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THE MALLIAVIN-STEIN METHOD FOR NORMAL RANDOM
WALKS WITH DEPENDENT INCREMENTS

IAN FLINT, NICOLAS PRIVAULT, AND GIOVANNI LUCA TORRISI*

ABSTRACT. We derive bounds on the Kolmogorov distance between the dis-
tribution of a random functional of a {0, 1}-valued random sequence and the
normal distribution. Our approach, which relies on the general framework
of stochastic analysis for discrete-time normal martingales, extends existing
results obtained for independent Bernoulli (or Rademacher) sequences. In
particular, we obtain Kolmogorov distance bounds for the sum of normalized
random sequences without any independence assumption.

1. Introduction

The Mallavin-Stein method has been introduced in [10] to derive bounds on the
distances between probability laws for the normal approximation of functionals of
Gaussian random fields, and extended to functionals of Poisson random measures
n [12], [13]. Functionals of discrete-time independently distributed Rademacher
sequences have been treated using the Wasserstein distance in e.g. [11] for func-
tionals of symmetric sequences, and in [15] in the case of not necessarily symmetric
sequences. Bounds in the Kolmogorov distance have been obtained in [8], [9], and
bounds in the total variation distance have been derived for the Poisson approxima-
tion in [15] and [7], see also [6] for the Poisson approximation of marked binomial
processes.

In this paper, we extend the Kolmogorov bounds of [8], [9] from independent
Rademacher sequences to the functionals of a suitable discrete-time normal mar-
tingale, see [2]. This allows us to consider functionals of arbitrary, not necessarily
independent, binary random sequences {Y}, },,cn generating a filtration {F, }n>_1,
F_1:={0,Q}, and satisfying the normalization condition

ElY, | Foo1] =0 and Var[Y, | Fp1] =E[Y,? | Fooa] =1,

n € N := {0,1,...}, see Proposition 2.1. As an example, the binary sequence
{Y,}nen can be driven by a time-inhomogeneous two-state Markov chain, see
Example 2.4.

In particular, in Theorem 3.1 and Corollary 3.2 we provide bounds on the
Kolmogorov distance dx between the distribution of a random functional of a
binary random sequence and the normal distribution. This construction has also
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been used to derive bounds in total variation between the distributions of random
sequences in [4].

Our approach relies on the construction of discrete multiple stochastic integrals
and of Malliavin operators for discrete-time binary normal martingales as in [5],
which extends the framework of Chapter 1 in [14] to possibly dependent normalized
increments. Those operators are used to formulate covariance identities based on
the number (or Ornstein-Uhlenbeck) operator L acting on multiple Wiener-Poisson
stochastic integrals and its inverse L',

Under such covariance identities, a general estimate is derived in Theorem 3.1
and yields an upper bound on the Kolmogorov distance dg (F, ) between the
distribution of a general functional F of {Y,},en and the normal distribution.
This result is then specialized in Corollary 3.2 as a more explicit Kolmogorov
upper bound under additional integrability assumptions.

When F is a first order discrete stochastic integral, the general bound of The-
orem 3.1 is considerably simplified in Section 4. As an application, this yields
estimates on the Kolmogorov distance between the distribution of a linear func-
tional

N
Fy = Z In(n)Yy,
n=0

of the binary sequence {Y;, }nen and the normal distribution, see Corollary 4.1.

The paper is organized as follows. In Section 2, we give some preliminary
results on normal random walks. In Section 3 we provide our general Kolmogorov
upper bound, and we make it more explicit in some specific settings. The above-
mentioned applications to discrete-time Markov chains with finite state space and
random walks are given in Section 4.

2. Stochastic Analysis of Normal Random Walks

In this section we introduce some elements of stochastic analysis for normal
random walks, and refer the reader to [2] and [5] for more insight into this subject.

2.1. Normal random walks. Consider the sequence space € := {0, 1}V with its
canonical {0, 1}-valued coordinate maps 7, : 2 — {0, 1} defined by 7, ((wk)ken) =
wy, for n € N. We endow 2 with the filtration {F,},c{—1jun defined by

F_1:={0,Q}, Fpn = U{?To,...,ﬂ'n}, n €N, (2.1)
and let P be any probability measure on (2, F) such that
0<py,:= P(?Tn =1] fn_l) <1, neN, P-almost surely. (2.2)

In what follows, we consider the predictable processes {vT(LO)}neN and {w(ll)}neN

defined by
117(10) = —’/q—n, UT(}) ::1/&, n €N, (2.3)
Pn An

where ¢, :=1— p,, n € N. We define
Yo (w) =0 (w), neN, we (2.4)
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Proposition 2.1. The process {Yo + -+ + Y, bnen defined above through its nor-
malized increments is a one-dimensional normal martingale, i.e.

ElY, | Foc1] =0 and Var[Y, | Fno_i] =E[Y?|F.1] =1, neN. (2.5)

Proof. From (2.3) we have the relations

1- n 1- n
PO = =2, p®E=—" neN, (2.6)
Pn dn
which yield the structure equations
povl 4+ guul) =0, palofVP + guloV)P =1, neN, (2.7)
and (2.5). O

Lemma 2.2. Let a9, : Q - R, i € {0,1}, be two random variables. For any

n € N, we have
(pna @@ + ¢, aM v (pb 0@ + ¢, bMWY = p, g, (a® — aM)(BO — pM),

n

P-almost surely.

Proof. By the definition of the processes {v,(lo)}neN and {vfll)}neN, and (2.6), we
have

(pna(O)U;O) + qna(l)vr(Ll))(pnb(O)Uv(zO) + qnb(l)vr(Ll))
— 2aOBO0 O 2 4 2O 4 o ©pWp 0 (OB 4 00
= ann(a(O) - a(l))(b(o) — b(l)), n € N.

We also note that
fweQ: mw =i}={weQ: Y, (w)=vP (W)}, i=0,1, neN,
hence F,, = o{Yy,...,Y,}, n € N, and
P(Y, =00 | Fut) = po =P(m, = 0| Fur),
P(Y, =) | Fut) = g =P(mn = 1| Fua),
n € N.

Remark 2.3. The above construction admits an extension to so-called obtuse sys-
tems in R?, see [2], [1], in which case (Yo + -+ + Y )ne{o,...,n} is a d-dimensional
normal martingale, i.e.

E[Y, | Fno1] =0 and Var[Y, | Fr_1] :=E[Y, ®Y, | Faet] =1, ne{0,...,N}.

Next, we note that our construction allows the binary sequence {Y}, },ecn to be
driven by a time-inhomogeneous two-state Markov chain.

Example 2.4. When
P(r, =1|Fno1) =P =1|mp—1), n €N, P-almost surely,
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the process {m, }nen becomes a {0, 1}-valued time-inhomogeneous Markov chain
with transition probabilities

P = P(m, = j|ma_1 =14), 4,j=0,1,

and initial distribution py = P(mg = 0), go = P(mo = 1), and we have

]P(’I'rn =1 | ’/Tn,1) P('frn =0 | ’]'['nil)
Yitnen =< —1rn oyt g gyl .
nfnen { e OMP(wnzom_l) T 1}\/1@(%:”%_1) .

The next example considers a binomial asset price model with dependence.

Example 2.5. Given a real-valued sequence (o(n))o<n<n, 0(0) := 0, we consider
a binomial asset pricing model. For Sy > 0 an initial positive constant, the
discrete-time risky asset price process (Sn)nen is defined recursively by the price
dynamics

S, = 8, e (WYn/VEFI-0*(n)/(2(N+1)

S, et MVe (N Da)—o*(m)/((N+1) o

Sn_le*cf(n)\/qn/((NJrl)Pn)*fo(n)/(?(NJrl))7 T =0,
n=1,..., N, yielding

R 1 L,
SN = Spexp (\/m ga(n)Yn “aNTD) ZU (n)) .

n=0

2.2. Discrete multiple stochastic integrals. We denote by « the counting
measure on N, set (2(N") := L2(N", P(N)®" £®") for n € N* := N\ {0}, with
2(N)®0 := R, and refer to the elements of ¢2(N") as kernels. By ¢?(N)°" we
denote the class of symmetric kernels and by ¢3(N)°" the family of symmetric
kernels which vanish on the diagonals, i.e., which vanish on the complement of the
set

Ay i={(1,. . 0n) €N iy #ig, h # K}
Let f, € £2(N)°" be a symmetric kernel vanishing on the diagonal. For n € N*,
the discrete multiple stochastic integral of order n of f,, is defined by

Tnlfn)i= D falin,..,in)Y; Y,

=n! > Fulit, ... in)Ys, -+ Y5, (2.8)

0<i1 <+ <ip <00

where the random variables Y,, are defined in (2.4). We also set Jy(c) := ¢ for any
¢ € R. We call the space spanned by the random variables J, (f), with f € ¢2(N)°",
the n-th chaos of the normal random walk. Discrete multiple stochastic integrals
of different orders are mutually orthogonal and satisfy the isometry relation

E[Jn(fn)Jm(gm)] = l{n:m}n!<fna gn>€2(N)®"7 (29)

for any couple of symmetric kernels f,, gm, m,n € N* (see Proposition 3.4 in
[5]). Discrete multiple stochastic integrals are centered random variables, i.e.,
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E[J.(fn)] = 0, for any symmetric kernel f,, n € N* (see the proof of Propo-
sition 5.1 in [5]). Finally, we recall that, for any real-valued random variable

F € L*(Q, F,P), where F :=\/, .y Fn, the chaotic decomposition

Fl+ Y Jn(fn) (2.10)

holds, for uniquely determined symmetric kernels f,, (see Theorem 5.7 in [5]).

2.3. Malliavin operators. We define the discrete gradient of a random variable
F:Q—Ras

Do F = p, 0O F0 4+ g oV E = /prgn(FL — FY), neN, (2.11)

where F! (w) := F(w!) and w! = (wo, ... ,Wn—1,% Wnt1,---), 4 = 0,1, n € N. The
following proposition holds (see [5]).

Proposition 2.6. We have:
(i) For random variables F,G : Q — R,

Dy (FG) = FDuG + GDpF — \/pngn [(F — F)(G - G)) — (F = F))(G - G,)],

n € N.
(i) For any n € N* and symmetric kernel fy,,

Dy Jn(fn) = ndp_1(fn(x,k)), keN.
In particular, we have the following corollary.
Corollary 2.7. For random variables F,G : Q) — R,
2m, —1
Pndn
Proof. By (2.11) and Proposition 2.6(i) we have
Dyn(FG) = FDyG 4+ GDoF — \/pugnl(Fr — F))(G), — GO 1(r, =13
—(Fy = F)(Gy, = GY) L r, =0}

D,(FG) = FD,G + GD,F —

(DnF)(DnG).

= FD,G+GDnF - P [(DnF)(DnG)]l{m:I} - (DnF)(DnG)]l{wn:O}]
— FD,G+GD,F — QW; ; L (D, F)(Da).

The L2-domain of D, denoted by Dom (D), is defined by
E|Y D FP?| < oo}

neN
{F > Tn(fa) €LXQF,P) 2 > n(nd)|| full oo <oo}
n=1

neN

Dom(D) : = {F € L*(Q, F,P)
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For F' € Dom(D), F =) .y Jn(fn), we have

DyF = nJy 1(ful+ k). (2.12)

n=1

Next, we introduce the Ornstein-Uhlenbeck operator L and its (pseudo-)inverse
L=, The L2-domain of L, denoted by Dom (L), is defined by

Dom(L) : = {F = Z Jn(fn) € L2(Q, F,P) : ZnQ(n!)”fn”?Z(N)@n < oo}.

n=0 n=1

For F € Dom(L), F =377 Ju(fn), we put
LF ==Y nJy(fa)-
n=1

For a centered F' = > >° | J,,(f,) € L*(Q, F,P), we define the (pseudo-)inverse
operator of L as

L7'F.=— i " T (fn)-
n=1

Next, we introduce the divergence operator §. The L?-domain of §, denoted by
Dom (§), is defined as follows. Let u := (ug)ren € (L2(Q, F,P))N be such that
there exists a sequence g, 11 € £3(N)°" @ ¢?(N), n € N, such that

up =Y Jn(gnir (%, k). (2.13)

neN
We say that v € Dom(9) if
S04 D1 La s [P yonsn) < 00, (2.14)
n=0
and in this case we define
oo
S(u) = Z Jnt1(Gnt1la, ) (2.15)
n=0

Here, f denotes the canonical symmetrization of f. Note that, for u € Dom(4),
(2.14) can be rewritten as E[§(u)?] < oo.

The following proposition provides an integration by parts formula (see Propo-
sition 8.2 in [5]).

Proposition 2.8. The operator § is the adjoint of D, i.e., for all F € Dom(D)
and v € Dom(J),
E[Fd(u)] = E(DF, u)e ). (2.16)

The next result is standard, and states that the operators D, L and § are related
by the identity —dD = L.

Proposition 2.9. For any F € Dom(L), we have F € Dom(D), DF € Dom(J)
and —0(DF) = LF.
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Let f : R — R be measurable and F € L2?(Q, F,P) centered and such that
f(F) € Dom(D). Then, by Propositions 2.8 and 2.9,

E[Ff(F)] = E[L(L™'F)f(F)]
=—E[0(D(L™"F))f(F)]
=E[(Df(F),—D(L™"F)) ). (2.17)

This relation will be crucial when we develop the Malliavin-Stein method. The
next technical lemma is exploited to prove the Skorohod isometry.

Lemma 2.10. For any u € Dom(d) and any k € N, we have Dyu € Dom(J).
Proof. Let u € Dom(d). For k € N fixed and any ¢ € N, we have

Dyug =Y nn-1(gns1(5,6,5)) = > Ju((n+ Dgnsa(*, 6, k)

n=1 n=0

S Julfass(,0)), (2.18)
n=0

where f,11(%,£) := (n+1)gnt2(x, £, k) (the dependence on k is not made explicit).
We have to prove that

Z(n + D! far1la, ., ng(N)@(nﬂ) < 0.
n=0
We have
o . 9 oo
Z(TL + 1)!an+1]lAn+1 H£2(N)®(n+1) = Z(n + ) (n + 1 th-'rl]lAn+1 H[Q(N ®(n+1)9
n=0 n=0
(2.19)
where, letting S,,4+1 be the permutation group on {1,...,n + 1},
hpr(1, - ), (21, - - 96n+1)
= ]lAnH(xh e 1) Z In+a( Lo1)s- - ryTa(n)s Lo(n+1)s k).
UES,L+1
(2.20)
Note that

thJrl ]lAn+1 ||?2(N)®<"+1>

2
Z |hn+1(9€1,--~,$n+1)| lAn,+1($1,~~-,5Un+1)

(T1,500 sy 1) ENNFL

2
Z gn+2 To(1)s-+rTo(n)s Lo(n+1)s k)

0€ESn+1

o Z 1An+l(‘r17 anrl
[(n+1)!

(21,05 Tpg1) ENPFL

(2.21)
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Using the fact that g,42 is symmetric with respect to the first n variables, for a
fixed (71,...,7,01) € N*"1 we have

Z In+2 (ma(l)v <o To(n)y Lo(n+1)s k)

0ESn+1
n+1
= ”!E Gn+2(T1s e Tim 1, Tig 1y - o o5 Tog, Tiy K).
=1

Inserting this expression into (2.21) we have

2 1
th—&-l]lAn+1‘|¢2(N)®(n+1) = CE Z I, (1, Zoga)
(Il ..... Zn+1)€Nn+1
n+1 2
x Zgn+2(I17~--,sz'—17501+17--~7In+1,iﬂiyk)
i=1

By this relation and (2.19), we have

oo

Z(n + DU 1l ||§2(N)®<n+1>

n=0

= Z(nJrl)! Z ]]-An+1(x1;"'7'rn+1)

n=0 (21,0 yTpp1)ENNFL
n+1 2
X Zgn+2(l‘1,---7Ii—1,$i+1,-~-,In+1,~’0i7k) )
i=1
and this is a finite quantity due to (2.14). O

The next proposition provides the Skorohod formula for §. Note that this
formula becomes indeed an isometry if uy is Fj_1-measurable.

Proposition 2.11. For all u € Dom(d), we have

Bi50)%) = Ellulizo] + E| Y- D D] — 28| 3 (D)’

k,1>0 k>0
In particular, if uy is Fiy—1-measurable for any k, then
E[6(w)?] = E[Jlull: ]

indeed in such a case Dyug Dyu; = 0 for any k, 1.
Proof. By (2.15), (2.8) and (2.12), for any u € Dom(J) we have

(o)
6(U’) = Z Jn+1(§n+11An+1)

n=0

o0
= Z Z §n+1(i17""in+1))/i1 ...}/in+1

Nn=0 (41,....in+1)EAn+1
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00
:Z(Z Z In+1(i1y oy in, k)Y, - Y, Yy

E>0 =0 (i1,....in)EA,
o0
S SIS DI OSSR A
n=1 (il,...,infl)EAnfl
=" (Vi — (Dyur) |Yi| ). (2.22)
k>0

By Lemma 2.10 Dyu € Dom(d) and so from the above formula, we deduce, in
particular, that
2
6(Dku) = Z[Y}Dkul — (Dle’LLl) ‘le| } (223)
1>0
Note that ¥; = Ji(1y;3) and so DyY; = 1g—;3. Therefore, by Corollary 2.7 and
(2.23), we have

Dyé(u) = Dy, (Z [wY; — (D) 1Yl|2]>

1>0

21 — 1
= Z[(Dkul)Yl +uDpY; — Tk (Drw)(DyY7) — (DeDyw) |Yz|2

= \/pqu
- (Dlul)Dk|Yl’2 + ORE (DleUz (Dk|Yl| )]

Py "Dy
ZZZ:[ Dyw)Y; — (DleUl)‘Yl| +u DY) — F (Dkul)(Dle)
— (Duw) {mm T (DY) }

2m, — 1 27y — 2
= (DyDyw) {QYID;CYZ -2 L,y H
Prqk vV Prqk
27Tk —1 27Tk —1
= §(Dgu) + ug — Diup — (Drug |:2Yk - :|
( ) v Pkdk ( ) v Pkdk
271, — 1 27, — 1
Tk (Dkauk) |:2Yk - Tk :|
Prqk P4k

= (5(Dku) + up — Q(Dkuk)Yk,
where we used that Dy Dyui, = 0. Again by (2.22) and this latter relation, we have
2
5(][{k}Dk’U,) = Ykauk — (Dkauk) ‘Yk| = Ykauk,
and therefore by applying Proposition 2.8 three times,

=E {Z Dké(u)uk]

k>0

=K |:Z (6(Dku) + U — Q(Dkuk)Yk)uk
£>0
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= ]E[||u||52(N)] +E Zuké(Dku) - 25(1{k}Dkuk)uk}
>0

=El[lullzm] +E Z [ Dyuy, Dyuy — 2]1{k}DkUleuk]:|
L, 10

= E{||ullez )] + E - 3 Dlukaul] —9E [Z(Dkukﬂ .

Lk 1>0 k>0
O
Now, we give a generalisation of the integration by parts formula (2.16) which
can be applied to square integrable functionals that do not necessarily belong to

Dom(D). This extension of the integration by parts formula plays a role in the
Gaussian approximation, see the proof of Corollary 3.2.

Proposition 2.12. Let F € L*(Q, F,P) and let
u = (uk)keN S (LQ(Q,.F, P))N
with uy, defined by (2.13) and

o0

Z(n + 1)!Hgn+1||?2(N)®(n+l) < 00. (2.24)

n=0

If, for any k € N, (DpF)up > 0 P-almost surely, then u € Dom(d) and (2.16)
holds.

Proof. Although the proof is similar to the proof of Proposition 2.2 in [9], since
we are working in a different context, we provide the details. We start by noticing
that (2.24) implies (2.14) and therefore u € Dom(§). Since F' € L*(Q,F,P), by
the chaotic decomposition (2.10) we have

F :]E[F] + Zjn(fn)

for uniquely determined symmetric kernels f,,. The isometry formula for multiple
stochastic integrals (2.9) yields, noticing that E[6(u)] = 0,

E[F(S(u)] =E [(Z Jn(fn)) <Z Jn+1(§n+11A1L+1)>]

n=0

= (Z Jn+1(fn+l)> (Z nt1(Gn1la, ))]
n=0

[ n=0
= Z(n + DX fot1, Gnt1la, 1) e memn
= (n+ 1)!<fn+17gn+1>£2(N)®(n+1)-

On the other hand, again by (2.9) we have

E[(DF,u)pqp] = > E[DiFuy
k>0
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= ZE (Z(n+1)Jn(fn+1(*ak))> (Z Jn(gn+1(*7k))>‘|

k>0 neN neN

= Z Z(n + DU frt1(x, k), g1 (%, k) g2 iy om

k>0neN

= Z(n +1)! Z(f’ﬂJrl(*? k), gn1 (%, k’))gz(N)(@n (2.25)

neN k>0

= Z(n + 1)!<fn+17gn+1>z2(N)®(n+1)-
neN

To complete the proof it remains to justify the exchange between the infinite
sums in (2.25). This is guaranteed by Fubini’s theorem. Indeed, by a repeated
application of the Cauchy-Schwarz inequality and assumption (2.24), one has

Z Z |(n 4+ DN frs1 (%, k), g1 (%, k) g2 yon | < 00,
neN keN
see [9] for details. O
We also recall the following covariance representation formula (see Proposition
9.1 in [5]).

Proposition 2.13. For F,G € Dom (D), we have

Cov (F,G) =E|Y E[D,G | F1] DnF|.
n>0

3. A Berry-Esseen Bound

3.1. Stein’s equation. Let ® be the cumulative distribution function of a normal
standard random variable. It is well-known (see, e.g., Lemmas 2.2 and 2.3 in [3])
that the unique bounded solution f, of the Stein equation

flw) —wf(w) =1 o q(w) — (x), w,zeR
is such that 0 < f,(w) < V2n/4, |fi(w)] <1 for all w € R and

[(w4u) fo(w+u) — (w+v) fz (w+v)| < (Jw|+v2r/4)(Ju|+|v]), for all u,w,v € R.

(3.1)
If we replace w by a random variable F' (defined on ) in the Stein equation and
we take the expectation, we have E[f.(F) — Ff,(F)] = P(F < z) — ®(z) for any
z € R and so

dxg (F\N) = sup P(F <z)—@(z) = sup [E[f;(F) = F fz(F)]l, (3.2)

where dx denotes the Kolmogorov distance and A is a standard normal random
variable with cumulative distribution function ®.
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3.2. General Kolmogorov bound. We now establish a bound on the Kol-
mogorov distance between a centered functional F' € Dom(D) and N.

Theorem 3.1. Let F € Dom (D) be such that E[F] = 0 and let G be a real-valued
random variable on Q0 such that

Cov (F7 fl(F)) - ]E[<DG7Df1(F)>Z2(N)]7 z € R, (33)

where f, is the solution of the Stein equation (see Remark 3.4 below for possible
choices of G). Then

dg(F,N) <E[|1—(DG,DF)pmw)|] + Z]E{<|F|+r)|G1 G| D F?

nEN

+sup ¥ E[|G), — G| DpF Dyl (psqy].
xe]RneN

In particular, choosing G := —L~!'F (see Remark 3.4 below), Theorem 3.1
shows that
di(F,N) <E[|1 = (=DL™"F,DF) )]
—1/2 2m 1 2
S E{(pnqn) (171+ Y57 ) 1Dur ] D P

neN
—l—supZE{(pnqn )"*|D, L' F|D,FD ]1{F>m}} (3.4)
xERnEN

which extends Theorem 3.1 of [8] and Proposition 4.1 of [9] to possibly non-
independent random sequences. The next corollary specializes the above bound
under an additional integrability assumption, and similarly extends Theorem 4.1

of [9].
Corollary 3.2. Let F' € Dom (D) be such that E[F] =0, and let

uk = (prgr)”?DiF|DLL™'F|, k€N, (3.5)
be such that uy, € L2(Q, F,P), k € N, and

Z E[(Dyuz)?] < oc. (3.6)
k,0=0

Then, we have
dx(F,N) <E[|1 = (~=DL™'F, DF)p2w|]

+ 1]EK|F| + \/j?><(pq)_l/2, |DL='F||DF|*)

2 £2(N)

1/2
+E[l8((pg) /> DF|DL F) 2]

Two remarks are in order before proving Theorem 3.1 and Corollary 3.2.

Remark 3.3. If we assume that, under P, the random variables {m, },en are in-
dependent (and so the quantities {pn, ¢, }nen are deterministic), then the bound
(3.4) coincides with that of Proposition 4.1 of [9].
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Remark 3.4. We provide two random variables G which satisfy (3.3). By (2.17)
and the fact that E[F] = 0, one can take G = —L~'F. Note indeed that for F
satisfying the assumptions of Theorem 3.1 we have f,(F') € Dom(D). One can
also take G so that G? := E[F}L | fn,l], 1 =0, 1. Indeed, by Proposition 2.13,

Cov (F, fo(F)) =E|Y E[DyF | Foot] DufolF)

neN
=E|> Pt E[F} — FY | Fuor] Do fo( F)
neN

= E[(DG, Df.(F))em))-

Proof. (Proof of Theorem 8.1.) Let f, be the solution of the Stein equation. Due
to (3.2), the claim follows if we properly bound from above the quantity |E[f.(F)—
F f,(F)]| uniformly in 2. Hereon, for ease of notation, we put f := f,. By the
assumption (3.3), we have

E[f'(F) = Ff(F)] = E[f'(F)] = Cov (F, f(F)) = E[f"(F)] - E[(DG, Df(F)>z2‘(<N)])-
3.7
By the definition of the gradient and the first relation in (2.7), for any n € N,
an(F) = pnf(FS)v'ELO) + an(Fg)vr(Ll)
= pu(f () = FIEDO + au(f(Fy) = F(F))oy!

0 1

n

FO_F
— p,ol0 "(F 4 t) dt + g,V "(F+1t)d
pvn/o f(F+t)dt + gnv /0 f{(F+t)dt
F)-F FO—F
— pt® ( [ wwso-rwyas [T ) dt)
0 0

F'-F F'-F
o) / g /
+ v (/O (f'(F+1) f(F))olt+/0 f(F)dt)

0

— (F)DuF + pot? / CF ) - f()a

Fl'-F
+ g / (F/(F +1) - f'(F))dr.
0
By this relation and (3.7), setting for ease of notation Y = p, and p = qn,
we have

E[f/(F) — Ff(F)] = E[f’(F) (1 - Z DnF<§p§f)G2vff)>}

) F:.L_F neN 1
- ZEKZP?US) / (f'(F+1) - f’(F))dt) (Zpgpgglvg))].
neN i=0 0 =

By Lemma 2.2, the above rewrittes as
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Mf@%%#@ﬂ=EpmwQ—EZM%@£—mMG$%%D]

neN

->E [pnqn (G —Gy) /F

1_
neN n—F

O_F

n

[f'(F+1t)— f'(F)] dt].

Since f is solution of the Stein equation, it satisfies
fIF+t)=(F+t)f(F+t)+ 1 _oq(F+1t)—®(z), YteR

and so for every n € N, we have

FO—F FO—F
/ [f/(F+t)— f/(F)]dt :/ [(F+t)f(F+t)— Ff(F)]dt

Fl—F Fl—-F

:2K071(n)

FO—F
[ P40~ 1 (P
Fl—F

=:Lo,1(n)

Therefore, since || f/||cc < 1 we get

L) - FI)| < B[ |1 = 3 paan (72 - F) (G5 - 62)

neN :|

+ZE%M%%M%NMH%Mm}@&
neN

Now, we shall bound |Ky1(n)| and |Lo1(n)|. We start by bounding |Ko1(n)|.
Applying (3.1) with w := F, u:=t and v := 0 yields

m) /max{FS N -F

Koato)] < 171+ tat. (3.9

min{F,Fl}—F

In order to bound the integral appearing on the right-hand side of (3.9), we remark
that for z,y € R such that y > 2 we have [”[t|dt < (y — z)(|z| + |y[)/2. This
inequality is an equality when both x and y have the same sign, and it is easy to
prove geometrically when x < 0 and y > 0. It can be shown more formally by
writing

Y 1
/ tdt = 5 (Liasoy (4 = 2) + Lgyzoy (2% = 1) + Lpacoeyy (4 + %))

= %(1{z>0}(y —x)(Jz[ + [y]) + Lgy<oy (v — ) (2] + |y])

+ Lacocyy (19l -y = lo] - 2))
1
< 5 (Lm0 (v = @) (el + 1) + Loy (v = @) (Je] + Iy)

+ Le<ocyy (Iyl(y — 2) + 2l (y - x)))
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= St~ ) (al + o). (310)

Taking z := min{F?, F}} — F and y := max{F?, F}} — F in (3.10) and combining
the above bound with (3.9), we obtain

V2r

1
Koato)| < 5 (1F1+ Y27 ) |2 = FE(1F2 = FI+|F} - )

and therefore
Pntn |Gy — G || Ko (n)]

1 V2
< (|1 + XL
2 4

We now provide an upper bound for |Lg 1(n)|. We have

)pnqnica —GL||FY — F}|(FY — F| + |F} — F|)(3.11)

FY
Loi(n) = / Lu<ay du— (F = F ) Lip<ay
Fl

= (F, - Féf]l{FSSx,FASm} + (Fy) = o)L {po<a, Fi>a)
+ (2 = Fy) Ypgsa, rrzay — (B = Fp) Lpza

= l{FSw}(_(Fr? — Fu)Yrosa, risa)
+ (F! = 2) L {po<q, m1sey + (z — Fr?)]l{F3>r,F;§m})
+ Lipsay ((FS — F))L{ro<a, ri<o)
+ (F) = @) Upoca, Frsay + (2 — F) Liposs, Féﬁw})’

and therefore

[Loa()| = Lwea (|1F7 = Fd|Lirgon, mion)
+ (B2 = @) Lryco pyoay + (B2 = 2) Lipgsa, my<ay)
+ 1oy (|2 = BiLipgca oy + (@ = F) U mpca, my>0)
+ (= FY)lirgse mi<oy)

< Lr<ay|FR — Ful (I{an,m{n} + Lroce, Fisa) + L{Fose, F,&gx})
1oy | P = Fi| (Lipose sy + Lroe, pisay + Lipgse, e )

= |F) - F5|(1{F>z, min{F0,F1}<z} + L{Fr<a, max{Fg,F;}n})

= |Fr? - Fﬁ|1{F>w, min{F0,F1}<z}U{F<z, max{F0,Fl}>z}- (3-12)

By (3.8), (3.11) and (3.12), taking the supremum over z € R, we have

|

Ak (FN) < EH1 =3 puga (O — F}) (G2 - G)
neN
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1 Ver
+ Q%E[Qﬂ + 4>ann\G9L = Go||F) = Fa|(IFY = F| +|Fy — FI)

+Su§ Z E[pntn|Go =G || F = Fp | L{Fse, min{F0,F1}<a}U{ F<z, max{FO,F1}>a}]-
ze neN
- (3.13)

We also have
|Fy = F|+|F, — F|
= (B2 = FI+|Fy = F)Vr, =) + (IF) = Fl+ | Fy = FI) Lz,
= B = F =0y + | = Fa[lgm, =y
= |F)—F). (3.14)
Additionally, we note that
{F >z, min{F?,F}} <z}
={F? >z, min{FY,F}} <, 7, =0y U{F! > 2, min{F’,F'} <2, n, =1}
={F’>ux F! <z, 1, =0}U{F! >z, ' <z, m, =1}
= {max{FY, F}'} > 2, min{F°, F}} <2, 7, = 0}
U{max{F?, F}} >z, min{F?, F}} <=, m, =1}
= {max{FY, F}} > 2, min{F?, F}} < 2},
and similarly
{F <z, max{F?, F}} > 2} = {max{F?, F}} > x, min{F, F}} < x}.
Thus, by (2.11)

PnQn|F3 - Fﬁ|]1{F>z, min{F9,F1}<z}U{F<z, max{F9,F1}>z}

= Pntn| Y — Fy | Limin{F0, p1}<o<max{FO,F1}}

= pntn|Fy — Fo|(Lro<a<ry) + L{ri<ocryy)

= Putn (Fy = F) (W ro<ocryy — Lpp<a<ryy)

= Putn (Fn = F2) (Lgrzsay (1= Lgrosay) = Liposay (1= Limpsay))

= pntn (Fy — F) (Lgpisay — Liposa})

= DyFD,1(poyy. (3.15)
The proof is concluded by plugging (2.11), (3.14) and (3.15) into (3.13). O

Proof. (Proof of Corollary 3.2.) The claim follows by Theorem 3.1 if we prove

E[((pg) " /2DFD1{psay, IDLT'F|) 2] < \/E[|5((pQ)*1/2DF|DL71F|)H,
(3.16)
uniformly in z € R.

We shall check later on that the integration by parts formula of Proposition 2.12
can be applied with 1;r-,) in place of F' and uy := (prqr)~Y/2DF|Dy L~F|.
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‘We have

E[((pg) /2> DFD1(psqy, DL F|) g ()]

= E[(Dl{psay, (pg)"/*DF|DL™ Fl) 2 )]
= E[l{psu)8(pg)""/*DF|DL™'F|)]

< E[|8((pa)""/2DF|DL™'F))]]

< E[|6((pg) > DFIDLF|)[)]"?,

which gives (3.16).
Now we check the assumptions of Proposition 2.12. We start by noticing that,
for any k € N,

Dilpsayur = (prgr) " /?Dilipspy DiF|Dy L™ F| > 0, P-as. (3.17)
Indeed,
Dk]l{F>z}DkF kak(]l{F1>x} — 1{F0>x})( Fk) > 0.

Note that the summability condition (2.24) is guaranteed by (3.6). Indeed, since
uy € L2(Q, F,P), we have that uj, admits a chaos decomposition. Suppose that

Uk = Z Jn(gn+1(%,k)).

n=0
Then,
> EDwg)?) = Y > n’E[[Jn-1(gnra(x, LK)
k,£=0 k,¢=0n=1

Z Z n?(n = 1)!|gns1(x, £, k)H?Z(N)@nfl)

k4=0n=1

o0
Z n-nllgni1 ||§2(N)®(n+1)-

n=1
This clearly implies

o0

Z(n+ 1)!||gn+1||?2(N)®(n+1) <2 Z E[(Dguy)?]
n=2 k,£=0

and so the summability condition (2.24) follows by the assumption (3.6). O

4. Application to First Order Stochastic Integrals and Normal
Random Walks

In this section we let fy = {fn(n)}nen, for some N > 1, and consider the first
order stochastic integral

N
Fy = Ji(fn) =Y fn(n)Y,
n=0
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Corollary 4.1. Assume that, for some ¢ > 0,
DPngn > ¢ >0 P-a.s. for anyn € {0,...,N}.
We have the bound

<= Iinm)P
2%@ (Jj? + ; IfN(n)2> \lnz% |fN(n)|2\J ;) | ()[4

1 | .
+% ;Ifzv(n)l-

Proof. A straightforward computation shows that
D,Fy = fx(n) and D,L 'Fy = —fyx(n), né€N.
In particular,
u’E’LN) = (pnqﬂ)_1/2DnFN|DnL_1FN| = (ann)_1/2fN(n)|fN<n)‘

is F,,—1-measurable, and so by Proposition 2.11 we have

B [0((o0) DEDL FI)) = 3 1 () Bl ] < 1 3 L)
n=0 n—0

Thus by Corollary 3.2, we have

N
N) < 1—Z|fN(”)2

n=0

dx(Fn, 1

- s V2r
+27ﬁn§::o|fN( EPF |+}

< =P+ 5 (J?JFZIfN(n)Z) S il
+ Z|fN(n)|4
< 1= 1fnm)

+ove <“j7 +nz_0|fN<n>|2> Jgﬁv(n)?J;vN(n) :

4
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Hence the corollary is proved. O
In particular, if

N N
ST nmP =1 and 3 [fxm)lf =0, as N - o,
n=0

n=0

by Corollary 4.1 we have

N
d(Fy,N) =0 [ max{ |1 =Y [fv(n)?],
n=0

(4.1)
Taking fn(n) := 1/vVN+1, n € {0,1,...,N}, Corollary 4.1 yields the Berry-
Esseen (non asymptotic) bound

N
1 1 (Vo 1
dic | = Y N | < - | S5 43| ——.
"\ & T2\ 4 N+1

The above bound is satisfied in particular, in the framework of the Markovian
Example 2.4, provided that

(4.2)

po>c¢, qo>c, inf Pi(?) > c,
neg 7

for some ¢ € (0,1).

In the framework of Example 2.5, Corollary 4.1 shows that, as N tends to
infinity, Sy converges in distribution to the lognormal random variable SyeN=1/2,
provided that

L XN 1 X
1 —_— 2 = 1 —_— 4 =
]\}E)Iclm N nzzoa (n) =1, nglclm N2 nzzoa (n) =0
and p,q, > ¢ > 0 for any n € N.
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