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ABSTRACT: The present study propose a theoretical prediction method of the fluid force
acting on a free-falling body, introducing a developed 2D+t method, where the body is cut
into a series of slices. The hydrodynamic behaviors of each slice are obtained by the extended
von Karman’s momentum theory. This capability of the proposed method could be seen as a
promising tool for theoretically predicting hydrodynamic behaviors during aircraft ditching.

1. INTRODUCTION

Aircraft ditching is one of the most extreme emergency circumstances that involves the in-
tentional impact of an aircraft with water and includes four phases such as approach, impact,
landing and floatation [1]. In a planned ditching event predicting hydrodynamic loads is very
important to guarantee safety and ensure the certifications’ respect. To address related prob-
lems about the hydrodynamic behaviors, researchers have developed theoretical methods using
a series of mathematical models [2, 3], conducted scaled-model experimental tests in the water
tanks [4, 5], and employed numerical strategies with various discretization ideas, such as the fi-
nite volume method [6], finite element method [7, 8], smoothed particle hydrodynamics method
[9, 10] and lattice Boltzmann with immersed boundary method [11]. These efforts have been
steadily advancing. After carefully evaluating the advantages and disadvantages in the concept
and preliminary design process, the latter two are deemed to be time-consuming and expensive,
whereas the former is more commonly favored due to its high efficiency.

The same is for planing craft in calm water where predicting the vertical force is quite
important [12]. Besides high-fidelity approaches, the use of fast and efficient solvers, albeit of
lower fidelity, is of primary interest for evaluating hydrodynamics loads in this kind of events. In
this perspective the 2D+t method can be considered as a valid option with its high calculation
efficiency. The 2D+t method is based on a slender body approximation and transforms the
three dimensional hydrodynamic problem into a series of two-dimension cross-section water-
entry problems ignoring the axial flow effect, with the shape and displacement of the section
changing in time, in an earth-fixed frame of reference. Thus, it is clear how the reliability of the
2D+t method depends heavily on the accuracy and efficiency of the 2D solver used.

By looking at the aircraft ditching problem from a 2D+t perspective, the type of motion
for each section can be treated either as a case of prescribed motion or as a case of free fall.
The present paper proposes a 2D+t multisection procedure to solve the hydrodynamic force of
a 3D free-fall model, similar to aircraft ditching case, that exploits the extended von Karman’s
momentum theory developed for the water impacting of a free-falling symmetric wedge [13].

Therefore, the present work outlines as follows. Section 2. presents the methodology
for the theoretical and numerical approaches, together with the detailed validation model and



computational setup, the main results are reported and discussed in Sec. 3. and final conclusions
are drawn in Sec. 4. .

2. METHODOLOGY AND NUMERICAL PROCEDURE

2.1 Development of 2D+t method

Pioneer research in water-entry problem has been conducted by von Karman [14], based on
momentum theorem and the added mass for the force prediction as the wedge-shaped body
penetrates the water surface. The theorem of momentum equation, used to predict the hydrody-
namic load during water entry impact, is expressed as follows:

Mυz0 = (M+madded) ·υz(t) (1)

where M is the mass of the wedge per meter, υz0 is the initial vertical velocity before the
impact, υz(t) is the instantaneous velocity during impacting and madded, namely added mass
briefly computed by madded = (πρr2(t))/2 (see Fig. 1), using the flat-plate approximation of the
added mass. It is assumed the a half disk of water with radius r(t) is moving together with the
wedge, ignoring the effect of water pile-up herein.

Figure 1 - Illustration of the water-entry scenario for the wedge.

Referring to the extended von Karman’s momentum theory [13] for the wedge falling freely
into water, it is possible to compute the maximal impact acceleration azmax and the correspond-
ing velocity υ∗

z , penetration depth z∗ and time t∗ when acceleration reaches its peak value:
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where γD is the pile-up coefficient derived from Dobrovol’skaya’s solution [15, 16]. It is proved
to be dependent on the deadrise angle β, defined as γD = −0.0114β+ 1.5669. As highlighted
in the previous study, it is evident that the values of azmax, υ∗

z , z∗ and t∗ are primarily influenced
by three key parameters (β, M and υz0). Building on this observation, the scaled parameters ãz,



υ̃z, z̃ and t̃ are then expressed as:
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Furthermore, the quantitative relationships described by Eq. (3) are applicable not only for
the peak acceleration but also throughout the impacting phase, encompassing the correlated
parameters. Thus, characteristic curves (υ̃z-z̃ and ãz − z̃) can be obtained during a free-fall
water entry of a wedge with a wide range of υz0, β and M when the instantaneous Froude
number Fr∗ is greater than 6.5 [13]. It is worth noting that the characteristic curves serve two
distinct implications:

a) a unified pattern derived from various cases.
b) each point on the characteristic curve corresponds to different conditions using varying

scaling factors (β, M and υz0).
Let now consider, as an example, the vertical free-fall water entry of a wedge-shaped pris-

matic, as depicted in Fig. 2. At the time instant t = ti, the instantaneous penetration velocity
υz(ti) and depth z of the body are first determined. By applying the 2D+t method, the body can
be split into multiple slices. i.e. the two arbitrary slices denoted as mth and nth, which have the
same velocity υz(ti), mass M and dearise angle β, but different penetration depths, zm and zn

respectively, which can be easily obtained from geometric calculations on the body.

Figure 2 - Explanation of the developed 2D+t method applied to the water-entry scenario
of a wedge-shaped prismatic body with multiple slices.

To figure out the total hydrodynamic force exerting on the body, the fundamental idea is
that, the hydrodynamic force on these two slices (penetration depth at zm and zn) can be treated
in relation to free-fall water entry cases with different initial vertical velocities υm

z0 and υn
z0. This

implies that multiple slices derived from the prismatic body simultaneously can be interpreted
as distinct free-fall water entry cases of 2D wedge-shape with different initial vertical velocities.
Note that the effect of fluid flow along the longitudinal direction is not considered herein.

A crucial aspect of this approach is the use of the known parameters (υz(ti) and z j) and
characteristic curves, derived from the extended von Karman’s momentum theory [13], to infer
the corresponding hydrodynamic force for the jth slice. Note that the variable j represents the
number of the slice ( j = 1, · · · ,m, · · · ,n, · · · ). In previous study [13], it has been demonstrated



the way from the relationship between the instantaneous velocity υzand the penetration depth
z for different conditions (β, M and υz0) to obtaining the characteristic curve related to υ̃z − z̃
after removing the variable parameters (see the first column in Fig. 3).

As the characteristic curve (υ̃z− z̃) serves as a unified scaling law for all free-fall water entry
cases [13], in the 2D+t perspective, all parameters are already known, except for the value of
υ

j
z0. The latter can be derived from the characteristic curve associated with several parameters

(υz(ti), z j, υ̃
j
z and z̃ j), υ

j
z0 = υz(ti)/υ̃

j
z , as shown in the second column in Fig. 3. By this way,

this derivation process, further points out the corresponding free-fall water entry case with the
initial velocity υ

j
z0 when the jth slice enters into water with penetration depth z j and velocity

υz(ti), as shown in Fig. 2.

Figure 3 - Inversion process of characteristic curves for free-fall water entry.

Similarly, the acceleration of the jth slice can be determined using the characteristic curve
(ãz − z̃, see the third column in Fig. 3) together with the following formula:
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where the value of ã j
z is directly extracted from the characteristic curve with the help of z̃ j. Next,

it is possible to evaluate the 2D hydrodynamic force acting on each jth slice and, consequently,
the total fluid force F̂z exerting on the prismatic body can be derived from the sum of all slices’
2D hydrodynamic forces.

2.2 Validation case

The proposed 2D+t multisection approach has been validated for the case of vertical free-fall
water entry of a varying cross-section prismatic body, as seen in Fig. 4. The prism has a width
W=0.2 m, length L=0.35 m and mass m=1 kg (density ρ=486 kg/m3), associated with a deadrise
angle β ranging from 10◦ on one side to 45◦ on another side.

A comparison with the CFD results computed by using the commercial package Star CCM+
as the two-phase flow solver has been done for validation. In the present study the unsteady
incompressible Reynolds-averaged Navier-Stokes equations, coupled with a standard k−ω two-
equation turbulence model, are solved using the finite volume method and the Volume of Fluid
(VOF) scheme, to capture the water-air interface.



Figure 4 - Schematic representation of the prismatic body with varying cross-section and
the computational domain.

3. RESULTS AND DISCUSSION

For further explaining the operation process of the proposed 2D+t method, the case of the
varying cross-section prismatic body entering water freely with initial vertical velocity υz0=4
m/s is investigated in the present study. Fig. 5 shows the time histories of kinematic parameters
for the prism, such as acceleration az, instantaneous penetration velocity υz and instantaneous
penetration depth z. Note that positive values of these three parameters are in the opposite
direction of gravity. The time instant t=0.01 s is selected as a test point, as shown in Fig. 5. The
detailed kinematic information for this moment is collected in Table. 1.

Figure 5 - Time histories of kinematic parameters for the varying cross-section prismatic
body during free-fall water entry.

Table 1 - Detailed kinematic information of the prism at t=0.01s.
t, s υz(t0.01), m/s az, m/s2 z(t0.01), m ∆Z, m ∆L, m
0.01 -3.4943 128.1588 -0.0383 0.0383 0.1627

Concerning the characteristic curves in the present study, data are derived from a simulated
wedge case with a specific set of parameters (β = 45◦, M=4.6842 kg/m and υz0=5.5 m/s [13]),
as shown in Fig. 6. It is worth noting that there is only one general standard for the chosen



parameters, that is the instantaneous Froude number Fr∗ > 6.5, as mentioned in the work of
Lu et al [13]. Subsequently, the characteristic curves are fitted with polynomial formula, as
presented in Eqs. (5) and (6).

a) b)

Figure 6 - Characteristic curves for wedge free-fall water entry: a) ãz versus z̃; b) υ̃z versus
z̃.

ãz =−0.35026−3093.66877z̃+11743.57797z̃2 +2.26181E7z̃3

+1.28322E9z̃4 +2.8479E10z̃5 +2.29482E11z̃6 (5)

υ̃z = 1.00131−0.36998z̃−1852.65292z̃2 −56703.97435z̃3 −531047.33189z̃4 (6)

Next, the discretization strategy has to be considered on the characteristic curves. Fig. 7
shows the schematic diagram of slices on the prismatic body when t=0.01 s, where the sub-
merged part of the body is cut into several slices equally. The thickness d and penetration depth
z j of the jth slice are defined as:

d =
∆L
n

(7)

z j =
(1−2 j) ·∆Z

2n
(8)

where n represents the chosen number of slice on the body. Note that the value of z j is negative.

Figure 7 - Schematic diagram of slices on the prismatic body at t=0.01s.

Due to the different cross sections along the longitudinal axis of the body, each slice has
different value of mass M j and deadrise angle β j. Thus, the characteristic penetration depth z̃ j

of the jth slice, referring to Eq. (3c), has to be modified as:

z̃ j = z j · 1√
M j

· γD

tan(β j)
(9)



and the expressions of M j and β j are:
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Then, the characteristic velocity υ̃
j
z and characteristic acceleration ã j

z of the jth slice are
easily obtained through Eqs. (5) and (6), as well as the corresponding initial velocity for the jth

slice, υ
j
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z . Finally, the total fluid force F̂z exerted on the prismatic body can be

obtained using the proposed 2D+t method as follows:
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Furthermore, the convergence of the solution on fluid force is also investigated when in-
creasing the number of slices. As it can be observed in Fig. 8, the theoretical results approach a
constant value as the number of slices increases. Referring to the grid convergence index (GCI)
method for assessing uncertainty in the CFD simulation, present theoretical uncertainty aris-
ing from discretization errors in predicting fluid forces is considered. Based on this study the
Richardon extrapolated value of fluid force on prism at t=0.01s is estimated to be 147.7947 N
with an error band of 0.0205% (see the red diamond symbol in Fig. 8). A good agreement with
the present CFD result (137.9688 N) is obtained with a small difference 7.12%. Besides, Fig. 9
shows the comparison of extrapolated fluid forces derived from the proposed 2D+t method and
the present CFD results over time, indicating that the present theoretical estimate agrees well
with the CFD result with a minor deviation being below 10% in the whole process of free-fall
water entry.

Figure 8 - Fluid force obtained from the proposed 2D+t method with different thickness d
compared with the present CFD result at t=0.01s.



Figure 9 - Comparison of extrapolated fluid forces derived from the proposed 2D+t
method and the present CFD results during prismatic body water-entry scenario.

4. CONCLUSION

The present study focuses on the theoretical prediction of the fluid force acting on a free-falling
body, introducing a developed 2D+t method, in which the body is cut into a series of slices. The
hydrodynamic behaviors of each slice are obtained by the extended von Karman’s momentum
theory. The main contributions and findings are summarized as follows:

(1) The methodological approach, from constructing characteristic curves to clarifying kine-
matic parameters and the discretization and sum process, provides a clear pathway for the pro-
posed 2D+t method.

(2) Characteristic curves, derived from the extended von Karman’s momentum theory, are
employed to compute the fluid force acting on each individual slice. which has various combi-
nation of variables, such as penetration velocity and the inherent parameter deadrise angle and
mass.

(3) A detailed analysis of the proposed 2D+t method is undertaken using a case study of
a varying cross-section prismatic body in free fall. Comparing the results of present 2D+t
method and present CFD method at diverse temporal instants during free fall, a high level
of agreement is achieved with minor deviation less than 10%. It is expected to be extended
to address the unsteady motion of bodies subjected to gravity force, especially for multiple
degrees of freedom. This capability positions the proposed 2D+t method as a promising tool
for theoretically predicting hydrodynamic behaviors during aircraft ditching.
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