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ABSTRACT. We consider a simple discrete model for screw dislocations in crys-
tals. Using a variational discrete scheme we study the motion of a configura-
tion of dislocations toward low energy configurations. We deduce an effective
fully overdamped dynamics that follows the maximal dissipation criterion in-
troduced in [14] and predicts motion along the glide directions of the crystal.
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Introduction. Dislocations are one-dimensional defects in the periodic structure
of crystals, and their motion represents the microscopic mechanism of plastic flow
in metals. In view of this fundamental role, dislocations have been extensively
studied by theoretical, experimental and computational means. Classical models
are mainly based on the so-called continuum theory of dislocations, in the context
of linearized elasticity (see [31] and [28] for a comprehensive treatment). In recent
years considerable efforts have been made in order to improve those models by in-
cluding more information from the microscopic scale. Much insight has been gained
on the microscopic structure of dislocations through fine numerical simulations (see
e.g. [11] and the references therein), and new phenomenological models accounting
for microscopic effects have been proposed (e.g. [26, 45]), while a variety of rigorous
mathematical analyses has been done to bridge different scales (see [43, 27, 16] and
the references therein). A major issue behind those approaches is the formulation
of a simple and efficient discrete model for dislocations that should be the starting
point of a multi-scale analysis.

In this paper we consider a two dimensional model for screw dislocations that
is inspired to the Frenkel-Kontorova model for dislocation dynamics ([24]). We
consider an anti-plane discrete setting in which atoms can only move vertically
and interact through a two-body periodic potential, a prototypical example being
a piecewise quadratic function with wells at the integers. Such type of models have
been proposed by many authors (e.g. [12, 41, 25, 29]) and are based on the ideal
mechanism of plastic slip governed by a Peierls potential ([28]). Periodic potentials
show up naturally starting from three-dimensional particle interaction energies as-
suming crystallization and anti-plane deformations. We derive their specific form
for some precise crystalline structures (as BCC, FCC and HCP lattices), start-
ing from Lennard-Jones type energies and assuming nearest neighbor interactions.
More general multi-body interaction energies could be considered, such as those
used in the Embedded Atom Method (see [17] and [40] for a discussion on EAM in
the context of dislocation dynamics). Our analysis can be performed also in these
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more general frameworks with minor changes, relying on the specific assumptions
on the interaction potentials.

Our model follows the general approach developed in [6]. We adopt the formalism
therein to introduce the notion of elastic and plastic strain defined on each bond
of the lattice, and the notion of discrete dislocations associated to each cell of the
lattice. One of the advantages of considering a genuine discrete model is that it
does not need any artificial regularization of the core, which is otherwise common
in linear continuum (or rather semi-discrete) theories.

According to the so-called low-energy dislocation structure assumption (LEDS,
[34]), dislocations move following a steepest-descent criterion. Nevertheless, it is
well known that at zero temperature discrete dislocations are pinned by the energy
barriers due to the lattice structure. This has been proved analytically for the model
under consideration in [29, 30, 2, 19]. Clearly, the depinning mechanism is governed
by fluctuations of the system that can tilt the potential allowing dislocations to
overcome the energy barriers. Here we work in the simplified zero temperature
context in which thermal effects are neglected and we describe the depinning and
motion of dislocations toward states with lower energy, by considering a variational
discrete (in time and space) scheme, already proposed in [40, 2]. Precisely, we
introduce a parameter 7, that we refer to as time step, and at each time step we
minimize the elastic energy stored in the crystal plus a term that accounts for
the energy dissipated in moving dislocations from a site to another. The discrete
parameter 7 sets the size of the area that dislocations may explore in order to reach
a local minimizer, mimicking thermal effects.

A rate-independent (1-homogeneous) dissipation in the presence of a time de-
pendent load, in the spirit of [40], would lead to a quasi-static evolution (see e.g.
[36] for a rate-independent evolution law for edge dislocations). Here we consider
the case of a rate-dependent quadratic dissipation that leads to a fully overdamped
dynamics, neglecting inertial effects as well as all the other external body forces
(see [14]). Several different effects could be taken into account, leading to more
complex continuum dynamics (see for instance [21, 28, 33]).

We derive an effective dynamics, the so-called discrete dislocation dynamics, by
means of a multi-scale analysis of the discrete elastic energy stored in the crystal
(see also [27]). It turns out ([15, 2, 19]) that, in the limit as the lattice spacing
tends to zero (or equivalently in the large-body limit) the elastic energy can be
decomposed into a self energy, which scales logarithmically in the core radius, plus
an interaction energy W(xy, ..., zyr) depending on the dislocation positions z;. The
latter is determined by the behaviour of the discrete periodic interaction potential
at the bottom of the wells. In this respect, we validate the harmonic approximation
of the far field as predicted by the continuum linear theory (see [44, 37]).

We would like to remark that this analysis has many similarities with other the-
ories in which the presence of topological defects plays an important role ([1]). This
is the case of the Ginzburg-Landau model for vortices in super-conductors ([7, 42]).
Borrowing the terminology from that context, we refer to the interaction energy be-
tween dislocations W (x1, ...,z ) as the renormalized energy. The gradient of the
renormalized energy is nothing but the Peach-Koehler force j between dislocations;
namely, j; = —V,, W is the force acting on the dislocation at z;. The corresponding
overdamped dynamics is then driven by the Peach-Koehler force (see [23]).



DYNAMICS OF DISCRETE SCREW DISLOCATIONS ON GLIDE DIRECTIONS 3

A crucial issue in the time-discrete scheme is the specific choice of the dissipation
potential. Choosing a quadratic isotropic dissipation, one recovers an implicit Euler
scheme for the renormalized energy, and hence, in the limit of the time step to zero,
the fully overdamped discrete dislocation dynamics &; = j; (see [2]).

Here we make a different choice. We consider a crystalline dissipation that ac-
counts for the specific lattice structure and that is minimal exactly on the preferred
glide directions (that in this model are considered as a given material property
of the crystal). As a consequence of this choice, we derive an effective dynamics
that forces the motion along the glide directions, and follows the maximal energy
dissipation criterion postulated in [14]. Indeed, dislocations move along the glide
direction that maximizes the scalar product with the force j = —VW. Clearly
this direction could be not unique, so that dislocations can rapidly move from a
glide direction to another. This effective dynamics may also predict cross-slip and
fine cross-slip, according to [14] and the analysis and the simulations performed in
the recent papers [8, 9]. In view of this lack of uniqueness of the velocity field of
the dislocations, the effective dynamics turns out to be described by a differential
inclusion rather than a differential equation (see [22]).

Our discrete variational scheme provides a simple and natural model to describe
the depinning and the dynamics of screw dislocations, taking into account the
preferred glide directions. Moreover it provides an approximation of the effective
dynamics proposed by [14], highlighting its gradient flow structure.

1. ANTI-PLANE ELASTICITY IN COMPLEX LATTICES WITH DEFECTS

In this section we will introduce our discrete models for screw dislocations in
the framework of anti-plane elasticity. To this purpose, it is convenient to fix some
notation for the discrete reference configuration we deal with.

A Bravais lattice BL in R? is a discrete set of points in R? of the form

d
BL := {Z 2101, 21 € Z} ,

=1

where vy, ..., vq are given d linearly independent vectors in R?, referred to as prim-
itive vectors.

A complez lattice CL in R? is defined as the union of a finite number of transla-
tions of a given Bravais lattice. Namely, CL is of the form

M
(1.1) cL =) BL+m,
k=1
where 71,...,7) are M given translation vectors in R4,

In the sequel, we will denote by £ any complex (and in particular Bravais) lattice
in R?, and by A any complex (and in particular Bravais) lattice in R%. The vectors
of the canonical basis in R? will be denoted by e1, e, and es.

In our model A is the projection of £ onto a plane orthogonal to the vector
vz, which we assume to be parallel to e3. In view of our discrete-to-continuum
asymptotic analysis, we scale the lattice £ by a small parameter € > 0, representing
the ratio between the atomic distance and the size of the crystal, and we consider
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the portion of e£ contained in an infinite cylinder 2 x R, where € is a bounded
open set in R2. Then, our discrete reference configuration is given by eA N Q.

Next, we will introduce a discrete model for anti-plane elasticity suited to de-
scribe the presence of screw dislocations, according to the formalism introduced in
[6].

1.1. The anti-plane energy. We introduce a class of energy functionals defined
on any vertical displacement ues, with u : eANQ — R. Let {f; ;}i jea be a family
of continuous, 1-periodic interaction potentials vanishing on Z. We also assume
that

(1.2) fig(t) = cijt* + o(t?),
for some constants ¢; ; > 0. This condition is satisfied by our main examples (see

Subsection 1.3).
For every positive €, the energy functionals F; o are defined by

(1.3) Foatw)= > filulei) = uleg)).
et,ej€e AN
i#E]
A prototypical example is given by the piecewise quadratic energy

(1.4) Z cij dist?(u(ei) — u(ej), 2),
ei,ej€eANQ
i#]

which is a Frenkel-Kontorova type energy ([24]), already used by several authors in
order to study dislocation dynamics (see e.g. [13, 25, 41]).

Discrete two-dimensional interaction energies as in (1.3) can be justified starting
from three-dimensional elastic models for crystals governed by Lennard-Jones type
interactions and assuming anti-plane deformations, as described below (se also [29]).

1.2. Formal derivation of the energy. We now present some heuristic argu-
ments that give a more solid ground to our choice for the energy. We will also use
these arguments to identify some explicit examples of two dimensional lattice struc-
tures and their corresponding energies. To simplify matter, we work in an infinite
complex lattice £ in R? as defined in (1.1) and we assume that the primitive vector
vy of the Bravais lattice BL is e3. Moreover, we assume that ez is the minimal
vertical translation for which the lattice is invariant.

We consider a pair potential J : (0, +00) — R of Lennard-Jones type (satisfying,
in particular, lim,_,o J(r) = 400 and lim, 4 J(r) = 0) and we assume that the
infinite lattice £ has minimal energy with respect to local vertical perturbations.

Precisely, for any deformation v : £ — R? with v = Id outside a compact set we
define the residual energy

Ew):= > J(v@ —v{) - J(i-])

1,7€L,7#£]
and we assume that for every u : £ — R with compact support
(1.5) E(Id+ uez) > E(Id) = 0.

Notice that if Id + ues is injective, then all the interactions have finite energy; if
in addition u has compact support, then some mild assumptions on the decay at
infinity of the potential J guarantee that the total energy is finite. The projected
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—

Figure 1. A Lennard-Jones type interaction potential.

lattice along the direction e is defined by A := I1(£), where I1(z!, 22, 23) := (2!, 22)
for every (x!, 22, 23) € R3. Since II(v3) = 0, it is straightforward to check that A is
a complex lattice in R2, and it is a Bravais lattice whenever £ is a Bravais lattice.

The anti-plane discrete elastic energy is defined on the projected lattice A as the
energy stored in the cylindrical crystal per unit length. Precisely, we compute the
energy for any vertical displacement that do not depend on the vertical direction
e3. To this end, fix u : A — R with compact support, and for every h > 0 consider
up : L — R3 defined by uy(7) = u(Il(7))es if i3] < h and up(7) = 0 otherwise.
Assume that Id + uy, is injective, so that it has finite energy for every h. Then we
can define the anti-plane energy as

a _ : 1
E(u) = hgrfoo %E(Id + upes).
Loosely speaking, we are computing the elastic energy per unit length stored in a
cylinder whose cross section is much smaller than the height h. This is the classical
formal computation used to derive anti-plane models from three dimensional elas-
ticity. A more rigorous derivation, in terms of I'-convergence, should rely on some
assumptions of Cauchy-Born type with respect to the vertical direction.

Note that, in view of (1.5), E*?(u) > 0 and equality holds true for v = 0. For
every 1,7 € A, with i # j, and for every t € R, set

T(i, g, 1) = (I (| = J+ (¢ + 2)es]) = J(ji =+ zea]).

ZEL

where 7, j are (arbitrarily chosen) points in £ projecting on i, j, respectively.
From the definition of E%(u) we deduce that

E®(u)= Y J(juli) - u(j)),
,JEN, i#]

which corresponds to (1.3) choosing f; ;(t) = J(i,4,1).

Periodicity. Notice that the interaction of two rows of atoms through the pairwise
interaction potential J is invariant under a translation of one row by an integer
multiple of e (which restores the lattice). As a consequence of this invariance, the
anti-plane interaction potential J turns out to be 1-periodic, i.e.,

(1.6) J(t,5,t) = J(@, j, t+ 2) foreveryi,j €A, i £j,tE€R, z € Z.
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In particular, by the minimality property (1.5) and by the periodicity (1.6), we
have that

(1.7) E®(¢) = E*(0) < E*"(u) = E*(u+()
for every ( : A = Z and u : A — R with compact support.

Linearization. Let ¢ : A — Z and let v : A — R with compact support. By (1.7)
we have

d
—_— ap =
déuzoE (¢ +6u) =0.

The next term in the Taylor expansion of E° represents the linearized anti-plane
elastic energy. Indeed, for every ¢ : A — Z and for every u : A — R with compact
support
(1.8) E(C+6u,Q) =0 Y cigluli) — (i) +o(6?),

i,JEA, i#]
for every i,j € A, with i # j.

where the constants ¢; ; are given by %%j(i, J)]ico

Such constants can be computed using the very definition of J

1 [22 — 7+ 2|?
1.9 P E J" (i =7 -4 =7
( ) Ci,j D) o (|Z ]"' Z€3|) |i—j+263‘2

i — 4

+J([i=J+ Zes\)m,

where 7, 7 are points in £ projecting on i, j, respectively. If £ is a Bravais lattice,
it can be easily seen that the coefficients ¢; ; in (1.9) depend only on ¢ — j.

The expansion (1.8) justifies the use of the prototypical piecewise quadratic
model (1.4), which is also very convenient for computational purposes (see [40]).
Moreover, we will see that the effective dynamics of dislocations in the limit € — 0
is governed by the Peach-Koehler forces, determined only by the constants ¢; ; and
the crystalline structure A.

In the crystalline structures described in Subsection 1.3 we will assume that the
constants ¢; ; are positive for short range (either nearest neighbor or next-to-nearest
neighbor) interactions, and zero otherwise. This is consistent with the assumption
that all the relevant interactions are between particles whose distance is in the
convex region of the potential J (and this property is clearly preserved under small
deformations).

1.3. The crystal structures. Here we illustrate some examples of crystal lat-
tices: Body-Centered Cubic (BCC), Face-Centered Cubic (FCC), Hexagonal Close-
Packed (HCP), and Simple Cubic (SC), and we compute the corresponding coeffi-
cients ¢; ; in (1.9) for very special Lennard-Jones potentials. For BCC, FCC and
HCP crystals we assume nearest neighbor interactions and we require that the dis-
tance between nearest neighbors in the undeformed lattice is at the minimum point
of the Lennard-Jones potential J, that we fix to be equal to 1. Clearly we have
J'(1) = 0 and assume J”(1) > 0. Let 4, j € A be the projection of nearest neighbors
7, 7in L. A straightforward computation yields

(1.10) I BV e R A R R
. ] T 1 71 e -3 g
Z‘] (1) if ‘Z —7 | =

N[

If 7,5 are not projections of nearest neighbors in £, then ¢; ; = 0.
Finally, we will consider also the Simple Cubic structure (SC). In this case, as-
suming nearest neighbor interactions would provide a degenerate energy. Hence, we
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compute the linearized energy in the case of next-to-nearest neighbor interactions.

The BCC lattice. We consider the following unitary linearly independent vectors

ne= (/500 w=(83D w=00)

and we define the BCC lattice as the Bravais lattice L generated by vy, v, v3.
Namely vy, v, v3 represent three vectors that connect the center of the cube (here
given by (0,0,0)) in the BCC crystal with three neighboring vertices. The class of
nearest neighbors N-N2  to the origin in £ is then given by

N—NEB = {£wvy, 2o, £vs, £(v1 — v2 +v3)}.

Projecting the lattice Lp along the direction v we obtain the hexagonal Bravais
lattice Ap, generated by

wr= (5,0, wa=(/2,1/2).

Figure 2. Left: the primitive cell in the BCC lattice. Center: the primi-
tive cell oriented according to the anti-plane direction. Right:
the projected hexagonal lattice.

The class of nearest neighbors of the origin in Ag is given by the projection of
the nearest neighbors of the origin in Lp (see Figure 2), i.e.,

N—N/(\)B = {:twl, :Ewg, :I:(w1 - ’LUQ)}
Recalling (1.10), a straightforward computation yields

J” (1) e s .
G = Coji = s if j Z.E {Fw1, Twsy, £(w; — we)}
0 otherwise.

1.3.1. The FCC lattice. We consider the following unitary linearly independent
vectors
V1 = (§7_57%)3 Vo 1= (%7%7%)7 v3 = (0u071)7
and we define the FCC lattice as the Bravais lattice Lr generated by v1, va, vs.
The class of nearest neighbors N-N 2 . to the origin in L is given by

N—NSF = {dwvy, dvg, Fuz, +(vy — v2), +(v1 — v3), £(v2 — v3)}.
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The projected lattice Ar along the direction vs is the thombic (centered rectan-
gular) Braivas lattice (see Figure 3) generated by

wii=(F,-5), wr=(F.3)

Figure 3. Left: the primitive cell in the FCC lattice. Center: the
primitive cell oriented according with the anti-plane direction.
Right: the projected rhombic lattice.

The class of nearest neighbors N-N}  to the origin is given by
N-NR, o= {wy, tws}.
One can check that for every i,j € Ap

J”(1) e s
Gij=coyi=4 A if 5 Z.E {xwq, Twy}
0 otherwise.

Notice that, even if N-N}  # II(N-N2 ), ¢;; vanishes for i — j ¢ N-N} .
1.3.2. The HCP lattice. Set
U1 = (?703%)3 V2 = (07 \/gao), V3 1= (07031), T = (?a\/%a%)

Let L% be the Bravais lattice generated by v1, v, v3; we define the HCP lattice as
the complex lattice given by

Ly =LYy U (LY +7).
The class N-N7  of nearest neighbors to 7 € Ly is given by

N-NE o ={ito,idvs, 7L (v1 —v3), i+ 7,0+ 7 — v, i+ 7 — 02,7+ T — v,
I+7—v1 —v,i+T7—vy—w3} ifieLly
./V'—./\/ZH ={ituv,i+vs3, i+ (vy —v3),i — 7,1 — T +v1,1— T +v2,7— T + vs,
I—T+v —v,i—T—vy+uw3} ifi€Lly+T.
The projected lattice along vs is the complex lattice

A =Ny U (A +n),
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where A’; is the Bravais lattice generated by the vectors

w = (42,0),  wy = (0,4/%),

and

Figure 4. Left: the primitive cell in the HCP lattice. Center: the primi-
tive cell oriented according to the anti-plane direction. Right:
the (complex) projected lattice.

The class N-N, I{H of nearest neighbors to ¢ € Ay is given by the projection of
N-N7,. (see Figure 4), i.e.,

N-Ny,, = {i£wi,i+n,i+1—ws} ifi e Ay
N-N},, ={itw,i—ni—n+w} ifielNy+n

One can check that for every i,j € Ag

J'A) e s i
CiJ{ 2 lf]EN—NAH

0 otherwise.

1.3.3. The SC lattice. The SC lattice is the Bravais lattice Lg generated by the
vectors of the canonical basis e, es,e3, namely Lg := Z3. Hence the projected
lattice is the square lattice Ag = Z2.

Since all the nearest neighbors in the cubic lattice are either parallel or orthogonal
to eg, by (1.10) we deduce that ¢; ; = 0 for any ¢, j € Ag with |i—j| = 1: considering
only nearest neighbor interactions would give degenerate linearized energy. It can be
indeed checked that a system of harmonic springs connecting only nearest neighbors
in a cubic lattice and subject to a vertical simple shear of size § gives an energy
response of order §%.

In order to get a non-trivial linearized energy, we are led to consider next-to-
nearest-neighbors. In this case, recalling (1.9), we have that for every i € Ag

LIV + T2 () i =1,
Ci,j = Co,i—j = ‘]'2(\‘//5) if [i — j] = V2,
0 otherwise.
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1.4. Identification of screw dislocations. Classically, dislocations can be de-
tected through so-called Burgers circuits, measuring the geometrically necessary
dislocations in a planar region of the crystal surrounded by a given closed path.
The corresponding density of dislocations is nothing but the Nye’s density mea-
sure [38]. Following [6], we consider elementary Burgers circuits, defined on the
boundary of elementary cells of the crystal. In such a way, we obtain a measure
of dislocations with a resolution of the order of the lattice spacing. This point of
view is very suited to the variational approaches to dislocations, in particular in
the asymptotic analysis of the energy stored by discrete dislocations as the lattice
spacing tends to zero. For screw dislocations and nearest neighbor interactions,
this formalism has been adopted for instance in [39] for SC crystals, and in [29] for
BCC crystals.

We first need to fix some additional notation. Let A be a complex lattice in R?
and denote by T a Delaunay triangulation of A. The class of e-triangles is defined
by

QR p={TeeT: TCQ}.

The edges of the triangles in Qg A are the bonds of the lattice, and are identified
by a pair (i,5), where i and j are vertices of a triangle. Clearly, (i,7) and (j,1)
identify the same bond. We fix an arbitrary orientation on such bonds: to each
bond (7, 7) = (j,4), we associate an oriented vector ¢; ; = ¢;; which either coincides
with ¢ — 7 or with j — 1.

We now introduce the notion of discrete screw dislocations in our model. Let
P : R — Z be the projection to the closest integer, i.e.,

[t — P(t)| = min{|t — s| : s € Z},

with the convention that, if the minimizer is not unique (namely if ¢ € % +Z),
we choose the minimal one. The discrete plastic strain [, associated to any dis-
placement w, is defined on the oriented bonds of the triangulation by 5,(¢; ;) =
P(u(j) —u(i)) if ¢; ; = j —i (and hence 5, (¢; ;) = P(u(i) —u(j)) if £;; =i—j). In
accordance with the additive decomposition of the strain in elastic and plastic part,
following in particular the discrete approach of [6], we have that the elastic strain
on {; ; = j — i is given by u(j) — u(i) — Bu(4,;). Since the interaction potentials
fi,; are 1-periodic, the elastic energy defined in (1.3) depends only on the elastic
strain.

Given T € Q?ﬁA, let (7,7, k) denote a triple of vertices of T' defining a counter-
clockwise orientation of 7. We introduce the discrete Burgers circulation of u
around T as
k—j i—k

Bullir) + e 5 Bu(lri)-

j—i
ay(T) =4l ———5Bullij) + - | i — k|2

lj —if? k—jJ?

Notice that the sign in front of any contribution ,(¢; ;) depends on the relative

orientation of the bond ¢; ; and the counter-clockwise orientation of the triangle T'.

This ensures that, whenever we sum the Burgers circulation around two adjacent

triangles, then the plastic contribution on the common bond cancels. The resulting

total dislocation is given by the Burgers circulation around the union of the two
triangles.

From the kinematic definition of «,, it is immediate to check that «,, takes values

in {—1,0,1}. The values +1 and —1 for «,, correspond to the presence of a screw
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u(l) = 1/3 u(k) = 2/3

<

A

uli) = 0 u(j) = 1/3
Figure 5. Discrete Burgers Circuit: According to the definition of a,,
the discrete circulation of u along the edges of the triangle
(4,4,k) equals 1 and along the edges of the triangle (i,k,!)
equals —1.

dislocation in the triangle 7" pointing upward and downward respectively. We now
introduce a discrete version of the Nye’s dislocation density by means of the measure

p(u) == Z (1) b1y,

TeQ? |

where b(T) is the barycenter of the triangle T. By its very definition, for every
subset A of Q which is union of e-triangles we have that p(u)(A) depends only on
the values of u on JA and represents the geometrically necessary dislocations in A.
Note that different choices for the orientation of the bonds (as well as for the
projection P whenever it is not unique) may slightly vary the position of the dis-
location cores associated to a given displacement u, but they would not affect the
asymptotic analysis that we will describe in the sequel. In particular, assigning
two different orientations to the bonds does not affect the definition of the Burg-
ers circulation, except on two adjacent triangles where the elastic strain on the
common bond is equal to +1/2. In this case, the specific choice of the orientation
of the common bond has the effect of switching the dislocation from a triangle to
the adjacent one. Clearly, for periodic structures, one could in principle assign the
orientation of the bonds using some conventional periodic rule (as done in [2, 29]).
The set of all configurations of discrete dislocations in € is identified with

XE,A(Q) = {u = Zdiéb(Ti)7 T; € QZA’ d; € {—1,0, 1}} .

For any distribution of dislocations u € X, A(2) we can consider the elastic
energy Fe A(p) induced by p by minimizing the energy F. a(u) (defined in (1.3))
over all displacements u compatible with pu, i.e.,

Fea(p) =mf{F.a(u): u:eANQ =R, p(u) = pu}.

Notice that in the above minimization problem we do not enforce any boundary
condition. Therefore, we are dealing with the so-called natural Neumann boundary
data, corresponding to traction free boundary conditions. One could as well con-
sider prescribed Dirichlet boundary conditions, with minor changes in our analysis.

It is well known that diluted dislocations induce an elastic energy that scales
logarithmically in the core radius, i.e., proportional to |loge|, while short dipoles,
as well as dislocations close to the boundary, may store energy of order one. This
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means that, in our asymptotic analysis, a logarithmic bound on the total energy
does not provide a uniform bound on the number of dislocations. Hence, it is
convenient to introduce a distance between different configurations of dislocations,
which vanishes on annihilating dipoles (somehow it vanishes on the statistically
stored dislocations).

It is then natural to define the norm of a distribution p of dislocations as the
minimal-length connection joining positive and negative masses, possibly adding
virtual dislocations at the boundary. In geometric measure theory this is known
as the flat norm, while in mass transport theory it is related with the so-called
1-Wasserstein metric, and it is given by

lpllgae == min Q> " mullpr—al - M €Z, prog €, D mu(y, —0p) = p
l P1,q1 €82

Note that if p := 0, — d,, then
||| fiat = min{|x — yl, dist (x, 0Q) + dist (y, 9Q)} .

This norm turns out to be very convenient in our analysis of the effective dynamics,
which for e = 0 (i.e., in the continuous description of the crystal) involves only the
geometrically necessary dislocations.

2. DYNAMICS OF DISCRETE SCREW DISLOCATIONS

According to the LEDS hypothesis, a relevant mechanism in plastic deformations
is the motion of configurations of dislocations toward low energy configurations,
following the steepest descent of the interaction energy. Discrete systems, however,
are often characterized by the presence of many metastable configurations. In order
to move, discrete dislocations have to overcome energy barriers. As a consequence,
the gradient flow of the discrete energy F. s is pinned.

In order to describe an effective dynamics driven by the sole minimization of the
elastic energy we follow a discrete in time scheme, in the spirit of [40]. Precisely, we
introduce a notion of discrete gradient flow (see [2]), defined through a step-by-step
minimization of a total energy given by the sum of the elastic energy F. 5 and a
suitable scaled dissipation. This method corresponds to the Euler implicit scheme
for convex energies, which has been generalized to infinite dimensional problems
and to non regular and non convex functionals. In the mathematical community,
such a general variational approach is known as minimizing movements (see [4] and
the references therein).

2.1. Dissipations. Here we introduce a class of dissipation functionals, that will
measure the energy spent to move a configuration of dislocations during the discrete
gradient flow.

Assume for a while that the dislocation configuration at two different time steps
t1, t2 is given by a single Dirac mass d,(;) centered at x(t). Then, we assume that
the energy spent to move the dislocation from z(¢1) to z(t2) can be expressed as
®?(x(t1) — x(t2)), for a suitable norm ¢, which depends on the material properties
of the crystal, taking into account the specific glide directions. In our applications,
¢ is minimal on the slip directions, so we can think that its unit ball is given by a
polygon whose vertices coincide with the glide directions of the crystal.
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We define our dissipation in two steps. First assume that all the dislocations
have the same sign. More precisely, let vy = ngl 8,1 and vy = 327, d26,> with
[3 J

j=1"7
dll?d? € N and set

Dy(vi,ve) =minS > > (g —p) : @, €Y G =11, Y Op =12

l QEN PIESY

Namely, we minimize the quantity >, ®*(q1 — p1) over all connections between the
masses of v; with the masses of 15 and possibly with 0. Actually, Dg(v4,12) can
be rewritten as
D¢(V17 VQ) = min o ¢2(I - y)d/\(xay) )
A Jaxa

where the minimum is taken over all positive measures A which are sums of Dirac
deltas in 2 x  with integer coefficients, and have marginals restricted to {2 given by
vy and v,. In other words, the dissipation Dy computed on probability measures is
the square of a 2-Wasserstein type metric for a cost function given by the distance
induced by ¢.

For the general case of p; = 25\7:11 d}@% and pg = Z;V; d§51’§ with d%,d? €z
we set

Dy (1, p2) == Do (i + g, i3 + p7),

where uf and p; are the positive and the negative part of ;. This definition
encodes the fact that we are connecting in an optimal way dipoles belonging to the

same measure, and dislocations with the same sign, belonging to different measures,
and has been used to deal with evolution of signed measures in [5, 2].

2.2. Discrete in time and space dynamics. We are now in a position to intro-
duce the discrete gradient flow of F. A with respect to the dissipation Dy, fixing a
time step 7 > 0 and constructing iteratively a discrete in time evolution. To this
purpose, first notice that a given dipole d, — d, induces an elastic energy which
blows up as | loge|, as € — 0. This fact can be formalized in terms of I'-convergence
(see [39, 2]). It is therefore clear that, for € small enough, it is always convenient
to annihilate (in a single time step) such a pair of dislocations, paying a finite
dissipated energy (independent of €), while gaining an amount of elastic energy of
order |loge|. This suggests that the scheme needed in order to define our discrete
gradient flow cannot be based on a global minimization argument, that would lead
to instantaneous collision. It is then convenient to consider local minimizers of the
total energy instead of global minimizers. To this purpose, we introduce a length
scale 0, and we look for minimizers in a d-neighborhood of the configuration at the
previous time step. While it is essential to fix such a length scale, it turns out that
its specific choice does not affect at all the dynamics: dislocations move with finite
velocity, and hence at each time step they make a “jump” of order 7, which for
small 7 is smaller than any fixed §. In this scheme, the dissipation plays the role
of a kinetic term, and indeed sets the time scale of the motion.

Fix a length scale § > 0, the lattice spacing € and a time step 7 > 0. We define a
discrete dynamics, starting from a given initial condition pg = Zi\/f d;,00z, , (With
multiplicities d; o = %1), through an iterative minimization process. Namely the
discrete dynamics (gradient flow) is given by the measures {u , }, with & € NU{0},
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satistying p7 o = po and for k € N, p7 ; is a solution of

D¢(:U’7 M;,k—l) A

(2.1) min {]:57/\(#) + o

1€ Xea (), - 1T s llaws < a} .

Notice that the existence of a minimizer is obvious, since y lies in X, which is a
finite set.

If ¢(x) = |z|?, the step-by-step minimization (2.1) is nothing but the Euler
implicit scheme for the fully overdamped dynamics governed by the gradient flow
v = —V.JF, A, where v represents the velocity of the dislocations. We will see that
the effect of this minimization problem will be a discrete in time “relaxation of the
system”, in the sense that dislocations of opposite sign tend to annihilate, while
dislocations near the boundary tend to escape from the domain, as it is expected.

During this process, there might be the emergence of new dislocations in form of
short dipoles. Nevertheless, studying the asymptotics as the lattice spacing e tends
to zero, we can show that the discrete evolution x ; is given by the motion of the
initial dislocations pg, plus the possible presence of short dipoles that do not affect
the dynamics of the geometrically necessary dislocations.

The limit effective dynamics has still a gradient flow structure, with respect to an
effective interaction energy and a metric which depends on the specific dissipation
norm ¢.

3. EFFECTIVE DYNAMICS

Our approach in constructing the effective dynamics is based on the assump-
tion that the elastic energy can be decomposed, for ¢ small, into a self energy,
concentrated around each dislocation, and an interaction energy W, referred to
as renormalized energy, governing the dynamics. It turns out that, for e much
smaller than the time step 7, the dislocations overcome the energetic barriers and
the dynamics is described by a gradient flow of such a renormalized energy.

Actually, we will see that, as ¢ — 0, the sequence Kz ) converges (up to a subse-
quence) to some uj, = Ziw d; 00 ,x.-, whose singularities have the same multiplicity
of those of the initial datum, and that solve a step-by-step minimum problem similar
0 (2.1), but with F, A replaced by the renormalized energy (see (3.7)).

Finally, letting 7 — 0, we obtain a differential inclusion, proposed in [14] and
analyzed in [8], which can be interpreted as the gradient flow of the renormalized
energy with respect to a metric related with the specific choice of the dissipation
functional.

3.1. Renormalized energy. Here we introduce the renormalized energy, which
governs the dynamics of dislocations as € tends to zero. Under suitable assumptions
on the periodic potentials f; ;, the energy functionals behave as

(3.1) Fen(11) = Aserr M|loge| + Wp (1) + M.

The first term is the so-called self energy, W, is an interaction energy (the renor-
malized energy) and + is a finite core energy. Our standing assumption to study the
dynamics of dislocations will be to assume that the energy induced by dislocations
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satisfies the expansion (3.1) in terms of I'-convergence. For nearest and next-to-
nearest neighbor interactions, this I'-convergence analysis has been developed in [2]
and [19].

We now introduce the renormalized energy. Let M € N be fixed, representing
the number of dislocations, and let d = (dy,..., das) € {—1,+1}M representing
the signs of the dislocations. Once fixed these parameters, the renormalized energy
can be expressed in terms of the sole position of the dislocations: it is a smooth
function

Waa: QM \ {(z1,...,20) : 7, = z; for some i # j} — R.
Given p := Zf\il 2i0z, € X (), we set
WA(,U) = WA,d(-Tl,---7xM)-

We will give a formal derivation of the different terms in the asymptotic expan-
sion (3.1), following the classical core radius approach as described in [7] in the
context of vortices, and recently developed for variational models of dislocations
(see for instance [15, 2, 19, 8]). We first assume that no dislocations are present.
In this case, under suitable assumptions on the pair interaction potentials f; ;, one
can expect that the discrete energy stored in the crystal can be approximated, as
€ — 0, by a continuous energy, which is quadratic in the small strain regime, i.e.,

Eelastic(uy Q) ~ / <AAVU, VU> dl‘,
Q

for some suitable macroscopic positive symmetric matrix A,, which depend only
on the lattice A and the linearization of the energy F. p (see (1.2)). The self
energy associated to a dislocation can be described as the continuous energy stored
in a fixed ball around such a dislocation, once a disk of radius € centered at the
dislocation position is removed. As & — 0, this quantity blows up logarithmically.
The logarithmic prefactor Ageys is then given by

1
>\se1f = lim ——— <AA675> dxv
=0 |loge| Jp\ .
where 3 is the strain induced on the plane {3 = 0} by a screw dislocation centered
at the origin with Burgers vector es. If Ay = Id, we have B(z) = 5-Vo(x),
where 0(z) := arctan 72, and Aserr = In general (by a change of variable)

= iAX%VH(AK%x), and

1
27"

1
Aself = 2*\/ det Ap.
m

Since in general the matrix A, is not a multiple of the identity matrix, it is more
convenient to identify the cores of the singularities with ellipses instead of balls,
whose ellipticity is suitably determined by the matrix A, (in principle a different
choice for the shape of the core would lead to the same renormalized energy up to
an additive constant that would not affect the dynamics). More precisely, set

A
3.2 By = ——A
(3:2) AT Vet Ay
1 1
and for any o > 0 let D,(z) := B, 2(B,(B7 (x))). With such a notation, the core
energy -y measures the asymptotic discrepancy between the continuous and the
discrete energy around each dislocation z; in the elliptic annulus D1 (z;) \ De(x;).
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Loosely speaking, if E4*¢ denotes the minimal discrete energy stored in D1 (z;) and
induced by a dislocation in its center, and ES°™ denotes its continuous counterpart
(stored in Dy (z;) \ De(2:)), then v := lim._,o B¢ — Ec™ We refer to [2, 19] for
the formal definition of ~.

Finally the renormalized energy Wy (1) is nothing but the finite continuous en-
ergy stored in 2 once the self energy is removed. More precisely, let o > 0 and let
Q, be the perforated domain obtained removing the ellipses D, (z;) from Q. Then

. 1
(33) WA,d (1'1, ey x]\l) = lim <Eclastic (’U,, Qa) - )\sclf log > )
o—0 o

where u is the displacement induced by the presence of the dislocations. This is
an interaction energy, depending on the mutual positions of the dislocations, and
it is responsible for their dynamics. For traction free boundary conditions, it can
be described in terms of the following Dirichlet problem

{ diV(AAV(I)) = +/det Ap ZZ d;idz, in Q,

®=0 on 0S).
Let
M 1
(3.4) Rp(x) == ®(x) — Zdi log|B) 2 (x — x;)|
i=1

be the regular part of the singular potential ®, which accounts for the interaction
with the boundary of €2. Then, the following formula for the renormalized energy
holds

M
1
(3.5) WA,d(m17 e ,-TM) = —)\self Z didj log |BA 2 (mi — 33])| + Z diRA(mi)
i#j i=1
It can be seen that the derivative of the renormalized energy measures the force
exerted by the elastic strain to the dislocations (see [15, 9, 8]), i.e.,

(36) ]z = _vzl WA,d(xla v 737]\/[)

is the Peach-Koehler force on the dislocation at x;. In dislocation dynamics the
Peach-Koehler force is the driving force for the motion of the dislocations ([28]).
Notice that (3.6) holds true also under prescribed boundary conditions for the
displacement. In this case the work done by the boundary conditions is taken into
account by the renormalized energy (3.3).

In the Appendix A we will give some explicit examples of the quantities Agerf and
the singular part of Wj 4 for different crystalline structures, namely BCC, FCC,
HCP (assuming nearest neighbor interactions) and SC (assuming next-to-nearest-
neighbor interactions). The computation of the regular part R (x), which accounts
for the interaction with the boundary of the domain €2, can be obtained numerically
or explicitly for very special domains, for which the Green function of the Laplacian
is explicit.

3.2. Asymptotic dynamics. In view of the asymptotic expansion (3.1) we can
derive a limit dynamics as the lattice spacing ¢ tends to zero. If the dissipation
introduced in the scheme (2.1) is differentiable, such a limit dynamics can be de-
scribed by a finite difference equation for the positions of the evolving M dislocation
points. Here we are interested in considering crystalline dissipations, and hence not
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differentiable (see Figure 6). Therefore we obtain a finite difference inclusion rather
than a finite difference equation for the positions of the dislocations.

Denote by xo = (z1,0,..-,%a,0) the initial positions of the dislocations and
by do = (di1,0,---.,da0) the corresponding multiplicities. The limiting (as ¢ —
0) discrete in time evolution is defined by solving the step-by-step minimization
problem

. M ¢ (i — 2]} ) M M
(3.7)  min < W 4,(x) + Z T D xe QY Z lzs — a1 <0,
i=1 =1
with x = (21,...,20) € QM and Wy q,(x) = WA(ZZZI d; 00z,). We refer to the
solutions xj = (2] ,...,%], ) as the discrete gradient flow of the renormalized
energy Wy 4, with dissipation ¢?. These trajectories represent the limit of the
trajectories pul, (see (2.1)) as ¢ — 0. Such result has been proved in [2] in the
case of a dissipation proportional to the square of the Euclidean distance and will
appear in [3] for the crystalline case.

The trajectories defined in (3.7) also satisfy a finite difference inclusion. Indeed
if § is chosen smaller than the relative distance between the dislocations and the
boundary of the domain, it can be seen that > |z; — 27, | < C7, and hence for
7 small enough the constraint is not active for all k up to a time step ks ~ % We
are then led to compute the Euler-Lagrange equation for the minimization problem
(3.7). To this end we notice that the function ¢ might be not differentiable (and
this will be the case of the examples treated in Section 4), but it is convex, and
that Wy q, is regular as far as the dislocations do not collide or reach the boundary
of the domain. Therefore the minimality of xJ, yields

1, T T
(38) 0e vxiWA7d0 (Xg) + Ea ¢2(xi,k - Ii,k—l) )

where 0~ g denotes the subdifferential of a function g, which always exists for convex
g, and is given by

O g(z)={veR®: g(y) >glx)+v (y—=) Vy}.

The differential inclusion (3.8) can be rewritten using the homogeneity of ¢ (pre-
cisely the 1-homogeneity of 9~ ¢?) as follows

g ® Tk T Tk
_inWA7d0 (Xk‘) c 8 7 f .
Now, by a classical argument of convex analysis (see e.g. [20], Corollary 5.2) we
have that
¢2

Lo = e (D) e

Ee€o =

where (%2)* is the polar function of %2 defined by
P (€) = max(§,m) — ¢(n).
neRr?

We can conclude that the discrete gradient flow xj, satisfies the finite difference
inclusion

o=l (&)
(5.9) PETI com () (9Waa ().
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The effective dynamics can be then obtained by taking the limit as the time step
T tends to zero. To this end, we denote by x7(t) = (27 (¢),...,x%,(t)) the piece-
wise affine interpolation in time of {x}}, and, using classical results on differential
inclusions (see [22], Chapter 2, paragraphs 6 and 7), we can show that there ex-
ists a positive time 7" such that x(¢) converges uniformly in [0,7] to a trajectory
x = x(t) which is a solution of

(3.10) { x;(t) € 0~ (%2)* (—=Vau,Waa,(x(t))) fori=1,...,M

Here T represents the first time when dislocations collide or escape from the bound-
ary. In the case of traction free boundary conditions considered in this paper, even-
tually all the dislocations will either annihilate to each other or escape from the
boundary. Conversely, in the case of Dirichlet boundary conditions the renormal-
ized energy (and hence the Peach Koehler force) would confine dislocations within
the domain.

Summarizing, we start from a discrete system governed by a periodic interac-
tion potential and we construct a discrete in time evolution for dislocations which
converges to a solution of the differential inclusion (3.10). This result is obtained
by taking first the limit as the space parameter € tends to zero and then by letting
the time step 7 tend to zero.

Notice that, letting first 7 — 0 and then ¢ — 0 the evolution would be pinned
by the local minima of the discrete energy. This means that there are at least two
regimes for 7. > ¢ and 7. < ¢, for which the effective dynamics is either described
by (3.9) or is stuck. A natural question is whether there are other relevant regimes
for € and 7 tending to zero. We believe that a critical regime is € ~ 7 where the
pinning/depinning threshold could be determined by the intensity of the Peach-
Koehler force.

In the next section we will specialize the effective dynamics (3.10) to some specific
crystalline dissipations, giving rise to a motion along glide directions, according to
the maximal dissipation principle stated in [14]. The corresponding differential
inclusion has been analyzed in [8], showing existence as long as dislocations stay
away from the boundary of  and from collision. In [8] it is also shown that this
equation may exhibit the occurrence of cross slip and fine cross slip effects.

4. MOTION ALONG GLIDE DIRECTIONS

Here we introduce a natural class of crystalline dissipations taking into account
the glide directions of the crystal, that are assumed to be a known material property.
Let &1,...,&y, be m vectors in R?, representing the glide directions in the lattice
A. We define the norm

¢(§) := inf {Z |+ )ik = f} :
i=1 i=1

We notice that the unit ball in the metric ¢ is given by the convex hull of the
polygon whose vertices are £&;. Notice also that we do not require that all £ have
the same norm, so that some glide directions could turn out to be preferable to
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others. One can compute the polar function of %2 and get

(a.1) (5) @ =3maxnes?.

This is again a 2-homogeneous function whose level sets are convex polygons dual
to the level sets of ¢2. Notice that, for any fixed € R?, we may have either a
unique &max, OF a Pair, Emax.1, Emax,2 Which maximize (1, §;)? (the set of 1 in which
the maximizers are not unique is called the ambiguity set). In the first case, we
have that also the subdifferential contains a single vector, precisely

o>\ »*\
(12) o (5) @=5(5) 0=t
In the second case, which corresponds to the vertices of the dual polygons, we have

(43 0 () 0= 0 Gones ol (s, s}

where co({max,1; Emax,2 }) 1S the convex hull of the set {&max,1, Emax,2} (see Figure 6).

With this choice of a crystalline dissipation the differential inclusion (3.10) recov-
ers the dynamics proposed in [14], according to the maximal dissipation of energy
criterion. If the Peach-Koehler force (3.6) acting on a dislocation belongs to the
set in which the subdifferential is single valued, then the dislocation moves in the
direction prescribed by (4.2). Otherwise, if the Peach-Koehler force lies in the
ambiguity set, the dislocation can move along any direction of the convex hull in
(4.3) and cross slip and fine cross slip may occur. This is clarified by the following
examples.

Example 4.1 (The square lattice). For the square lattice Ag = Z? it is reasonable
to assume that the preferred glide directions are given by eq, es.
In this case ¢(¢) = [|€]|1 == |¢1] + |€?], where £ = (¢!, &%), and therefore

2 *
(%) = g maxtio’ o2

Moreover, for every n such that || # [n?|, we have
_ ¢2)* { (n*,0) if [n] > |n?|
a b _ 9 3 )
< 2 ) ™ 0,7%) if [7*] > In*],
while in the ambiguity set {|n'| = |n?|} we have

o ("2) (1) = col{(n,0), (0,1)}).

In particular we deduce that in equation (3.10) the dislocation at position z;(t)
moves along the slip directions e; or es whenever |0,1 Wi q,(x(¢))| > [0,2Wi 4, (x(t))]
or |9,1 Wi, (x(1))| < [0,2W.a,(x(¢))], respectively.

Example 4.2 (The hexagonal lattice). For the hexagonal lattice
Ap = {21(1,0) + 22(% ﬁ) t 21,20 €L}

2772
we assume that the preferred glide directions are given by the vectors & = (1,0),

& = (%, @) and &3 = (%,—@) By the very definition of (%2)* in (4.1), for
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any n = (n',n?) € R? we have
¢\ _ 1 2 _ 1 112 1t V3n2 12 1t V3n? 2
(2 (m) = 51:1&}2}?3@7’&) = §max{|77 1% 1+ S5 1 — S5 }
Moreover, for every n € R? with n* ¢ {—v/312,0,v/3n%}, we have

5" (L — LBy, if—\/§<Z—;<O,
o” (2> M =9 (& +¥45e o< <V3
n'é if —V3[n*| <n' < V3n?l,
while in the critical cases we get

"

S

1
’]” =
0t =—3n? / ' = V3’

>

O

1
-2

Figure 6. The red hexagon represents a level set of the function (%2)
The blue lines represent the ambiguity set where the subdif-
ferential is not single valued. Outside this region the function
(%2)* is differentiable and the differential is orthogonal to

the level set, while on the blue lines, which correspond to the

corners of the level sets, the subdifferential is obtained by the

convex combination of the differentials on the adjacent edges.

¢2 * nlcg({gla 53})a if 771 = 7\/5772
4 <2) (n) = \/ET"CO({&,—@}) if nt =0,
771(30(51, 52) if 771 = \/§7]2

The structure of the subdifferential is described in Figure 6.

CONCLUSIONS

We have introduced a simple discrete setting of anti-plane elasticity in crystals
governed by periodic potentials, accounting for the presence of screw dislocations.
A multi-scale analysis of this model highlights concentration of energy around the
cores, and the emergence of an interaction far field energy, referred to as the renor-
malized energy, governing the dynamics of dislocations.

In order to model depinning and dynamics of dislocations toward lower energy
configurations, we have considered a step-by-step local minimization scheme. The
dissipations involved in this process encode fundamental material properties of the
crystal, such as the preferred glide directions. We have shown that our effective
dynamics satisfies the so-called maximum dissipation criterion: dislocations move
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according to the glide directions that maximize the scalar product with the Peach-
Koehler force, i.e., follow a steepest descent of the renormalized energy along glide
directions. We remark that this criterion is not imposed to the model as a con-
straint, but arises as a consequence of energy balance arguments. On the other
hand, enforcing such a constraint in the discrete in time (but continuous in space)
scheme would lead to the same evolution law. Restricting the class of admissible
velocity directions in the purely discrete scheme would require a fine analysis of
formation and annihilation of short dipoles.

The effective dynamics has a gradient flow structure, and is parabolic in time.
It describes the dynamics of dislocations toward ground states. In case of slowly
varying time dependent boundary conditions and external loads, one could also
consider quasi static rate independent evolutions. This would correspond to one-
homogeneous instead of quadratic dissipation functionals.

In our model we neglect thermal effects, or any kind of statistical fluctuation
of the system. Our time discretization mimics these effects with a simpler mech-
anism, allowing dislocations to overcome energy barriers and move. This happens
whenever the time step is much larger than the lattice spacing. We believe that
the regime when these two scales are of the same order is somehow critical, leading
to a threshold depinning criterion.

We finally remark that our variational approach can be extended in principle
to the dynamics of straight edge dislocations; however, in this case, a rigorous
derivation of the renormalized energy from a purely discrete model is, to the best of
our knowledge, still not available (see [15] for a formal derivation of the renormalized
energy in a semi-discrete setting). The general case of curved dislocations in 3D is
in essence more complex. In this case, we expect that also the self energy would
affect the dynamics of curved dislocation lines by decreasing their length.

APPENDIX A. SOME EXAMPLE OF EXPLICIT RENORMALIZED ENERGIES

A rigorous derivation of the asymptotic expansion (3.1) in terms of I'-convergence
can be done under quite general assumptions for the interaction potentials f; ;.

We now review such conditions on the potentials f; ; and we compute explic-
itly the renormalized energy if the lattice structures is given by Ap, Ap, Ay (see
Subsection 1.3), and f; ; = 0 whenever |i — j| > min; jea i2; [¢ — j|. This corre-
sponds to considering nearest neighbors in the three dimensional BCC, FCC and
HCP lattices. To this purpose, we first fix a linear (indeed piecewise-affine for Ag)
application mapping such lattices into Z2, by setting

o (2) =253 1) (2)
Ly,

N
)= () (),

2 1 2’ —2ky/3
2 1 T2k
3 Ve if 2k /2 < a2 < (2k+1),/2

8 8

8] 8

3,2 3
2

8
nN
|
N
ES)
Colbo)

2 Pl T VS
Vi Ve if (26— 1)/2 <a? < 2k /2.
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For every A € {Ap,Ar, Ay} there exists a linear application L, : R? — R? such
that the piecewise-affine functions L. , mapping A into £Z? defined by

(A1) Le p(z) :==ceLp(z/¢)

satisfy ||Le.a — Lalle=(q) < Ce for some constant C > 0. In particular Ly = Ly if
Ae {AB,AF}, while

e ()= (% ) (2)

We assume that the potentials f; ; depend only on ¢ — j (and that f; ; = f;i),
i.e., there exists a family of functions {ge}eei+e, +es,+(ei4es)} Such that f;; =
9L (i—j) for every pair of nearest neighbors (i, j). By virtue of the nearest neighbor
assumption, we have that g., 4., # 0 only for the BCC lattice, while it is zero
otherwise.

In [19] the T'-convergence result for (3.1) is proven under the following assump-
tions: For every ¢ € {e1,ez,e1 + ea} there exists ¢g > 0, strictly positive for
£ = ey, ey, such that the potentials g¢ satisfy

ge(t) = 155 (1= cos(2mt)),  ge(t) = cet® +o(t?).

To ease the computations, we assume an isotropy condition for our potentials
fi.j, which reads as ge, = g, for every A € {Ap,Ap,An}, and ge,4e, = ge, for the
BCC lattice. We set

C 1= Ceg; = Cey, Cd ‘= Ceytey-

Then, ¢q = 0 for every A except for the BCC lattice, where ¢4 = ¢. These choices
are coherent with the derivation of linearized anti-plane elasticity done in Section
1.2.

Now we compute the renormalized energy Wy 4 in (3.5) under the assumptions
above. To this purpose, we need to know the explicit formula of the matrix Ap
used in its definition. We first notice that, in the case of the square lattice with
interactions along the directions ey, es, €1 +es, the linearized effective elastic energy
is obtained by interpolating the displacement field and the corresponding elasticity

matrix A’ is given by
;[ ct+cqg cq
A= < Chea )

The general case of a lattice A can be dealt with a change of variable obtaining
Ap = det EA El_\lA/(Exl)T.

Then, by the very definition of Ax, we have

Vdet Ay V2 + 2ceq
o 2 '

)\self =
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Now we specialize the formula of the renormalized energy in (3.5) to each of our
lattices. For every d = (dy,...,dy) € {+1,—1}M and z1,..., 23 € Q, we have

Wag.da(z,...,xm) = — \[C de log|x1—xJ|+Zd R, (z:))

i#]
Whpda(@1,...,x0m) = —%(Z d;d;log|\/Bn, (i — ;)| + ZdiRAF(-Ti))y
i) i
c
Wir,d (T1,.. 0 0) 1= _%(Z did;log | V Bpy (@i — x])' + Zd'lRAH(xl))7
itg i

where By ,., Ba,, and R(z) are defined according to (3.2), and (3.4). Specifically,

we have
4 4/
By, = 1/V2 04 and B, = 8 0
0 V2 /9/8

Finally, we consider the case of nearest and next-to-nearest neighbor interactions
in the SC crystal. This corresponds to considering interactions along the directions
€1, €s, €1 + €2, €] — e5 on the two dimensional lattice Ag = Z?. In [19] it is proven
that the I'-convergence expansion in (3.1) holds true if the potentials f; ; depend
only on ¢ — j and there exist constants ¢/, ¢/, > 0 such that

/

= 12

/

fiitc(t) > 4—2(1 —cos(2mt)), fiitc(t) = cﬁth—i—o(tQ) if ( €{e1+ez,e1—ex}.

The conditions above mean in particular that the energy functional is isotropic. In
this case it is easy to see (see [19] for more details) that Axg = (¢’ + 2¢};)I and

fiive(t) = (1 —cos(2mt)),  fiire(t) = t* +o(t?) if &€ {er,e2}

c +2¢
Wag.a(z,...,za) i= o ——4( de log\xl—x]\—&—Zd Rpg(x4)).
i#]
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