actions. Let us start at time t − τ : the agent observes ot−τ
and picks its action at−τ according to its current policy π(at−τ |ot−τ ). After decision time τ , the environment responds with
a reward Rt and yields a new observable signal ot. The agent then uses ot, ot−τ and Rt to compares the actual outcome of
its action with previous expectations (critic) and computes the mismatch δ (time difference, the circle in the sketch). This
mismatch is used to update both expectations about future rewards V and its policy π. With the new π, the agent chooses the
next action given ot. Color coding: red links show available information, blue links the parameter updating paths.

The dynamics (1)-(2) of main text is integrated with a 4th order Runge-Kutta scheme with time-step dt = 0.02
time unit, while the decision time is τ = 0.1.

Tmax = 500 M = 5000 ηA = 10−5 ηG = 10−4 ηC = 10−3 ξ0 = 20

TABLE I. Parameters used in the reinforcement learning.

II. TEST WITH DIFFERENT PARAMETERS AND ADDING ROTATIONAL NOISE

In the main text we studied one choice of the parameters (agents’ speeds and angular velocities) moreover we did
not include any stochastic effect which can affect the dynamics of the microswimmers.

We did studied several variations of the parameters around the values presented in the main text. We always
obtained qualitatively similar results: the main pursuit and evasion strategies discussed in Fig.2 of main text were
found also in other cases, with some variability in the order in which they are learned which is not surprising given
that the learning is intrinsically stochastic. In this section, we show the results for a pursuer faster by a factor 2 than
in main text and with larger curvature radius, i.e. (vp, $p) = (0.3, 3) and reconsider the example shown in Fig. 2 of
main text by adding also stochastic effects in the orientation dynamics. In all cases we keep fixed the force dipole
strength to the main text value, i.e. Dp = De = 0.03.

Figure-SI 2 shows the equivalent of Fig. 2 of main text for the case (vp, $p) = (0.3, 3). Also in this case we observe
some variability in the history of the rewards and some instabilities in the learning cycles after the second (see Fig-
SI. 2a), which again we can interpret in problems related to exploration and/or in the stability of the algorithm as
discussed in main text. Panels (b) and (c) display the characteristic mirroring and tailgating strategies learnerd by
the pursuer in the first cycle. Differently from the case presented in main text, in its first learning cycle the evader first
learn the very effective twirling strategy (panels (h) and (i) show two instances). In the its second turn the pursuer
changes its strategy and sometimes is able to win (e.g. panel (d)), its new strategy reveals that in the policy of the
evader is also coded other behaviors than twirling such as linear escapes (see panel (j)). For run 1 and 3 anyway,
a part from a few intervals for run 3, the evader’s policy seems to be very strong or, equivalently, the pursuer has
some difficulty in finding an effective counter-strategy. In run2, however, in the second learning cycle of the evader,
maybe due to the change of policy of the pursuer, some instability leads to more variegate behaviors and we find
capture arches (e) in which the pursuer wins and many episodes in which the evader use the hydrodynamic defense
as in (k). These strategies and linear escapes remain for the rest of the cycles, see panels (f,g) and (l,m). Notice that
in the same episode the can be combined, e.g. panel (g) shows an instance in which the pursuer can win with an arch
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Fig-SI. 2. Co-evolution of pursuit-evasion strategies with (ve, $e) = (0.1, 3) and (vp, $p) = (0.3, 3), the other parameters
as in Fig. 2 of main text. (a) The history of the reward, namely the running average (over 100 episodes) of T/Tmax for
three different realizations as labeled. (b-g) Samples of winning pursuit strategies: (a) mirroring, (b) tailgating, (c) capture
upon escape from twirling, (e,f) capture arch similar to panel (d) of Fig.2 main text, (g) successful capture arch after escape
from hydrodynamic defense. (h-m) Samples of winning escape strategies: (g,h) two forms of twirling, (j) linear escape, (k)
hydrodynamic defense, (l) failed capture arch followed by hydrodynamic defense, (k) similar to (l) but with some variation on
the path. Colors coding of the trajectories as in Fig. 2 of main text. Note that the unit length bar is on the bottom/top right
for the winning pursuer/evader panels.

after defeating the hydrodynamic defense of the evader, while panels (l) and (m) show two successful hydrodynamic
defenses following an attempt of capture of the pursuer.

We also considered a slightly modified dynamics to account for possible rotational noise on the angular dynamics
of the microswimmers, i.e. we modified Eq. (2) of main text in

θ̇α = Ωα +
1

2
ω(β) +

√
2Drη ,

where η is a zero mean, delta-correlated in time Gaussian noise and Dr the rotational diffusion constant. As shown
in Fig-SI. 3, obtained with the same parameters of Fig. 1 of main text and D = 0.025 we qualitatively found the
same results. In particular, notice that the evolution of the reward (Fig-SI. 3a) closely follows the average one of the
deterministic case in the first two learning cycles. In particular, panels (b,c) display the typical features of mirroring
(b) and tailgating (c), and in panel (d) we show an instance of switching between the two. In the second cycle, where
the evader learns, we can recognize the features of the hydrodynamic defense (g) which, due to the rotational noise,
however is more curved and irregular with respect to the deterministic case. Panel (h) shows a successful attempt of
linear escape which, however, due to the noise is not perfectly linear. Indeed in most of the cases the evader trajectory
is irregular and curved so that mirroring is more effecting than in the deterministic case: we can indeed see a failed
escape in (e) and a successful one in (i) which is basically indistinguishable from a failed mirroring. Later on (j)
the prey learns to use twirling which sometimes fail (f). Possibly due to similar instabilities to those observed in
the deterministic case, however, the evader is unable to fix twirling as a winning strategy and in the other cycles we
observe a phenomenology similar to that of the second cycle, of these cycles we only show panel (k) which displays
an interesting instance in which the pursuer starts with mirroring and the prey is able to make it switch to tailgating
which can be contrasted with a hydrodynamic defense.
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Fig-SI. 3. Co-evolution of pursuit-evasion strategies in the case in which rotational noise with Dr = 0.025 is added (values
around this one gives similar results within the variability of the learning process which is intrinsically stochastic). (a) The
history of the reward, namely the running average (over 100 episodes) of T/Tmax. The purple curve shows one instance of the
learning for the case with rotational noise while the black one shows the average, for the first two cycles, of the learning curve
of the deterministic case (i.e. the average of run 1, 2 and 3 in Fig.2 of main text. (b-f) Samples of winning pursuit strategies:
(a) mirroring, (b) tailgating, (c) switching between the latter two, (e) similar to panel (d) of Fig.2 main text, (f) failed twirling
defense. (g-k) Samples of winning escape strategies: (g) hydrodynamic defense, (h) and (i) attempts of linear escapes which
due to the noise are almost indistinguishable with mirroring, (j) twirling, (k) successful hydrodynamic defense after a capture
attempt with mirroring. Colors coding of the trajectories as in Fig. 2 of main text.

III. CAPTIONS OF SUPPLEMENTARY MOVIES

movie1.gif: Time evolution of pursuer trajectories in run2 episode 6240 (shown in Fig.2h of main text) as seen in the
frame of reference of the evader, i.e. with the evader in the origin (the blue circles of size Rc shows the evader
position) and oriented with its heading direction along the x-axis. The arrow shows the pursuer relative heading
orientation with respect to the evader. Notice that soon the pursuer trajectory becomes basically stationary in
this frame of reference, meaning that its speed relative to the prey is basically vanishing.

movie2.gif: Similar to movie1.gif but referring to run3 episode 12520 (Fig.2e of main text). Notice that at some
instants the trajectory tends to be trapped but suddenly the pursuer finds a way to escape the hydrodynamic
trap.

movie3.gif: (Top) Evolution of the trajectory of pursuer (red) and evader (blue) in run1 episode 23160 (Fig.2k of
main text). (Bottom) evolution of the angle Φp + Φe. Notice the approximate switches between mirroring
(Φp + Φe ≈ 0) and tailgating (Φp + Φe ≈ 0) triggered by the evader turns.
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