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Abstract.

New techniques to evaluate basge extension have been previuosly presented in the
literature allowing faster computatioin times. These techniques are based on the Chinese
Remainder Theorem and are impiemented by using lookup tables. However, the
proposed methods require a sligth redundancy to be added to the number
representation. In this paper, it is shown that this redundancy can be avoided if the
terms of the Chinese Remander Theorem are properly expanded. The average base
extension execution time is again bounded by log n table lookup cycles whereas area is

sligthly increased. |
|
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1. Introduction

Arithmetic operations, based on RNS, have received renewed attention for many
signal processing implementations. Consequently, the efforts to speed up intermodular
operations (whose final or intermediate step is a conversion of numbers to a weighted
notation) have been growing in the last years.

Base extension is perhaps the most important intermodular operation. It is
necessary whenever the range of the representation is to be expanded to include
additional moduli or a different RNS system is to be considered and can be used for
performing sign or magnitude determination or scaling. The base extension procedure
consists essentially in a conversion into a weighted number system followed by a mod
m computation of the previous result.

There are two method allowing bonverting an RNS representation into a weighted
one: the mixed radix conversion algorithm (MRC) reported in [1] and working in the
modular ranges of the original RNS and the Chinese Remainder Theorem (CRT) which
operate in the full range of definition of numbers. The first method requires (n - 1)
multiplicative - additive steps. It has been preferred since now for base extension as a
single, additional step is required to obtain the result after MRC process; however,
additional moduli must be pairwise prime with the moduli of the original RNS system.
The Chinese Remainder Theorem implies that computation are performed in the full
range M of number definition and has as a final step a mod M computation.

In an original paper [2], Shenoy and Kumaresan proposed appending a redundant
information to the RNS representaﬁon of numbers with the aim of escaping mod M

operation in CRT. In fact, any residue representation {xi, Xp, ... , Xn.1, X5} in the
RNS of moduli my, my, ..., my_1, my, corresponds to the integer X:
X=[plamfl | =shom -k )
1 1 M; M 1 1 M; o (D

where M is the product of moduli, M; = M/m; and Il/Mi!mi is the multiplicative inverse

of M;j mod m; and k is an integer in the range [0, n-1]. In general, constant k is
unknown. However, Shenoy and Kumaresan showed that it can be derived from a
redundant information consisting of an additional residue digit with respect to a
redundant modulus my.; by means of a procedure requiring rlog (n+1) | table lookup
cycles. When used for base extension, this method requires [log (n+1)] + 1 table
lookup cycles.

In this paper it will be shown that the same time performances can be obtained,
without any redundancy, by means of an appropriate decompositions of CRT terms and
the same approach can be exploited in RNS exact scaling.




2. A CRT decomposition

Let an RNS be defined by a set of pairwise prime moduli {my, my, ..., my_1, m,}
and let:

X= {Xl, X25 «ov 5 Xn-1y Xn} Xi =lemi , 1= 1,2, ... , Il (2)

be any integer in the range [0, M), M = ITi_; m;. Performing Base extension with
respect to a modulus my,; starting from Chinese Remainder Theorem is equivalent to
computing expression: )

n Xi n X
K+l = |le=1 Mi}ﬁl—i‘mil‘w]mni-l B Zi:l Mi I\/Ili i ) k MImn+1 (3)

Unfortunately, computations are to be carried out in the range M as the summation:

Z?:l% M; :’Iii i
may exceed many times the rangé M and k is unknown. To avoid these obstacles, a
method [2] has been proposed requiring a redundant modulus to be added to residue

representation. This method consistently enhances the computation times. However, it

will be shown that similar results can be obtained, without any redundancy, by means
of an approach which has been suggested in [ ] for approximate scaling.

Letting, in general, Mj;, = M/mjm;. ,m;, observe that the projection of X on
M/m, can be expressed as:

XM, = (X1, X2, ... , Xn-1) 4)
and, applying CRT: }
|

IXIM%n =

]
i=] ¥iin Mi,nm‘Mn (5)

From the Fundamental Theorem of the Remainder and recalling that IAXIap = AlXIp:

Minka- =8 My + Mi,nl‘&‘| J =8 Myt + Mo [mn o
Mi,n iy Mirn niMn-t i o Mi,n gl (6)
M p 2
Y i,n Mi,nmi ={mn_1 | Xi ‘ ‘J ,
' Mn-l,n m; IMi,nlm- 6°)

Substituting in (5) , and observing that:




j = ()
Mnln

fori=n-1, it is obtained:

Minin ||“n 1 l

Mi nfm

Mn

n-1
]XIMn = Zi=1 (8 Mn-1,n + Min-1,n {Mn-1

‘ Mi,n mjm;
Xn
My e
iL,n
m X
nl Mi,n m;

n-1

Mn—l,n Zx 194 +Zl l Mln 1.,n

Lhe ®

nln‘zrl"mnl" Zx 1M1n1n

mJMn

The mod M,, argument:

XEM, = Mnlnlzxal Ajim,y + Zl 1 Mxn 1,n

My 1 Xi J (8)
Mln My

has the following limitations:

0 € XgMn € Mpin (Mp1-1) + Mynain (Mmy-1) +Maonign (-1) + L + Mpann (Mpo-1) =
=Mn+<n-3)Mn_m-Mn1n(~1—+ Aty <am, @)

and the M/my, projection becomes:

Xim, = XEM, - €M, Mn EM, = 0,1 9

H

Observing that X, IXly_and XE_M differ for a multiple of M,, , it follows that:

X-X
X = X + Xgm, - XEM, = XEMn+M ——M—E—M—} (10)
11
and, mod M:
=X = X-Xem| _ X - XBMy
Km=X |XE,Mn+ Mn{ M, J!M =|XEM, + Mnl M, LJM (11)
Recalling (8’), the argument:
X-X
Xg = Xg M, + M“l = .____EMI = Xgm, + My H (xn - [XE, MJmn)lm (12)
31l mMnp j NiMn
will range in: 1;
[0, M+ (13) Ma1.0- Mp 1 <—-—- ) (12)




Consequently:

X-X
X:XE-3M=XE,MH+M,,[—-—~—1\—4—EM—“‘I -eM £=0,1 (13)
n Mp

and € = 1 if and only if:

Xg=M (14)

Substituting for Xg in (14) the above ?:ondition becomes:

Xi
My l———i +M
nl Mi,n mei "

and, dividing by Mp.1 5 both sides of the inequality and rearranging terms:

n-1 n-2
Min-1,n lzi=1 Qilm,.y + Zi=1 Min-1,n

S, o Kembn M
My n

stlal  ime L - > P g0 N R I < >
l i=1 &j jmp.y + Mp-1 M, (Xn IXE,MJm,{mn M Mp-1 i=1 m; M1 Min oo
2 5
> my My - (0-2) + T I-},;z my My - (0 - 3) (15)

Inequality (15) shows a necessary conditlon for € = 1, The same conditlon can be glven
the following equivalent formulation:

T1 =[21 ilnp 2 Moy - (0-3) (15')
Ty = ~11 Xn - IXE =my,- 1 «
2 an mn( n I E,Mnlmn) m n (15

Now, suppose that conditions (15’) and (15”) are satisfied. Then:

My
n-
Mi,nm;

2 M, (m, - 1) + Mun (M1 -(0-3)=M-(n - 3) \Y P

2 ‘
Xg =My Tz + My 0 Ty + Zicq Min-1.n 2

mj

and, recalling (12°):

-2
M- (n-3) Mpin S XESM + (0 - 3) Mp1 - Mui g (16)

or, equivalently:
Xeli =X 2 M- (n-3) Mt

if M- (n-3)Mnin<Xg<M,ie,e=0and

!

(14’)




n-2

‘XEIM =X<sm-3) Mn~1,n - Mnnl.n Eimsl m; (17)

if M<XgSM+(n-3) Mygn-Main S Lo, ie, e= 1.
: 1

Preceding considerations represent the proof to the following Lemma.

Lemma I.1In an RNS of moduli my, my, ..., my.1, my, any representation X = {xy,
X2, ... » Xn-1, Xn} corresponds to the integer

X - X
X = Xpm, + Mnl—E'Mﬂj -eM = Xgm, + M,
Mn

Mp M mn (Xn ) iXEJ\/ITIm.‘mn "eM (13)

n

where:

n-1 n-2 .
XEM.= Mnin lZi=1 ai]mn-l + Zi=1 Min-1.n

X

Tin-1 lMil,n'mei (8)
M, . L2

Q= n Mi,nmi M 11 X

e Ma-1,n -l m lMi.n!mAJ (67

ande =0, 1.

e = 1 if and only if the following conditions simultaneously hold:

Ty = a2 My - (-3) (157

Ty = % Xn - [X ~tmy- 1 »

2 an mn( n ‘ E.Mn‘mn) o n (15™)
n-2 1

X <(n-3)Mp.in-MninZiz o (17

3. Base extension

Consider the RNS of pairwise prime moduli {mj, my, ..., mn.1, my} and an
integer X represented in the given system as:
X = {x1, X2, <. » Xn-15 Xn}
Let mp41 be any positive integer and suppose we wish to extend the residue

representation {xi, Xg, ... , Xp.1, Xq} to include my41 as an additional modulus. From
Lemma 1, x,,; can be evaluated as:




n-2
Xpe1 =[Mpan T+ My To + ZiZ) Mg

X0
mn_,H | “eM
Ml,nnu i

where € is determined according to conditions of Lemma. The first step consists in

(18)

Mn

computing T; and T, as these terms appear in (18) and in conditions (15°) and (15”).

Assuming that a table lookup technique is used to carry out arithmetic, T; can be be

computed according to the logical scheme reported in Figure 1. «
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Following this scheme, each term a; (6°) is obtained by’addressing a memory
M(mj, mp.1) with m; words of log my.; bits. Starting from a;'s, T, is computed by a
tree of m2_; x log m,,_; bit memory elements, outlined as M(mp_1).

Ty = I =

Evaluating Tj is a little more complicated as the extended expression becomes:
n-1 n-2 X
Mn-l,nl):i=1aiJmn.1+Zi=1Mi,n-1,r{mn-l .
Mn

= Hl (x - J
Mn Mn Mn n Ml,n imy;
-1 - .
Mn—l,r\lz?ﬂai mn.Jmn - E?:?]Mi,n~.l.v\lmn-]tN7[(__1" J J )

i,njmimimn

I\} - (Xn - ‘XE,MJmn)

n
= 1 -
i Mn Mn (xn

Mn

Min

Letting, for simplicity:




A= IMn-l,n Tllmn

B =

Z;:%lMi,m 1 ,nlmn-]

TmRANN

the computation of Tj is carried out as sketched in Figure 2.

X
X1 n-1 X Xy . 7’in_2
™ /J - ! AmMemmy 1777 M m
tree Mim,m ) f - 2™ 4
M{m n) ‘ A
B
A
M(m )
Figure 2 A
T2

Here, B is obtained by using a tree of m2, x log m,, bit memory elements, whereas
A is obtained from Ty in a single memory cycle.

Once inequalities (15”) and (15”) of Lemma 1 are satisfied (and Xg ranges in (16)),
the last condition (17) is equivalent to verify if X is in the range [0, M,,) or, in other
terms:

Xim, =X

To do this, an application of MRC algorithm is necessary to verify if the most
significant digit x*, of the associate mixed radix representation of X is "0". The
computational scheme for MRC is reported in Figure 3.
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Figure 3

As a conclusion, the logical computational scheme for x,,; is shown in the

following Figure 4, where:

a= an-l,n Ty lmn+1

oM m_Hxi JJ L,
1 ﬂ o 1’"4 nl1\4i.nm'm‘mn+1 n+l

c= !Mn ’I‘Zlmnn

b=
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n+1
Figure 4 R

To completely realize the scheme presented in figure, it must be observed
that conditions (157), (15) and (17) of Lemma 1 are verified for (n - 3) out of m,, ; m,

possible combinations of T; and T, . Consequently, in most cases, the result x,, is
available (and stored in register R) as soon as T; , T, and "b" are computed, i.e., after
log n memory cycles. On the coﬁtrary, if all conditions of Lemma are verified, the
result is obtained (and stored) only at the end of MRC process, which requires n
memory cycles. The average time of computation is then:

n-3 4 Ml M- (n-3) log n

tay = -
AV Mp.1 My Myp.1 My

|
memory cycles. ;

|

Before going on, let’s evaluate time performances and area occupancy of a VLSI
structure implementing the pmpdsed algorithm, To this purpose, it will be assumed
that: |

aAm=0(m),i=1,2,..,n+l




|

b) log m =6 (n) {
| |

¢) memory modules are ofganized following a hierarchical scheme.

In a hierarchical organization [4] [5], the access time and the area occupancy of a
two operands, mod m, memory module can be expressed (see Figure 5) as:
|

ty = max {N agy, N a, B} | . 19)

A=Hy Wy, s , . (20)
‘ |

where Hy =N+ W, Wy =N+ N and YW BN = m?2 log m

where N is the number of hlérarchic{u levels, 1, 1s a technology dependent constant and
v and P are the branching factors of bemow trees.

Y
1 ___________ g S Hy
L I
Figure 5 ' _, W ...... ..... TS --
LU W e 3

In the hypothesis that the major goal is minimizing the memory access time, it
follows from (19) that y = B and, assuming that v is a constant, (19), (20) take the
form:

ty=to N ; (19°)

YN =m?2 log m Q | (20"
and

N =8 (log m)

10




tp = 0 (log m) (197)

Ay =6 (m2log m) J (20™)

i

as Hy = 6 (mlog!/2 m), Wy =6 (mlog!/2 m)

!
i

Now, let’s reconsider the compfutational schemes of Figures 1-4, recalling that look
up tables are used to perform aﬁthrﬁetic. .

Figure 1 and 2 show that- T; and T, are computed by means of trees of memories.
This observations are synthesized ifn the following Figure 6.

----------------

...............

: " . C 12 L
rec O@mlog m)  ----- - : 6(n m log m) :
f] %y Kn "1 Tin

1
T module 8 (pg n miog m)
‘ "1
..... 8(n m log m)
T :
Ty, T, )=6(logn logm) t(MRC) = 8(n log m) 5
) I
Figure 6 *1n

Preceding conslderations make it possible (o evaluate the overall e performances
and area occupancy of a VLSI structure corresponding to the computational scheme of

Figure 4. In fact, the average time to perform base extension can be expressed as:
Text =0 (fMre n logm + (1 - fMRC) log n log m)

where fprc represents the probability of doing a mixed radix conversion. Recalling
that MRC is required for (n-3) instances of the product T} T, out of m,.; my possible
values, it follows: 5

fmrc = 0 (n/m?2)

11




ie.,

Texr = 8 ((n/m2) nlog m + (1 - (n/m2)) log n log m) = 6 (log n log m)

which coincides with the time perlormances obtained in [2] by using redundancy.
Similarly, deriving the area o”ccupanciy is trivial and results:

Agxt =0 (n2 m? log m) ’ -

Note that, unfortunately, there 1s no real time savings with respect to the well
known method based on MRC. Namely, every memory cycle takes time proportional
to the length of the memory addr:css, that is © (log m), whereas each additive-
multiplicative operation of MRC §vorks in © (log log m) time. With the previous
assumptions a) and b), the total tim§ 6 (n log log m) of MRC procedure and 6 (log n
log m) of the proposed method cé)incide. However, a different realization of the
proposed CRT decomposition could be investigated using a tradeoff between adders,
multipliers and lookup tables to mininﬂze the total time of the base extension operation.

4. Scaling by a product of moduli

In preceding Section 3 we ha\g‘(c shown how high time performances for base
extension can be reached without afly redundancy request. However, the possibilities
of the proposed method are best exfjloited in applications such as scaling where exact
results are obtained in 8(log n) memory cycles. In the literature, the same time results

have been obtained at the expenses of a slight approximation [3].

In the RNS of pairwise prime moduli {my, my, ..., my.1, My} let X be an integer
represented as:

X = {X1, X2, .., Xn-1, Xn}

and suppose we wish to scale X by a scaling factor F; equal to the product of the s
lowest order moduli:

S
Fg = I1j=1 my

The scaled integer:

12



Xs = [}_(..J = X - ]XlFs IX IXIFJ
| N Fs

—]_ (X - e

is representable in the range [0, M/F;) and is obtained by means of a base extension of:

1)

‘XIFSE {Xl, XZ’ sese XS}

to the range M/F; , i.e., to the moduli mg,1, ... , my. Once X;"is computed in the
reduced range, a final base extensmn is required to obtain the full range representatxon
The computational scheme i is shown in Figure 7.

D
—~
7]
3
=)

b ]
3
e

Base Ext p{r===+-- Base Ext

Oglli‘zlrl) s+1 LIE AR B BN B BN 2 n
L] %
xs+1 X'n
M(m
'I-'-T-I—rl—‘_""rl -
T EETTTN |
Base Ext
8
XS,I X';,s
1/2
Figure 7

Note that € depends only on x and does not depend on the current extension. Then
it is calculated once to extend IXIg, and once to obtain the final full range representation.
The average time required to perform the first part of scaling,i.e., extending IXIg, to
moduli mg,y, Mgy2, , My in order to obtain {X*g.1, X¥*s42, -, x*, } and then {X 41,

Xs,s+2, > Xs,n ) Tesults:

13



ts'=0 (logslogm) 11
? |

The final part of the algorithm is again a base extension of {Xss+1, Xs 542, > Xs.n )
to the range F for which:

ts« = 0 (log (n-s) log n;)

To conclude: | -

ts = 0 (log m max{log s,~log(r§~s)})

whereas the area is: ;

Ag =W x H=0 (mlog!?s (n-s)) x 8 ((m log!2 m max {s, (n-s)}) =

=0 (m?2 log m n s (n-s)).

Conclusion

i

i

A new CRT decomposition‘ihas been devised which allows to perform base
extension in average 0 (log n) table lookup cycles without redundancy.

Moreover, the possibilities of the proposed method are best exploited in scaling
operation where the exact result is obtained in 8 (log n) table lookup cycles.
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