
We consider the general ETAS model adapted to any distribution of 𝜈Δ and prove that the branching structure of

the model excludes the possibility of having a common distribution type for both 𝜈Δ and VΔ at once (Molchan et

al., 2022).

We then investigate the features of the VΔ distribution within a wide class of ETAS models.

We show that there is a fundamental difference in tail behavior of the VΔ -distributions for general-type clusters

and for clusters with a dominant initial magnitude: the tail is heavy in the former case and light in the latter.

The real data display similar behavior.

Theoretical conclusions are also illustrated through the analysis of a synthetic earthquake catalog.

Copy of the Utsu law for aftershocks :

𝝀 𝒎 = 𝝀𝒆𝜶𝒎, 𝑚 ≥ 0

Gutenberg-Richter law :

𝑓1 𝑚 = 𝛽 exp −𝛽𝑚 , 𝛽 > 𝛼

Time scattering (Omori law) :
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with scale parameter 𝜓𝑚 = 𝑑𝑒𝛾𝑚/2
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CONCLUSIONS

STATEMENT 1

,
;

GENERAL ETAS MODELS

REFERENCES

THE RANDOM THINNING PROPERTY

Initial cluster event

The initial event 𝑥0 = (𝑡0, 𝑔0, 𝑚0) of an earthquake cluster generates from a time-

independent Poisson process with rate 𝜇(𝑔)𝑓1 𝑚

Direct descendants

The initial event 𝑥0 = (𝑡0, 𝑔0, 𝑚0) generates a random number 𝜈(𝑚0) of events

𝑥𝑖: 𝑖 = 1,… , 𝜈(𝑚0) , 

where 𝜈(𝑚0) has a distribution 𝐹 with an average 𝐸𝜈 𝑚0 = 𝜆 𝑚0 .

The offspring events are distributed in 𝑆 as independent variables with

probability density function 𝑓 𝑥 𝑥0 = 𝑓1 𝑚 𝑓2 𝑡 − 𝑡0 𝑓3 𝑔 − 𝑔0 𝑚0 .

All descendants

Each new event independently generates its own family of events following the

above generation law.

General  ETAS(𝐹) 

𝝂 𝒎 number of direct descendants

𝐹 𝑛|𝑚0 general distribution with average  𝜆 𝑚0 = 𝐸𝜈 𝑚0

𝑓 𝑛|𝑚0 prob. density function

ETAS(𝑃) 

with Poissonian productivity

𝐹 = 𝑃 for the Poisson distribution 

𝑓𝑃 𝑛|𝑚0 = 𝑒−𝜆 𝑚0 𝜆𝑛(𝑚0)/𝑛!

(regular ETAS)

ETAS(𝐺) 

with geometric productivity

𝐹 = 𝐺 for the Geometric distribution 

𝑓𝐺 𝑛 𝑚0 = 𝑝 𝑚0
𝑛 1 − 𝑝(𝑚0)

with 𝑝 𝑚0 = 𝜆(𝑚0)/ 1 + 𝜆(𝑚0)

The productivity 𝜈 𝑚 of a magnitude 𝑚 event can be characterized in term of triggered events of magnitude

above 𝑚 − Δ , where Δ > 0 and the lower magnitude threshold 𝑚𝑐 is set to zero without loss of generality.

In this context, we consider the following random variables of a magnitude 𝑚 event:

𝝂 = number of all 𝑑𝑖𝑟𝑒𝑐𝑡 descendants,

𝝂𝜟 = number of all 𝑑𝑖𝑟𝑒𝑐𝑡 descendants of magnitude ≥ 𝑚 − Δ,

𝑽 = number of all descendants,

𝑽𝜟 = number of all descendants of magnitude ≥ 𝑚 − Δ.

The distributions of 𝑉Δ and 𝜈Δ have recently become the object of active analysis in the literature (Baranov &

Shebalin 2019; Shebalin et al. 2020; Shebalin & Baranov 2021; Baranov et al. 2022).

There is evidence, although not generally accepted, in favor of the discrete exponential (geometric)

distribution for both 𝜈Δ and VΔ with a dominant initial magnitude (the case of aftershock cluster).

These observations rise the following questions:

 Is it possible to consider the geometric distribution of 𝜈𝛥 and 𝑉𝛥 (for aftershocks) as laws of seismicity ? 

 How to explain the observed difference in the tail behaviour of the 𝑉𝛥 distribution for arbitrary clusters 

and aftershocks? 

A rigorous analysis of these issues is possible within the framework of the general ETAS model being

adequately related to the concepts of 𝜈Δ and 𝑉Δ.

THE PROBLEM  AND  MOTIVATIONS

STATEMENT 2

Consider the ETAS(𝐹) model in a subcritical regime, i.e. Λ1 = 𝐸𝜆 𝑚 < 1, where 𝐸𝜈 𝑚 = 𝜆(𝑚) is a non-

decreasing, finite, positive function.

(i) Let 𝑚0 be a dominant initial magnitude in the ETAS(𝐺) cluster and let 𝑓1(𝑚) be strictly positive. Then the

statistics 𝑉Δ(𝑚0) can have a geometric distribution for no more than one value Δ ∈ 0,𝑚0

(ii) Let 𝜈 and 𝑉 be the sizes of clusters of direct descendants and all descendants, respectively, in the ETAS(𝐹)

cluster with the random initial event. Assume that both distributions of 𝜈 and 𝑉 have the 𝑅𝑇 property, as well

as 𝐸𝜈2 < ∞ and ∫ 𝜆2 𝑚 𝑓1 𝑚 𝑑𝑚 < ∞. Then the distribution types of 𝜈 and 𝑉 cannot be the same.

Consider the ETAS(𝐹) model in a subcritical regime, i.e. Λ1 = 𝐸𝜆 𝑚 < 1, where 𝐸𝜈 𝑚 = 𝜆(𝑚) is a non-

decreasing, finite, positive function. Assume that all moments of the 𝐹-distribution are finite and 𝐹 has the 𝑅𝑇

property.

(i) Let 𝑉Δ(𝑚0), 𝑚0 > Δ > 0, be the size of the cluster with any condition C : the initial magnitude 𝑚0 is fixed or

random. Then the number 𝑁𝑉Δof finite moments of 𝑉Δ(𝑚0) is independent of C. Moreover,

𝑁𝑉Δ = 𝑁𝜆 ≔ 𝑚𝑎𝑥 𝑛 ∶ 𝐼𝑛 = න
0

∞

𝜆𝑛 𝑚 𝑓1 𝑚 𝑑𝑚 < ∞ .

(i) Let 𝐹 = 𝑃 or 𝐺 and 𝑚0 is fixed and dominant. Then 𝑁𝑉Δ = ∞ regardless of the 𝑁𝜆-value. This is also true for

the random dominant 𝑚0-event if additionally

𝜆 𝑚 න
0

Δ

𝑓1 𝑚 − 𝑢 𝑑𝑢 ≤ 𝑐𝑜𝑛𝑠𝑡 < ∞.

The distribution of 𝜈(𝑚0), given by the Poisson or geometric distribution (𝐹 = 𝑃 or 𝐺), remains unchanged for

𝜈Δ(𝑚0), changing only the average value as follows

E𝜈Δ 𝑚0 = E𝜈 𝑚0 𝜋 , (∗)

where 𝜋 is the probability of choosing the magnitude 𝑚 ≥ 𝑚0 − Δ among the events 𝑚 ≥ Δ.

The ratio (∗) always takes place after the random cluster thinning, when each event is stored independently with

probability 𝜋, and is deleted with probability 1 − 𝜋.

The cluster distributions that retain their type under the operation of random thinning will be called distributions

with the 𝑅𝑇 property. They extend the class of the model distributions of 𝜈 𝑚0 and 𝑉 𝑚0 considered below.

We focus on the distribution of the productivity of a magnitude 𝑚 earthquake in

terms of :

Remark 1.

Statement 1 allows us to judge on the tail attenuation of the 𝑉Δ distribution because a distribution having all

moments has light tail , otherwise it has heavy tail. In particular :

 if 𝛽 > 𝛼, the regular ETAS(𝑃) model satisfies the conditions of Statement 1. In this case 𝑁𝜆 < 𝛽/𝛼,

that is 𝑉Δ has only a heavy tail (Zaliapin & Ben-Zion, 2016; Saichev et al., 2005).

 if 𝛼 ≤ 𝛽, 𝑉Δ has a light tail.

● number 𝜈(𝑚) of direct descendants,

● total number 𝑉(𝑚) of descendants, i.e. cluster size.

Any initial cluster event can have fixed or random (𝑖. 𝑒. , 𝑓1(𝑚) distributed) magnitude.

A further distinction concerns the dominant initial events, i.e. those initial events

having maximum magnitude within their cluster.

Remark 2.

In the general ETAS (𝐹) model, the Statement 2 says that the geometric laws for 𝜈Δ and 𝑉Δ are incompatible.

NUMERICAL EXAMPLES

To support the theoretical conclusions, we simulated a synthetic earthquake catalogue from the regular

ETAS(𝑃) model.

The synthetic earthquake catalogue, consisting of 143,568 events with magnitude 𝑚 ≥ 2, spans about 500

years and includes information about the links between each event and its direct descendants.

The distribution 𝑉Δ demonstrates a heavy tail,

which is also confirmed by the coefficient of 

variation 𝜎 𝑉Δ /𝐸𝑉Δ ≈ 9.7

(a) for arbitrary initial events with 𝑚0 ≥ 4 (b) for main shocks with 𝑚0 ≥ 4

Based on the clusters originally defined by the branching structure of the synthetic ETAS(𝑃) catalogue,

Figures below represent the total Δ-productivity distributions, Δ = 2 ∶

The distribution 𝑉Δ demonstrates a light tail, 

as also confirmed by the coefficient of 

variation 𝜎 𝑉Δ /𝐸𝑉Δ ≈ 0.8. 

The synthetic ETAS(𝑃) catalogue was processed by the nearest-neighbour method (Zaliapin & Ben-

Zion 2016; Baiesi & Paczuski 2004) to identify both the earthquake clusters and the links between each

event and its direct descendants.

Based on the clusters identified by the nearest-neighbour method, Figures below represent the total Δ-

productivity distributions, Δ = 2 ∶

The distribution 𝑉Δ demonstrates a heavy tail, 

which is also confirmed by the coefficient of 

variation 𝜎 𝑉Δ /𝐸𝑉Δ ≈ 10.8

The distribution 𝑉Δ demonstrates a light tail, 

as also confirmed by the coefficient of 

variation 𝜎 𝑉Δ /𝐸𝑉Δ ≈ 0.7

(c) for arbitrary initial events with 𝑚0 ≥ 4 (d) for main shocks with 𝑚0 ≥ 4
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Let us consider the seismic events 𝑥 = (𝑡, 𝑔,𝑚) occurred in the time-location-magnitude space 𝑆 = (𝑡 ≥ 0, 𝑔 ∈ 𝑅2, 𝑚 ≥ 0). 
The earthquakes generate according to the branching structure of the general ETAS model as follows:


