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EFFICIENT LOW-RANK SOLUTIONS OF GENERALIZED
LYAPUNOV EQUATIONS*
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Abstract. An iterative method for the low-rank approximate solution of a class of generalized
Lyapunov equations is studied. At each iteration, a standard Lyapunov equation is solved using
Galerkin projection with an extended Krylov subspace method. This Lyapunov equation is solved
inexactly, thus producing a nonstationary iteration. Several theoretical and computational issues are
discussed so as to make the iteration efficient. Numerical experiments indicate that this method is
competitive vis-a-vis the current state-of-the-art methods, both in terms of computational times and
storage needs.
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1. Introduction. We are interested in the solution of generalized Lyapunov
equations of the form

AX + XAT + 3 N;XNT + BBT =0, (1.1)

Jj=1

where the matrices A and IV; are n x n, and A nonsingular, while B is n x ¢, with
{ < n, and often much smaller than n. In general, one assumes that the matrices
N; are much sparser than A and/or of much smaller rank, and that A is stable,
i.e., with its spectra contained in the left-half plane. This type of equation, and
with these characteristics, naturally arises in the context of model order reduction
of bilinear control systems and linear parameter-varying systems as well as for the
stability analysis of linear stochastic differential equations; see, e.g., [1], [3], [4], and
references therein.

We are particularly interested in the large-scale case, when n is large and thus, this
makes it impossible to simply rewrite (1.1) as a linear system with the n? unknowns,
and solve it with traditional linear solvers. Furthermore, one important concern here
is storage. We seek solution methods where the storage (and computations) are O(n)
and not O(n?).

We seek a symmetric positive definite solution to (1.1), and this solution is the one
that is meaningful in certain applications; see, e.g., [3] for an explanation. We consider
low rank approximations to X of the form ZZ7, with Z n x 7, with  much smaller
than n. Such low rank approximations are known to exist in the case of the standard
Lyapunov equation, i.e., (1.1) with m = 0, when for instance the singular values of
the solution decay rapidly to zero; see, e.g., our comments later in section 4.2. For
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2 Efficient solutions of generalized Lyapunov equations

the generalized equation (1.1) an argument is given in [1] indicating that this might
also be the case.

We were inspired to consider this problem by the paper [1], where several low-
rank solution methods are explored. Krylov subspace methods, such as preconditioned
Conjugate Gradients (PCG) or BiCGstab, preconditioned with a bilinear ADI pre-
conditioner, appeared to be competitive in terms of number of iterations and of the
rank of the approximate solution. These preconditioned subspace methods attack the
problem in its Kronecker formulation, and are implemented using mostly calculations
on the low-rank factors, and these are appropriately truncated, as proposed in [13];
see also a description of this truncation later in section 4.1.

In this paper we present an efficient low-rank iterative method to approximate the
positive definite solutions of generalized Lyapunov equations of the form (1.1). The
numerical experiments in section 5 show that our approach uses less storage and less
computational time than the best approach in [1]. We present several computational
tools, and a new theorem which gives the foundation for some of those tools in the
next few sections. The full algorithm collecting these tools is presented in section 4.3.
We mention that some of the material in this paper can also be found in the recent
thesis [19].

In the following, ||z|| denotes the Euclidean norm of the vector z; ||M|| denotes
any operator or matrix norm induced by any vector norm, while | M || denotes the
Frobenius norm.

2. Stationary iterative methods. We rewrite (1.1) as
M(X) - N(X)+BBT =0, (2.1)

where M(X) = AX + X AT is the Lyapunov operator, and

~N(X) = Xm:NjXNjT. (2.2)

i=1

We note that if C' is a positive semidefinite matrix, then N'(C) is a negative semidef-
inite matrix. Moreover, if A is stable, the solution matrix of a Lyapunov equation
M(X)+ C =0 with C positive semidefinite, is always positive semidefinite; see, e.g.,
[14, p. 443].

Let us further denote by A(L) the spectrum of an operator £, and by p(L) its
spectral radius. As done in [3], we shall assume that the pair (4, B) is controllable,
and that there exists a positive-definite solution X to (1.1). Under these hypotheses,
one can infer that 0(A) C C~ and p(M~IN) < 1; see, e.g., [3, Theorem 4.1].

Following [3], we thus consider a stationary iteration of the form

M(X}) =N(Xp_1) - BBT, k=1,2,.... (2.3)

Similar approaches have been pursued in the recent literature on more general linear
matrix equations, see, e.g., [16]. As opposed to the approach taken in [3] for small
problems, here we focus on low-rank approximations of the form X = Z,Z[', and
begin with Xy = 0; the basic recurrence is recast as Algorithm 2.1. The fact that
p(M™IN) < 1 ensures that the classical iteration is in fact a convergent fixed-point
iteration for our problem for any initial approximation Xy; see, e.g., [2].

The recurrence in Algorithm 2.1 requires a careful implementation to become
effective, both in terms of memory usage and computational costs. One important
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Algorithm 2.1 Stationary Iterations for generalized Lyapunov equations
Input: Problem data A, N;, and B, inner and outer tolerances
Output: Z so that X = ZZ7T is an approximation to the solution of (1.1)
: Approximately Solve AX + XA”T + BBT =0 for X, = 2, ZF
: for k=23,... do
Set Bk = [lekfl, LR ,NmZk,l, B]
Approximately Solve AX + XAT + ByBl' =0 for X), = Z, Z]
If sufficiently accurate then stop
end for

AN S

consideration is that the solution of the Lyapunov equation in step 4. of Algorithm 2.1
can be performed very efficiently by using recently developed low-rank solvers; see
[20]. Here we will use the extended Krylov subspace Galerkin projection, as proposed
in [21] and analyzed in [12], which provided satisfactory results in our experiments.
Moreover, the Lyapunov solves at each iteration in (2.3) can be solved at different
accuracy as the iteration in k progresses: in particular, the stopping tolerance can be
refined as the iterations proceed.

Stationary iterative methods such as (2.3) have a linear convergence rate, and
in general one would not expect them to compete favorably with Krylov subspace
methods such as preconditioned Conjugate Gradients or BiCGStab applied to the
Kronecker form of the problem, as they often exhibit superlinear convergence. In
this case, though, the experiments reported in [1] (as well as those we report in sec-
tion 5) show that for generalized Lyapunov equations of the form (2.1) these methods
converge linearly as well. Other considerations for improvements that provide better
convergence time and storage needs are presented in subsequent sections.

3. Inexact iterations. Classical stationary methods for solving Ax = b with
A = M — N and M nonsingular, proceed starting with an initial vector xg, and
computing x; from the iteration

Mx, = Nxr_1 + b, k=1,2,... (31)

As already mentioned, such iteration converges for any x if and only if p(M~1N) < 1;
see, e.g., [22]. We are interested in the inezact solution of the linear system with M
at each iteration, i.e., for k=1,2,...,

approximately solve Mx; = Nx;_; + b, (3.2)

such that the norm of the (inner) residual s; := Nxj_; + b — Mx;, is below some
tolerance, called inner tolerance. Iterations such as (3.2) are often called nonstationary
iterations since they can be interpreted as an iteration of the form (3.1), where the
matrix M changes from one step to the next. We next show that if we ask that the
inner residual is reduced in a way proportional to the outer residual ry,_; = b—Axy_1,
that is,

Il < mllrr—all (3.3)

for an appropriate value of 7, then the convergence delay associated with the inexact
solves remains under control. To this end, we need to assume a stronger condition
than p(M~!N) < 1, namely that |[M~'N]|| < 1, for some operator norm induced by
a vector norm.
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THEOREM 3.1. Let A = M — N, M nonsingular such that [M™IN|| < 1. Let x,
be the solution of Ax = b, and consider a nonstationary iteration of the form (3.2).
Then

(i) If we impose (3.3) for some fixed n > 0 so that

v = [MTIN| + | MTYA] <1,

then the (linear) iteration converges with factor no greater than ~;
(ii) If we impose that |M~'sg|| < n||M " rr_1||, for fivzed n > 0, so that

= |IM™IN| +n|MTA| = [M7IN]|| + 7T - M™'N|| < 1, (3.4)

then the convergence factor is no greater than ;.
Proof. Since Mx,—Nx, = b, we first write x;, —x, = M ~!N(x;_1—X,)+M !s;.
Taking norms and using that b — Ax, = 0, we have that

¢ — x| < VTNl —1 — x4+ Vs
< IIMTIN[lsc—1 = x|+ nlMTH[[[b — Axi s |
= IM7IN[flxk—1 = ]| + 7l M| A (0 = xi-1) |
< (IMTIN]| + [V A -1 — ],

and the first assertion of the theorem follows. The second assertion follows in a similar
manner. 0

We remark that in order to satisfy the hypotheses of Theorem 3.1, one needs to
have an appropriate value of the factor 7 in (3.3) so that, for example

1—|[M™IN|| _ 1-[M™'N]|
IM~TA]] [T—M-INJ|| -

(3.5)

In fact, for the convergence factor in (3.4) one has
IMTIN ][ = M7IN|| < [[M™N|[+9(1+[M™IN[|) = (1+9) [M™'N||+7. (3.6)

Therefore, if |[M™!N| ~ 0.3, an inner tolerance of n = 1073 would give in (3.6)
that [[M~IN| + n||[I — M~!NJ| ~ 0.301, indicating a very small deterioration of the
convergence ratel. We should mention also that in the case of (i), we would have
to replace |[M~tA| in (3.5) with the more stringent ||[M~!||||A]|, but this is more a
consequence of the proof than what one needs in practice. In fact, the main message
from Theorem 3.1 is that we can solve (3.1) inexactly, with an inner residual norm
which should decrease proportionally to the outer residual norm. We note that a
similar result could be obtained for the error norm by using the technique in [16,
Theorem 4.1], with a variable inner tolerance of the type in (3.3), but for the error.
We would like to put Theorem 3.1 in context within the literature of inexact sta-
tionary iterations. Such iterations were called nested, since another (inner) iterative
method was used to approximately solve (3.1). These nested — also called inner-outer
— iterations, or two-stage iterations, were analyzed at least as far back as [17]. In this
reference, as well as in [15], and others, convergence is shown, without an estimate
of the convergence rate, nor the dependence of the rate on the inexactness of the

IThe value 0.3 is an estimate of the norm | M™'N||p for the first example HEAT1 in section 5.
In general, this norm is not near one for the problems considered here, where the rank of N; < n,
and these matrices are extremely sparse.
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solution of the inner iterations. On the other hand, in these papers, only convergence
of the outer and the inner methods is assumed whereas here we have to assume norm-
convergence; cf. [9] and references therein. We also mention that the condition (3.3)
was used in [10] for inexact Richardson and Chebyshev iterations, and it is often used
in inexact Newton for nonlinear systems [5].

Theorem 3.1 can be modified so as to include the case of an approximate right-
hand side by ~ Nx;_1 + b, as detailed in the following result.

COROLLARY 3.2. Let A =M — N, M nonsingular such that |[M~!N|| < 1. Let
X, be the solution of Ax = b, and consider the nonstationary iteration:

determine by ~ Nx,_1 + b,
approzimately solve Mxy, = by. (3.7)

Let 8, = by, — Mxy, be the residual of (3.7), and rp—1 = b — Axy_1. If the iteration is
performed so that {||Sk|],||(Nxz—1 +b) — bi|} < Inllre_1], and n satisfies either of
the hypotheses of Theorem 8.1, then the iteration (3.7) converges linearly to x, with
the convergence rates given in Theorem 3.1.

Proof. The result follows by writing sy = Nx;_1+b—Mx; = S +Nx;_1+b—bg
and using the triangle inequality, so that the hypotheses of Theorem 3.1 hold. O

We end this section with another result for the nonstationary iterations in Corol-
lary 3.2, which will be relevant in low-rank computations.

ProprosITION 3.3. Let A = M — N, M nonsingular, and consider the nonsta-
tionary iteration and the hypotheses in Corollary 3.2. Then the residual v, = b— Axy
satisfies

lexll < mllee—alf + NG = x5-1)

|. (3.8)
Proof. We write

rp, =b — Ax;, = b — Mx; + Nx;,
=b — Mx;, + Nxi_1 — Nxi_1 + by — by + Nx;,
= [(b + Nxp-1) — bk] + 8k + N(x — x5—1)

and the result follows from the triangle inequality and taking into account the hy-
potheses of Corollary 3.2. O

4. An efficient implementation of the classical iteration. All the general
results discussed in the previous section can be used in our context to improve the
efficiency of Algorithm 1. However, to make the iteration really competitive, both
in terms of storage and execution time, strategies need to be employed that take
into account the matrix low-rank peculiarity of the problem. In the following we
describe a few such tools, which will drastically improve the performance of our final
implementation.

4.1. Matrix truncation. A tool widely used in low-rank approximation meth-
ods is truncation, whereby a low-rank product X = GDG”, with G being n x k is
approximated by 7(X) = GDG”, where G is n x p, with p < k, and such that

X =T(Xlp < 71Xl (4.1)

for some prescribed truncation tolerance 7; see, e.g., [13], [16]. The procedure is imple-
mented by computing a reduced QR decomposition of G = Qg Rg and an eigenvalue
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decomposition of the small symmetric matrix RgDRE = USUT, S = diag(sy, ..., sp)-
Truncation in the right-hand side is performed by retaining only the p eigenpairs in

USUT such that the eigenvalues satisfy y/s2,, + -4 sf < 71/s7 +--- + 57, where
the eigenvalues s;, ¢ = 1,...,p, are sorted in non-increasing absolute value.
Truncation thus returns G' = GU and D = S. In the sequel, we shall also use the

short-hand notation Z = T(Z) instead of ZZT = T(ZZT).
The original right-hand side of our iterative step (2.3) is

N(Xy_1) = BBT = - (N1 Zy 1 ZF \N] + -+ NynZy 1 ZF_ \NL + BBT)  (4.2)
= —[NiZy—1, -+ NwZx-1, Bl[NiZy—1, - NnZy—1, B,

which is replaced by its truncation T (N (X,_1) — BBT), for an appropriate value of
the truncation parameter. In our context, Corollary 3.2 provides the allowable value
for the truncation parameter, i.e., how inexact the right hand side can be.

Truncation is also used after forming the next iterate Xy, so as to keep the
approximation of low rank. In this case, truncation is based on a singular value
dropping of the iterate factor; see section 4.2 for more details.

4.2. Separate right-hand sides. In step 4. of Algorithm 2.1 we solve the Lya-
punov equation

AX+XAT + FFT =0, F=[f,...,f], (4.3)

using a Galerkin method based on the extended Krylov subspace, where this space is
defined as

EK; (A, F) =K;(A, F) + K;(A™ AR,

where K; (A, F) is the (block) Krylov subspace range([F, AF, ..., A7=1F]).

In our case, the right-hand side is given by —FFT = T(N(Xy_1) — BBT) =
— By B'. In spite of the truncation, however, the rank of By, could be so high that the
computational cost of building an orthonormal basis of EK;(A, By) could dominate
the overall cost. In addition, unless dramatic loss of rank occurs, storing such a basis
requires O(2jp) vectors, where p is the rank of By. In our setting, these memory
requirements quickly become prohibitive as the linear iteration progresses, as p usually
increases.

This is a well known shortcoming of block Krylov subspace-based methods, and
tangential approaches have been proposed for Lyapunov equations; see, e.g., [7] for
additional considerations. Here we propose a different approach, which led to very
significant execution time and memory savings, and which was also discussed in [11,
18]. More precisely, writing By = [b1,...,b.], then BkBg = b1b7 + - + b0, and
exploiting the linearity of the problem

X = M Y(ByBY) ZM bbl) ~ 3" X\ = X,

%

where each X ,gi) is a low rank approximation to the solution of the corresponding
matrix equation M(X) = —b;b. For i = 1,...,r, X,ii) is obtained with EKSM
starting with the single vector b;. Note that in general, we expect each X ,ii) to be
of low rank, as an approximation to a numerically low rank exact solution; see, e.g.,
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[20, §5] and references therein for a discussion on the singular value decay properties
of the solution to Lyapunov equations.

We point out that X}, is never explicitly formed, but the low rank factorized form
of the X ,ii)’s is collected and then truncated to give the next low rank (truncated)
iterate X}, stored in factored form. In fact, since the X ,gi)’s are computed sequen-

tially, the truncated factored form is updated “on the fly” as soon as the next X ,il) is
available. A loose truncation (10714) is performed during the collection of the approx-
imate solutions, while a more severe truncation (1071°) is performed at termination
of the inner step. This resulted in very significant memory savings, while being able
to reach the sought final accuracy in the residual.

Finally, we note that the obtained approximate solution Xj is not the same as
the one that would be obtained by using the full block space with Bjy. Nonetheless,
to ensure a final (estimated) accuracy of tol for Xy, we solve for each single term

X ,ii) by requiring an accuracy of tol/r. More details on stopping criteria are given
in the next section.

4.3. The complete implementation. To finalize the algorithm for the efficient
solution of (1.1) we still need to describe our stopping criterion. For our iteration (2.3)
and its nonstationary version one needs to compute the norm of the residual

R(Xy) = BBT — M(2,.ZL) + N (Zp Z}) (4.4)

to implement a residual-based stopping criterion. Its explicit low rank factorization
can be written as (here for m = 1):

0, I, 0, Ope] [ 27

I, 0, 0, Oy | |2ZTAT

0, 0, I, Oper| |ZTNT|"
07‘><p 0r><p O7"><p _Ir BT

R(ZZ") = |Z,AZ,NZ, B]

so that, if Z has rank p, the low-rank factor of this residual has 3p+r columns. In our
implementation, instead, we adapted the bound provided by Proposition 3.3, which
in our setting only needs to estimate A (Xy — Xj_1), leading to significantly lower
storage and computational requirements. Again for m = 1, we have

0 } {ZT | NT

I k
Z;fLNT

Pr+1

N(Xi1 — Xi) = [NZyt1, NZg] { 0 —I
Pk

} =WDWT,

where the low-rank factor has only pri1 + pr columns, where py is the rank of Zj.
Thus, if we assume (for simplicity and argumentation) that p = py = pgy1, then
additional storage drops from 3p + r to 2p. Therefore, defining 75°“"¢ = 1, the
subsequent estimates of |R(Z,Zl)|| are computed as

7 = | BBy | pri?i* + | ReDRE || p /|| BT Bl p, (4.5)

where Ry is the square upper triangular matrix of the QR factorization of W =
[NZk11, NZ]. We note that whenever needed, the computation of the Frobenius
norm is performed by also using invariance properties such as ||FFT||p = |[FTF| .

The final algorithm with all the described ingredients is sketched in Algorithm 4.1,
where for simplicity we used m = 1, and the expression R(X}) refers to the residual
defined in (4.4).
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Observe that the variable inner tolerance 7,"" for the solution of the Lyapunov
equation at the kth iteration, decreases by a factor 7 times the outer residual as
prescribed in Theorem 3.1. This tolerance 7 is used also as the tolerance for the
inexact truncated right-hand side 7/™"¢; to satisfy the hypotheses of Corollary 3.2
one should prescribe a lower value of 7. In other words, Theorem 3.1 provides a
theoretical justification for the choices of the different truncation parameters, and the
inexactness in the approximation to the solution of the Lyapunov equations in steps

2 and 9 of the algorithm.

Algorithm 4.1 Low-rank classical iterations (for m = 1)

outer

Input: Problem data A, N and B, tolerances 7, T
. Set 8= ||BBT||,,

—_

2: Solve approximately AX +XAT+BBT = 0 for X; = Z, Z{ so that |R(X1)||r <7
3: Calculate 7P =y + [|N(X1)||» /B
4: for k=2,3,... do
5: Set tolerances Tjmner = rfrunc — Lyppound
6: Calculate the low-rank factor Bj, = TTlgmuc([NZk_l, B)) = [bgk), A b(ulz)]
7 Set Z2(0) = ¢)
8 for i=1,...,v do
9 Solve approximately AX + X AT + bgk) (bl(-k))T =0 for X0 = Zz@O(ZHT
so that [|[R(X®)||p < 7imner /iy,
10: Z0) = Trirne ([2071), Z0])
k
11: end for

12: Set Z), = Z(V’“) (S.t. X = ZkZZ)

13 Set 70" = | Be B | prp2t + [V (Xy — Xy—1)|lr /8
14: If rpound < outer then stop

15: end for

5. Numerical experiments. In this section we report on our numerical ex-
perience with the proposed algorithm, and on a comparison with state-of-the-art
approaches.

In our experiments we considered data stemming from the deterministic bilinear
dynamical system

Mx(t) = Ax(t) + f: Nx(t)u;(t) + Bu(t) (5.1)
j=1

and the matrix solution X may be interpreted as a controllability Gramian of the
system [3]. As in [1], in all our examples we used finite difference discretization in
space, so that I/ = I. The matrices IV; stem from the discretization of Robin condi-
tions on parts of the boundary, therefore m corresponds to the number of boundary
sides on which these conditions are enforced; we refer to [3] for further details and for
an example of the construction of the matrices. We note that the case of £ # I, E
symmetric positive definite, can be reduced to the case considered here by a Cholesky
factorization of F, and the appropriate (implicit) change of the matrices A, N;, B.
The sparsity of E is usually similar to that of A, so that one expects a similar amount
of fill in the factors. We also note that, alternatively, one can use the E-inner product
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throughout, as done, e.g., in a different context in [8], so that one can exploit solution
methods for systems with F without requiring an explicit factorization.

All experiments were ran on a 2013 MacBook Pro with a 2.3 GHz Intel Core
i7 Processor and 16 GB of memory running OS X 10.9.5 using MATLAB version
R2014a.

Our experiments will be based on the following three examples.

EXAMPLE 5.1. We consider the heat equation on the unit square, so that A is
the discretization of the Laplace operator L(x) = Ax in Q = (0,1)2, In addition,
Robin conditions n - V(x) = Ju(x — 1) are used on the left boundary of the domain,
while Dirichlet conditions x = 0 are used on the rest of the boundary, yielding a single
matrix N1 (m = 1); this is a small variant of [3, Example 6.1.2]; see also [1]. We call
the resulting problem HEATI.

By changing the problem so that Robin conditions are imposed on both left and
right boundaries, we obtain two terms N; and Ny (m = 2); we call the resulting
dataset HEAT2.

EXAMPLE 5.2. We consider (5.1) where A is the centered finite difference dis-
cretization of the following convection-diffusion operator, L(x) := —Ax + x,. The
same Robin boundary conditions as in HEAT2 were used.

EXAMPLE 5.3. This example is taken from [1, section 6.2], and it is about a
nonlinear RC circuit; it will be called CIRCUIT in later reference.

We start by evaluating the contribution of all enhancements adopted in the pro-
posed implementation on two representative problems. Table 5.1 shows execition time
(in seconds), memory requirements (in terms of real allocations), and solution rank
for all variants, depending on whether the following choices were made:

In. = Inexact solves of the Lyapunov equation are performed with variable accuracy
(see (3.3));

Rhs = truncation of the right-hand-side is performed before the inner matrix equation
is solved (see section 4.1);

Sep = m distinct Lyapunov equations are solved for B of rank m (see section 4.2);
Res = The true residual norm is estimated with (4.5).

The final relative residual accuracy for all four methods was set to 107%. The
numbers show that the impact of the various enhancements is similar in the symmetric
and nonsymmetric cases, HEAT2 and CIRCUIT, respectively. Here and in the other
experiments, we used the inexact relative tolerance n = 1072

Variable accuracy in the inner solves reduces timings as expected (by about 60%),
without increasing the overall memory requirements. The major execition time im-
provements are obtained by separately solving the inner systems; times are further
lowered by the truncation strategy and cheap residual norm estimation.

In the following we compare Algorithm 4.1 (GLEK in what follows, which stands
for Generalized Lyapunov Extended Krylov method) with the following algorithms
available in the literature. In the symmetric case, we used (i) a version of Algorithm
4.1 where steps 2 and 9 are solved using a rational Krylov subspace method as sug-
gested in [6] (in the following RKSM); (ii) the tensorized Preconditioned CG in [1,
Algorithm 1] with a bilinear ADI preconditioner (in the following CGB(k), where k
is the number of shifts used in the bilinear ADI preconditioner); (iii) the tensorized
Preconditioned CG in [1, Algorithm 1], with an ADI preconditioner (in the follow-
ing CGA(k)) k is the number of shifts used in the standard ADI preconditioner;
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HEAT2 CIRCUIT
In. Rhs Sep Res time Mem Rk | In. Rhs Sep Res time Mem Rk
16.4 250 62 74.5 269 67
v 16.0 214 62 v 73.8 153 67
v 5.8 254 63 v 13.7 341 85
v v 5.4 227 63 v v 12.8 256 85
v 6.3 230 57 v 45.8 253 63
v v 6.1 191 55 v v 44.9 145 63
v v 3.2 230 57 v v 11.0 301 75
v v v 3.2 212 55 v v v 10.7 248 75
v 10.6 250 62 v 42.3 269 67
v v 10.2 222 62 v v 40.6 164 67
v v 2.7 254 63 v v 6.4 309 s
v v v 2.4 220 62 v v v 5.7 214 76
v v 4.3 230 57 | « v 28.4 253 63
v v v 4.2 185 53 v v v 28.1 145 63
v v v 1.8 230 57 | « v v 5.6 289 72
v v v v 1.7 189 53 v v v v 5.2 216 71

TABLE 5.1

n = 10 000. Contribution of the various components to the performance of the final solver.

(iv) Bilinear ADI as a solver, as described in [1, section 5.1] (hereafter BADI(k), with
k as above).

In the nonsymmetric case, BICGSTAB replaces the CG algorithm in the cases
(ii) and (iii), as in [1, Algorithm 2] (BiB(k) and BiA(k) in the following).

The codes used for (ii), (iii), and (iv), are those obtained from the authors of [1].
The only modification we implemented is that we use an LU factorizations for A — ol
for each shift o, we store the factors, and reuse them as needed, in the same manner
we do this for A in EKSM. This modification reduced the execution time.

In 5.2 we report the results for small dimensional problems (n = 4 900), which
helped us tune the parameters of ADI-based algorithms. For these experiments, as
well as for the larger problems later, the final relative residual accuracy for all four
methods was set to 1078, Larger problems were run with the best parameters from
this experimental study. This table reports execution time (in seconds), total memory
requirements and final rank of the solution. For each example, the smallest value in
each column is highlighted in bold. It is interesting that although these problems yield
matrices only in the order of a few thousands, the overall performance already provides
a picture consistent with the one that can be seen for larger problems. The two
methods based on Preconditioned CG are not competitive, both with respect to time
and to memory requirements. This latter shortcoming will be exacerbated with larger
dimensions. GLEK shows the best performance with respect to all three performance
measures, except for the Circuit problem, for which memory requirements seem to
be slightly higher. Using a rational Krylov method instead of the extended Krylov
method, while being competitive in terms of storage, produces considerably slower
execution times. This is particular for our setting, where many Lyapunov equations
need to be solved?. Therefore, we omit results on computations with this method in
the experiments that follow.

In Table 5.3 we report our numerical experiments for two finer discretizations,
n = 22 500 and n = 102 400. The time and memory requirements are increasingly

2We mention that similar slow results are obtained if one uses the tangential interpolation version
of a rational Krylov method, as proposed in [7]
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Prob. Meth. time Mem. Rk. ‘ Prob. Meth. time Mem. Rk.
HEAT] GLEK 0.76 146 43 | CIRCUIT GLEK 5.38 245 105
HeaTl  CGB(2) 3.91 534 50 | circulT  BiB(4) 50.61 2581 88
HEAT1] CGA(4) 2.01 497 50 | clrculT  BIA(2) 24.43 2565 83
HEAT1  BADI(6) 1.31 197 49 | circuiT  BADI(8) 34.10 361 90
HEAT2 GLEK 1.74 274 82 | ADVDIFF GLEK 2.33 293 87
HEAT2 CGB(2) 13.08 1016 95 | ADVDIFF  BiB(2) 126.89 3612 94
HEAT2 CGA(2) 10.26 1011 95 | ADVDIFF  BiA(6) 26.00 2787 101
HEAT2 BADI(4) 3.55 472 94 | ADVDIFF BADI(4) 12.01 507 101
TABLE 5.2

Results of a small parameter study.

n = 22 500 n = 102 400
Prob. Meth. time Mem. Sol.  Rk. time Mem. Sol.  Rk.
HEAT1 GLEK 3.34 177 410 49 18.46 213 470 49

HEAT1 CGA(4) 16.23 608 1496 57 131.18 633 1488 60
HEAT1 CGB(2) 27.49 621 4108 56 258.73 712 5656 60
HEAT1 BADI(6) 10.67 225 1852 56 117.05 241 2542 60

HEAT2 GLEK 7.74 313 780 93 44.01 325 903 95
HEAT2 CGA(2) 62.02 1209 4076 108 486.69 1390 5660 117
HEAT?2 CGB(2) 79.44 1204 10120 109 645.36 1403 14050 117
HEAT?2 BADI(4) 27.00 547 6804 109 257.43 587 9332 117

ADVDIFF  GLEK 11.26 322 802 95 80.98 333 906 97
ADVDIFF  BiA(6) 121.60 3301 15402 111 586.14 3048 14220 121
ADVDIFF  BiB(2) 552.38 4254 49365 102 | 3316.06 4730 63800 104
ADVDIFF  BADI(4) 29.09 562 7247 111 271.46 597 9488 119

circulT  GLEK 25.12 303 1784 117 | 198.16 386 2273 151
CIRCUIT  BiA(2) 190.57 3729 21294 109 | 2190.25 6546 40756 136
CIRCUIT  BiB(4) 194.39 2868 35392 111 | 1756.72 4394 56356 136
CIrRCUIT  BADI(8) | 267.54 449 11808 112 | 2358.12 545 18252 136

TABLE 5.3
Performance comparison for larger discretizations of the problems.

larger as the matrix dimensions expand, as expected, but the comparative behavior
of the methods remains consistent with those for n = 4 900. We observe in particular
the very large number of solves - included in this table for further comparison - for
the two Preconditioned CG methods. These operations will be particularly expensive
when dealing with three-dimensional problems, but also with two-dimensional more
complex problem geometries. All numbers are in favor of the new algorithm GLEK,
except for the Circuit problem, for which once again GLEK yields a solution factor
with a slightly larger rank. Both execution times and total memory requirements of
GLEK are considerably better than those of available methods, with up to one order
of magnitude improvement in some instances.

6. Conclusions. We have proposed a new implementation of the classical itera-
tion for the solution of large scale generalized Lyapunov equation. Although station-
ary iterative methods had been used in the past for this problem, several significant
improvements had to be designed to make the original strategy competitive in the
large scale setting. One of them is a variable stopping criterion for the inner itera-
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tion. Under certain conditions, we prove that the outer iteration will converge with
the prescribed level of inexactness of the approximate solutions at each iteration. Our
numerical experience - albeit circumscribed to a certain class of problems - seems to
show that a careful implementation allows one to solve large problems in a few tens
seconds on a commercially available laptop.
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