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1 Introduction

Given an open set 2 C R", the boundedness on LP(Q2), 1 < p < oo, of the classical Hardy-Littlewood
maximal operator defined for f € L} (R™) by

loc

1
Mf(x) = Sup, 334 |f(y)ldy - xB(z),

can be expressed both as a norm inequality and, equivalently, as a modular inequality. However, when

working in more general variable Lebesgue spaces (see, e.g., [6, 9, 19]), in the Musielak—Orlicz spaces (see,

e.g., [20]), also referred to as variable Orlicz spaces, or, e.g., in more recent “grand variable exponent

Lebesgue spaces” (see [18, 13]), we must distinguish between norm inequalities and modular inequalities.
Define the local maximal operator M by

Mf(x) = sup + |f(y)ldy - xp(z), =€
BCQB

In this definition the balls B used to compute the maximal operator are contained in €2, the domain of f.
The purpose of this note is to prove a modular inequality of the form

/@((Mf)?w) dx < /A(|f|P<w>) dz + C(Q, ®,n,p(-)), (1.1)

Q Q

where ® and A are Young functions or, more generally, continuous, increasing functions. In particular,
we do not need convexity but will need to control the decay of ® near the origin. The appearance of the
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extra term C(§2, ®,n,p(-)) on the right-hand side of (1.1) is essentially necessary for modular inequalities
like (1.1) to be true except in the trivial case when p(z) = p almost everywhere. We refer the interested
reader to the discussion and references in [3].

There is an extensive literature on modular inequalities for the maximal operator. These works include
the results for Orlicz spaces (see [17, 4] and the references therein), Zygmund spaces (see [5] and its
references), and the variable Lebesgue spaces (see [6, 9, 3] and their references). Many of these results are
for the global maximal operator; when specialized to the local maximal operator, they yield special cases
of our main result.

The remainder of this note is organized as follows. In Section 2 we state and prove our main result,
Theorem 2.1, and in Section 3 we give a few illustrative examples to show the kinds of results which can
be obtained as special cases of Theorem 2.1.

Throughout this paper we will use the notation for the variable Lebesgue spaces as given in [6], and
also the basic results for these function spaces given there. The letters C, ¢ denote the constants which may
possibly change their value at each appearance; at several points, in order to highlight their dependence
on the dimension n or the exponent p(-), etc., we write ¢(n), ¢(p(-)), ete.

2 A modular variable Orlicz inequality for the local maximal
operator

Before stating our main result we give a few basic definitions about variable exponents. For further in-
formation see [7, 8, 6]. By an exponent function we mean a measurable function p(-) : & — [1,00). We
define

p— =essinfp(z), p4y = esssupp(z),
z€eN zeQ

and we assume 1 < p_ < p; < oo. (Thus, while p_ = 1 is allowed, we will always assume that p(-) is
uniformly bounded.)
We will also assume that p(-) € LH(Q), that is,

C 1

— < Q — < =

Ip(z) = p(y)| < Tloglo—y. DYEY lz—yl <3,
_ <= O > Izl
Ip(z) M”'-mge+uo’ T,y €Q, |yl > ||

Note that this condition is sufficient for M : LP()(Q) — LP()(Q) and is the optimal pointwise regularity
condition on p(-) for M to be bounded.

Theorem 2.1. Given an open set Q@ C R™, n > 2, let p(-) be an exponent function such that 1 < p_ <
pt < oo and p(-) € LH(Q). Let ® : Ry — Ry be absolutely continuous, increasing, and such that ®(0) =0

1
/Mﬂﬁ@<m. (2.1)
0

and

g g

Then for every f € LP)(Q) such that

\ﬂmmw=/V@W“WySL (2.2)

Q

/NMHWWMSCWM”/AWWWM+QQQMMM (2.3)
Q

Q
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where A(s) = ®(s) + Rp_ o(s) and

By a(s) = 57 / (o) do.

Proof. First, we may assume without loss of generality that f is non-negative, bounded and has compact
support. To prove the general case, note that given arbitrary f, fx(x) = min(|f(z)|, k)X B(0,x) () is bounded
and has compact support, and f increases pointwise to | f|, 5o [ fxlp(.),0 < |flp(),0 < 1. Moreover, we have
that M fi(x) increases to M f(z). (See [6, Lemma 3.30]. This proof is for the global maximal operator but
the same argument holds for the local maximal operator.) The general result then follows by the monotone
convergence theorem.

Since p(-) € LH(Q) and (2.2), we have that for every z € Q and every ball B C § containing x,

1 p(z) 1 p(y) p— .
(w!f(y)ldy> SC<BB/|f(y)P dy> T e+ Jaf) P

The constants depend only on n and p(-) and are independent of f. This inequality was essentially proved
in [2, Theorem 4.1]; for this precise version, see [6, Theorem 3.32]. Let S(z) = c(e + |z|)~™P-. As an
immediate consequence, if we take the supremum over all balls containing x and contained in €2, we get

M ()P < cM(\f(JI%)(@”‘ +5(x), zeq. (2.4)

We note in passing that if p_ > 1, then S € L'(£2), and from this inequality we can immediately deduce
that M is bounded on LP()(): see [2] for details.
We can now estimate as follows: for all ¢ > 0,

Hz e Q: Mf(a)P@ >t} < [{zeQ: c/\/l(|f(-)|%)(x)p* + S(x) >t}
<|{zeq: cM(If(')|%)(x)p* > /24 + |[{z € Q: S(z) > t/2}].

Since @ is absolutely continuous, ®' exists almost everywhere and we have that

oo

/@((Mf)z’(f))dx: /@’(t)|{az €Q: (Mf)P@ > ¢} |at
Q 0
< /@'(t)|{az SE c(M|f(-)|%)(x)p‘ >t/2}|dt+/<1>/(t)|{x€ Q: S(x) >t/2}|dt
0 0
= A+ B.

We first prove that B < C(2, ®,n,p()). By the definition of S,

/@ﬁﬂhe(hsm)>Uﬂwh:/©@ﬂ@ﬁmgCM1Qan)+ / ®(clz|~"P-) da.
0 Q {lz]>e}

To estimate the second integral we switch to polar coordinates and use (2.1). By the change of variables
oP- = cr="P- we get

O(c|lz| ") dx = / /@(Crfnp*)rnfldrdezC’(n)/@(Cr*”p*)r"%

{zeQ:|z|>e} Sn—1 e e
®(oP-) do
)L ().

g g

1
< C(np() /
0
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This completes the estimate for B.
To estimate A, define &, (s) := ®(sP~), so that @;7(8) = & (sP-)p_sP-—1. Then, if we make the
1

change of variables s := t?— in the definition of A, we get

A=p /sp——lcb’(sp—n{x € Qs (MIFOIP ) (@) > s/e(p_)}|ds
0
7 P p()
- /@p_<s>|{:c € Q: (MIFO)P ) (@) > s/elp-)}|ds.

0
If we adapt the standard proof of the weak (1, 1) inequality for the maximal operator (using Vitali’s covering
lemma: see [22, p. 7]), we have that for all s > 0,

L1O) p(x)
o€ Qs MIFOF @) > s/ep} <oy [ 1@ d.
{If(-)\i(%)%}
Hence,
7o (s) p(@)
A<e(p—,n) P < |f(x)] - dx) ds. (2.5)
e
{fOIP= >s}
Define N .
®, (o) B D(aP-)
U, (5)=p (s)+s pg2 do=®(sP~) +s g do;

/ /

then we have that

(%(s))' P ()52 (s) By (5) _ Dy ()

Therefore, since ® is increasing, ®,,_ and ¥,_(s)/s are increasing as well.
Now define the function

F(s) = / @) 5 da

p()
{7~ >s}

since we have assumed that f is bounded and has compact support, F' is well-defined and F(s) = 0 for all
s > 0 sufficiently large. Thus, if we define

Uy (s) / plz) Uy (s)

Gls) = — |f (@) 7= dz =

p()

{FOI7= >s}
then G(0) = 0 and G(s) — 0 as s — oco. (Indeed, G(s) = 0 for s large.)
Therefore, if we combine this with estimate (2.5) for A above and integrate by parts we get

A< e(p_,n) 7 <W>IF(5) ds = cG(s)| - c/oowdp(s) - _67%8(5) dF(s),
0 5= 0

S S
0

and by [11, Lemma 4.3] (see also the final remark in [12]),

/ ¥, (15> ) do = / ¥, (f@)] "

p(x) Q
{zeQ:|f(2)] P~ >0}

- / & (| ()]P@) di + / Ry o (|f(@)P®) dr = / A(IF () P®) da.

Q Q Q

) dx

If we combine the estimates for A and B we get (2.3). This completes the proof. O
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3 Some illustrative examples

In this section we give some specific examples of ® and A in Theorem 2.1. First, if we fix p(-), p— > 1,
and let ®(s) = s, then (2.1) holds if ap_ > 1. In this case it is easy to see that R, &(s) = 5%, so we can
take A(s) = ®(s) (at the expense of a slightly larger constant). In particular, if p_ > 1, then we can take
®(s) = s. This gives us the modular inequality

/ Mf(z)P®) dz < C / |f ()P dz + C
Q Q
for this result, see [6, Theorem 3.33].
More generally, if p_ = 1 and we assume that ® satisfies the growth condition

S

/ ®(0) do < c®(cs) (3.1)

o o s

0

then Ry a(s) < ¢®(cs), and we get the modular inequality

/@(Mf(x)f’(f)) dr < C/@(c|f(w)|p(m)) dz + C. (3.2)
Q Q

This in turn implies that we get the Orlicz space inequality

IMFCPO N Loy < ClIF @) Lo -

Condition (3.1) is a natural one to assume since if ® holds, then we have the modular inequality

[oms@)ae<c [ o) ds (33)
Q Q

see [17, Theorem 1.2.1]. Inequality (3.2) is a generalization of this result. In particular, notice that if
p(+) =1, then (by simply applying Holder’s inequality) in our proof we can take S(x) = 0 in (2.4), and so
the constant term in (2.3) becomes zero. Thus (3.2) becomes (3.3).

For an arbitrary choice of ® in Theorem 2.1, if p(-) = 1, inequality (2.3) reduces to a result in [14,
Proposition 3.1].

If p— =1and ®(s) = sX(1,00)(5), then R,_ o(s) = max (Qlog(s)). Hence, (2.3) becomes

M (@) de < C / F@)P® da+C / F@Plog™ (@) PP de +C. (3.4)
{Mf=1} {If1=1} Q
This is a generalization of Stein’s Llog L estimate for the maximal operator [21]. In fact, if p(-) = 1 and
|Q| < oo, then we can recover this result from (3.4).
If we take p_ = 1, then for any € > 0, the function
s
D(s) = ———————
() log(e + s—1)1+e

satisfies (2.1), and we have that
s

~ log(e + s~ 1)¢’
If we take A(s) equal to the same function, then we get
p(z) p(z)
/ M (x) dr < C/ £ ()] dz + C.
log( log( ‘

e+ M(a)P)ie e+ 1 f@)] @)
Q Q

Rp77q>(s)

This yields a generalization of some of the results in [11].
Finally, we remark that the results in [15, 16] (see also the references therein) assume the convexity
of @, so our results cannot be recovered from theirs since we only assume @ is continuous and increasing.
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