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Abstract: In this paper, we study how cyclonic and anticyclonic vortices adapt their shape and
orientation to a background shear flow in an effort to understand geophysical vortices. Here we use
a balanced model that incorporates the effects of rotation and density stratification to model the case
of an isolated vortex of uniform potential vorticity subjected to a background shear flow that mimics
the effect of surrounding vortices. We find equilibrium states and analyze their linear stability to
determine the vortex characteristics at the margin of stability. Differences are found between the
cyclonic and anticyclonic equilibria depending on the background flow parameters. When there is
only horizontal strain, the vertical aspect ratio of the vortex does not change, whereas increasing
the imposed background strain rate causes a change in the horizontal cross section, with cyclones
being more deformed than anticyclones for a given value of strain. Vertical shear not only causes
changes in the vertical axis but also causes the vortex to tilt away from it upright position. Overall,
anticyclonic equilibria tend to have a more circular horizontal cross section, a longer vertical axis, and
a larger tilt angle with respect to cyclonic equilibria. The strongest asymmetry between the horizontal
cross section of cyclonic and anticyclonic vortices occurs for low values of vertical shear, while the
strongest asymmetry in the vertical axes and tilt angle occurs for large vertical shear. Finally, by
expanding the vortex shape and orientation in terms of the strain rate, we derive simple formulas
that provide insights into how the vortex equilibria depend on the background flow.

Keywords: ellipsoidal vortex; shear flow; cyclonic; anticyclonic; asymmetry

1. Introduction

Large-scale flows in the ocean and atmosphere contain vortices. These vortices can
evolve over long periods of time [1], having the potential to transport many physical
properties, such as temperature and salinity, as well as biological properties over long
distances [2,3]. These vortices are strongly influenced by the Earth’s rotation, referred to
as the Coriolis effect, as well as the effects of density stratification [4]. As the sense of
the Earth’s rotation is always the same (counterclockwise in the Northern Hemisphere,
clockwise in the Southern Hemisphere), it affects cyclonic (anticlockwise) and anticyclonic
(clockwise) vortices differently, leading to an asymmetry in their dynamical behavior. This
asymmetry has been observed in large-scale observations [5,6] as well as in numerical
simulations [7-13]. Despite these many studies, there is still much that is not understood
about the factors that influence this asymmetry. In fact, a recent study [14] shows that there
is a bias in the altimetry satellite measurements of large-scale eddies, with cyclonic eddies
being under-detected; thus, there is still an important role for theoretical approaches in
developing our understanding of cyclone-anticyclone asymmetry.

Here we consider an idealized model of a single vortex in the presence of a background
shear flow in order to characterize the cyclonic-anticyclonic asymmetry induced by back-
ground shear flow. The model we consider is the nonlinear quasi-geostrophic model [15],
a balanced model, i.e., one where all the dynamics are controlled by the evolution of the
potential vorticity (PV) field, @, a materially conserved scalar field. The model assumes
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an f-plane with a fixed value for the planetary rotation rate, i.e., the Coriolis frequency, f,
and the model is derived from an expansion of the full equations in the Rossby number up
to the second order, where the Rossby number is defined as Ro = |@|ax/ f. For the first
order in the Rossby number, we obtain the quasi-geostrophic (QG) equations, whereas
at the second order, we obtain the so-called QG + 1 equations. We use this model and
study analytical solutions previously derived for an ellipsoidal vortex in the presence of
a background shear flow [16,17]. We find equilibria and analyze their linear stability to
determine the vortex characteristics at the margin of stability for a given background flow.
As the QG solutions depend linearly on the PV, there is no dynamical difference in the
behavior of cyclonic and anticyclonic vortices at this order, only the sign changes. However,
the solutions up to the second order contain a linear and a quadratic term in the PV which,
when combined, cause an asymmetry in dynamical behavior. Here we examine how this
asymmetry changes as the background flow is changed in order to understand the impact
of both horizontal strain and vertical shear.

In Section 2, we review the model of the ellipsoidal vortex and the method for obtaining
equilibria and computing their linear stability. In Section 3, we present the results, showing
how the vortex shape and orientation depend on the background flow and deriving an
approximate model of the vortex shape characteristics that apply when the background
flow is weak, in order to quantify the asymmetry between cyclonic and anticyclonic vortices.
In Section 4, we discuss these results and draw our conclusions.

2. Problem Formulation
2.1. Balanced Ellipsoidal Vortex Model

We consider the nonlinear quasi-geostrophic model [15], which is a balanced model
derived from the full non-hydrostatic Oderdeck-Boussinesq equations [18]. The equations
are expanded in terms of the PV-based Rossby number, € = |@|mqx, where @ is the PV
anomaly given by:

1 ad w-Vb
AN

where w is the relative vorticity with { being its vertical component, b is the buoyancy
anomaly, and N and f are the buoyancy and Coriolis frequencies, respectively. The
other variables in the system are determined by the PV anomaly, which is materially
conserved, i.e.,:

@

1)

0w
§+H~V(D—O. (2)

The velocity field can be expressed in terms of a vector potential, ¢ = (¢, 9, ¢):

u=—fVxeg, 3)

where the vector potential can be solved through an inversion problem at different orders
in the Rossby number [15]. At the first order, we have the QG equations:

vl = @, @)

where bracketed superscripts on field variables denote order in Rossby number (note
o) = (1) = 0). Note here that the vertical coordinate z is stretched by x = N/ f, whereas
the buoyancy and Coriolis frequencies are considered constant here. At the next order
O(€?), we have the QG + 1 equations:

Vi = /(e ol ell), (5a)
ViR = /) (e - oel), >

v = |l - (v2p)el), o)
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where subscripts x, y, and z on the fields denote partial differentiation.

These equations have been solved for the case of an isolated uniform ellipsoid of
PV [16,19] and for the case where the vortex is embedded in a linear background shear
flow [17]. We wish to revisit the latter solutions. The shape of the ellipsoid is specified by
its axis half lengths 4, b, and ¢, and by the unit vectors & = (1, 4y, d3), b= (151, by, 33), and
¢ = (61,62, ¢3) directed along these axes. When the flow field depends linearly on spatial
coordinates, i.e., u = Sx, then the equation of motion for the ellipsoid can be written as [20]:

”;—f =SB + BS’, (6)

where B and S are 3 x 3 matrices. The matrix B defines the shape and orientation of the
vortex (the “shape” matrix) and is given by:

B = MEM/, 7)
where M is a rotation matrix defined by:
M=(a b ¢), (8)

where the superscript T denotes transpose, and where matrix E is a diagonal matrix:

a2 0 0
E=| 0 v 0 |. 9)
0 0 ¢

We refer to S as the “flow” matrix, and it is composed of two parts when S = S, + S;:
the self-induced motion, S;, and the motion induced by the external background shear
flow, S;.

The self-induced motion of the vortex is obtained through the solutions to the equa-
tions above, where the QG O(€) solution is obtained by inverting Equation (4), giving [21]:

P = xTelx, (10

where d>§,l) is a 3 X 3 symmetric matrix:

oV — MDMT, 11)

where the matrix D is a diagonal matrix with:

Di=¢& = xRp(b?,c%a?), (12a)
Dp=¢& = #KoRp(c?a*b?), (12b)
Ds3 =& = xoRp(a® % c?), (12¢)

where «, = @abc/3 is the vortex strength, and where Rp is the symmetric elliptic integral
of the second kind [22] given by:

dt

_3 «
Rp(f,8h) = E/o VE+E+g)(E+h)%

(13)
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The solution at the next order, O(€?), is obtained by solving the QG + 1 Equation (5),
whose solutions are [16]:

WD = %xTrS,z)x, r§2>E%MH1MT, (14a)
N v E%MHZMT, (14b)

where H are 3 x 3 symmetric matrices whose elements are given by:

HY, = (Qup+ Qea)Zad T a+ (&0 — Q) 8D T*b + (80 — Qua)Ec2TTFe,  (15a)
HY, = (e + Qup)EDTTD + (& — Qpe)EeTTFe + (& — Q) Eaa")a,  (15b)
His = (Qea+ Qpe)Ecl T e + (8 — Qua)EadTFa + (8 — Q) 5bTTD,  (150)
Hfy, =[Gy — Qup(Ea+Ep)]aTTFD, (15d)
H§1 = [cCa — Qea(Cc + gu)}éTJkar (15e)
HS; = (88 — Q8+ Eo)]BTTRe, (15f)
where B azé‘a _ bzg’b B czé‘c _ azgu B bzg’,‘b _ czg’,‘c
Qu = 22 Qe = 22 Oy = SR (16)

and where the matrices J¥ are:

00 1 000 000
'=loo0oo0 |, JPP=lo0oo0o1}|, PP=|000|. (17)
100 010 00 1

As the interior potentials at the first and second order have a quadratic dependence
on spatial coordinates, the self-induced velocity field is linear and preserves the ellipsoidal
form. Thus, the self-induced velocity field has the form u, = S,X, where the self-induced
flow matrix S, is given by:

So = LIt + Ly ¥ + Ly (@) + @), (18)
where the skew matrices are defined as:

00 0 0 0 0 -1 0
L,=( 00 —x |, Ly=( 0 0 , L,=(1 0 o], (19
01 0 -1 0 0 0 0

and where the scaling factor x = N/ f arises where the velocity field depends on z deriva-
tives of the vector potential components.

For the background shear flow field, we use the form derived by [20] for the QG case.
They considered the effect of a single distant vortex of strength x;, located at x = X, ata
distance R from the ellipsoidal vortex of strength «x, located at the origin (see Figure 1);
then, the background flow matrix can be written as:

0 4(14+3cos20)+p 3sin26
(1) _
Sb =9 ,

o o=

1-B 0 0
0 0 0

(20)

where 7 is the “strain rate”, defined as:

v =K,/ R, (21)
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where
B=(kp+x0)/1p=1+10/%p (22)

is a parameter depending only the ratio of the vortex strengths, and where 6 is the angle
of the vortices in the y — z plane. For the case of a cyclonic (anticyclonic) vortex where
@ > 0 (@ < 0), this implies that x, > 0 (x, < 0) and v > 0 (y < 0). Thus, as was noted
in [23], for both the cyclonic and anticyclonic vortices when B < 1 we have opposite-signed
interactions, while for B > 1, we have like-signed interactions. The case where § = 1
implies |x},/x,| — 00, corresponding to the special cases of adverse shear for ¢y > 0 and
cooperative shear for 7 < 0. In what follows, we only consider the case of adverse shear
when § = 1. The second-order corrections were considered in [17], although they found
that they had negligible impact on the equilibria found; therefore, we neglect them here.

Kb

Figure 1. Schematic of the ellipsoidal vortex of strength x, whose axes of length 4, b, and ¢ are
directed along the unit vectors &, b,and ¢, respectively, and where the vertical axis c is tilted about
the x-axis by an angle 7. The vortex is in the presence of background flow induced by a vortex of
strength «;, at a distance R and at an angle 6 with respect to the vortex. Note that 4 is parallel to the
x-axis, which is directed out of the page in this perspective.

Thus, given the background flow parameters and an initial vortex strength, shape, and
orientation, the vortex evolves according to Equation (6), with the self-induced flow matrix
S, given by Equation (18) and with the background flow matrix S; given by Equation (20).
For the background flow, we consider here that the matrix component B3 is constant.
This arises because the time dependence of the B33 component in Equation (6) is equal to
2(S31B31 + S32Ba3 + S33Bss) and, for the background flow considered here, B3; = S3; =
S33 = 0. While this is always the case in QG, this is only true for certain configurations
of the background flow matrix S; in the QG + 1 system. As noted in [23], this implies
that the height-to-width aspect ratio, given by h/r = \/4m/ 3VB§§4, is constant. Thus,
the vortex system can be specified by the parameter values (@, f/N,h/r,v,B,0). In what
follows, we consider f/N = 0.1, typical in large-scale flows, and we fix the magnitude of
the PV anomaly, |@| = 0.5. While we fix the magnitude of the PV anomaly, we explore the
cyclonic-anticyclonic asymmetries considering @ = £0.5.



Fluids 2024, 9, 208

6 of 22

2.2. Vortex Equilibria and Linear Stability

From the equation governing the evolution of the vortex, Equation (6), we can deter-
mine steady states that satisfy the following:

SB +BST =0. (23)

This equation can be solved numerically using an iterative linear method introduced
by [23]. An initial guess for the matrix B is used, and then the linearized form of Equa-
tion (23) is used to obtain the next iteration. Equation (23) cannot be inverted directly,
but instead one equation must be removed and conservation of volume enforced to close
the equations. For the lowest strain value, the initial guess is a vortex having a circular
cross section aligned with the coordinate axes, while for the initial guess, for each further
increment of the strain value, we use the equilibrium obtained for the previous strain
values. We apply the iterative process until the root mean square difference between the
elements of the matrix B at successive iterations is less than 10~1°. If the difference between
iterations is greater than 1 or if the number of iterations exceeds 10,000, then the procedure
is stopped, and we assume there is no steady state for the particular parameters considered.
This procedure is applied for each set of specified parameter values (h/r,p,0) and for
the QG, QG + 1 cyclonic, and QG + 1 anticyclonic cases. The procedure is first applied
to the smallest value of the strain rate, |y| = 10~° and, once the equilibrium is found,
the strain rate is incremented by dy = 10~°. The procedure is repeated until we reach a
critical turning point strain, 7., i.e., the strain value beyond which there are no more steady
states. In general, the critical strain is different for the QG, QG + 1 cyclonic, and QG + 1
anticyclonic equilibria.

As well as determining the equilibria, we wish to analyze their linear stability to
ellipsoidal modes, i.e., the m = 2 mode that corresponds to changes in the vortex shape
that preserve its ellipsoidal form. This mode has been shown to be the marginal mode of
instability for QG ellipsoids [24]. We compute the linear stability following the method
of [24], where the shape matrix is decomposed into:

B(t) = B, + Be”, (24)

where B, is the equilibrium part, and the second term is an infinitesimal perturbation.
By Taylor expansion of the flow matrix S and by substituting Equation (24) into Equation (6),
one can obtain an eigenvalue problem where o and B are the eigenvalue and eigenvector,
respectively, and where o = ¢; + ig;, where the real and imaginary parts are the growth
rate and frequency of the mode, respectively (see [24] for details).

3. Results

Here we compute the equilibria for a range of values of the background flow pa-
rameters B and 6 and for a number of values of the height-to-width aspect ratio //r.
For each height-to-width aspect ratio considered, we examine both like-signed interactions
with 1 < B < 6 and opposite-signed interactions with —4 < B < 1, while we consider
values of the angle of incidence 0° < 6 < 90°. For every case, we will compute the QG,
QG + 1 cyclonic, and QG + 1 anticyclonic equilibria up to the margin of stability, and we
define the magnitude of the marginal strain rate for QG, QG + 1 cyclonic, and QG + 1
anticyclonic equilibria as js, vy , and Y2, respectively.

The steady states of this system have recently been solved in [17], although the focus
there was on the magnitude of the marginal and critical turning point strain and how they
change with the background flow parameters. Here we wish to revisit this, although we fo-
cus on how the vortex shape and orientation change with the background flow and quantify
the asymmetry between the cyclonic and the anticyclonic equilibria. We characterize the
shape of the vortex by defining the horizontal aspect ratio as = a/b and the vertical aspect
as T = c¢/+/ab, while the orientation is specified by the tilt angle 5 (Figure 1). Using these
aspect ratios, the ellipsoid semi-axis lengths are given by a = oV2 13 p =1/ (51/ 271/ 3),
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and ¢ = 72/3, where abc = 1, thus fixing the volume of the ellipsoid without loss of

generality. Note that the vertical aspect ratio is different than the height-to-width aspect
ratio 11/r and that it can vary with different strain values.

3.1. Vortex Characteristics as a Function of Strain

In Figure 2, we plot the horizontal and vertical aspect ratios and the tilt angle as a
function of strain for QG (black), QG + 1 cyclonic (blue), and QG + 1 anticyclonic (red)
equilibria for three different values of 0 in the case of an oblate vortex with h/r = 0.4
and considering the case of like-signed interactions with = 2.

(a) 101 — QG 0420 — QG — QG
— QG+1 cyclonic — QG+1 cyclonic — QG+1 cyclonic
— QG+1 anticyclonic 0.415 — QG+1 anticyclonic 0.04 — QG+1 anticyclonic
0.9
0.410
0.02
0.84 0.405
) T 0400 0.00
0.71 77
0395
-0.02
061 039
0.385
054 -0.04
0.380
0.000  0.001 0.005  0.006 0.000  0.001  0.002 0.003 0.004 0.005 0.006 0.000  0.001 0.002 0.003 0.04 0005 0.006
(b>1.0< — QG 0.400 301 — Q6
— QG+1 cyclonic — QG+1 cyclonic
— QG+1 anticyclonic 5 — QG+1 anticyclonic
5
0.9 0398
2.0
081 039
) 7151
0.71
0.394
1.0
0.6
0.5
03929 ¢
— QG+1 cyclonic
0.51 — QG+1 anticyclonic 0.0
T T T T T T T T 0.390 T T T T T T T T T T T T T T T T
0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008
C 5
1.0 — QG 0.400 — QG
— QG+1 cyclonic — QG+1 cyclonic
— QG+1 anticyclonic — QG+1 anticyclonic
4
0.9 0.395
3
6 0.8 0.390
2
0.71 0.385
1
061 03807 — Q6
— QG+1 cyclonic
— QG+1 anticyclonic 0
T T T T T T T T T T T T T T T T T T
0.000  0.002 0.010 0.012 0.014 0.000 0.002 0.004 0.06 0.008 0.010 0012 0.014 0.000 0.002 0.004 0.006 0.008 0010 0012 0.014

Figure 2. The vortex equilibrium values of J (left column), T (middle column), and # (right column)
as a function of the strain rate for QG (black line), QG + 1 cyclonic (blue), and QG + 1 anticyclonic
and for (a) 8 = 0°, (b) & = 30°, and (c) & = 60° for an oblate vortex with /1/7 = 0.4 and for like-signed
interactions with 8 = 2.

For the case when 0 = 0, Figure 2a, only the horizontal aspect ratio varies with
the strain. That is, when there is no vertical shear, there is no tilting of the vortex, and
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the vertical aspect ratio is equal to the height-to-width aspect ratio. On the other hand,
the horizontal aspect ratio decreases with increasing strain, with the cyclonic values being
less than the anticyclonic values for a given strain value. However, as the marginal strain
rate of the anticyclonic equilibria are higher than those of the cyclones, the marginal
horizontal aspect ratio ends up being the same for anticyclones and cyclones. For the cases
6 = 30° and 6 = 60° in Figures 2b and 2c, respectively, the equilibria tilt angle increases as
the strain increases. As the equilibria increasingly tilt with the strain, the vertical aspect
ratio T decreases. For a given strain rate, the deformation of the cyclonic vortex is greater
than the anticyclonic case. However, the marginal strain is greater for the anticyclonic
vortex, and so at the marginal strain, the anticyclone is more tilted and has a smaller vertical
aspect ratio than the cyclone.

In Figure 3, we plot the parameters for the case of a prolate vortex with h/r = 2.5.
When there is no vertical shear, § = 0 (Figure 3a), the behavior is similar to that which
was seen for the oblate case, although in this case, at the marginal strain, there is stronger
asymmetry of the horizontal aspect ratio, with the horizontal aspect ratio of the cyclonic
equilibrium being much less than the anticyclonic equilibrium.

(a)l.oo

0.95
0.90
0.85

0.80

1.00
0.98

J 0%
094
092

0.90

0.

(C) 108

1.06
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5 1.02
1.00
0.98

0.96

0.94

— QG

— QG+1 cyclonic
— QG+1 anticyclonic

— QG

— QG

2.60

2.55

— QG+1 cyclonic
— QG+1 anticyclonic

0.04

0.02
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— QG+1 anticyclonic

T 250

245

2.40

77 0.00

-0.02

-0.04

0.002 0.004

0.006 0.008 0.010

0.000 0.002 0.004

0.006 0.008 0.010

0.000 0.002

0.004

0.006 0.008 0.010

— QG
— QG+1 cyclonic
— QG+1 anticyclonic

— QG
— QG+1 cyclonic
— QG+1 anticyclonic

33

32

— QG
— QG+1 cyclonic
— QG+1 anticyclonic

T T
000 0.001 0.002

T T T T
0.003 0.004 0.005 0.006

T T
0.000 0.001 0.002

T
0.003

T T T
0.004 0.005 0.006

T T
0.000 0.001 0.002

T
0.003

T T T
0.004 0.005 0.006

— QG
— QG+1 cyclonic
— QG+1 anticyclonic

— QG
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— QG+1 anticyclonic

3

o

— QG
— QG+1 cyclonic
— QG+1 anticyclonic

T T T T T T T T
0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008

Figure 3. The vortex equilibrium values of § (left column), T (middle column), and # (right column)
as a function of the strain rate for QG (black line), QG + 1 cyclonic (blue), and QG + 1 anticyclonic
and for (a) 8 = 0°, (b) 0 = 30°, and (c) 6 = 60° for a prolate vortex with &1 /r = 2.5 and for like-signed

interactions with g = 2.

T T T T T T T T
0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008

T T T T T T T T
0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008
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When there is vertical shear, Figure 3b,c, there is even stronger asymmetry in the
horizontal aspect ratio, with the cyclonic case decreasing with strain, while the anticyclonic
case initially decreases but eventually increases and becomes larger than its initial value.
Unlike the oblate case, the vertical aspect ratio increases with the strain rate, while the
vortex has a much larger degree of tilting. Additionally, conversely to the oblate case, for a
given value of the strain rate, the anticyclonic vortex is more deformed and has a greater
tilt angle than the cyclonic case.

Next, we consider the case of opposite-signed interactions with f = 0 and show the
cases hi/r = 0.4 and h/r = 2.5 in Figures 4 and 5, respectively.

L L L L L L L L L L L L L L L L L L L L L L L L
(8)500]— 0o Yy % e
— QG+1 cyclonic — QG+1 cyclonic — QG+1 cyclonic
2,751 — QG+1 anticyclonic 04154 — QG+1 anticyclonic 0.04 — QG+1 anticyclonic
2.50 0.410
0.02
2.25 0.405 1
0 20 L7 0400 n 00
175 0.395
-0.024
150 0.3901
125 0.385 1 0,041
1.00 03801
0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200 0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200 0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200
(b)ws — QG 0.4001 — QG — QG
— QG+1 cyclonic — QG+1 cyclonic gl — QG+1 cyclonic
250 — QG+1 anticyclonic — QG+1 anticyclonic — QG+1 anticyclonic
0.398
225 6
2.00 0.396
0 T \
1.75
0.394
1.50
2
125 0.392
1.00 0
T T T T T T T T 0.390 T T T T T T T T T T T T T T T T
0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200 0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200 0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200
(C) — Q6 04001 — QG 10{— a6
2.0 — QG+1 cyclonic — QG+1 cyclonic — QG+1 cyclonic
— QG+1 anticyclonic — QG+1 anticyclonic — QG+1 anticyclonic
8
1.8 0.395
6
1.6
0.3901
) T
144 44
0.385
1.2 29
0.380 1
1.0 01
T T T T T T T T T T T T T T T
0.000 0.005 0.010 0.015 0.020 0.025 0.000 0.005 0.010 0.015 0.020 0.025 0.000 0.005 0.010 0.015 0.020 0.025

Figure 4. The vortex equilibrium values of ¢ (left column), T (middle column), and 7 (right column) as
a function of the strain rate for QG (black line), QG + 1 cyclonic (blue), and QG + 1 anticyclonic and
for (a) 8 = 0°, (b) 8 = 30°, and (c) 8 = 60° for an oblate vortex with &/r = 0.4 and for opposite-signed
interactions with g = 0.
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One significant difference between the opposite and like-signed cases is that the
opposite-signed horizontal aspect ratio increases with the strain rate for both oblate and
prolate cases, whereas this only occurs for anticyclonic prolate equilibria when there is
vertical shear. Overall, the opposite-signed equilibria are more deformed than the like-
signed equivalent cases, probably linked to the fact that the marginal strain values for
opposite-signed interactions are much larger those for like-signed interactions. However,
the overall asymmetry between the cyclonic and anticyclonic equilibria for the opposite-
signed interactions is reduced in nearly all cases, except for the prolate case with 8 = 60°
(Figure 5c).
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Figure 5. The vortex equilibrium values of § (left column), T (middle column), and # (right column) as
a function of the strain rate for QG (black line), QG + 1 cyclonic (blue), and QG + 1 anticyclonic and

for (a) 0 = 0°, (b) 6 = 30°, and (c) & = 60° for a prolate vortex with /1/r = 2.5 and for opposite-signed
interactions with = 0.
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3.2. Asymmetry at the Marginal Strain

Now we examine how the shape characteristics of the cyclonic and anticyclonic equi-
libria at the marginal strain rate change with the background flow parameters. Similar to
how we refer to the marginal strain rates for QG, QG + 1 cyclonic, and QG + 1 anticyclonic
equilibria, we define the marginal shape characteristics for the QG, QG + 1 cyclonic, and
QG + 1 anticyclonic respectively as: dj¢, 8,7, and 6% for the marginal horizontal aspect
ratio; T,ﬁg , T,iy ,and 17 for the marginal vertical aspect ratio; and mqng , ryfny , and ;¢ for the
marginal tilt angle. First, we will consider the dependence on the vertical offset §, beginning
with the case of like-signed interactions in Figure 6.
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Figure 6. Plot of the marginal values of the strain rate 7y, (left column), the horizontal aspect ratio d,
(second column), the vertical aspect ratio T, (third column), and the tilt angle 7, (right column) as a
function of 6 for like-signed interactions with § = 2 and for (a) h/r = 0.4, (b) h/r = 0.8, (c) h/r =1,
(d) h/r = 1.25,and (e) h/r = 2.5. The black, blue, and red curves are the QG, QG + 1 cyclonic, and
QG + 1 anticyclonic cases, respectively.
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We plot the marginal strain rate 7,, and the shape and orientation variables at the
marginal strain rate as a function of 0 for the cases when = 2 and for (a) h/r = 04,
(b) h/r =08, (c) h/r =1,(d) h/r = 1.25,and (e) h/r = 2.5. The marginal strain rate shows
similar dependence on 6, with the the largest values occurring at 8 = 90°. However, for
the oblate cases (h/r < 1), 9% > Yo, meaning that the anticyclonic oblate vortices are
more stable, while the reverse is the case for the prolate cases (h/r > 1). The horizontal
aspect ratio d,; also tends towards larger values for large 6, although the dependence on
6 changes with //r. In particular, the most prolate case /i/r = 2.5 differs from the other
cases, as it has the strongest cyclone—anticyclone asymmetry at large 6, whereas for the
other values of /1/r, the asymmetry is strongest for low 6. For all aspect ratios, 6% > 4,7,
and the value of J is closest to unity for 8 = 90°, i.e., for the largest value of vertical shear,
the equilibrium horizontal cross section becomes more circular. For the vertical aspect
ratio, there is similar behavior for the cases where h/r < 2.5, with 7, decreasing with
6 until it reaches 0 ~ 70°, at which point it increases again, returning to near the initial
value, with T° < T-,Cny . However, for h/r = 2.5 (Figure 6e), T increases with 6, reaching
a maximum at about  ~ 70°, before returning to the initial value. In this case, T2 > T7,;/.
The marginal tilting angle 7, for all h/r initially increases with 6, although this increase is
more abrupt for I /r close to unity. For most values of /1/7, the tilting angle decreases at
large 0, except for the case I/r = 1, where the value remains high for the largest 6. Overall,
looking at the asymmetry in the shape and orientation, it is clear that the anticyclonic
equilibria undergo greater deformation than the cyclonic ones. The greatest difference
between the anticyclonic and cyclonic marginal shape most often occurs at 6 ~ 70°, with the
exception of when /i/r is close to unity (Figure 6b,c,e), with J,;, and 7, having the largest
asymmetry when 6 = 0°.

In Figure 7, we consider the dependence on 6 for the opposite-signed case with g = 0.
Here, there is very different behavior for the most oblate case, i/r = 0.4, and for the other
cases. For the strongly oblate case in Figure 7a, we see that 7% > 7, although there are
very few differences between the shape and orientation of the cyclonic and anticyclonic
equilibria. The horizontal aspect ratio decreases with 6, while the vertical aspect ratio
initially decreases to a minimum at 8 ~ 60° before increasing back to its original value.
Conversely, the tilt angle increases to a maximum of 10° before returning to zero. For
h/r > 0.4, the behavior of all the variables looks dramatically different from the most
oblate case, with a kink appearing in the dependence at 6 ~ 60°. This kink has been seen
before in [17,24] and is associated with a swap in the horizontal axes a and b of the equilibria
when the shape matrix component Bj; = By,. It marks a transition in the behavior of the
variables, with the vertical aspect ratio and the tilt angle reaching a maximum at this point
before decreasing, while for the horizontal aspect ratio, it is close to the point where we go
from 0 < 5fny to op¢ > (5fny . For 4, interestingly, when there is no vertical shear, § = 0°,
and the horizontal cross section is more deformed, with J,, much larger than 1; however, as
the vertical shear increases, the horizontal cross section becomes more circular. In the case
of the vertical aspect ratio and the tilt angle, the greatest asymmetry between the cyclonic
and anticyclonic equilibria occurs where the kink occurs, whereas for the horizontal aspect
ratio, the strongest asymmetry occurs for 6 = 0°. Overall, the asymmetry is largest for the
prolate cases (h/r > 1).

Next, we look at how the shape characteristics of the equilibria at the marginal strain
rate change with the parameter B. In Figure 8, we plot the equilibria conditions at the
marginal strain as a function of j for the case of like-signed interactions.

For all values of /1/r, the marginal strain vy;, decreases with increasing f, although there
is a difference between the oblate and prolate cases, with the oblate anticyclonic equilibria
being more stable than the cyclonic equilibria, 7% > v/, while the reverse is true for the
prolate cases. The marginal horizontal aspect ratios have similar dependence on § for all
values of 11/, with d,, increasing with 8, moving towards unity; the only exception is J;; for
the most prolate case, where the value decreases as § increases. In all cases, Jf > oY with
the strongest asymmetry occurring for i/r = 2.5. Similarly, for the vertical aspect ratio, we
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see different behavior for the most prolate case, with 1, decreasing with §, while for all
the other values of 11/, T, increases with B. In all cases, T, approaches 1/ as  increases.
For the tilting angle 7, there seems to be a separation between the cases with /1/r close to
unity and the extremely oblate and prolate cases, with the most oblate and prolate values
decreasing with 8, while the other cases increase with . Overall, the asymmetry tends to
increase with §, with only the most oblate and prolate cases defying this trend for 6.
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Figure 7. Plot of the marginal values of the strain rate v, (left column), the horizontal aspect ratio
Om (second column), the vertical aspect ratio T, (third column), and the tilt angle #,, (right column)
as a function of 6 for opposite-signed interactions with § = 0 and for (a) h/r = 0.4, (b) h/r = 0.8,
(¢)h/r=1,(d) h/r = 1.25,and (e) h/r = 2.5. The black, blue, and red curves are the QG, QG + 1
cyclonic, and QG + 1 anticyclonic cases, respectively.
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Figure 8. Plot of the marginal values of the strain rate 7, (left column), the horizontal aspect ratio &,
(second column), the vertical aspect ratio Ty, (third column), and the tilt angle #;, (right column) as a
function of B for like-signed interactions with 8 = 30° and for (a) 1/ = 0.4, (b) h/r = 0.8, (c) h/r =1,
(d) h/r =1.25,and (e) h/r = 2.5. The black, blue, and red curves are the QG, QG + 1 cyclonic, and
QG + 1 anticyclonic cases, respectively.

In Figure 9, we look at the dependence on f for opposite-signed interactions.
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Figure 9. Plot of the marginal values of the strain rate ;; (left column), the horizontal aspect ratio

-1 0

B

Om (second column), the vertical aspect ratio 7, (third column), and the tilt angle #,, (right column)
as a function of B for opposite-signed interactions with 8 = 30° and for (a) h/r = 0.4, (b) h/r = 0.8,
() h/r=1,(d) h/r =1.25,and (e) h/r = 2.5. The black, blue, and red curves are the QG, QG + 1
cyclonic, and QG + 1 anticyclonic cases, respectively.

Here, the marginal strain behaves the same for all values of i /r, with v, increasing
rapidly as 3 goes to 1. These larger marginal strain values on the approach to = 1 mark
extreme deformation of the horizontal cross section of the equilibria, with J;, increasing
dramatically for all values of /7. Instead, the behavior of the marginal vertical aspect ratio
T, changes with //r, with the most oblate cases (Figure 9a,b) decreasing with , whereas
for the other values of h/r, it increases with B, except for 1 for h/r = 2.5 (Figure %e).
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Apart from the most oblate case 11/r = 0.4, both the vertical aspect ratio 7, and the tilt
angle 77, show increasing asymmetry as  decreases, with the anticyclonic values tending
to increase while the cyclonic values decrease. Generally, it appears that, as we move away
from B = 1 for both like-signed and opposite-signed interactions, the asymmetry increases.

3.3. Approximate Equilibrium Solutions

In order to clarify how the vortex characteristics depend on the background flow, it
is worth trying to find approximate solutions for the equilibria. Given the form of the
background flow, we have found that the equilibria are always tilted about the x-axis,
implying that the axis vectors are:

1 0 0
a= 0o |, b= cos 1 , ¢ = siny . (25)
0 —siny cosy

This means that the shape matrix always has a particular form, with By = B3; =0,
and so the other components can be written in terms of the parameters 6, T, and #:

)

By = 273" (26a)
) .

By = 27 [1 — (1 —07%) sin? 17} , (26b)
) .

Bz = 27 [5'(2 + (1 — 672) sin? 17} , (26¢)

0 > .
By = 27 (57 - 1) sin# cos 7. (26d)

Similarly the self-induced flow matrix has only certain non-zero components, which
can be written as:

Syi2 = qo+q1 sin? N+ q2 sin* 1, (27a)
Spiz = [ro + 11 sin? 1| sinry cosy, (27b)
Sw1 = So+s1 sin? 1, (27¢)
Sw31 = tgsinycosy, (27d)

where the coefficients are:

q0 = Gp(—1+28) — (8 +28c), (28a)
g1 = &y — & —68p¢c +3(5pQap + GcQa) + Qe (78 + 98c), (28b)
72 = 8[CuGe — M8y + Ge)] — 3(8p Qb + G Qca), (28¢)
ro = &p—Ge—6GpGc +385cQea + Qe (58 +78c), (28d)
r1 = 12[¢Cc — Mpe(8p + &e)] — 3(EpQup + EcQa), (28e)
so = Ga(1—28c) + Qea(28c + Ca), (28f)
s1 = 28a(Gc — Cp) + Qup(8a +28p) — Qca(28c + Ca), (28g)
e = L0 (E — &) + uplEn — )+ Gall — &) (28)

As a result of the form of the shape and flow matrices, equilibrium Equation (23)
reduces significantly to just two equations:

531B11 + S13B33 + S12B3 = 0, (29a)
S21B11 + S12B2 + S13Bz = 0. (29b)
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Given these two equations, as well as the fact that the B33 component is constant,
we have three equations in the three unknown variables J, 7, and 7. However, since the
self-induced flow matrix S, depends on these variables through the elliptical integrals,
these equations cannot be directly solved. However, we can obtain approximate solutions
by expanding these variables in the strain rate, i.e.,:

= S+ 76 +7%0+O(), (30a)
T = T+ + ’)/2T2 + (’)(73), (30b)
= no+ym+7rm+0H3). (30c)

We assume that the unperturbed solution when no strain is applied has a circular cross
section, dy = 1, is upright, 179 = 0, and that the initial vertical aspect ratio is equal to the
height-to-width aspect ratio, i.e., 79 = h/r. We can Taylor expand the self-induced flow
matrix components about this unperturbed configuration as follows:

S,
oT

v

35 |5,

S
(T—T()) + 87772}

(6—60) +

(n—no)+..., 31)
o

Sv(9,7,1) = Su(do, 0, 10) +

T

where derivatives with respect to the aspect ratios can be related to derivatives with respect
to the axis lengths by

8&87412 %% asyy_ 1 2080 9So (32a)
da2 95 b2 95  dc2 35 H272/3 da>  db?

8&812 @% aﬂy = __2 (5295 9S _ 25T 2980 , (32b)
da2 9t Jb%2 ot 9oc% 9T 36t5/3\" a2 " 9b2 ac2

and where we use formulas for the derivatives of the elliptical integrals that have been
derived in previous works [17,24]. By applying these formulas in the equilibrium relations
in Equation (29) and matching the coefficients at different orders, we get, at the first order:

3(1 4 cos 26 372 in 20
L P e L @)
1 2

and at the second order, we find:

Az + T3[8(B — 1) — A161)é1

6 = , 34
2 2004, (342)
3 -3
Tz — T, (34b)
Ay +2(P—1)(1—
= [A4d1 + (ToA )( /3)]771, (340)
2
where
- aSO
A = 4(s0+85) (35a)
Ay = 2[so—|—t0+1’0(ro—so)] (35b)
Az = 4[(t5 —1)(so+to) — (91 +51)], (35¢)
. al’o al'() (TO — 1)A1
he = ai(a ) i W] BNy

where all of these coefficients are evaluated at the unperturbed state with 6 = 6y, T = 1,
and 7 = 179. From these equations, we see that, when there is no vertical shear (6 = 0),
the T and 7 disturbance terms vanish, with only the horizontal aspect ratio § varying.
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In fact, the vertical aspect ratio has no linear dependence on the strain-rate, i.e., 77 = 0.
Additionally, there is no dependence on f at the first order. The dependence of é; on cos 20
implies that the values with the largest magnitude will tend to occur for § = 0°; therefore,
as the cyclonic and anticyclonic strain rates are differently signed, we would expect the
strongest asymmetry to occur at this value, i.e., when there is no vertical shear. This is
overall what we have seen when examining the dependence on 6 in Figures 6 and 7 for like-
signed and opposite-signed interactions, respectively. On the other hand, the dependence
of T, on sin # means that the largest magnitudes occur for # = 45°. This explains to some
extent why the strongest asymmetries in T seen in Figures 6 and 7 occur for larger values
of 6, although it tends to occur at even higher values, 8 ~ 60°, implying that higher-order
terms play a role.

The dependence on f first appears at the second order for § and #, but not for 1.
The appearance of  — 1 in J; and 7, means there will be a change in sign for these terms
passing from the like-signed (8 > 1) and opposite-signed cases (8 < 1). In order to see the
dependence of T on 3, we have to go to the next order, which can be easily done using the
condition of constant Bs3 and gives:

3o +2(5 — Vi m
T3 = 47, . (36)

while 13 has a relatively simple form, the third order of § and 7 is significantly more
complicated depending on second- and third-order derivatives of the elliptical integrals,
and so we do not compute them here. However, the third-order coefficient for T reveals
the dependence on B through the appearance of 7, in Equation (36). For 72, the f — 1 term
is multiplied by 72 — 1, meaning that the sign of this term also depends on whether the
vortex is oblate or prolate, and so both 77 and T will have a strong dependence on /7, as
we have seen in Figures 8 and 9.

In Figure 10a,b we plot 4, T, and 7 as a function of -y for the cyclonic and anticyclonic
cases, respectively, where h/r = 2.5, = 2, and 6 = 30°.

We plot the perturbation solutions at the first order (dashed blue curve) and the second
order (dashed red curve), as well as the full solution (solid black curve). For the vertical
aspect ratio, we also plot the third-order solution (green curve). For low values of the strain,
both the first- and second-order perturbation solutions remain close to the full solution.
At larger strain rates, the variables depart from the linear solution, with the direction of this
deformation being captured by the higher-order perturbation solutions. In particular, the
large asymmetry in J, with the cyclonic value decreasing as the anticyclonic value increases,
is initially captured by the second-order perturbation. The change in the anticyclonic trend
is due to the fact that, for like-signed interactions, the anticyclonic strain is negative, and so
there is a sign change between the first- and second-order terms, i.e., ¢ = dy — yd1 + Y26,.
However, as the strain-rate approaches the marginal value, even the second-order and
third-order corrections cannot capture the change in the shape and orientation, implying
that even higher-order terms are needed to fully capture the deformation.

In Figure 11, we plot the perturbation values for the opposite-signed case of an oblate
vortex, with h/r = 0.8, B = —4, and 6 = 30°.

This case is one in which we have previously seen (Figure 9b) that there is strong
asymmetry in the tilt angle. This asymmetry in # is fairly well captured up to high strain
values. For ¢ and 7, the perturbation approximation captures the equilibria for low strain
rates. However, as was seen for the like-signed case, as we approach the marginal strain
rate, the error grows, particularly for 6%, implying the need for higher-order corrections.
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Figure 10. The vortex equilibrium quantities ¢ (left column), T (middle column), and # (right column)
as a function of the strain rate for (a) QG + 1 cyclonic, and (b) QG + 1 anticyclonic cases where
h/r =25, B =2,and 6 = 30°. The solid black curve is the full solution, while the dashed blue, red,
and green curves are for the approximate solutions up to the first (n = 1), second (n = 2), and third
orders (n = 3 for T only) in the strain rate, respectively.
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Figure 11. The vortex equilibrium quantities ¢ (left column), T (middle column), and # (right column)
as a function of the strain rate for (a) QG + 1 cyclonic, and (b) QG + 1 anticyclonic cases where
h/r =0.8, B = —4, and 6 = 30°. The solid black curve is the full solution, while the dashed blue, red,
and green curves are for the approximate solutions up to the first (n = 1), second (n = 2), and third
orders (n = 3 for T only) in the strain rate, respectively.



Fluids 2024, 9, 208

20 of 22

4. Discussion and Conclusions

In this work, we have examined how the shape and orientation of a vortex subjected
to a background shear flow change as the background flow parameters are changed.
In particular, we looked at how differences between cyclonic and anticyclonic equilibria can
be induced by changing the level of strain and shear. It was shown that, in the absence of
vertical shear, horizontal strain had the greatest impact on the horizontal cross section of the
ellipsoidal vortices. Horizontal strain produced the strongest asymmetry in the horizontal
aspect ratio of cyclonic and anticyclonic vortices, with cyclonic vortices becoming more
deformed. This has been seen in shallow water turbulence, where anticyclones tend to
be more axisymmetric than cyclones [7,11,25]. Instead, vertical shear tends to tilt the
vortex from an upright position and changes the vertical aspect ratio. Vertical shear affects
anticyclonic vortices more strongly than cyclonic vortices, with the strongest asymmetry
occurring for large values of vertical shear. A mechanism that can damp the tilt angle
produced by vertical shear has been seen in QG columnar vortices [26,27], although it is not
known if this produces cyclonic-anticyclonic asymmetry in such vortices at the next order
to QG. However, more recently, a study of a vortex merger at the finite Rossby number [28]
showed that anticyclonic vortices are more susceptible to vertical shear, with vertically
offset anticyclones merging from further apart than the equivalent cyclonic cases.

We also found that the shape and orientation of the equilibria also depend on the
parameter § = 1+ x,/xp, i.e., the ratio of the target and background vortex strengths,
with the vortex shape being most deformed as g — 1. However, the asymmetry between
the cyclonic and anticyclonic equilibria increases as § moves away from § = 1 for both
like-signed (B > 1) and opposite-signed interactions (8 < 1). The importance of both the PV
ratio and the vortex volume have recently been investigated in the case of counter-rotating
vortex pairs at the finite Rossby number [29] and for vertically aligned hetons [30]. Both
these studies point out that, as a result of stronger motions induced by the anticyclonic
vortex relative to the cyclone, this leads to the anticyclone dominating the evolution of
the two vortices. Here we have seen that, over the range of values of the parameter 3, the
horizontal aspect ratio of the cyclonic vortex is more deformed than the anticyclone, while
the vertical aspect ratio of the anticyclone is generally more deformed. This deformation of
the vertical aspect ratio when there is vertical shear is compensated by the increased tilting
of the anticyclone with respect to the cyclone, an effect that is seen in the two vortex merger
experiments of [28,29] for co-rotating and counter rotating vortices, respectively.

In order to understand the dependence of the equilibria on the background flow
parameters, we derived an approximate model based on an expansion in the strain rate -.
While the formulas derived capture the equilibria shape and orientation up to intermediate
values of the strain rate, they cannot fully capture the dependence at high strain values up
to the marginal strain, where strong interactions like mergers between vortices would be
expected to take place. However, the higher-order terms do provide some insights into
how the asymmetry between cyclonic and anticyclonic cases arises and its dependence on
the background flow parameters. Future work extending the QG + 1 ellipsoidal model
to the multi-vortex case would help provide better insights into this asymmetry by first
providing a better understanding of ageostrophic corrections in two vortex interactions.

Here we have considered an idealized case of an isolated vortex in the presence of a
background shear flow. This case can provide insights into cyclone-anticyclone asymmetry
when there is no forcing, such as subsurface eddies in the deep ocean. However, in the
upper ocean boundary, forcing and Ekman effects can also drive cyclone-anticyclone
asymmetry [9,31-33]. Further work is needed to understand how the approach considered
here can be applied to the case where there is such forcing.
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