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Abstract

The membrane emulsification process is becoming of growing interest in many industrial fields. For monitoring the influence of pro
membrane parameters on the droplet formation, quantitative information on the droplet detachment, during this process, is impor
now, droplet formation has theoretically been described using computational fluid dynamics and global force equations. Unlike com
fluid dynamics methods, the global force models are less accurate but easier to handle and instructive. On this basis, in the pre
we present new force balance equations to describe droplet detachment during cross-flow membrane emulsification. In a first app
the droplet is supposed to grow leaning on the pore border as long as a force balance exists along the contact line located on the
surface. During this phase the base of the droplet, still stuck on the pore border, begins to bend on the membrane surface un
detachment. Using force balance equations made along the contact lines, we obtain the minimum and maximum sizes that a dr
have during cross-flow membrane emulsification. This approach is tested with different continuous phase velocities, membrane por
interfacial tensions. The results are compared to various experimental data, reported in literature. In particular, based on the exp
found linear correlation between droplet and pore sizes, we show how the proposed balance equations can be used to obtain a
evaluation of the slopes of this linear correlation and how these force balances could be used to obtain an estimation of the interfac
during the droplet formation.
 2005 Elsevier Inc. All rights reserved.

Keywords: Cross-flow membrane emulsification; Force balance; Contact lines; Advancing and receding contact angles; Mean droplet sizes; Interfa
tensions; Droplet formation mechanisms
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1. Introduction

For large-scale emulsion productions, the most emplo
methods are based on the establishment of turbulent fl
in the fluid mixtures. Recently, more attention has b
addressed to an alternative emulsification process, i.e.
cross-flow membrane emulsification. Cross-flow membr
emulsification is a relatively new membrane technology[1],
which allows the emulsion production in which the drop
sizes are obtained under controlled conditions. In this
cedure both droplet sizes and size distributions may be c
fully and easily controlled choosing suitable membranes

* Corresponding author. Fax: +39 0984 402103.
E-mail address: g.deluca@itm.cnr.it(G. De Luca).
0021-9797/$ – see front matter 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcis.2005.07.055
-

process parameters. This feature is very important, s
the emulsion stability and its properties are determined
the droplet size and size distribution. Cross-flow membr
emulsification is also an efficient process, since the en
density requirement (energy input per cubic meter of em
sion produced) is low with respect to the other emulsifi
tion techniques[2]; especially for emulsions with drople
sizes smaller than 1 µm. Furthermore, this lower energy
sity requirement improves the quality and functionality
delicate emulsion ingredients. In fact, in the conventio
emulsification methods the high shear rate and conseq
increase of the process temperature has negative effec
the most delicate emulsion components.

Membrane emulsifications can be distinguished
(i) pre-mix membrane emulsification, in which a coarse p
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mixed emulsion is pressed through the membrane pore
reduce the droplet sizes, and (ii) cross-flow membrane e
sification in which the disperse phase (e.g., oil) is direc
pressed through the membrane pores to obtain droplets
Cross-flow Membrane Emulsification (CME), the drople
formed at the pore mouth, grow until a critical dimensio
then they are carried away with the continuous phase (
water), flowing parallel to the membrane surface. Howe
emulsions with droplet diameters above 0.1 µm, gener
require some additional substances, i.e., emulsifiers or s
lizers, to protect the droplets against coalescence.

The droplet size in a CME depends on several para
ters, as shown in different works[2–5]. Among these, the
most important are: (i) trans-membrane pressure, (ii) c
tinuous phase cross-flow velocity, (iii) membrane pore s
and morphology, (iv) hydrophobicity or hydrophilicity o
the membrane surface, (v) dynamic interfacial tension. C
cerning the influence of these parameters, it is impor
to note that in a CME, a linear correlation between drop
sizes and membrane pore diameters has experimentally
established[4,6,7]; therefore the cited quantities explicit
affect the slope of this linear correlation.

From a theoretical point of view, the cross-flow me
brane emulsification processes have been analysed usin
different approaches: (i) computational fluid dynamics[2,8]
and (ii) force balance equations[9–12]. Although recogniz-
ing the existence of droplet deformations from a spher
shape during its formation, the works based on force
ance equations do not take into account these deformat
Furthermore, the forces evoked in these studies have al
been used to correlate the droplet sizes with cross-flow
locities[9] or with continuous phase viscosity[12], but never
with the membrane pore sizes[13].

Consequently, in this work we have analysed the ex
imental linear correlation between droplet size and m
brane pore diameters by using new force balance equa
(not employed in the quoted works). The proposed force
ance takes into account the droplet deformation occur
at the droplet base, calculating the advancing and re
ing contact angles during the droplet formation. It is i
portant to note that in our approach the drag force du
cross-flow continuous velocity is considered as the driv
force of droplet (de) formation. Droplets formed witho
continuous phase flow, where the disperse phase is sp
neously transformed into spherical droplets[14,15], is not
considered here. The spontaneous transformation mode
plains the experimental results (droplet sizes) at low disp
phase flux and at zero or low continuous phase flow vel
ty [15,16].

Concerning the force balance approaches, it is impor
to underline the limits beyond which these equations co
not be valid. In particular, a fluid that flows through t
membrane pores can be considered as continuous whe
mean free path of its molecules is smaller than the m
brane pore diameters. This condition is generally true
liquids that flow in pores with diameters of hundreds
,

-

n

o

.
s

s

-

-

e

nano-meters, since the main free path of their molecule
in the order of few Ångströms. Nevertheless, attention m
be paid to force expressions used in these balance e
tions. In fact, although in the micro-pores a liquid beha
as a continuous medium, for these dimensions the ma
scopic force expressions could be not valid; e.g., a nano-
could contain a limited number of molecules and theref
fluctuations of the average macroscopic forces could
cur.

To summarise, in this paper we analyse the linear corr
tion, experimentally found during a CME process, betw
droplet and membrane pore diameters by using new f
balance equations which take into account the deformat
that occur at the base of droplet (advancing and rece
contact angles). We investigate, also, the influence of
cross-flow velocity and interfacial tension on droplet siz
during a CME.

2. Theoretical method

In this work, we suppose that distortions occur at the b
of droplet, stuck on the pore border. The contact line on
membrane surface, which can depend on the form of
membrane pore border, defines the base of the droplet
show how a force balance along this contact line yields a
lation between the droplet diameters and the advancing
receding contact angles (Fig. 1) along the contact line. It is
important to note that the considered advancing and rece
contact angles define the limits of the values that the con
angle along the contact line can assume.

This approach supposes that the shape of the contac
is known a priori. However, for symmetric shapes, as sho
in Fig. 2a (slot shape), the width of the contact line can
considered as the most relevant dimension. Concerning
point, in our calculations we consider both slot and cir
lar contact lines, as reported inFig. 2. We assume that th
width of the contact line (longer length), having slot sha
is equal to the membrane pore size, whereas the side
(bc) are considered small with respect to the advancing
receding portions (Fig. 2). In the case of a circular con
tact line, the arcs (bc) are considered small compared to
complete circumference, having a diameter equal to the
size.

Although we consider these constraints on contact
shapes, the following force balance equations are valid
any contact line. Precisely, the sum of forces acting o
droplet, stuck on a general contact line, yields:

(1)




∫
l
γ
(
M̄(Ddroplet) · m̄)

m̄dl + FDR(Ddroplet)i = 0,∫
l
γ sin(θ)k dl + [

FYL (Ddroplet) + FDL(Ddroplet)

+ FBG(Ddroplet)
]
k = 0,

wherel depends on the shape of the contact line,M andm
are the unit vectors, whose directions are indicated inFigs. 1
and 2, respectively, moreover we make use of the follow
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e.
Fig. 1. Advancing and receding contact angles in the schematic representation of the droplet base. Unit vector directions(M,m) respect to membrane surfac

Fig. 2. Schematic representation of contact line (top view) for a slot shape (a) and a circular shape (b) forming the droplet basis.
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definition of the contact angle:

(2)M̄(Ddroplet) · m̄ = cosθ.

The quantityγ represents the interfacial tension of t
oil/water interface, containing a certain concentration
emulsifier; here we consider only the tension along the c
tact line oil/water. The integration along the considered c
tact lines can be divided into four segments: the advan
(la) and receding(lr) portions, along which the contact a
gles assume the constant values ofθa and θr, respectively,
and the two lines on the sides of the droplet (bc) (Fig. 2) in
which the contact angles are not constant. Upon the inte
tion along the advancing(la), receding(lr) and side portions
owing to the contact line symmetry the totalm̄ · j com-
ponent of integration must be zero, hence Eq.(1) can be re-
written as:

(3)




γ cosθa
∫
la

m̄ · i dl + γ cosθr
∫
lr
m̄ · i dl

+ 2γ
∫

bccosθ(l)m̄ · i dl + FDR(Ddroplet) = 0,

γ sinθa
∫
la

k · k dl + γ sinθr
∫
lr
k · k dl

+ 2γ
∫

bcsinθ(l)k · k dl + [
FYL (Ddroplet)

+ FDL(Ddroplet) + FBG(Ddroplet)
] = 0.

Eq. (3) are valid for anyj -symmetric contact line. How
ever, before considering particular shapes of contact line
validation of the proposed approach is necessary. There
we have used Eq.(3) with slot and circular shaped conta
lines (seeAppendix A) in the interpretation of some impo
tant experimental trends, found in the cross-flow membr
emulsifications.
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ontact
Fig. 3. Solution ranges for the droplet size according to Eq.(3) for a contact line having a slot shape and pore sizes below 8 µm (a) and for a circular c
line (b).
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The forces considered in Eq.(3) and perpendicular to
membrane surface are the static pressure difference
FYL [11,12], the dynamic lift and buoyancy forces(FDL,

FBG) [9,12] defined as:

(4)FYL = γ

〈Ddroplet〉πD2
p,

(5)FDL = 0.761
τ1.5

c,s ρ0.5
c

µc
〈Ddroplet〉3,

(6)FBG = 1

6
πg�ρ〈Ddroplet〉3.

The drag force(FDR) [9,11,12]due to continuous cross-flo
and parallel to membrane surface is defined by mean
Stokes equation[9]:

(7)FDR = 3

2
kxπτc,s〈Ddroplet〉2.

The kx parameter in Eq.(7), is equal to 1.7 and takes in
account the wall correction factor for a single sphere tou
ing an impermeable wall[17]. Finally, Dp in Eq. (4) cor-
responds to the average membrane pore size, whileτc,s,
ρc and µc, in Eqs. (5) and (7), represent the wall shea
stress, the density and viscosity of the continuous ph
respectively. The quantity,�ρ, in Eq. (6) corresponds to
the difference between continuous and disperse phase
sity. In the Stokes equation(7) the following approximation
v∞

c,cµc ≈ 1/2τc,s〈Ddroplet〉 was adopted, in which we assum
that the shear stress at the droplet centre is equal to the
stress at the membrane surface, i.e.,τc,s.

The effective pressure�Peff, during an emulsification
process, is defined as the difference between the ap
trans-membrane and Young–Laplace pressure[11]. The ef-
fective pressure determines the phase disperse flux thr
the membrane poresJd(�Peff). It presents a minimum whe
,

-

r

Young–Laplace pressure is equal to critical pressure. Th
fore, in steady condition, the disperse phase unloads its
mentum on the droplet, i.e., the linear momentum force[11].
This force depends on theJd (�Peff), as well as on the
applied trans-membrane pressure. The linear momen
force can be neglected for trans-membrane pressures sli
higher than critical pressure (low phase disperse flux).
though, the experimental data analysed in this work are
tained with trans-membrane pressures slightly higher
critical pressure, the presented method also permits to
into account the linear momentum force introducing t
force in the balance equation(1).

The interfacial tension in Eqs.(1), (3) and (4)is the same
because we consider droplet contact line (oil/water) hav
a small thickness.

Therefore, its upper part permits the droplet to stick
the pore border. This approach has already been used t
scribe a droplet stuck on non-horizontal surfaces of so
[18] and in several works on membrane emulsifications[11,
12]. However, in the proposed method, according to me
brane hydrophilicity it is possible to define two different i
terfacial tensions: the first in the integral calculus of Eqs.(1)
and (3), the second in Eq.(4). The first tension takes into ac
count the interaction between oil/water interface and m
brane surface, the second considers only the oil/water i
facial tension.

It is important to stress that the average droplet dia
ter 〈Ddroplet〉, in Eq. (3), yields an estimation of the large
droplet volume that could be formed. In fact, it is well know
[8] that a fraction of this largest volume remains attache
the pore border. The simulations of Gijsbertsen-Abraha
et al. [8] clearly slow (seeFig. 3 of the paper) that the
droplet, stuck at the membrane surface, reaches a de
volume, after which a necking at the droplet base beg
causing the final droplet formation. Thus, when a drop
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Table 1
Minimum and Maximum (Max1 and Max2) droplet diameters according to balance equation(3) using a slot shaped contact line and mean pore sizes ran
from 0.5 to 10.0 µm. The employed interfacial tension and cross-flow velocity are equal to 7 mN/m and 1.4 m/s, respectively. The droplet size step used
the calculations is 0.1 µm

Mean pore size,Dp (µm) 〈DMin1
droplet〉 (µm) 〈DMax1

droplet〉 (µm) 〈DMax2
droplet〉 (µm) (DMax1

droplet/Dp)a DMax2
droplet/Dp

0.5 0.7 2.8 10.9 5.60 21.80
1.0 1.4 4.8 15.4 4.80 15.40
2.0 2.8 8.3 21.6 4.15 10.80
5.0 7.2 17.5 33.1 3.50 6.62
6.0 8.4 20.4 35.9 3.40 5.98
8.0 11.2 − 40.7 1.40 5.09

10.0 14.5 − 44.5 1.45 4.45

a For last two pore sizes the solution sets are continuous, while for all pore sizes(DMin1
droplet/Dp) is 1.4.
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, as
necking is formed outside the pore, the size of final dro
will be always smaller than the volume corresponding to
average diameter〈Ddroplet〉. The location of droplet neckin
(outside or inside the pore) depends on the pore shape. H
ever, the reported observations on the location of dro
necking inside the pore refer to droplets formed using v
low cross-flow velocity[19]. Therefore, in this work the
above assumption on average droplet diameter can be
sidered.

3. Results and discussion

In this section, we present the comparison between
results obtained from Eq.(3) and experimental data ava
able in the literature. Katoh et al.[6] and Vladisavljevic and
Schubert[7] have reported different data on oil/water em
sions, obtained with tubular hydrophilic Shirasu-poro
glass (SPG) membranes. These data are suitable for a
oretical interpretation, because:

(i) structural modifications (i.e., hydrophilic and hydr
phobic modifications), due to the membrane pre-trea
ent, are completely absent. Membrane pre-treatm
have not been necessary in these experiments;

(ii) in these experiments the conditions for unhinde
droplet growth are satisfied;

(iii) complete experimental data, i.e., capillary pressu
average droplet sizes, droplet formation times, me
brane pore sizes and average cross-flow velocities
been given;

(iv) membrane module dimensions are reported.

Using the SPG membrane with a mean pore diam
of 15 µm, Yasuno et al.[15] have shown that when th
disperse-phase flux was below 2× 10−6 m3/(m2 s) and the
continuous-phase flow velocity was above 0.3 m/s, both the
shear force and spontaneous formation mechanisms p
large role in the droplet detachment. In the experiment
Katoh et al.[6] and Vladisavljevic and Schubert[7], the
disperse-phase fluxes are similar to the previous one, w
the cross-flow velocities are markedly higher, therefor
-

-

-

a

shear force mechanism is applicable to the interpretatio
these data. However, we are aware that the shapes o
contact lines used in our calculations could be too sim
to represent the real contact lines (similar to pore borde
these cases, but it is important to stress that the droplet
tact line is not necessarily equal to the pore border.

Kobayashi et al.[20] have reported the real-time m
croscopic observations of the droplet formation on a
rectangular-type hydrophilic polycarbonate membrane w
a mean pore size of 10 µm. Similar to the previous
perimental works, the data of Kobayashi et al.[20] are in
accordance with the approximations of proposed met
Moreover, Kobayashi et al. describe in their work the infl
ence of the continuous phase flow velocity and the surfac
types on the droplet diameters.

Before making a direct comparison between calcula
values and experimental data, we report an example to s
how the proposed approach works. In particular, we c
sider a hydrophilic tubular membrane with an inner diame
equal to 9.3 mm and smooth surface. The membrane p
have a slot shape, while their sizes range from 0.5 to 10
The used interfacial tension and the cross-flow velocity
7 mN/m and 1.4 m/s, respectively. Although the consi
ered cross-flow velocity is related to a turbulent continu
flow (Reynolds number 13020), in the boundary layer at v
short distances from the membrane surface, the contin
flow can be considered laminar. In particular, the follow
equation is used to obtain the shear stress (at the mem
surface) from the average cross-flow velocity(〈v〉c) of con-
tinuous phase, flowing in the membrane tube withDi inner
diameter[12]:

(8)τc,s = 0.0395
µ0.25

c ρ0.75
c 〈v〉1.75

c

D0.25
i

.

Table 1 reports the minimum and maximum (Max
Max2) droplet diameters obtained by using Eq.(3), with
process and membrane parameters above considered.
ing from the pore size value(Dp), we change the〈Ddroplet〉
value in Eq.(3) until we find real solutions of the equa
tions. For pores with slot shaped contact lines and s
below 8 µm, the sets of solutions are not continuous
shown inFig. 3. In particular, the〈DMin1 〉 and 〈DMax1 〉
droplet droplet
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the
values represent the interval limits, in which each〈Ddroplet〉
value is a real solution of Eq.(3), whereas every〈Ddroplet〉
value in the interval[〈DMax1

droplet〉, 〈DMin2
droplet〉] is not a real solu-

tion of equations. The〈Ddroplet〉 diameters in the last rang
[〈DMin2

droplet〉, 〈DMax2
droplet〉] are again solutions of Eq.(3). In other

terms, for droplet diameters in the set[〈DMax1
droplet〉, 〈DMin2

droplet〉]
or bigger than〈DMax2

droplet〉 no advancing and receding conta
angles with physical meaning (see following) exists; i.e.,
force balance along the contact line can be admitted.
minimum droplet diameters〈DMin1

droplet〉 are obtained by mean
of Eq. (3) when the first advancing and receding contact
gles, having physical meaning (see following), are found.
the contrary, the〈DMax2

droplet〉 diameters are obtained when t
last advancing and receding contact angles, having phy
meaning, are found.

In Fig. 3 we illustrate the two types of solution se
For a contact line having slot shape (Fig. 3a) no force bal-
ance exists along contact line in the range[〈Ddroplet〉 =
Dp, 〈DMin1

droplet〉]. This set can be due to the particular su
division of the contact line employed (seeAppendix A). In
the following interval, i.e.[〈DMin1

droplet〉, 〈DMax1
droplet〉], the force

balance exists with both receding and advancing con
angles bigger thanπ/2 (physical meaning), since we ha
considered a hydrophilic membrane together with the
and water phases. In the range[〈DMax1

droplet〉, 〈DMin2
droplet〉] and for

pore sizes lower than 8 µm, no solution of Eq.(3) exists. Fi-
nally, for droplet diameter in the set[〈DMin2

droplet〉, 〈DMax2
droplet〉],

Eq. (3) gives again solution with the receding contact
gle smaller thanπ/2 and the advancing contact angle b
ger thanπ/2. Therefore, we found that for〈DMax1

droplet〉 limit
the receding contact angle is larger thanπ/2, whereas it
is lower thanπ/2 for droplet diameter ranging betwee
〈DMin2

droplet〉 and 〈DMax2
droplet〉. On the contrary, this behaviou

was not found for advancing contact angle, which is
ways bigger thanπ/2. For the circular contact line (Fig. 3b),
the 〈DMin1

droplet〉 limit disappears, while in the first inte

val [〈Ddroplet〉 = Dp, 〈DMax1
droplet〉] (exceptDp) the force bal-

ance along the contact line exists. Like slot pores, in
set [〈DMax1

droplet〉, 〈DMin2
droplet〉], the force balance does not ex

whereas in the last set[〈DMin2
droplet〉, 〈DMax2

droplet〉] exists. The con-
tact angles, evaluated at the limits of these intervals, pre
the same behaviour as described above for the slot s
case.

From the analysis of the receding contact angles,
could define two conditions for droplet formation: t
droplet detachment may occur in the interval[〈DMax1

droplet〉,
〈DMax2

droplet〉] when the receding contact angle becomes sm

thanπ/2 (seeFigs. 3 and 4), or in the[〈DMin1
droplet〉, 〈DMax2

droplet〉]
range in which the droplet may not be bent on the memb
surface. The first condition permits to establish the ra
where the droplet diameter should fall, whereas the sec
(less restrictive) only permits to define the maximum drop
size above which the force balance along droplet con
line does not exist,DMax2 . Although a dynamic study o
droplet
l

t
e

droplet detachment should provide a theoretical valida
of these conditions, the comparison between the calcul
(DMax1

droplet/Dp) and(DMax2
droplet/Dp) with the experimental dat

shows that these assumptions can be admitted. Howeve
droplet formation with diameter lower than〈DMax2

droplet〉 can
occur by means of a detachment mechanism in which
interface free energy minimization is the driving force.

To clarify the previous important assumptions, inFig. 4
we present the receding and advancing contact angles
responding to membrane pore diameters of 0.5, 1.0, 2.0
and 10.0 µm, respectively and obtained by using slot sha
contact lines. For pore sizes equal to 0.5 µm (Fig. 4a) the first
real solution of Eq.(3) (〈DMin1

droplet〉) corresponds to drople
diameters equal to 0.7 µm withθreceding (triangles) and
θadvancing(squares) equal to 100.6◦ and 101.2◦, respectively.
These angles are larger than 90◦ because we have consider
a hydrophilic membrane. This figure shows thatθrecedingand
θadvancingincrease in an asymmetric way until〈DMax1

droplet〉. Af-

ter which no solutions of Eq.(3) are found until〈DMax2
droplet〉

(dashed line), for whichθreceding completely changes it
value (11.06◦), whereasθadvancingis almost the same as th
previous one (178.0◦). For pore sizes ranging from 0.5
6.0 µm, we find the same trend in terms of contact ang
On the contrary, for pore size ranging from 8 to 10 µ
the〈DMax1

droplet〉 limits disappear and solution sets become c
tinuous (Fig. 4e). However, the variation ofθreceding and
θadvancingremains similar to the previous calculations. The
results show that the droplet grows asymmetrically with b
contact angles larger than 90◦ until the θreceding reaches a
maximum value. After this value, theθrecedingangles quickly
become smaller than 90◦ in no equilibrium or equilibrium
way (in terms of force balance), according to membrane p
sizes. On the contrary, theθadvancing always remains ove
90◦. Therefore, we can conclude that droplets with diame
ranging in the[〈DMin1

droplet〉, 〈DMax1
droplet〉] interval (when this in-

terval exists) are not bent on the membrane surface, whe
droplets with diameters equal or bigger than〈DMin2

droplet〉 are
bent on the membrane surface. Concerning this last p
it is important to stress that for pore sizes ranging fr
8 to 10 µm, the sets of solutions are continuous, there
〈DMax1

droplet〉 does not exist. In these cases, this limit cor
sponds to the value when the receding contact angle
comes lower than 90◦, as shown inFig. 4e (vertical line).

These results can be useful to evaluate the slope
the linear correlation between the droplet and pore si
In the last two columns ofTable 1, we report the ratios
〈DMax1/Ddroplet〉/Dp, and〈DMax2

droplet〉/Dp, respectively. It is

interesting to note that the ratio between〈DMin
droplet〉 andDp

is always 1.4, independently from the pore dimensions
the experimental linear correlation is admitted, the last
umn of Table 1shows that for pore sizes ranging from 0
to 10 µm, slopes larger than 4.45 are not in agreement
the force balance made on the considered contact lin
we consider that droplet detachments can occur when
droplet sizes fall within the whole interval, i.e.〈DMin1 〉 and
droplet
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locity
cates that
Fig. 4. Receding and advancing contact angles according to Eq.(3) for a slot shaped contact line using interfacial tension and continuous cross-flow ve
equal to 7 mN/m and 1.4 m/s, respectively. The membrane pore diameter is 0.5 (a), 1.0 (b), 2.0 (c), 6.0 (d) and 10 µm (e). The dashed line indi
Eq. (3) have no real solution in the droplet size range.
m-
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h
r
rre-
〈DMax2
droplet〉 (when the droplet may not be bent on the me

brane surface, second condition), then the slopes of the l
correlation between droplet and pore sizes must fall in
interval [1.4,4.45]. If we consider that droplet detachme
occurs when droplet is bent on the membrane surface
the same direction of cross-flow, (i.e., with〈Ddroplet〉 within
〈DMax1

droplet〉 and〈DMax2
droplet〉, first condition) then for pore size

between 2.0 and 10 µm the larger slope for the linear
r
relation in agreement with the force balance is 4.45, but
pore sizes between 0.5 and 1.0 µm this slope is not v
Fig. 5 shows the correlation between〈DMax1

droplet〉/Dp (trian-

gles, dashed line),〈DMax2
droplet〉/Dp (squares) and pore size

From Fig. 5, it is clear that if we increase the pore siz
the 〈DMax1

droplet〉/Dp and 〈DMax2
droplet〉/Dp ratios decrease, wit

different rapidity, to an “asymptotic” limit. Therefore, fo
large pore size intervals, a single slope for the linear co
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Fig. 5. Correlation betweenDMax1
droplet/Dp (Q, - - -), DMax2

droplet/Dp (2, —) and
pore sizes. The maximum droplet diameters (Max1 and Max2) are obta
by means of Eq.(3) using contact line having slot shape.

Fig. 6. Correlation between droplet size and mean pore size. The da
lines indicate the maximum and minimum experimental values, as rep
in the review of Joscelyne and Trägårdh[4], for process parameters an
membranes similar to those used in the present calculations. The conti
line (Q) represents the calculated values, using 4.45 as slope for the
correlation between pore size and droplet size and assuming a slot s
contact line.

lation between droplet and pore size may be incorrect.
analysis of force balance, along the considered contact
would show that if the droplet detachment only occurs w
the droplet is bent on the membrane surface, i.e., when
droplet size is within〈DMax1

droplet〉 and 〈DMax2
droplet〉 range, then

two slopes should be admitted in the[0.5,10] pore size in-
terval.

To compare the calculated and the experimental dro
sizes, it is important to consider the fraction of droplet v
ume that remains attached to the pore border. If we use
as the slope for the linear correlation between droplet
pore sizes then the experimental droplet diameters wil
smaller than the calculated values. However, these ex
mental droplets cannot be very different from the theoret
ones, since the fraction of attached volume at the pore bo
must be small compared to the total droplet volume. Jo
lyne and Trägårdh[4], in their review about cross-flow mem
s

d

r

Table 2
Maximum (Max1 and Max2) droplet diameters according to Eq.(3) using
circular contact line and pore sizes ranging from 0.4 to 10.0 µm. The
ployed interfacial tension and cross-flow velocity are equal to 7 mN/m and
1.4 m/s, respectively. The experimental pore sizes are taken from Vla
avljevic and Schubert[7] and refer to SPG tubular membranes

Exp. pore size,
Dp (µm)a

〈DMax1
droplet〉

(µm)

〈DMax2
droplet〉

(µm)

DMax1
droplet/Dp DMax2

droplet/Dp

0.4 2.1 12.2 5.25 30.50
1.4 5.7 22.6 4.07 16.14
2.5 8.9 29.9 3.56 11.96
5.0 15.4 41.3 3.08 8.26
6.6 19.4 46.8 2.94 7.09

10.0 27.6 56.0 2.76 5.60

a The last pore size is not taken from Vladisavljevic and Schubert[7].

brane emulsification, have reported that several oil-in-w
emulsions are produced with average droplet sizes betw
3 and 5 times the nominal pore diameter of hydrophilic
pre-treated membranes. Although, in our calculations,
consider a general system, the slope of 4.45 is in ag
ment with experimental slopes reported by Joscelyne
Trägårdh, as shown inFig. 6.

On this basis, we have repeated the same calcula
using experimental pore sizes and a circular contact
shape.Table 2 reports the results of calculations appli
to pore sizes used in the work of Vladisavljevic and Sc
bert [7]. They used Tween 80 emulsifier to produce oil-
water emulsions at a cross-flow velocity equal to 1.4 m/s.
Concerning the choice of theγ value, attention must be pa
to the reliability of the dynamic interfacial tension measu
with the bursting membrane method, since the times
of the bursting method may not correspond exactly to
age of the interface (oil/water) during the droplet format
in cross-flow membrane emulsification[11]. Therefore, we
have repeated the calculations with the same interfacial
sion value of 7 mN/m, which can be considered as the low
limit of the dynamic interfacial tension with Tween 80[21].
However, in contrast with the previous calculations, in t
case we use a circular contact line with a diameter equ
the experimental pore size.

We find that the slopes for a linear correlation betwe
droplet and pore diameters must fall (according to the
condition) in the interval[5.25,5.60], for pore sizes ranging
from 0.4 to 10.0 µm. If we consider the upper limit (5.6
the agreement between experimental and theoretical s
is not satisfactory; in fact the experimental slope is eq
to 3.5. This disagreement can be mainly due to the shap
the contact line, the direction ofm vector, and/or a differen
droplet detachment mechanism, in which the driving forc
not the cross-flow of continuous phase but the interface
energy minimization. Concerning these points, it is imp
tant to note that for circular contact lines, the〈DMin1

droplet〉 lower
limit does not exist (Fig. 3b). Therefore, if we consider tha
the droplet detachment occurs when droplet size falls in
range[〈DMax1

droplet〉, 〈DMax2
droplet〉], i.e., when the receding conta

angle (θreceding) becomes smaller than 90◦, then the value o
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0.57
ken

0.57
ken
Table 3
Maximum (Max1 and Max2) droplet diameters (in micron) according to balance equation(3) using a circular and slot contact line and pore sizes between
and 10.0 µm. The used interfacial tension and average cross-flow velocity are equal to 4 mN/m and 0.61 m/s, respectively. The experimental data are ta
from Katoh et al.[6] and refer to SPG tubular membranes

Exp. pore size,Dp (µm) 〈DMax1
droplet〉 〈DMax2

droplet〉 〈DMax2
droplet〉 (slot) DMax1

droplet/Dp DMax2
droplet/Dp DMax2

droplet/Dp (slot) D
Exp.
droplet

0.57 3.57 22.87 18.29 6.26 40.12 32.09 2.85
1.10 5.80 31.70 25.37 5.27 28.82 23.06 5.50
2.34 10.44 45.80 36.80 4.46 19.57 15.73 11.70

10.00 32.40 91.30 73.30 3.24 9.13 7.33 n.a.a

a n.a.: not available.

Table 4
Maximum (Max1 and Max2) droplet diameters (in micron) according to balance equation(3) using a circular and slot contact line and pore sizes between
and 10.0 µm. The used interfacial tension and average cross-flow velocity are equal to 4 mN/m and 0.90 m/s, respectively. The experimental data are ta
from Katoh et al.[6] and refer to SPG tubular membranes

Exp. pore size,Dp (µm) 〈DMax1
droplet〉 〈DMax2

droplet〉 〈DMax2
droplet〉 (slot) DMax1

droplet/Dp DMax2
droplet/Dp DMax2

droplet/Dp (slot) D
Exp.
droplet

0.57 2.97 16.07 13.01 5.21 28.19 22.82 2.85
1.10 4.90 22.30 18.00 4.45 20.27 16.36 5.50
2.34 8.84 32.24 26.10 3.78 13.78 11.15 11.70

10.00 28.10 63.60 51.20 2.81 6.36 5.12 n.a.a

a n.a.: not available.
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Fig. 7. Correlation between droplet size and mean pore size. The da
lines indicate the maximum and minimum droplet diameters accordin
Eq.(3) (using circular contact line), while the experimental values are ta
from the work of Katoh et al.[6] (continuous line and circle points) an
refer to SPG tubular membrane emulsifications.

5.25 can be considered as a lower limit. If the droplet deta
ment can occur when both receding and advancing con
angles are larger than 90◦, then the slope could be small
than 5.25. Taking into account the fraction of droplet v
ume that remains attached to the pore border, it is intere
to note that if the value of 4.45 (found for a contact line w
a slot shape) would be used, the agreement with the ex
mental results is satisfactory. This consideration shows
the proper choice of contact line shape and direction om
vector are particularly important in this method.

Katoh et al.[6] have used the same tubular SPG me
brane to produce oil-in-water emulsions, but they emplo
different surfactants, sucrose esters, polyglycerol esters
above all sodium dodecyl sulphate (SDS). The SDS low
the interfacial tension of droplet very quickly to a const
value of 4 mN/m. The cross-flow velocities used by Kato
t

-

et al.[6] are smaller than velocity employed by Vladisavl
vic and Schubert[7], thus they should obtain larger drop
diameters than Vladisavljevic and Schubert’s. InTables 3
and 4, we report the results obtained by balance equation(3),
using a circular and slot contact line, pore sizes (the
three values) and experimental parameters (cross-flow
locities, interfacial tension) taken from Katoh et al[6]. The
results ofTable 4 (DMax2/Dp) are in agreement with th
experimental slope value. In fact, the experimental sl
of the linear correlation between droplet size and pore
is equal to 5.0 with a correlation coefficient equal to 0.
Fig. 7shows that the theoretical slopes fall within the int
val [5.21,6,36], if the first condition for droplet detachme
is considered. Moreover, if the same calculations, prese
in Table 4(DMax2/Dp (slot)), are repeated with contact lin
having a slot shape, we obtain an upper slope of 5.12.
important to consider that the last pore size, inTables 3 and 4
(10 µm), is necessary to find the quoted “asymptotic” li
(Fig. 5).

The results ofTables 3 and 4show that the droplet detach
ment could occur in the equilibrium range[Dp, 〈DMax1

droplet〉]
by means of a detachment mechanism (not according to
force balance conditions), in which the driving force is
interface free energy minimization. In fact, depending on
cross-flow velocity, the balance equation(3) yields results in
agreement (seeTable 4) or not (seeTable 3) with experimen-
tal data.

In this context, Kobayashi et al.[20] have reported the in
fluence of the continuous phase flow velocity and surfac
type (Tween 20 and SDS) on the droplet diameter, du
a membrane emulsification process. Unlike the SPG m
brane, the pore shapes of polycarbonate membranes ar
cular with well defined diameters; therefore a circular sh
of contact line becomes more realistic.
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N
hi et al.
Table 5
Maximum (Max1 and Max2) droplet diameters according to Eq.(3) using a circular contact line. The used interfacial tensions ranging from 1.0 to 10.0 m/m,
while the membrane pore size is 10 µm. The experimental mean droplet diameters, obtained using Tween 20 emulsifier, are taken from Kobays[20]
and refer to flat rectangular polycarbonate membranes

Average cross-flow
velocity (m/s)

Interfacial tension (mN/m) 〈DExp
droplet〉

(µm)1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0

0.27 〈DMax1
droplet〉 22.4 24.6 26.7 28.4 29.8 31.1 32.2 33.2 34.1 35.0 ∼ 60.5

〈DMax2
droplet〉 32.7 46.6 56.9 65.4 72.8 79.3 85.2 90.7 95.7 100.4

0.35 〈DMax1
droplet〉 28.4 23.9 25.5 27.1 28.3 29.5 30.5 31.4 32.3 33.1 ∼ 27.1

〈DMax2
droplet〉 28.4 40.6 49.7 57.1 63.6 69.1 74.5 79.3 83.7 87.8

0.44 〈DMax1
droplet〉 24.9 23.4 24.6 25.9 27.1 28.1 29.1 30.0 30.8 31.5 ∼ 20.0

〈DMax2
droplet〉 24.9 35.9 44.0 50.7 56.4 61.5 66.2 70.4 74.4 78.0

0.53 〈DMax1
droplet〉 22.3 24.1 24.3 25.4 26.4 27.4 28.3 29.1 29.9 30.5 ∼ 20.0

〈DMax2
droplet〉 22.3 32.4 39.8 45.9 51.2 55.8 60.1 63.9 67.5 70.9

0.63 – 20.0 29.5 24.2 24.9 25.8 26.7 27.5 28.3 29.1 29.6 ∼ 20.0

〈DMax2
droplet〉 20.0 29.5 36.3 41.9 46.7 51.0 54.8 58.4 61.7 64.7
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Using the following relation (Schröder et al.[11]), the
mean droplet formation time can be evaluated:

(9)tf = 2

3

εk

D2
p

〈Ddroplet〉3

Jd
,

whereε is the membrane porosity,k is the ratio between ac
tive pores and total number of membrane pores andJd is the
disperse phase flux. From experimental disperse phase
reported by Kobayashi et al.[18] (137 l/(m2 h)), we have
calculated by means of Eq.(9) the mean formation time o
droplets with diameters of 28.2 µm, which are obtained us
0.3 wt% of SDS and a cross-flow velocity equal to 0.18 m/s.
The average droplet formation time is equal to 1 ms. Af
wards, using the experimental dynamic interfacial tensio
SDS (reported in the paper of Schröder et al.[11]) and the
found droplet formation time, we have evaluated the co
sponding value of interfacial tension at the droplet format
time[13]. The obtained value is too high respect to the in
facial tension reported by the Kobayashi et al. in their pa
Also with Tween 20 and the corresponding experimental
perse phase flux, the interfacial tension obtained by mea
the dynamic interfacial tension function is higher than t
reported in the Kobayashi et al. paper.

On this basis, inTable 5 we calculate the maximum
(Max1 and Max2) droplet diameters by using Eq.(3), with
interfacial tensions ranging from 1 to 10 mN/m. The cross-
flow velocities are those used by Kobayashi et al., while
equation used to obtain the corresponding shear stress

(10)τc,s = 6
µc〈v〉c

D
,

whereD represents the thickness of the continuous ph
fluid film above the membrane surface.

In the last column ofTable 5, we report the experimen
tal droplet diameters obtained using Tween 20 surfact
,

f

The experimental droplet sizes, using SDS as the emuls
were almost equal to 20 µm for all considered cross-fl
velocities. From an analysis of these results it has eme
that for cross-flow velocity equal to 0.27 m/s, interfacial
tensions lower than 4 mN/m should not be admitted (whe
Tween 20 is used), since the〈DMax2

droplet〉 droplet diameters ob
tained using interfacial tensions lower than this value
always smaller than the experimental droplet size (60.5).
a cross-flow velocity above 0.27 m/s the lower limit of in-
terfacial tension becomes larger (see the corresponding
values inTable 5). If we suppose that the adsorption ra
of the surfactant during droplet formation does not dep
on the cross-flow velocity, then for Tween 20 the interfac
tension in agreement with all the experimental droplet s
should be 4.0 mN/m. Kobayashi et al. obtained a consta
droplet diameter almost equal to 20 µm using SDS emuls
for all considered cross-flow velocity. In this case, the in
facial tension in agreement with experimental droplet s
is 2.0 mN/m (seeTable 5). In fact, interfacial tensions big
ger than 2.0 mN/m would yield large attached oil volume
on the contact line (>20%) and therefore these interfac
tensions are less probable. It is interesting to note that fo
terfacial tensions equal to 1 mN/m and cross-flow velocitie
larger than 0.27 m/s the〈DMax1

droplet〉 limit disappears, while
the receding contact angles slowly change but not as qu
as found for the other interfacial tensions.

The interfacial tensions obtained from analysis of the
lutions of Eq.(3) (i.e., 2.0 and 4.0 mN/m) and considering
circular contact line, are approaching the interfacial tens
presented in the paper of Kobayashi et al. but do not
respond to the values obtained using the experimenta
namic interfacial tension functions. Taking into account
problem concerning the timescale in the measurement o
dynamic interfacial tension by using the membrane burs
method, these last calculations show that, when the dro
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Fig. 8. Correlation between the forces used in Eq.(3) and cross-flow veloc-
ity. The calculated values are obtained using pore size equal to 10 µm
section and tubular membrane), interfacial tension equal to 4 mN/m and
cross-flow velocities equal to 0.61, 0.90, 1.4 m/s. The force contributions
are evaluated by using droplet sizes equal toDMax2

droplet diameters.

sizes are well known, the balance equation(3) could be also
used to evaluate the interfacial tension during the droplet
mation. Moreover, if the length of the integrations in Eq.(3)
is considered equal to the membrane pore size (seeAppen-
dix A) it is possible to obtain droplet diameters close to
Kobayashi et al.[20] values.

Finally, in Fig. 8, we report the influence of cross-flo
velocity on the forces which define Eqs.(1) and (3). Fig. 8
refers to results obtained by using membrane pore size e
to 10 µm with slot section (tubular membrane), interfac
tension equal to 4 mN/m and cross-flow velocities equal
0.61, 0.90 and 1.4 m/s, respectively. It is important to em
phasize that the forces ofFig. 8 are evaluated using dropl
sizes equal to the corresponding〈DMax2

droplet〉 diameters.Fig. 8
shows that the drag force(FDR) is the larger force. More
over, theFDR and the lift force(FDL) decrease with the
increase of the cross-flow velocity, whereas the static p
sure difference force(FYL ) increases. TheFDR and FDL
forces depend on〈Ddroplet〉2 and 〈Ddroplet〉3, respectively
(see Eqs.(7) and (5)), whereas they depend on cross-fl
velocity according to〈v〉1.75

c and〈v〉2.6
c . Increasing the〈v〉c

variable the〈DMax2
droplet〉 decreases, consequently theFDR and

FDL forces decrease also. On the contrary (accordin
Fig. 8), theFYL force increases with the cross-flow velo
ity, because this force is inverse proportional to〈Ddroplet〉
(see Eq.(4)) and does not depend on the〈v〉c. Therefore, the
decrease of〈DMax2

droplet〉 with the cross-flow velocity causes a

increase ofFYL force. We find that the〈DMax2
droplet〉 decreases

with cross-flow velocity not linearly but with a behavio
similar to the one reported inFig. 5. Naturally, if the same
calculations are repeated with a〈Ddroplet〉 constant then both
FDR andFDL increase with the cross-flow, whereasFYL re-
l

mains constant. Finally, the values of the buoyancy fo
FBG are two orders of magnitude smaller than the forces
ported inFig. 8.

4. Summary

Although droplet formation in a membrane emulsific
tion process can be described using computational fluid
namics or theoretical methods based on interface free en
minimization rather than force approaches, these latter
easier to handle and instructive. Therefore, the aim of
work was to test the reliability of new balance force eq
tions, based on the evaluation of receding and advan
contact angles along the droplet contact line.

We propose a force balance made along the droplet
tact line, located on the membrane surface around the
borders. Using two contact line shapes (slot and circula
quantitative description of maximum sizes that the dropl
stuck on the pore border, could have are presented.

The analysis of receding and advancing contact angle
lows a better understanding of the droplet detachment m
anisms during cross-flow membrane emulsification. Aw
that different mechanisms can occur during this proces
this work the cases in which the continuous phase cross-
has an important role in the droplet detachment have b
considered.

We suggest also two conditions for droplet formatio
the droplet detachment may occur in the interval[〈DMax1

droplet〉,
〈DMax2

droplet〉] when the receding contact angle(θreceding) be-

comes smaller than 90◦ (seeFig. 4e), or in the[〈DMin1
droplet〉,

〈DMax2
droplet〉] range in which the droplet may not be bent

the membrane surface. The first condition permits to
fine the lower(〈DMax1

droplet〉) and upper〈DMax2
droplet〉 limits in

which the droplet diameter should fall, whereas the sec
(less restrictive) permits to define only a maximum drop
size. The comparison between calculated(DMax1

droplet/Dp) and

(DMax2
droplet/Dp) with experimental slopes of the linear corr

lation between droplet and pore sizes shows that thes
sumptions may be admitted. However, in this work it h
been assumed that the linear correlation between dro
and pore sizes goes through the origin, otherwise the
gested conditions can not be used. One of the aims o
work is to define a maximum droplet diameter, i.e.〈DMax2

droplet〉
(less restrictive condition), so that droplet with diameter b
ger than this value should slide along the membrane
face. As shown inFig. 5, interesting insights on drople
and pore size correlation can be obtained from relation
between(DMax2

droplet/Dp) and membrane pores. In fact, the b

haviour of(DMax2
droplet/Dp) in function ofDp is not linear and

presents an “asymptotic” limit. The “asymptotic” behavio
of (DMax2

droplet/Dp) suggests that if a large set of pore diamet

is considered then the(DMax2
droplet/Dp) ratio (corresponding to

the last pore diameter of the set) will be the larger slope
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the linear correlation between droplet and pore size, go
through the origin. Any spontaneous droplet deformat
due to neck formation, inside or outside of the pore (
cording to the aspect ratio of pore section), must occur w
droplet diameter below the maximum limitsDMax2

droplet.
To test the proposed conditions (above all the less

strictive) we use a particular mathematical method to so
the force balance equations along the droplet contact
Eq. (1). In general this approach can not be accurate (
the presence of the non-continuous solution sets). There
to verify the reliability of the suggested conditions, attent
must be paid to the mathematical approach used to solv
proposed balance equations (work in progress).

On this basis, some interesting conclusions can be dr

(i) to obtain good evaluation of experimental data, it is i
portant to have a satisfactory contact line shape (
symmetric shapes);

(ii) the comparison between experimental and model
sults can give insights in the kind of droplet detachm
mechanism;

(iii) the maximum sizes that a droplet can have durin
CME process can be calculated;

(iv) for broad pore size ranges, the use of a single slope
the linear correlation between droplet size and pore
can be in disagreement with the force balance m
along a considered contact line.

Starting from these results, the conditions that allow
accurate location of droplet size, in the minimum and ma
mum limits, can be studied.
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Appendix A

The first equation of the system(1) can be considered a
a derivation of the equation applied to calculate the incli
tion (critical angle) of a non-horizontal surface on which
droplet is stuck. A complete derivation of this equation
reported in the work of Dussan and Chow[18]. The compo-
nent of gravity force, parallel to non-horizontal surface in
work Dussan and Chow, is substituted here by the drag fo
FDR. The forces, perpendicular to the surface, areFYL ,FDL
andFBG, and they are equilibrated by the interfacial tens
due to the upper part of the droplet contact line.

The forceFYL derives from the Young–Laplace pressu
[11,12] (static pressure difference between the inside
outside of the droplet) and in the reference[22] it is de-
rived by using a thermodynamic and mechanical appro
Moreover, the Stokes and lift forces are also reported in
,

:

eral transport phenomenon books and in different paper
cross-flow membrane emulsifications[9].

The terms, in the integral calculus of Eq.(1), represent the
infinitesimal forces which permit the droplet to stick on t
membrane surface. The integral calculus along the con
line yields therefore a total force. Finally, the subdivision
the integral calculus in four parts and the further simplifi
tion of the opposite forces yields Eq.(3).

It is important to note that if them vector is always per
pendicular to infinitesimal portion of contact line dl (s
Fig. 2) then

∫
lr
m̄ · i dl term is equal toDp for slot (in ad-

vancing and receding portions) and circular shaped po
Therefore, for circular contact line calculations, we consi
the direction ofm vector parallel to drag forceFDR; in this
case the

∫
lr
m̄ · i dl term is equal toπDp/2.

Concerning the slot aspect ratio, we assume that the
lines (bc) are much smaller than advancing and rece
portions. How small are these lines (bc)? Forj -symmetric
droplet contact lines, only the perpendicular force com
nents must be considered in the balance along the (bc) l
furthermore in the side portions the contact angle is not c
stant. The length of side lines can be evaluated by me
of a self-consistent procedure. In particular, we consider
following force contribution:

(A.1)Fm
bc = 2γ

c∫
b

sinθ(l)dl

with

(A.2)θ(l) = θr + (θa − θr)

(
l

bc

)n

.

In the first cycle(m = 0), using Eq.(3) we calculateθa and
θr angles without theFm=0

bc contribution. We useθa andθr
values in Eq.(A.2) and therefore in(A.1) to evaluate the
Fm=1

bc contribution, which we introduce in Eq.(3) (second
cycle) to evaluate the newθa and θr until the convergence
of these angles is obtained. Naturally, when the converg
of θa and θr is achieved, we findθa and θr and the corre-
sponding〈Ddroplet〉 value, which is a solution of the balanc
equation(3). If we assume that the side line length is sma
than advancing and receding portions, then for a partic
(bc) line, the〈Ddroplet〉 at the first cycle will be similar to
〈Ddroplet〉 at the last cycle.

In general, a slot pore section can be described by
Longer slot length (L, corresponding to the advancing
receding portions), the Shorter slot length (S, correspon
to the side lines (bc)) and the slot aspect ratio (L/S) [19].
Using L/S equal to 10 (withn equal to 0.5, 1 and 2, respe
tively) we find that the contribution ofFm

bc can be neglecte
for any pore sizes used in the work. It is important to str
that for different L/S ratios theFm

bc contribution influences
the 〈Ddroplet〉 value and therefore the final〈DMax2

droplet〉. How-
ever, although we have tested the reported results by u
both logarithmic and exponential(A.2) functions, the study
of theFm contribution is in progress.
bc
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Appendix B. Notation

D Thickness of rectangular membrane module (thi
ness of the continuous phase fluid above the m
brane surface)

〈Ddroplet〉 Mean droplet diameter
Dp Mean membrane pore size
Di Inner diameter of tubular membrane
dl Differential line element
FYL ,FDL,FBG,FDR,F m

bc Static pressure difference forc
dynamic lift force, buoyancy forces, drag force, s
side line force

Jd Disperse phase flux
i, j,k Unit basis vectors
la, lr Advancing and receding contact lines
M,m Unit vectors
�Peff Effective pressure
〈v〉c Average cross-flow velocity
v∞

c,c Undisturbed parallel continuous phase velocity
γ Interfacial tension
ε Membrane porosity
µc Viscosity of the continuous phase
θa, θr Advancing and receding contact angles
ρc,�ρ Density of the continuous phase, density differen

between continuous and disperse phase
τc,s Wall shear stress
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