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Nariai spacetime: orbits, scalar self force and Poynting-Robertson-like external force
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After studying properties of the Nariai solution, including its geodesics, in spherical and de Sitter
coordinates, two kinds of accelerated motion are investigated in detail: either observers at rest with
respect to the coordinates, or observers in radial motion. Next, massless scalar perturbations of
Nariai spacetime in absence of sources are worked out, and an explicit example out of the black
hole context of analytic self-force calculation is obtained. Last, self-force effects are studied as well,
together with some variant of the type of Poynting-Robertson external force, and also building a
test electromagnetic field and a test gravitational field in Nariai spacetime geometry.

I. INTRODUCTION

In general relativity, an important exact solution of
Einstein’s field equations in the presence of cosmologi-
cal constant was found by Nariai [1, 2] in 1951. This
spacetime can be described as the topological product
dS2 × S2 (with decomposable metric), where dS2 is a 2-
dimensional de-Sitter (dS) spacetime and S2 is a 2-sphere
of constant radius. Originally the metric was written in
spherical-like coordinates in the form

ds2 = −dt2 + cosh2 t dr2 + ds2(θ,φ), (1.1)

where

ds2(θ,φ) = dθ2 + sin2 θdφ2. (1.2)

Its (t, r) section,

ds2(t,r) = −dt2 + cosh2 t dr2, (1.3)

represents a pseudo-sphere, for which it is known that
there exist various coordinate representations. For ex-
ample, (1.1) can be cast in the dS-like form

ds2 = ds2(T,ρ) + ds2(θ,φ), (1.4)

with

ds2(T,ρ) = −(1− ρ2)dT 2 +
dρ2

(1− ρ2)
, (1.5)

via the nontrivial coordinate map

ρ = cosh t cos r, T = arctanh

(
sin r

tanh t

)
. (1.6)

Here the (T, ρ) section also represents a pseudo-sphere,
but the “local” properties (not the “global” ones) of

the metric are very different in the two coordinate
patches. For instance, in the first case the metric is
time-dependent whereas in the second case it is static.
Thus, kinematical problems (motions) are formally dif-
ferent when studied in the two cases, but clearly traceable
one to the other via the transformation (1.6). Further-
more, observers adapted to the two sets of coordinates,
resulting in relative motion one with respect to the other,
can play special roles. From a practical point of view, it
is a lucky circumstance that here one has the possibility
to switch from one form of the metric to the other, and
look for simplifying situations, as we will systematically
do in the following. A final remark concerns the range
of variability of the coordinates. Besides the standard
spherical coordinate ranges θ ∈ [0, π], φ ∈ [0, 2π), we will
assume below t, T ∈ R, r ≥ 0, whereas ρ ∈ (−1, 1), i.e.,
ρ is not a polar coordinate radius.

Nariai spacetime has several relevant global properties
[3]: constant curvature, geodesic completeness, global hy-
perbolicity, algebraic speciality of Petrov type D, etc.
Furthermore, as is evident when using the form (1.4) of
the metric, it is related to the dS-Schwarzschild black-
hole-like solution during its thermodynamical equilib-
rium phase (which is but a physical property). More
specifically, following Ref. [3], it is generated if the black
hole event horizon of the dS-Schwarzschild solution ap-
proaches the cosmological horizon (through an appropri-
ate limiting procedure).

Here, after reviewing some curvature aspects, and re-
lating the sectional curvatures of a timelike 2-section and
of a spacelike 2-section to the spacetime curvature itself
by analyzing the Kretschmann invariant properties, we
study both geodesic motion (arriving at a complete, ex-
plicit analytic integration of the orbits in both coordinate
systems) and accelerated one. In the latter case, the most
natural types of accelerated motion are associated with
observers at rest with respect to the coordinates or in

http://arxiv.org/abs/2502.20890v2


2

radial motion with respect to them. We discuss both
families of fiducial observers.
Besides this, we investigate scalar field perturbations

(occurring in the scalar gravitational self-force problem),
both in absence of sources and in the non-minimal cou-
pling situation within the conformally invariant case,
as well as with inclusion of scalar charge sources, al-
ways exploring separability of the associated equations
in both types of coordinates as well as the possibility to
Fourier-decompose the field with respect to some coordi-
nate (typically time or radius). Furthermore, we study
scalar self-force effects, together with other acceleration
mechanisms related to what is known as the Poynting-
Robertson(-like) approach. Last, a test electromagnetic
field in Nariai geometry is built in Sec. X, and the grav-
itational counterpart is addressed in Sec. XI.

II. PROPERTIES OF THE NARIAI SOLUTION

IN SPHERICAL-LIKE COORDINATES

Let us start our investigation by using the Nariai space-
time [1, 2] metric in the form (1.1), which seems to be
less studied. Such a metric, that we have written in di-
mensionless spherical-like coordinates (t, r, θ, φ) 1 is an
exact solution of Einstein’s field equation with cosmolog-
ical constant2 Λ = +1, i.e., with

Gαβ = −gαβ, (2.1)

where Gαβ denotes the Einstein’s tensor. In spite of its
apparent formal simplicity it has several important prop-
erties [4, 5] already mentioned in Sec. I: it is geodesically
complete, globally hyperbolic and algebraically special
of Petrov type D. Furthermore, as is discussed in Ref.
[4], for Nariai spacetime the Penrose conformal bound-
ary cannot be defined.
The Nariai metric is 2 + 2-decomposable according to

Eqs. (1.1)-(1.3), where the pseudosphere part can be
used to visualize the modifications to the light cones as
time evolves. For instance, looking at the family of points
(r0, t0) with r0 fixed and t0 taken as a parameter, the
(t− r section of the) light-cone equation becomes

t− t0 = ±(cosh t0)(r − r0). (2.2)

This relation leads to the 45 degree opening angle at
t0 = 0, and then the angle gets restricted continuously,

1 Dimensionful coordinates [T,R] can be restored, for example, by
using Λ ∼ 1/L2 as an overall length scale, that is

ds2 = −dT 2 + cosh2(T
√
Λ) dR2 +

1

Λ
[dθ2 + sin2 θdφ2].

This metric solves Einstein’s equation Gµν + Λgµν = 0, i.e., for
generic value of Λ. Furthermore R = +4Λ.

2 Notice that the sign of Λ depends on the Ricci tensor definition;
here the definition is Rαβ = Rµ

αµβ and the metric signature is
−+++.

vanishing in the limit t0 → ∞. Differently, with t0 fixed
and r0 taken as a parameter, the light-cone structure is
fixed itself, i.e., the opening angle does not depend on r0.
The condition of being locally dS2 × S2 and with a

decomposable metric implies that Nariai’s spacetime can
be derived from an embedding into a six-dimensional flat
spacetime [6–8] which is locally H3 ⊕ E3, i.e., a hyper-
bolic three-dimensional metric and an Euclidean three-
dimensional one,

ds2 = −(dX0)2 + (dX1)2 + (dX2)2

+ (dX3)2 + (dX4)2 + (dX5)2, (2.3)

where

X0 = sinh t, X1 = cosh t cos r, X2 = cosh t sin r

X3 = sin θ cosφ, X4 = sin θ sinφ, X5 = cos θ. (2.4)

Indeed,

−(X0)2 + (X1)2 + (X2)2 = 1, (2.5)

and

(X3)2 + (X4)2 + (X5)2 = 1, (2.6)

are the equations of the hyperboloid and the sphere, re-
spectively. An open question is that of deriving Nariai
spacetime directly from a genuine embedding into a five-
dimensional Euclidean space.
The metric (1.1) can be viewed as a perturbation of the

four-dimensional spherical-like background (B) metric, in
the sense that, from the identity cosh2 t = 1+sinh2 t, one
gets the equivalent form

ds2 = −dt2 + dr2 + dθ2 + sin2 θdφ2 + sinh2 t dr2

= (gBαβ + hαβ)dx
αdxβ , (2.7)

with

gBαβdx
αdxβ = −dt2 + dr2 + dθ2 + sin2 θdφ2, (2.8)

and

hαβdx
αdxβ = hrrdr

2 = sinh2 t dr2. (2.9)

At t = 0 the perturbation vanishes but the metric is not
flat anyway; it would be flat if the angular part were
r2(dθ2 + sin2 θdφ2).
Let us introduce the 1-form3 N ♭ and its associated

vector N ,

N ♭ = sinh t dr , N =
sinh t

cosh2 t
∂r = tanh te1, (2.10)

3 In abstract notation the fully covariant form of a tensor is de-
noted by the symbol ♭.
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with e1 = 1
cosh t∂r the unit vector of the radial direction.

Notably, for t < 0 the vector N points radially inwards,
whereas for t > 0 the vector N points radially outwards.
At t = 0, instead, the vector N vanishes, i.e., it is not
defined. Therefore, h♭ = N ♭ ⊗N ♭, i.e., N is responsible
for spacetime deviations from the spherical background
behavior gBαβdx

αdxβ . In other words, as soon as t in-

creases from the initial value t = 0 (where the metric is
given by Eq. (2.8)), the spacetime gets warped along the
radial direction.
Even though it seems very natural, the split (2.7) is not

the only possible one. Indeed, one can also decompose
the metric as

ds2 = ds2flat+sinh2 t dr2+(1−r2)(dθ2+sin2 θdφ2) (2.11)

with

ds2flat = −dt2 + dr2 + r2(dθ2 + sin2 θdφ2). (2.12)

In this case, deviations from flat spacetime become man-
ifest as r is far from ±1 and t increases from 0.

A. Curvature invariants

The Riemann tensor of the Nariai spacetime has the
following independent nonvanishing components:

Rθφθφ = sin2 θ, Rtrtr = − cosh2 t, (2.13)

corresponding to the curvatures of the θ − φ and t − r
sections. For t = 0 these components reduce to

RB
θφθφ = sin2 θ, RB

trtr = −1. (2.14)

The Kretschmann curvature invariant turns out to be
constant

K = RαβγδRαβγδ = 8, (2.15)

as for a spacetime which is nowhere singular. Unfortu-
nately, the above result (2.15) implies that the space-
time is nowhere close to a flat spacetime, that is a strong
limitation for all perturbative approaches taking advan-
tage of an “almost flat” or weak field situation. Also the
(right) dual of the Riemann tensor is nonvanishing, with
the single independent component

R∗
trθφ = − 1

cosh t sin θ
. (2.16)

Differently, because of the underlying spherical symme-
try, the invariant H = RαβγδR∗

αβγδ = 0 vanishes identi-
cally.
Let us also recall that the 2-sphere with metric ds2(θ,φ)

has its Kretschmann curvature invariant given by

K2d sph = 4 , (2.17)

whereas the two-dimensional pseudo-sphere ds2(t,r) has its

Kretschmann curvature invariant given by

K2d p−sph = 4 , (2.18)

so thatK = K2d sph+K2d p−sph, a sort of variant (with the
sum instead of the product) of the famous Gauss’s “theo-
rema egregium.” For completeness, the Kretschmann cur-
vature at t = 0 is KB = 4, as expected because the t− r
part of the metric in this case is flat.
Last, let us note that for Nariai spacetime the Riemann

tensor itself is covariantly constant, i.e.,

Rαβγδ;µ = 0 , (2.19)

i.e., it is parallely transported along all possible direc-
tions.

B. Newman-Penrose formalism

A natural orthonormal frame for Nariai spacetime (1.1)
is the following:

e0 =
∂

∂t
, e1 =

1

cosh t

∂

∂r
,

e2 =
∂

∂θ
, e3 =

1

sin θ

∂

∂φ
, (2.20)

which can be used to form a standard Newman-Penrose
(NP) frame

l =
1√
2
(e0 + e1) , n =

1√
2
(e0 − e1),

m =
1√
2
(e2 + ie3). (2.21)

The nonvanishing spin coefficients reduce to

γ = −ǫ = −
√
2

4
tanh t,

β = −α =

√
2

4
cot θ. (2.22)

The only nonvanishing Weyl scalar is ψ2 and it is a con-
stant:

ψ2 = −1

3
, (2.23)

from which the algebraically special nature of this metric
(type D) follows easily. Noticeably, this NP frame is a
principal one and therefore l and n are the two repeated
Principal Null Directions (PNDs) of this spacetime.
A slight modification consisting in a rescaling of the

real null vectors l and n of the NP tetrad

l → l̂ =
l

cosh t
, n→ n̂ = n cosh t, (2.24)
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(with m not modified) makes it possible to simplify the
spin coefficients so that ǫ̂ = 0. In fact the new nonvan-
ishing spin coefficients are now

γ̂ = −
√
2 sinh t

2
, β̂ = −α̂ =

√
2

4
cot θ, (2.25)

and the Weyl scalars remain invariant. With ǫ = 0 the
NP frame (2.24) besides being a principal frame is also a
Kinnersley-like one, analogue to the Kinnersley frame in
black hole spacetimes [9].

C. Geodesics

The spherical-like coordinates are adapted to the two
spacelike Killing vector fields

∂

∂r
,

∂

∂φ
. (2.26)

The existence of these Killing symmetries (see Appendix
B for a detailed discussion) leads to separability of
geodesic equations. On denoting their parametric equa-
tions by xα = xα(τ), one has

dt

dτ
=

√

C2 +
C2

1

cosh2 t
,

dr

dτ
=

C1

cosh2 t
,

dθ

dτ
= ±

√
C3 −

L2

sin2 θ
,

dφ

dτ
=

L

sin2 θ
, (2.27)

where the Ci and L are constant and we have chosen
dt/dτ > 0 so as to obtain future-oriented orbits (with
C1 > 0 momentarily here, for simplicity 4). Interest-
ingly, these equations are pairwise coupled, i.e., the cou-
pled variables are (t, r) (corresponding to geodesic mo-
tion on the pseudosphere) and (θ, φ) (corresponding to
geodesic motion on the 2-sphere), with no mutual inter-
sections. Evidently, this property is inherited from the
orthogonally transitive form of the metric. For instance,
by assuming L = 0 and C3 = 0 one has θ(τ) = θ(0),
φ(τ) = φ(0) and one is left with the temporal and radial
equations only. The normalization condition for these
orbits: U · U = −ǫ, with Uα = dxα

dτ and ε = [1, 0,−1] for
timelike, null, spacelike orbits, respectively, reads as

−
(
dt

dτ

)2

+

(
dθ

dτ

)2

+
C2

1

cosh2 t
+

L2

sin2 θ
+ ε = 0, (2.28)

4 We will relax this condition later when discussing applications.

where only the Killing relations have been used. Inserting
in Eq. (2.28) the full set of Eqs. (2.27) one finds

C2 = C3 + ε, (2.29)

meaning that, once a causality condition is imposed, the
integration constants C2 and C3 are no longer freely
specifiable. An example of numerical integration of time-
like geodesics (ε = 1) is given in Fig. 1.
By virtue of the r and t equations one finds the ordi-

nary differential equation

dr

dt
=

C1

cosh(t)
√
C2 cosh

2(t) + C2
1

, (2.30)

which can be solved exactly

r(t) = r∗ +
1

2
arctan (R(t)) , (2.31)

with

R(t) =
(C2

1 − C2) cosh
2 t− 2C2

1

2C1 sinh t
√
C2 cosh

2(t) + C2
1

, (2.32)

actually depending on the single parameter m = C2/C
2
1

(here assumed positive, for simplicity),

R(t) =
(1 −m) cosh2 t− 2

2 sinh t
√
m cosh2(t) + 1

, (2.33)

with

R(t)
∣∣
t→0

= −
√
m+ 1

2t
+O(t),

R(t)
∣∣
t→∞ = − (m− 1)

2
√
m

+O(e−2t). (2.34)

The solution (2.31) can be cast in a more concise form,
i.e.,

r(t) = r∗ +
1

2
arctan

[
1

2

(
ξ(t)− 1

ξ(t)

)]
, (2.35)

with

ξ(t) =
sinh t√

m cosh2(t) + 1
, (2.36)

see Fig. 2.
In Eq. (2.35) r∗ is an integration constant which can

be fixed at t→ ∞. In fact

lim
t→∞

ξ(t) =
1√
m
, (2.37)

and

r∞ = lim
t→∞

r = r∗ +
1

2
arctan

[
1

2

(
1√
m

−√
m

)]
, (2.38)
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FIG. 1: Example of numerical integration of timelike geodesics (ǫ = 1) in Nariai spacetime with parameters C1 = 2, L = 1,
C3 = 5, and initial conditions φ(0) = 0, r(0) = 5, t(0) = 0, θ(0) = π

2
, implying m = 3

2
, θ∗ ≈ 26.57◦ and r∞ − r∗ ≈ −0.1007.

The maximum/minimum value of τ which follows from numerical study is τmax/min = ±0.7025, in correspondence of which one
has (within the numerical accuracy) reached the asymptotic values for coordinate components of the orbit: t(τmax) ≈ 1.9635,
r(τmax) ≈ 5.6536, θ(τmax) ≈ 2.6779, φ(τmax) ≈ 1.0094. The value r(τmax) ≈ 5.6536 fixes then r∗ ≈ 5.7542. Roughly
speaking, these plots show the effect of the gravitational field associated with Nariai spacetime, which can be taken to be
that of a spacetime cosmological model. In fact, starting at rest at some spacetime point, say P0, the (radial) expansion of
spacetime forces all (neutral) particles to move so as to increase their radial position, with the subsequent, associated effect
of increasing/decreasing (depending on the signs of the various orbital parameters) also the other coordinates. As soon as an
asymptotic radial position is reached, asymptotic values for the other coordinates are reached as well.

with arctan
[
1
2

(
1√
m

−√
m
)]

positive when 0 < m < 1

(diverging for m → 0, implying r∞ > r∗), vanishing for
m = 1 (implying r∞ = r∗) and negative for m > 1
(implying r∞ < r∗). Hence

m+ 2
√
m tan(2(r∞ − r∗))− 1 = 0, (2.39)

so that

√
m =

1

1 + sin(2(r∞ − r∗))
. (2.40)

Therefore, when τ (i.e., t) spans the full real axis the
radial variable r is generally bounded, and passes from a
minimal to a maximal value.
A final comment concerns the solution (2.35). r(t)−r∗

changes its sign when ξ = 1 (t = arccosh
√

2
1−m ) and it

is singular when ξ = 0 (t = 0).

Similarly, also the θ-equation

dθ

dφ
=

±
√
C3 − L2

sin2 θ

L
sin2 θ

, (2.41)

can be integrated exactly. Let us define

L =
√
C3 sin θ∗, (2.42)

and assume, for simplicity, L,C3 > 0 and θ∗ ≤ θ ≤ π−θ∗,
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FIG. 2: Plot of of the function ξ(t), Eq. (2.36), including
the asymptotes (red online, dotted horizontal lines) ± 1√

m
, for

the value m = 3/2.

with θ∗ ∈ [0, π]. We then find

φ(θ) = ∓arctan


 sin θ∗ cos(θ)√

sin2(θ) − sin2 θ∗


 , (2.43)

implying that for θ = θ∗, π−θ∗ one has φ = ∓π
2 , for θ =

π
2

one has φ = 0. Therefore, when φ spans the interval
[−π

2 ,
π
2 ] the θ variable is generally bounded, and passes

from a minimal (θ∗) to a maximal value (π − θ∗). To
complete the task one has to derive the relations t = t(τ)
and φ = φ(τ). This also follows straightforwardly. For
example, upon assuming t(0) = 0 and τ(θ = π

2 ) = 0 one
has

t(τ) =
1

C1
√
m

arctanh
(√
mξ
)
,

τ(θ) = ∓ 1√
C3

arctan

(
cos θ√

sin2 θ − sin2 θ∗

)
. (2.44)

The fact that in the radial direction the geodesics ap-
proach a constant limiting value r∞ with zero speed,
dr
dτ |t→∞ → 0 (as a consequence of Eqs. (2.27), evalu-
ated in the limit t → ∞) could be expected on the basis
of general results [10]. Indeed, the spacetime is getting
larger and larger in the radial direction as soon as time
increases

grr = cosh2 t

∣∣∣∣
t→∞

→ ∞, (2.45)

and this feature forces the geodesics to stop in that di-
rection (i.e., to reach the zero-speed limit) [10].

Our detailed analysis of the (exact) integrability of
geodesics in Nariai spacetime cannot be found in the liter-
ature, while a discussion of these aimed at characterizing
Singe’s world function can be found in Refs. [7, 8].

III. PROPERTIES OF THE NARIAI SOLUTION

IN DE SITTER-LIKE COORDINATES

Let us consider the geodesic equations with respect
to the static metric in Eqs. (1.4) and (1.5). On using
the Killing symmetries and denoting by Ē and L̄ the
conserved energy and angular momentum (the bar here is
needed to avoid confusion with the analogous quantities

defined in the spherical-like coordinate system)

dT

dτ
=

Ē

(1 − ρ2)
,

dφ

dτ
=

L̄

sin2 θ
, (3.1)

the equations are separated and given by

dρ

dτ
= ±

√
Ē2 − (1− ρ2)(1 + Cθ) ,

(
dθ

dτ

)2

= − L̄2

sin2 θ
+ Cθ. (3.2)

For example, in the equatorial case θ = π/2, Cθ = L̄2

and the radial equation reduces to

dρ

dτ
= ±

√
Ē2 − (1− ρ2)(1 + L̄2)

= ±
√
1 + L̄2

√
Ē2

(1 + L̄2)
− 1 + ρ2. (3.3)

In order to solve the radial equation in Eqs. (3.2) it is
convenient to define

α2 =
Ē2

1 + Cθ
− 1, (3.4)

and, assuming α > 0, rescale both τ and ρ as

τ̄ =
√
1 + Cθ τ, ρ̄ =

ρ

α
, (3.5)
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so that

dρ

dτ
= ±

√
1 + L̄2

√
α2 + ρ2, (3.6)

becomes

dρ̄

dτ̄
= ±

√
1 + ρ̄2 , (3.7)

with solution

τ̄ = ±arcsinh(ρ̄) + C , (3.8)

i.e.,

ρ(τ) = ±α sinh(
√
1 + Cθτ − C) , (3.9)

C being an integration constant which can be set to zero
with the choice ρ(τ = 0) = 0. When α = 0, i.e.,

Ē2

1 + L̄2
= 1, (3.10)

the radial equation (3.6) simplifies as

dρ

dτ
= ±

√
1 + L̄2|ρ|, (3.11)

and it can be integrated as

ρ(τ) = ρ(0)e±
√

1+L̄2 τ . (3.12)

This very simple solution of the equatorial motion will
be used later in Sec. VIII, with L̄ = 1 and Ē =

√
2. In

addition the T and φ equations imply

φ(τ) = τ + φ(0) = τ , ρ(τ) = ρ(0)e±
√
2 τ , (3.13)

assuming φ(0) = 0 and ρ(0) = 1
2 (just a simple choice of

initial conditions)

dT

dτ
=

2

1− e±2
√

2 τ

4

, (3.14)

that is (see Fig. 3)

T (τ) = ∓1

2
ln

(
4− e±2

√
2 τ

3

)
+
√
2τ, (3.15)

with T (0) = 0. Finally, if α2 < 0, say α2 = −β2, Eq.
(3.6) becomes

dρ

dτ̄
= ±

√
ρ2 − β2, (3.16)

and the rescaling ρ = βρ̄ implies

dρ̄

dτ̄
= ±

√
ρ̄2 − 1, (3.17)

that is

ρ̄ = ± sin τ̄ . (3.18)

Let us now revert to the θ equation, which similarly,
can be integrated as follows. Let us re-write it as

dθ

dτ
= ± 1

sin θ

√
Cθ sin

2 θ − L̄2. (3.19)

Upon passing to z = cos θ we find

dz

dτ
= ∓

√
Cθ

√
Cθ − L̄2

Cθ
− z2, (3.20)

that is

∓
√
Cθτ =

∫
dz√

A2 − z2

= arctan

(
z√

A2 − z2

)
+ C, (3.21)

where

A2 =
Cθ − L̄2

Cθ
, (3.22)

and C is an integration constant, that we set to zero by
choosing z(0) = 0, i.e., θ(0) = π

2 . Finally

θ(τ) = arccos



√
Cθ − L̄2

Cθ
sin(Cθτ)


 . (3.23)

The solutions for T (τ) and φ(τ) then follow easily.
It is worth noting that equatorial (θ = π

2 ) circular

geodesics (ρ = ρ0, fixed) exist for Cθ = L̄2. In this case
we have

T =
Ē

(1− ρ20)
τ ≡ Γτ,

φ = L̄τ, (3.24)

with the constraint

1− ρ20 =
Ē2

1 + L̄2
, → ρ0 =

√
1 + L̄2 − Ē2

1 + L̄2
.

(3.25)
Unfortunately, the causality condition according to which
these orbits should be timelike (a case of special interest
here) imposes E2 = L2+1, implying that they exist only
at ρ = 0.
We conclude this section by pointing out that

the three-dimensional Nariai metric induced on the
T =constant slices

(3)ds2 =
dρ2

(1− ρ2)
+ dθ2 + sin2 θdφ2 (3.26)

is conformally flat. Indeed, the associated Cotton-York
tensor vanishes identically

(3)Ra[b;c] = 0 , a, b, c = 1, 2, 3. (3.27)
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FIG. 3: Plot of T (τ ) (upper plot) and ρ(τ ) (lower plot)
obtained by using Eq. (1.6) and the geodesics of Fig. (1).
In the plot T (τ ) the two vertical asymptotes occur at τ =
−0.6124226908 (sin r/ tanh t = 1) and τ = 0.3025413974
(sin r/ tanh t = −1). Black dots correspond to ρ = ±1, i.e.,
the maximum and minimum allowed values for ρ.

In fact, changing the temporal coordinate (only) as

T = T − 1

2
ln(1− ρ2) (3.28)

in the original Nariai metric, Eqs. (1.4) and (1.5), one
obtains

ds2 = −(1− ρ2)dT 2 + 2ρdT dρ+ dρ2 + dθ2 + sin2 θdφ2

= −dT 2 + (dρ+ ρdT )2 + dθ2 + sin2 θdφ2. (3.29)

The induced metric on the slices T =constant is given by

ds2|T =const = dρ2 + dθ2 + sin2 θdφ2, (3.30)

and it is conformally flat “at sight,” i.e.,

dρ2 + dθ2 + sin2 θdφ2 =
1

R2
[dR2

+ R2dθ2 + sin2 θdφ2], (3.31)

with

ρ = lnR. (3.32)

The relation (3.28) can be seen as defining the so-called
Painlevé-Gullstrand observers of this spacetime

−dT = −dT − ρ

(1− ρ2)
dρ, (3.33)

with dual

∂T =
1

(1− ρ2)
∂T − ρ∂ρ. (3.34)

The four-velocity of these observers is exactly ∂T (∂T ·
∂T = −1) and corresponds to geodesic (radially inward)
motion.

IV. ACCELERATED MOTIONS

We will discuss below two examples of accelerated mo-
tion: the one of observers at rest with respect to the
coordinates (static observers) and the one of observers
in radial motion with respect to the static family of ob-
servers. For both cases we will investigate the geometric
characterization of the four-velocity in terms of vorticity
and expansion, besides the mentioned acceleration.
More specifically, we will explore now special types of

motion with respect to both coordinate systems (t, r, θ, φ)
(hereafter spherical-like coordinates) and (T, ρ, θ, φ)
(hereafter dS-like coordinates), i.e., those of a particle
at rest and in radial motion.

A. At rest with respect to spherical-like

coordinates in Nariai spacetime

In order to better understand the features of the grav-
itational field in Nariai spacetime, let us consider an ob-
server at rest with respect to the coordinates, i.e., with
four-velocity

u = ∂t , u♭ = −dt. (4.1)

u is geodesic and irrotational (in the sense that, for u,
acceleration and vorticity both vanish identically). How-
ever, the associated congruence is expanding, with

uα;β = σ δαr δ
r
β , (4.2)

(automatically orthogonal to u) and with shear

σ = uα;α = tanh t, (4.3)

i.e., changing sign (vanishing) at t = 0, positive for t > 0
and negative for t < 0. The situation of constant shear
σ = ±1 is approached only asymptotically.

B. Radial motion with respect to spherical-like

coordinates in Nariai spacetime

Let U be an observer moving radially in Nariai space-
time, with four-velocity

U = γ(u+ ve1), γ = (1− v2)−1/2, (4.4)
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where v is a constant (with its sign). We find for U a
nonvanishing acceleration

a(U) = γ2v tanh(t) (v∂t + e1) , (4.5)

By introducing the boosted (spatial) radial vector

E1(U) = γ (v∂t + e1) , (4.6)

of unit norm and orthogonal to U , we find

a(U) = κ(t)E1(U), (4.7)

with

κ(t) = γv tanh t, (4.8)

the signed magnitude of the four-acceleration. The maxi-
mal value of the acceleration as a function of t is obtained
as soon as t→ ∞,

lim
t→±∞

κ(t) = ±γv. (4.9)

The minimal value is instead the geodesic one, reached
at t = 0.

C. At rest with respect to de Sitter-like

coordinates in Nariai spacetime

Let us recall the relations

ρ = cosh t cos r, T = arctanh

(
cosh t sin r

sinh t

)
, (4.10)

and let us bear in mind the dS-like form (1.4) and (1.5)
of the metric. Clearly, an observer at r = r0 fixed moves
radially in the ρ-direction, with the radial coordinate in-
creasing continuously

ρ = cosh t cos r0, T = arctanh

(
cosh t sin r0

sinh t

)
,

(4.11)
that is

t = arccosh

(
ρ

cos r0

)
, tanhT =

ρ tan r0√
ρ2

cos2 r0
− 1

.

(4.12)
An observer at rest with respect to these coordinates

has four-velocity

v =
1√

1− ρ2
∂T , v♭ = −

√
1− ρ2dT, (4.13)

and radial acceleration

a(v) = −ρ∂ρ. (4.14)

Moreover

vα;β = −ρ
√
1− ρ2 δαT δ

ρ
β, (4.15)

(automatically orthogonal to v) so that the congruence
associated with v turns out to be vorticity-free and
expansion-free.

D. Radial motion with respect to de Sitter-like

coordinates in Nariai spacetime

Let us introduce the two unit vectors

e0 =
1√

1− ρ2
∂T , e1 =

√
1− ρ2∂ρ, (4.16)

and the corresponding two vectors boosted along the ra-
dial direction

V = γ(e0 + ve1), E1(V ) = γ(ve0 + e1). (4.17)

V represents the four-velocity of a test particle moving
radially. It is accelerated radially inwards with accelera-
tion

a(V ) = − γρ√
1− ρ2

E1(V ). (4.18)

V. MASSLESS SCALAR PERTURBATIONS OF

NARIAI SPACETIME IN ABSENCE OF

SOURCES

Vacuum scalar perturbations of Nariai spacetime are
summarized by the Klein-Gordon equation which, with
our choice of signature (− +++), takes the form

(�−m2 − ξR)ψ = 0, (5.1)

where � = ∇µ∇µ and ξ = 1/6 for a conformally invari-
ant wave equation. In this case, since the Ricci scalar is
constant as well, we can study the equation

(�− µ2)ψ = 0, (5.2)

where

µ2 = m2 + ξR, (5.3)

is constant, representing an “effective mass” term includ-
ing curvature contributions. For example, in the mass-
less case (m = 0) and conformally invariant equation
(ξ = 1/6) we have µ2 = 2

3 . Since separability of a differ-
ential equation is a matter of coordinate it is worth study-
ing this equation in both coordinate systems (t, r, θ, φ)
(with a t-dependent metric) and (T, ρ, θ, φ) (with a ρ-
dependent metric) introduced above. Moreover, since
only the (t, r), (T, ρ) sections are modified by the co-
ordinate transformation (1.6), the angular coordinates in
both cases separate in terms of spherical harmonics due
to the underlying spherical symmetry of the (θ, φ) sector.
A final remark concerns the Fourier transform of the

field variable: in one set of coordinates, (t, r, θ, φ) it is
natural to transform the radial variable, whereas in the
other set, (T, ρ, θ, φ), it is natural to transform the tem-
poral variable. This makes the discussion of both cases
different and, at the same time, interesting as well. At
a deeper level, in a general curved spacetime, the homo-
geneity required for the existence of a momentum-space
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representation is lacking [11], and one has to resort to the
use of Fourier-Maslov integral operators [12]. However,
when some symmetries exist, one can still use the tool of
Fourier transform. For example, the scalar wave equa-
tion in Schwarzschild spacetime can be solved by taking
the Fourier transform with respect to the time variable
[13], because in (t, r, θ, φ) coordinates the metric is inde-
pendent of t.

A. Scalar waves in spherical-like coordinates

By virtue of the previous remarks, since the Nariai
metric (1.1) is independent of the r variable, we can in-
troduce a Fourier transform with respect to this variable,
looking therefore for separable solutions of Eq. (5.2)
in the factorized form (hereafter, l = 0, 1, ...,∞ and
m = −l,−l+ 1, ..., l)

ψ(t, r, θ, φ) =
∑

lm

∫
dω

2π
e+iωrTlmω(t)Ylm(θ, φ), (5.4)

so that

�ψ =
∑

lm

Ylm

∫
dω

2π
e+iωr [−T ′′

lmω − tanh tT ′
lmω

− ω2

cosh2 t
Tlmω − LTlmω

]
, (5.5)

where L = l(l + 1). Equation (5.2) then implies

T ′′
lmω+tanh tT ′

lmω+

(
ω2

cosh2 t
+ L+ µ2

)
Tlmω = 0. (5.6)

Actually, here Tlmω does not depend on m: we thus sim-
plify the notation denoting it simply by Tlω(t); moreover,
we introduce the notation

L+ µ2 = L+m2 + ξR = L, (5.7)

since it is only this combination which occurs in Eq.
(5.6). Hence, Eq. (5.6) becomes

T ′′
lω + tanh tT ′

lω +

(
ω2

cosh2 t
+ L

)
Tlω = 0. (5.8)

At this stage, we express Tlω(t) in the form

Tlω(t) =
1√

cosh t
Slω(t), (5.9)

which brings Eq. (5.8) to its normal form

S′′
lω −

(
1−4ω2

4

cosh2 t
+

1− 4L
4

)
Slω = 0. (5.10)

Inspection of Eq. (5.10) shows that it is convenient to
introduce the linear function

a(x) =
1− 4x

4
, (5.11)

so that one can write

S′′
lω −

(
a(ω2)

cosh2 t
+ a(L)

)
Slω = 0. (5.12)

It is convenient to introduce also the notation

ν2 =
1− 4L

4
= a(L) , ω =

1

2
+ l̃. (5.13)

In this way

a(ω2) = −l̃(l̃ + 1) = −L̃ , (5.14)

where we have set

L̃ = l̃(l̃ + 1), (5.15)

in analogy with the above defined quantity L = l(l + 1).
Thus, Eq. (5.10) becomes

S′′
lω(t) +

(
L̃

cosh2 t
− ν2

)
Slω(t) = 0 . (5.16)

Last, upon passing to the new variable

u = tanh t , u ∈ (−1, 1) , (5.17)

and denoting by a dot the derivative with respect to u,
the above equation (5.16) becomes

(1− u2)2S̈l̃ν(u)− 2u(1− u2)Ṡl̃ν(u)

+[L̃(1− u2)− ν2]Sl̃ν(u) = 0, (5.18)

and its general solution is expressed in terms of associated
Legendre polynomials

Sl̃ν(u) = C1Pl̃,ν(u) + C2Ql̃,ν(u) , (5.19)

here “generalized” since the indices (l̃, ν) are not neces-
sarily integers and expressed in terms of hypergeometric
functions, i.e.,

Pl̃,ν(u) =
1

Γ(1− ν)

(
1− u

1 + u

)ν/2

×

2F1

(
−l̃, 1 + l̃, 1 + ν,

1− u

2

)
,

Ql̃,ν(u) =

√
π

2l̃+1

Γ(l̃ + ν + 1)

Γ(l̃ + 3
2 )

(1− u2)ν/2

ul̃+ν+1
×

2F1

(
1

2
(l̃ + ν + 1),

1

2
(l̃ + ν + 2), l̃ +

3

2
,
1

u2

)
,

(5.20)

where from Eqs. (5.7) (with m = 0 = ξ) and (5.13) ,

l̃ = ω − 1

2
, ν =

√
1

4
− l(l + 1) , (5.21)

i.e., l̃ is a function of the continuous parameter ω and
ν is a complex function of l = 0, 1, 2, . . . (see Fig. 4).
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FIG. 4: The real and imaginary parts of ν as a function of l,
assumed as a continuous parameter for graphical reasons. The
cexplicit values for l = 0 . . . 10 are ν=[0.5, 1.3229 i, 2.3979 i,
3.4278 i, 4.4441 i, 5.4544 i, 6.4614 i, 7.4666 i, 8.4705 i,
9.4736 i, 10.4762 i], respectively.

Consequently, a resummed, exact expression for the field,
(5.4) can only be formal.
The constants should be properly chosen to have

Sl̃ν(u), Eq. (5.19), a real function. Let us notice, inci-
dentally, that the generalized Legendre polynomials are
also called Legendre functions in the literature.
As we will also see below, these pair of functions Pl̃,ν(u)

and Ql̃,ν(u) are two independent solutions of Eq. (5.8).
Similarly, nontrivial combinations of these solutions can
be taken as independent solutions as well. Usually, the
independence of two solutions is checked by looking at
their dependence upon the parameters occurring in Eq.
(5.8). For example, the latter equation depends on l̃ via

the combination l̃(l̃+1), which is unaffected by the map

l̃ → −l̃− 1. Thus, two independent solutions are Pl̃,ν(u)

and P−l̃−1,ν(u). Similarly, it depends also on ν via the

combination ν2, which is unaffected by the map ν →
−ν. Hence two independent solutions are Pl̃,ν(u) and

Pl̃,−ν(u), etc.

Last, the expansion (5.4) becomes

ψ(t, r, θ, φ) =
∑

lm

Ylm(θ, φ)√
cosh t

Klω(t, r), (5.22)

where

Klω(t, r) =

∫
dω

2π
eiωrS

ω− 1

2
,
√

1−4L
2

(tanh t). (5.23)

One can limit considerations to the ω space and perform
the Fourier transform (with respect to r) of the scalar
field

ψ̂(t, ω, θ, φ) =
∑

l

Yl0(θ, φ)√
cosh t

S
ω− 1

2
,
√

1−4L
2

(tanh t), (5.24)

which does not depend on m, in some special situation,
e.g. θ = π

2 , φ = 0,

ψ̂(t, ω,
π

2
, 0) =

∑

l

Yl0(
π
2 , 0)√

cosh t
S
ω− 1

2
,
√

1−4L
2

(tanh t)

=
∑

l

√
2l+ 1S

ω− 1

2
,
√

1−4L
2

(tanh t)

2Γ(1−l
2 )Γ(1 + l

2 )
√
cosh t

. (5.25)

However, even in this simplified case, any further analysis
can only be performed numerically.

B. Scalar waves in de Sitter-like coordinates

Because of the Killing properties of the temporal vari-
able t, let us look for separable solutions in the factorized
form

ψ(T, ρ, θ, φ) =
∑

lm

∫
dω

2π
e−iωTRlmω(ρ)Ylm(θ, φ). (5.26)

The Laplacian of ψ yields

�ψ =
∑

lm

Ylm

∫
dω

2π
e−iωT

[
(1− ρ2)R′′

lmω − 2ρR′
lmω

+

(
ω2

(1− ρ2)
− L

)
Rlmω

]
. (5.27)

Equation (5.2) then implies

R′′
lmω − 2ρ

(1− ρ2)
R′

lmω

+
1

(1− ρ2)

(
ω2

(1 − ρ2)
− L

)
Rlmω = 0, (5.28)

where the relation L vs L is given in Eq. (5.7).
with solution expressed again in terms of associated

Legendre polynomials with complex order,

Rlmω(ρ) = C1Pl̂,iω(ρ) + C2Ql̂,iω(ρ), (5.29)

where C1 and C2 should be chosen properly,

l̂ =
(1 − 4L)1/2

2
− 1

2
= ν − 1

2
, (5.30)

and the Legendre functions Pl,m(ρ), Ql,m(ρ) have been

defined in Eq. (5.20). Note that l̂ is a function of l and
hence on the left-hand-side of Eq. (5.29) we have left
Rlmω.
As in the previous case, one can look at ψ in the ω-

space (ψ̂ denoting the Fourier transform of ψ with respect
to the variable T ), and focusing on special values of θ and
φ, e.g., θ = π

2 , φ = 0. In this case

ψ̂(ω, ρ,
π

2
, 0) =

∑

lm

Rlmω(ρ)Ylm(
π

2
, 0) . (5.31)

Also in this case the analysis (e.g., the evaluation of gauge
invariant quantities, etc.) can be performed only numer-
ically.
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VI. WAVES SOURCED BY A PARTICLE

CARRYING A SCALAR CHARGE: AN

EXAMPLE OF ANALYTIC SELF-FORCE

COMPUTATION

Studies of scalar or gravitational Self Force (SF) in the
Nariai spacetime were initiated by Wardell and collabo-
rators [7, 8], aimed at taking some advantage from this
simplified situation with respect to the corresponding,
much more interesting for what concerns applications,
black hole case.
The most common situation implies a scalar charge

located along a timelike worldline (possibly geodesic) as
a source of the perturbation (cf. Ref. [8]),

(�− µ2)ψ = −4πρs,

ρs = qs

∫
dτ√−g δ

(4)(x− z(τ)), (6.1)

with zα(τ) the parametric equations of the source orbit,
with τ the proper time.
In order to proceed further with the analysis of Eq.

(5.31), we need to specify a coordinate choice and the
orbit of the perturbing particle. In the (t, r) coordinates
it is natural to study the simple case of a particle at
rest, since it follows a geodesic with four-velocity u = ∂t,
but the wave equation is much involved. In the (T, ρ)
coordinates a particle at rest, with four-velocity U = ∂T ,
is (radially) accelerated, i.e., its motion is not geodesic.
In other words, to keep the particle at rest one needs a
freely specifiable support, e.g., a rocket. The advantage,
however, is that the wave equation is not so involved as
in the previous case.

A. Particle at rest in the (t, r) coordinates

Since in this case a particle at rest follows geodesic
motion, with four-velocity U = ∂t, we will study the

scalar perturbations induced on Nariai spacetime by such
a particle with world line parametrized as

t(τ) = τ, r(τ) = r0, θ0 =
π

2
, φ0 = 0, (6.2)

placed on the equatorial plane π
2 , without any loss of

generality. This implies that

ρs =
qs

cosh t
δ(r − r0)δ(θ −

π

2
)δ(φ), (6.3)

since

√−g
∣∣
orbit

= cosh(τ). (6.4)

Let us consider in detail Eq. (6.1), written in the form

(
�− µ2

)
ψ = −4π

qs
cosh t

δ(r − r0)δ(θ −
π

2
)δ(φ). (6.5)

As in the source-free case, the angular part of this equa-
tion decouples when one decomposes the field ψ in spher-
ical harmonics, leading to a Schrödinger-like radial equa-
tion, sourced by a Dirac delta centered at a certain value
r0 of the radial variable. Let us look for solutions of the
type

ψ(t, r, θ, φ) =
∑

lm

∫
dω

2π
eiω(r−r0)Ylm(θ, φ)Tlmω(t), (6.6)

i.e., adding the constant e−iωr0 with respect to the case
of absence of sources, also recalling that

δ(θ − π

2
)δ(φ) =

∑

lm

Ylm(θ, φ)Y ∗
lm(

π

2
, 0). (6.7)

We find

�ψ =
∑

lm

∫
dω

2π
eiω(r−r0)

{
−[tanh tT ′

lmω(t) + T ′′
lmω(t) + LTlmω(t)]− ω2 Tlmω(t)

cosh2(t)

}
Ylm(θ, φ),

−µ2ψ = −µ2
∑

lm

∫
dω

2π
eiω(r−r0)Tlmω(t)Ylm(θ, φ),

−4π
qs

cosh t
δ(r − r0)

∑

lm

Ylm(θ, φ)Y ∗
lm(

π

2
, 0) = −

∑

lm

Slm

cosh t

∫
dω

2π
eiω(r−r0)Ylm(θ, φ), (6.8)

where

Slm = 4πqsY
∗
lm(

π

2
, 0), (6.9)

is a constant. Equation (6.5) then becomes

T ′′
lmω(t) + tanh tT ′

lmω(t) +

(
ω2

cosh2(t)
+ L

)
Tlmω(t) =

Slm

cosh t
. (6.10)



13

The general solution of this equation follows by using the Green function method. In fact, the two independent
solutions of the homogeneous equation are given by

T
(1)
lω (t) =

Pl̃,ν(tanh(t))√
cosh t

,

T
(2)
lω (t) =

Ql̃,ν(tanh(t))√
cosh t

, (6.11)

i.e., do not depend on m but only on l and ω. Their constant Wronskian is

Wlω = cosh t[T
(1)
lω

′(t)T
(2)
lω (t)− T

(1)
lω (t)T

(2)
lω

′(t)], (6.12)

where we recall that l̃ and ν are related to l and ω and given in Eq. (5.13). The general solution (depending also on
m because of the source term Slm) reads then

Tlmω(t) =
Slm

Wlω

√
cosh(t)

[
T

(1)
lω (t)

∫ t

dt′T
(2)
lω (t′)− T

(2)
lω (t)

∫ t

dt′T
(1)
lω (t′)

]
+ C1T

(1)
lω (t) + C2T

(2)
lω (t), (6.13)

with C1,2 two arbitrary constants.
One can evaluate ψ(t, r, θ, φ) along the orbit obtaining a function of t only,

Ψ(t) ≡ ψ(t, r0,
π

2
, 0) =

∑

lm

∫
dω

2π
Ylm(

π

2
, 0)Tlmω(t), (6.14)

and the associated spectrum can be studied by Fourier-transforming with respect to time

Ψ̂(Ω) =

∫ ∞

−∞
dteiΩtΨ(t). (6.15)

For this quantity it is interesting to evaluate the “soft limit” (Ω → 0)

lim
Ω→0

Ψ̂(Ω) =
∑

lm

Ylm(
π

2
, 0)

∫ ∞

−∞
dt

∫
dω

2π
Tlmω(t), (6.16)

which leads to a gauge-invariant information. Unfortunately, even the study of this simplified quantity turns out to
be rather involved, and can only be performed numerically.

B. Particle at rest in the (T, ρ) coordinates

In this case a particle at rest, with four-velocity U =
∂T , is accelerated. The parametric equations are

T (τ) = τ, ρ(τ) = ρ0, θ0 =
π

2
, φ0 = 0,

(6.17)
for a particle placed on the equatorial plane π

2 , as before.
This implies

ρs = −4πqsδ(ρ− ρ0)δ(θ −
π

2
)δ(φ)

= −4πqsδ(ρ− ρ0)
∑

lm

Ylm(θ, φ)Y ∗
lm(

π

2
, 0),

(6.18)

where now
√−g

∣∣
orbit

= 1. Equation (6.1) then becomes

(
�− µ2

)
ψ = −4πqsδ(ρ− ρ0)

∑

lm

Ylm(θ, φ)Y ∗
lm(

π

2
, 0),

(6.19)

and we look for solutions of the type

ψ(T, ρ, θ, φ) =
∑

lm

∫
dω

2π
e−iωTYlm(θ, φ)Rlmω(ρ). (6.20)

We are left with the following radial equation:

DρRlmω = Slmδ(ρ− ρ0), (6.21)

where

Dρ = (1− ρ2)
d2

dρ2
− 2ρ

d

dρ
−
(
L − ω2

(1− ρ2)

)

=
d

dρ
(1 − ρ2)

d

dρ
−
(
L− ω2

(1 − ρ2)

)
,

Slm = −4πqsY
∗
lm(

π

2
, 0). (6.22)

It is convenient to introduce a tortoise-like coordinate

ρ∗ = arctanh(ρ), (6.23)
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such that ρ ∈ (−1, 1) is mapped into ρ∗ ∈ (−∞,∞) and

d2

dρ2∗
= (1− ρ2)

[
(1 − ρ2)

d2

dρ2
− 2ρ

d

dρ

]
. (6.24)

Therefore, Eq. (6.21) can be written as
[
d2

dρ2∗
+
(
ω2 − VPT(ρ∗)

)]
Rlmω = Clmδ(ρ− ρ0), (6.25)

with

Clm =
Slm

cosh2 ρ0
, (6.26)

and

VPT(ρ∗) =
L

cosh2 ρ∗
, (6.27)

the well known Pöschl-Teller potential [7]. We can write

L = −λ(λ+ 1), (6.28)

(λ is a function of l since L is defined in Eq. (5.7), but it

should not be confused with l and l̂) with inverse relation

λ = −1

2
± 1

2

√
1− 4L , (6.29)

As stated above, Eq. (6.25) with L given in Eq. (6.28)
can be solved in terms of Legendre functions

Rlmω(ρ) = C1Pλ,iω(ρ) + C2Qλ,iω(ρ), (6.30)

with Pλ,iω(ρ) andQλ,iω(ρ) defined in Eqs. (5.20) in terms
of hypergeometric functions. Note that L is a function
of l and hence λ is also a function of l: while denot-
ing Pλ,iω and Qλ,iω with an explicit dependence on λ,
in the combination Rlmω of Eq. (6.30) we restore the
dependence on l. We need two linearly independent so-
lutions of Eq. (6.25) with ρ ∈ (−1, 1). The observa-
tion that Eq. (6.25) depends on λ via the combination
λ(λ + 1), which is invariant if λ→ −λ− 1, implies that,
if Pλ,iω(ρ) is a solution, the same holds for P−λ−1,iω(ρ),
i.e., also this replacement leads to linearly independent
solutions. The same is true for ω → −ω and ρ → −ρ
or ρ∗ → −ρ∗. Following Ref. [7] let us choose as inde-
pendent solutions Pλ,iω(ρ) ≡ Rup

lmω(ρ) (regular at ρ = 1)
and Pλ,iω(−ρ) ≡ Rin

lmω(ρ) (regular at ρ = −1), exploit-
ing here the nomenclature “in” and “up” of black hole
perturbation theory. Their constant Wronskian is

Wλ,ω = (1− ρ2)(Rin
lmωR

up
lmω

′ −Rup
lmωR

in
lmω

′)

=
2iωΓ(−iω)
Γ(1− iω)

1

Γ(l + 1− iω)Γ(−l− iω)
. (6.31)

We then have the following Green function for Eq. (6.25):

Gλω(ρ, ρ
′) =

1

Wλ,ω

[
Rin

lmω(ρ)R
up
lmω(ρ

′)H(ρ′ − ρ)

+ Rin
lmω(ρ

′)Rup
lmω(ρ)H(ρ− ρ′)

]

≡ G−
λω(ρ, ρ

′)H(ρ′ − ρ)

+ G−
λω(ρ

′, ρ)H(ρ− ρ′) , (6.32)

leading to a left and a right Rlmω(ρ) = SlmGλω(ρ, ρ0),
i.e., we get for the left and right fields

R−
lmω(ρ) =

Slm

Wλ,ω
Rin

lmω(ρ)R
up
lmω(ρ0),

R+
lmω(ρ) =

Slm

Wλ,ω
Rup

lmω(ρ)R
in
lmω(ρ0). (6.33)

By virtue of the continuity of the field, we can limit our
considerations, for example, to the left field. Hence we
find

ψ−(T, ρ, θ, φ) =
∑

lm

YlmSlm

∫
dω

2π
e−iωTG−

λω(ρ, ρ0) ,

(6.34)

We can now evaluate ψ−(T, ρ, θ, φ) = ψ(T, ρ, θ, φ) along
the particle’s world line

ψ−(T, ρ0,
π

2
, 0) =

∑

l

Yl0(
π

2
, 0)Sl0

×
∫
dω

2π
e−iωTG−

λω(ρ0, ρ0). (6.35)

Even taking ρ0 ≪ 1 and expanding the hypergeomet-
ric functions for small ρ, the Fourier transform can be
only performed numerically, since ω remains inside the
Gamma functions. We limit therefore ourselves to ex-
pressing the result in the ω space

ψ̂−(ω, ρ0,
π

2
, 0) =

∑

l

Yl0(
π

2
, 0)Sl0G

−
λω(ρ0, ρ0), (6.36)

where ψ̂−(ω, ρ0,
π
2 , 0) denotes the Fourier transform of

ψ−(T, ρ0,
π
2 , 0) with respect to the variable T . The

Fourier domain spectrum of the field along the source’s
world line in this case is represented by the function
G−

λω(ρ, ρ0) which can be studied in the soft limit ω → 0.
We will not continue along this path because of the dif-
ficulties in obtaining analytic results.
Eventually, let us notice that the asymptotic behaviors

lim
ρ∗→−∞

Rin
lmω(ρ) ∼ e−iωρ∗ ,

lim
ρ∗→+∞

Rup
lmω(ρ) ∼ e+iωρ∗ , (6.37)

are automatically taken into account.

VII. SCALAR SELF-FORCE AND ITS

VARIATIONS

On denoting by uα the source’s four-velocity, the def-
inition of scalar self-force along the source’s world line
reads as

Fα(τ) = qP (u)α
β∂βψ

∣∣∣∣
xα=xα(τ)

(7.1)
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where P (u)α
β = δβα + uαu

β projects orthogonally onto
uα.
In general, one has to distinguish between left/right

force components, F±
α (τ) when approaching the (singu-

lar) worldline of the source from left or from right. In
fact, unlike the field which is continuous across the source
worldline, its derivatives are in general discontinuous.
Let us work, for example, with the Nariai metric writ-
ten in dS-like coordinates (T, ρ, θ, φ) and with the source
at rest with respect to the coordinates as discussed in
Subsection VIB.
The field at a generic spacetime point has been given

above (see e.g., Eq. (6.34)) and rewritten below for con-
venience

ψ±(T, ρ, θ, φ) =
∑

lm

YlmSlm

∫
dω

2π
e−iωTG±

lmω(ρ, ρ0),

(7.2)

where

G−
lmω(ρ, ρ0) =

Rin
lmω(ρ)R

up
lmω(ρ0)

Wλ,ω
,

G+
lmω(ρ, ρ0) =

Rin
lmω(ρ0)R

up
lmω(ρ)

Wλ,ω
. (7.3)

Therefore, in general,

ψ±(T, ρ, θ, φ) =
∑

lm

Ylm

∫
dω

2π
e−iωTR±

lmω(ρ) , (7.4)

with R±
lmω(ρ) = SlmG

±
lmω(ρ, ρ0), as before. For example

when uα = uT δαT with uT = (1 − ρ2)−1/2, the orthog-
onality condition Fαu

α = 0 implies that FT = 0, and
hence

Fρ = q∂ρψ,

Fθ = q∂θψ,

Fφ = q∂φψ, (7.5)

where, as already stated, now we have to consider both
the left and right parts of the field separately

ψ±(T, ρ, θ, φ) =
∑

lm

Ylm(θ, φ)

∫
dω

2π
e−iωTR±

lmω(ρ),

(7.6)
with ψ+(T, ρ, θ, φ) = ψ−(T, ρ, θ, φ) but

∂Tψ
± =

∑

lm

Ylm(θ, φ)

∫
dω

2π
e−iωT (−iω)R±

lmω(ρ),

∂ρψ
± =

∑

lm

Ylm(θ, φ)

∫
dω

2π
e−iωT ∂ρR

±
lmω(ρ),

∂φψ
± =

∑

lm

(im)Ylm(θ, φ)

∫
dω

2π
e−iωTR±

lmω(ρ).

(7.7)

This requires the definition of a corresponding
left and right force, F±

α , evaluated along the
orbit, using ∂Tψ

±(T, ρ, θ, φ)
∣∣
orb

, ∂φψ
±(T, ρ, θ, φ)

∣∣
orb

,

∂ρψ
±(T, ρ, θ, φ)

∣∣
orb

, which becomes a function of the pa-
rameter used along the orbit. Indeed, once the deriva-
tives of ψ have been taken and restricted to the orbit,
one can define the left and right components of the force
(along the particle’s world line),

F±
ρ , F±

θ , F±
φ . (7.8)

All this machinery can be easily activated, but the main
tool for analyzing results is, so far, numerical.

A. Can a particle “feel” the presence of the

superimposed test field?

A different, non-standard approach can be that of
defining a force from the energy-momentum tensor as-
sociated with a scalar field,

Tµν = (∇µψ)(∇νψ)−
1

2
gµν(∇αψ)(∇αψ), (7.9)

computable by using the above relations.
In principle, all perturbations which do not modify

the background spacetime do not interact directly among
themselves (while each of them interacts with the back-
ground, by making use of the covariant derivative when
defining the perturbation itself). At the next level, one
has to consider backreaction of the field on the back-
ground (so far, the field is no longer definable a “test”
field). Often this is not a simple task, and if one wants
to have a description for a particle moving on the Nariai
spacetime and which also interacts with the perturbing
field, the interaction should be defined. A possibility is to
use the so-called (generalized) Poynting-Robertson (PR)
approach. This PR scheme [14–23] has been mainly stud-
ied in black hole spacetimes.
An external force is introduced which is responsible for

deviating particle motions with four-velocity u from their
geodesic behavior:

Fext(u)
α = σP (u)αβT

βνuν , (7.10)

where σ is a parameter needed for dimensional reasons,
σ ∼ L, and to model the intensity of the force itself 5 and
T µν is the energy-momentum tensor of the superimposed

5 We will not specify the sign of σ since the energy-momentum
tensor of the field might act either as generating a friction force
on the particle or, being attracted by the underlying spacetime
gravity effects as the particle itself, might contribute with an
additional extra acceleration. We will not discuss the details of
this approach, which among other things was originally devel-
oped with a field of photons and not for a scalar field or a fluid.
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test fluid field. It is worth remarking the uα-structure of
Fext(u)

α which is odd (cubic) in uα, i.e.,

Fext(u)
α ∼ Aα

βγδu
βuγuδ +Bα

βu
β, (7.11)

a good candidate for a covariant definition of a friction
force.
A formally Newtonian force equation is then studied

ma(u)α = Fext(u)
α, (7.12)

where a(u)α = ∇uu
α is the four-acceleration of the parti-

cle. In the definition of Fext(u)
α it is of fundamental im-

portance to satisfy the conservation law T βν
;ν = 0, while

the presence of the projector orthogonal to u, P (u), is
needed for consistency, because the acceleration a(u) is
orthogonal to u by definition. Having said this, Fext(u)
should be nothing but a useful approximation, to be
adopted, for example, when the full perturbation theory
approach is rather involved, as is often the case.
In this case Eqs. (7.10) and (7.9) imply

Fext(u)
α = σP (u)αβ

[
(∇βψ)(∇νψ)

−1

2
gβν(∇ρψ)(∇ρψ)

]
uν

= σ(∇uψ)P (u)
α
β(∇βψ). (7.13)

Comparing Fext(u) with the definition of self-force F
given in Eq. (7.1) we find that these two forces are pro-
portional, i.e.,

Fext(u)
α =

σ

q
(∇uψ)F

α , (7.14)

an interesting feature that we will explore in future
works.

VIII. CAN NARIAI SPACETIME SUPPORT A

TEST FLUID?

Let us consider the metric written in coordinates
(T, ρ, θ, φ) and an observer moving radially (with veloc-
ity v) with respect to the coordinates. An example is
provided by the observer U defined in Eq. (4.17) above,
having constant frame components for the four-velocity
(see Eqs. (4.17) and (4.18)). This observer exists in the
region ρ2 ≤ 1 and can be taken as identifying the rest
frame of a test fluid with the energy-momentum tensor

Tαβ = A(ρ)UαUβ +B(ρ)gαβ , (8.1)

where

A(ρ) = E(ρ) + P(ρ), B(ρ) = P(ρ), (8.2)

in terms of energy density and pressure. The conser-
vation law Tαβ

;β = 0 imposed by considering this field

FIG. 5: Behavior of energy density and pressure for the test
fluid of Eq. (8.1) and U having constant frame components
as in Eq. (4.17). The parameters here have been chosen so
that A(0) = 1 = B(0), v = 0.5.

superimposed on the Nariai spacetime leads to

A(ρ) =
A(0)

(1− ρ2)
,

B(ρ) =
A(0)

2(1− ρ2)
+B(0)− 1

2
A(0), (8.3)

implying that P(ρ) = B(ρ) and

E(ρ) = (2− ρ2)

2(1− ρ2)
A(0)−B(0). (8.4)

The behaviors of energy and pressure are shown in Fig.
5. Interestingly, the case A(0) = 2, B(0) = 1 is peculiar
in the sense that, for these values of A(0) and B(0), one
finds E(ρ) = P(ρ).
An important variant of this example consists in us-

ing an observer still moving radially but with anisotropic
velocity. For example,

Uanis =
1√

1− ρ2 − v2

[
∂T + v

√
1− ρ2 ∂ρ

]
. (8.5)

The physical velocity for this observer is obtained by
restoring the frame vectors

Uanis = γphys [e0 + vphyse1] , (8.6)

where

vphys =
v√

1− ρ2
, γphys =

1√
1− v2phys

, (8.7)

which, depending on ρ, marks a substantial difference
with respect to the observer defined in Eq. (4.17).
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This radially-anisotropically moving observer exists in
the region ρ2 ≤ 1 − v2 and can be taken again as iden-
tifying the rest frame of a test fluid, with the energy-
momentum tensor (8.1) defined above. In this case

Aanis(ρ) =
1− γ2ρ2

(1 − ρ2)3/2
Aanis(0),

Banis(ρ) =
γ2

3

[
[3(1− ρ2)− 2v2]

(1− ρ2)3/2
− (3− 2v2)

]
Aanis(0)

+ Banis(0),

(8.8)

where γ = (1 − v2)−1/2, and the constants Aanis(0)
and Banis(0) can be chosen arbitrarily. In particular,
Banis(ρ) = P(ρ) and

E(ρ) =
Aanis(0)γ

2

3(1− ρ2)3/2
[−v2 + (3− 2v2)(1 − ρ2)3/2]

− Banis(0). (8.9)

For v ∈ [0, 1) there exists always a physically allowed
region for the fluid. In the special case v = 0 the above
solution takes the simpler form

E(ρ) = Aanis(0)−Banis(0) = const.,

P(ρ) =

[
1

(1− ρ2)1/2
− 1

]
Aanis(0)

+ Banis(0). (8.10)

The behaviors of energy and pressure in this radially
anisotropic case are shown in Fig. 6.
In order to provide an explicit example let us consider

u moving radially (as the fluid), see Eq. (4.17) above,

u = γV (e0 + V e1). (8.11)

Thus

T βνuν = [A(ρ)UβUν +B(ρ)gβν ]uν

= A(ρ)Uβ(U · u) +B(ρ)uβ , (8.12)

since

U = γ(e0 + ve1). (8.13)

Therefore

Fext(u)
α = σP (u)αβ[A(ρ)U

β(U · u) +B(ρ)uβ ]

= σA(ρ)P (u)αβU
β(U · u)

= σA(ρ)γ2V (v − V )Eα
1 , (8.14)

having used E1 = γ[ve0 + e1] (U ·E1 = 0) and

U · u = γγV (vV − 1). (8.15)

Therefore, from Eqs. (4.18) and (8.3), the motion is ruled
by the equation

−m γρ√
1− ρ2

= σ
A(0)

(1 − ρ2)
γ2V (v − V ). (8.16)

FIG. 6: Behavior of energy density and pressure for the test
fluid of Eq. (8.1). The parameters have been chosen so that
Aanis(0) = 2, Banis(0) = 1, v = 0.5. The fluid starts being
exotic at ρ = 0.8241 where the energy density vanishes. The
pressure vanishes at ρ = 0.8882 and reaches its maximum
value Pmax = 1.2919 at ρ = 0.7071. Moreover, it has its
relative minimum value Pmin = 1.2919 at ρ = 0. The energy
density is instead monotonically decreasing from the value at
ρ = 0.

This means that the particle is “suspended”, i.e., it can
stay at a fixed ρ such that

ρ
√
1− ρ2 = − σ

m
A(0)

γ2V (v − V )

γ
, (8.17)

which can be satisfied for various choices of the param-
eters (see e.g., [17]). In this (very special and simple)
case the acceleration of the particle is compensated by
the external force. The special case ρ = 0 corresponds to
the trivial situation v = V .

One can push forward the present analysis by consider-
ing the most general situation of a particle (with mass m
and worldline parametrized by the proper time τ) mov-
ing on the equatorial plane (θ = π

2 ) and undergoing ac-
celeration effects due to the external force Fext, (7.10),
generated by the test fluid of Eqs. (8.1), (8.2) and (8.3).
The unit timelike four-velocity of the particle is given by

u =
dT

dτ
∂T +

dρ

dτ
∂ρ +

dφ

dτ
∂φ, (8.18)

and its motion is described by the equations

a(u)α = ∇uu
α = σ̃ P (u)αβT

βνuν, (8.19)

where

σ̃ =
σ

m
. (8.20)
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Explicitly,

a(u)T =
duT

dτ
− 2ρ

(1− ρ2)
uTuρ,

a(u)ρ =
duρ

dτ
+

ρ

(1 − ρ2)
[(uρ)2 − (1− ρ2)2(uT )2],

a(u)θ = 0,

a(u)φ =
duφ

dτ
, (8.21)

with

uρ = ±
√
1− ρ2

[
(1− ρ2)(uT )2 − (uφ)2 − 1

]1/2
. (8.22)

The equations of motion depend on several parame-
ters: the fluid parameters A(0), B(0) and the quantity
σ̃ = σ/m, used to build a model of particle-fluid inter-
action. The limiting case σ̃ = 0 corresponds to geodesic
motion, whereas the situations σ̃ > 0 and σ̃ < 0 im-
ply an additional positively accelerated motion (a sort of
“favorable wind”) and an additional negatively acceler-
ated motion (a sort of “headwind”, or a friction force).
Moreover, the radial equation can be either integrated
inward or forward, i.e., one can freely choose the sign
in front of dρ

dτ in Eq. (8.22), obtained from the timelike
condition u · u = −1. Actually, we can measure devia-
tions from geodesic motion in terms of σ̃. We have stud-
ied (mainly numerically) the equations (8.19), assuming
A(0) = 1 = B(0) for simplicity.

In this special case, we find

FT
ext = σ

[
qTTφφu

T (uφ)2 + qTTρρu
T (uρ)2 + qTTTρ(u

T )2uρ

+ qTTTT (u
T )3 + qTρ u

ρ + qTT u
T
]
,

Fρ
ext = σ

[
qρρφφu

ρ(uφ)2 + qρTρρu
T (uρ)2 + qρTTρ(u

T )2uρ

+ qρρρρ(u
ρ)3 + qρρu

ρ + qρTu
T
]
,

Fθ
ext = 0,

Fφ
ext = σ

[
qφφφφ(u

φ)3 + qφφρρu
φ(uρ)2 + qφφTρu

Tuφuρ

+ qφTTφ(u
T )2uφ + qφρu

ρ
]
, (8.23)

with

qTTφφ = qρρφφ = qφφφφ = qφρ =
1

2

2− ρ2

(1 − ρ2)
,

qTTρρ = qρρρρ = qφφρρ = −qρρ =
1

2

2γ2 − ρ2

(1− ρ2)2
,

qTTTρ = qρTρρ = qφφTρ = − 2γ2v

(1− ρ2)
,

qTTTT = qρTTρ =
1

2
(ρ2 + 2γ2v2),

qTρ =
γ2v

(1 − ρ2)2
,

qTT = −1

2

ρ2 + 2γ2v2

(1− ρ2)
,

qρT = −γ2v,

qφTTφ =
1

2
(ρ2 − γ2v2). (8.24)

Examples of numerical integration results are shown in
Figures 7, 8 and 9 below. Analytical integration can be
performed as well. In this case, however, it is convenient
to fully specify either the geodesic orbit which is going
to be perturbed by the Poynting-Robertson-like exter-
nal force or the test fluid equation of state. As before
we assume then A(0) = 1 = B(0). For the background

(equatorial) geodesics we choose instead E =
√
2 and

L = 1, implying

Tgeo(τ) =
√
2τ ∓ 1

2
ln

(
4∓ 2

√
2τ

3

)
,

ρgeo(τ) =
1

2
e±

√
2τ ,

φgeo(τ) = τ, (8.25)

as shown above. Even in this quite simple case the first-
order corrections in σ̃

T (τ) = Tgeo(τ) + σ̃T1(τ),

ρ(τ) = ρgeo(τ) + σ̃ρ1(τ),

φ(τ) = φgeo(τ) + σ̃φ1(τ), (8.26)

are rather involved. For example, on choosing the nega-
tive sign in ±1 we find

φ1(τ) =
π2

12
+
(
ln(2) +

√
2τ − 3

4

)
ln(2e

√
2τ − 1)

− 1

12
ln(2e

√
2τ + 1) +

1

12
ln(3) + C5τ +

5
√
2τ

6

− 1

3
dilog(2e

√
2τ + 1) +

1

3
dilog(3) + dilog(2e

√
2τ )

(8.27)

(the sector T − ρ is decoupled from the θ− φ one also in
this case) with dilog(3) ≈ −1.4367 and having fixed in-
tegration constants in such a way that limτ→0 φ1(τ) = 0
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FIG. 7: Comparisons of radial motions in presence of a PR
external force as described by Eqs. (8.23) and for a geodesic.
Initial conditions are chosen as follows: φ(0) = 0, ρ(0) =
0.5, t(0) = 0, D(φ)(0) = 0.1, D(t)(0) = 2 and D(ρ)(0) =
−1.2217 (the latter condition derived from the normalization
of u; the minus sign corresponds to integration inward). Here,
we have used v = 0.5 and σ̃ = 1 to enhance the difference
with respect to the geodesic orbit (σ̃ = 0, dotted curve). The
fluid parameters are fixed as A(0) = 1 = B(0). Because of
the stiffness (and the numerical precision) the plot cannot be
displayed for positive values of τ .

(with the constant C5 freely specifiable until one also con-

strains limτ→0
dφ1

dτ ). The equations for T1(τ) and ρ1(τ)
can be only reduced to quadratures (leading to lengthy
expressions involving both log and dilog functions to be
integrated over τ : these expressions can be anyway de-
rived straightforwardly and we will not display them be-
low), strengthening the importance of numerical integra-
tion as the most convenient tool to analyze these results.

IX. CAN NARIAI SPACETIME SUPPORT A

RADIATION FIELD?

Let us consider a photon field as described by the
energy-momentum tensor

T µν = Φ0K
µKν , (9.1)

where Φ0 is a constant and

K =
1

(1− ρ2)
∂T ± ∂ρ (9.2)

is a null (equatorial) geodesic of the background, inward
(−) or outward (+) radially directed and T is divergence-
free, T µν

;ν = 0, and represents a photon field distribution
on the background.
Let u be the four-velocity of a (massive) particle mov-

ing on the equatorial plane as before, Eq. (8.18), for

FIG. 8: Comparisons of temporal motions in presence of a
PR external force and for a geodesic. Parameters and initial
conditions are those of Fig. 7.

FIG. 9: Comparisons of azimuthal motions in presence of a
PR external force and for a geodesic. Parameters and initial
conditions are those of Fig. 7.

which a(u) is given in Eq. (8.21). The Poynting-
Robertson-like force which the radiation field exerts on
u, such that ma(u) = Fext, is then given by

Fα
ext = σΦ0(K · u)[Kα + (K · u)uα]. (9.3)

In terms of components

FT
ext = A[1 − (ut)2(1 − ρ2)± utuρ],

F ρ
ext = A[−utuρ(1− ρ2)± (1 − ρ2)± (uρ)2],

Fφ
ext = Auφ[−ut(1− ρ2)± uρ], (9.4)

where

A =
σΦ0

(1− ρ2)2
[−ut(1 − ρ2)± uρ]. (9.5)
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FIG. 10: Comparisons of motions in presence of a PR external
force obtained with a superimposed radiation field and for a
geodesic. On the X axis we have X = ρ(τ ) cos(φ(τ )) and on
the Y axis Y = ρ(τ ) sin(φ(τ )). Parameters are Φ0 = 1, σ̃ = 2.
The cases ± = 1 (integration radially outward, +1) and ± =
−1 (integration radially inward, −1) are highlighted. Initial
conditions in all cases are chosen so that t(0) = 0, φ(0) = 0,
ρ(0) = 0.5, t′(0) = 2, φ′(0) = 0.1. Dotted curves correspond
to geodesics, σ̃ = 0, integrated radially inward or outward.

To the first order in σ̃ the motion can be even studied
analytically, in the sense that the φ equation decouples
from the others and can be integrated exactly. The other
two equations (ρ and T ) remain however too lengthy, and
their study is better performed through plots. Examples
of numerically integrated motions are illustrated in Fig.
10.

X. A TEST ELECTROMAGNETIC FIELD IN

NARIAI SPACETIME

Let us consider a test electromagnetic field superim-
posed on Nariai spacetime. In order to be fully general
let us decompose the electromagnetic potential Aµ on a
(1-form) basis of vector spherical harmonics, which in

this case are given by

Z♭
1 = Ylm(θ, φ)dt

Z♭
2 =

Ylm(θ, φ)

(1− ρ2)
dρ

Z♭
3 =

ρ√
L
[∂θYlm(θ, φ)dθ + imYlm(θ, φ)dφ]

=
ρ√
L
[∂θYlm(θ, φ)dθ + ∂φYlm(θ, φ)dφ]

=
ρ√
L
dYlm(θ, φ)

Z♭
4 =

ρ√
L

[
1

sin θ
imYlm(θ, φ)dθ

− sin θ∂θYlm(θ, φ)dφ]

=
ρ√
L

[
1

sin θ
∂φYlm(θ, φ)dθ

− sin θ∂θYlm(θ, φ)dφ] , (10.1)

where L = l(l + 1) and we recall the relation

∂θθYlm + cot(θ)∂θYlm +

(
L− m2

sin2(θ)

)
Ylm = 0. (10.2)

The most general A♭ = Aµdx
µ is then given by

A♭ =
∑

lm

∫
dω

2π

e−iωt

ρ

[
iZ♭

1u1(ρ) + Z♭
2u2(ρ)

+
1√
L
(Z♭

3u3(ρ) + Z♭
4u4(ρ))

]
. (10.3)

The functions ui(ρ) are such that

d2u1
dρ2

= −
[

A

(1− ρ2)2
+

2

ρ2

]
u1 −

2ρω

(1 − ρ2)2
u2 +

2

ρ

du1
dρ

,

d2u4
dρ2

=
2ρ

(1− ρ2)

du4
dρ

− A

(1− ρ2)2
u4,

du3
dρ

= − ω

ρ(1− ρ2)

(
du1
dρ

− u1
ρ

)
− A

ρ(1− ρ2)2
u2,(10.4)

where A = ω2 − L(1 − ρ2). These equations should be
supplemented by the Lorenz gauge condition [24]

du2
dρ

− u2
ρ

=
ω

(1− ρ2)
u1 + ρu3. (10.5)

The variables ui turn out to be all coupled, except for u4
which is formally solved in terms of Legendre functions

u4(ρ) = C1PR,S(ρ) + C2QR,S(ρ), (10.6)

where C1 and C2 are two integration constants and

R =

√
1− 4L− 1

2
, S = iω. (10.7)

In order to decouple these equations we first of all intro-
duce the rescalings

u1(ρ) = ρU1(ρ), u2(ρ) = ρU2(ρ), (10.8)
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motivated by the presence of terms of the type du1

dρ − u1

ρ .

Upon defining

f(ρ) = − ((ρ2 − 1)L+ ω2)

(1− ρ2)2
, h(ρ) = − 2ωρ

(1− ρ2)2
, (10.9)

the new equations turn out to be

d2U1

dρ2
= f(ρ)U1(ρ) + h(ρ)U2(ρ),

dU2

dρ
= − (1− ρ2)

2ρ
h(ρ)U1(ρ) + u3(ρ),

du3
dρ

= f(ρ)U2(ρ) +
(1− ρ2)

2ρ
h(ρ)

dU1

dρ
. (10.10)

From the second of these equation we isolate

u3(ρ) =
dU2

dρ
+

(1 − ρ2)

2ρ
h(ρ)U1(ρ), (10.11)

and we insert it into the third one, which becomes

d2U2

dρ2
= −h(ρ)U1(ρ) + f(ρ)U2(ρ). (10.12)

At this stage, we focus on the coupled system obeyed
by U1 and U2. On defining the second-order differential
operator

A =
d2

dρ2
− f(ρ), (10.13)

the coupled system just mentioned can be cast in the
form

A(U1) = hU2, A(U2) = −hU1, (10.14)

or, equivalently,

(
A −h
h A

)(
U1

U2

)
= 0. (10.15)

By introducing the notation

M0 =

(
A −h
h A

)
, U =

(
U1

U2

)
(10.16)

we obtain the concise form

M0U = 0. (10.17)

A repeated application of the operator A makes it pos-
sible to decouple these equations but leads to a fourth-
order differential equation (more precisely, one obtains
U1 = − 1

hA(U2) and subsequent insertion into the other
equation, A(U1) = hU2), i.e., it adds spurious solutions
which should then be disentangled by taking into account
the correct boundary conditions. In order to avoid these
spurious solutions one can proceed as follows. We can

diagonalize such a system by mapping its 2 × 2 matrix
into (we are here relying upon Sec. 2 of Ref. [25])

M =

(
1 V
W 1

)(
A −h
h A

)(
1 α
β 1

)
, (10.18)

and then requiring that the off-diagonal differential oper-
atorsM12 andM21 should vanish for a suitable particular
form of α, β, V,W . In the resulting calculation we bear in
mind that, by virtue of the Leibniz rule, one obtains (the
· denotes here the function acted upon by the derivative
with respect to ρ)

d2

dρ2
(α·) = d2α

dρ2
(·) + dα

dρ

d

dρ
(·) + α

d2

dρ2
(·), (10.19)

jointly with an entirely analogous formula for β. In light
of Eq. (10.18), the four operators of the matrixM are the
ones in Appendix A. On requiring that the off-diagonal
operators should be identically vanishing, we find there-
fore for M12:

α = −V, α′(ρ) = 0 ∀ρ, (10.20)

h(V α− 1) = 0 =⇒ V 2 + 1 = 0, (10.21)

hence

V = ±i, α = ∓i. (10.22)

The analogous procedure for the vanishing of M21 yields

W = ±i, β = −W = ∓i. (10.23)

Eq. (A1) yields eventually

M11 = 2
d2

dρ2
− 2(f(ρ)− ih(ρ)), (10.24)

while Eq. (A4) leads to

M22 = 2
d2

dρ2
− 2(f(ρ) + ih(ρ)), (10.25)

that is

M11

2
= A+ ih,

M22

2
= A− ih =

M∗
11

2
. (10.26)

Last, on reverting to the coupled equations (10.14) we
notice that

A(U1 + iU2) = −ih(U1 + iU2), (10.27)

that is, the linear combination Z = U1 + iU2 decouples
the system, and our decoupled differential equations are
solved by

Z(ρ) = C1ρ
1+ iω

2

− ρ
1− iω

2

+ 2F1([1 + L, 2 − L], [2− iω], ρ+)

+ C2ρ
1+ iω

2

− ρ
iω

2

+ 2F1([iω + L, 1 + iω − L], [iω], ρ+)
(10.28)

where Ci are arbitrary constants and we have defined

L =
1

2
+

1

2
(1 − 4L)1/2, ρ± =

(ρ± 1)

2
. (10.29)

A second independent solution is then the complex con-
jugate Z∗.
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XI. A TEST GRAVITATIONAL FIELD IN

NARIAI SPACETIME

The gravitational perturbations of Nariai spacetime
are rather involved, despite the underlying symmetries
(cylindrical in the T − ρ part of the metric and spher-
ical in the θ − φ part). This is mainly due to the lack
of asymptotic flatness of the metric which adds to the
fact that it is not a vacuum solution, thus enhancing the
differences with respect to the similar treatment of other
contexts, e.g., black holes. We split the metric according
to

gpertαβ = gNαβ + hαβ , (11.1)

and Fourier-expand the perturbation h with respect to
the Killing coordinates T and φ, i.e.,

hαβ(T, ρ, θ, φ) =

∫
dm

2π
eimφ

∫
dω

2π
e−iωtĥαβ(ω, ρ, θ,m).

(11.2)
By inserting these expressions into the perturbed Ein-
stein equations, G(gNαβ+hαβ)−(gNαβ+hαβ) = 0 we obtain
a lengthy set of coupled equations, listed below in Table

I (with an abuse of notation, i.e., ĥαβ is still denoted by
hαβ , without the hat in order to simplify notation).

If one does not perform any gauge choice (see Table I
for the resulting equations), special exact solutions can be
found in this case as well, and are expressible in terms of
Legendre associated functions. However, upon choosing
a Regge-Wheeler gauge and decomposing the metric in
tensor spherical harmonics (see e.g. Eqs. A5-A18 of Ref.
[27] for notation and conventions in the Schwarzschild
case, here “adapted” to the Nariai solution by simply
replacing 1 − 2M

r → 1 − ρ2 in the metric and r → ρ
in harmonics), i.e., expressing all metric components in
terms of the functions h0(ρ), h1(ρ), H0(ρ), H1(ρ), H2(ρ),
one finds a set of (coupled) ordinary differential equations
to be distinguished in the odd (or magnetic) sector

d2h0
dρ2

= −iω dh1
dρ

+
L− 2

(1− ρ2)
h0, (G02)

dh0
dρ

= −iω
2 + (2− L)(1− ρ2)

ω
h1, (G12)

dh1
dρ

= − iω

(1− ρ2)2
h0 +

2ρ

(1− ρ2)
h1, (G22) (11.3)

and the even (or electric) sector

d2K

dρ2
=

L

2ρ2(1 − ρ2)
H2 +

ρ2(L+ 6)− 4

2ρ2(1 − ρ2)
K

+
5ρ2 − 4

ρ(1− ρ2)

dK

dρ
, (G00)

dK

dρ
=

iL

2ρ2ω
H1 +

ρ2 − 2

ρ(1− ρ2)
K, (G01)

dH1

dρ
= − 2ρ

(1− ρ2)
H1 −

iω

(1− ρ2)
H2

− ρ2iω

(1− ρ2)
K, (G02)

H0 = H1
iρ

ω
− ρ2[2(1 + ω2)− L(1− ρ2)]

L(1− ρ2)
K, (G11)

H2 = H0, (G22)

(11.4)

Notice that: 1) the replacementsH1 → iH̃1 and h1 → ih̃1
(eventually H1 → iωH̃1 and h1 → iωh̃1) in this case
make the system of equations real, and should be per-
formed before attempting the decoupling; 2) Replacing
Eqs. (G22) and (G11) in Eq. (G02) leads to the equiva-
lent relation

dH1

dρ
=

3ρ

(1− ρ2)
H1 +

2iρ2ω(1 + ω2 − L(1− ρ2))

L(1− ρ2)2
K,

(11.5)
which should be enough to obtain coupling with Eq.
(G01) in order to fully solve the even-parity perturba-
tion system. Similarly, Eqs. (G12) and (G22) should be
enough to fully solve the odd-parity system. Both cases
lead to a coupled system of equations of the type

(
dX
dρ
dY
dρ

)
=

(
C11(ρ) C12(ρ)
C21(ρ) C22(ρ)

)(
X
Y

)
. (11.6)

In fact, in the odd case we have X = h0 and Y = h1,
while in the even oneX = K and Y = H1. The equations
can be easily decoupled. For example,

d2h0
dρ2

= − [(2− L)(1− ρ2) + ω2]

(1− ρ2)2
h0(ρ)

+
2ω2ρ

[(2− L)(1− ρ2) + ω2](1 − ρ2)

dh0
dρ

(11.7)

A simple inspection of both the odd- and even-parity
final set of equations seems to suggest that the solu-
tion for all metric functions are simpler (and solvable in
terms of hypergeometric functions) with respect to the
corresponding Schwarzschild case (which involve conflu-
ent Heun functions 6).

6 It is worth mentioning that a number of papers concerning Heun
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In fact,

h0(ρ) = (1− ρ2)
iω

2 [c1f1(ρ) + c2f2(ρ)] , (11.8)

where

f1(ρ) = ρ
[
(ρ2 − 1)(L− ω2 + iω − 2)hg1 + iωhg2

]
,

f2(ρ) = (ρ2 − 1)ρ2
(
L− ω2

3
+ iω

)
hg3

+ [−1 + (1 + iω)ρ2]hg4 , (11.9)

with

hg1 = 2F1

([
s− +

5

4
, s+ +

5

4

]
,

[
3

2

]
, ρ2
)
,

hg2 = 2F1

([
s− +

1

4
, s+ +

1

4

]
,

[
1

2

]
, ρ2
)
,

hg3 = 2F1

([
s+ +

7

4
, s− +

7

4

]
,

[
5

2

]
, ρ2
)
,

hg4 = 2F1

([
s+ +

3

4
, s− +

3

4

]
,

[
3

2

]
, ρ2
)
,(11.10)

having defined

s± =
1

2
iω ± 1

4
(9 − 4L)1/2 . (11.11)

However, the complete analysis of the gravitational sys-
tem (together with a generalization of the source terms
to the case in which the perturbation is entirely due to a
moving particle) will be conveniently postponed to future
studies.

XII. CONCLUDING REMARKS

Our work on Nariai spacetime was initiated in Ref.
[26], but here we have focused on a completely different
set of properties, paying first attention to some curvature
aspects, connecting for example the sectional curvatures
of a timelike 2-section and of a spacelike 2-section to the
spacetime curvature itself by analyzing the Kretschmann
invariant properties. We have also studied both geodesic
motion (obtaining a fully original, complete analytic inte-
gration of the orbits) and accelerated one (in particular,
the accelerated motion of an observer at rest with respect
to the spherical coordinates, and in radial motion with
respect to them).
Moreover, by exploiting the algebraic speciality of Nar-

iai spacetime (which is of Petrov type D) we have inves-
tigated perturbations due to a scalar field (treated in a

functions and their application to black hole and related space-
times appeared recently in the literature, see e.g., [28–31]. All
such studies will play a key role to obtain resummed expressions
for several gauge-invariant quantities already computed by using
a Post-Newtonian approximation.

fully analytical way). In the latter case, our results will
be relevant as (exact type) cosmological perturbations
if Nariai spacetime is assumed as a cosmological model.
We will leave this problem to future investigations and
projects. Indeed, it is hard to investigate global solutions
of the equations obeyed by Fourier modes even just for a
scalar field (see e.g. Refs. [32, 33] for the analogous sit-
uation in a Schwarzschild spacetime), and the resulting
integral representation of the scalar field is technically
hard as well.

Furthermore, we have studied conditions that make it
possible for Nariai spacetime to support a superimposed
test fluid in the special situation of a rest frame of the
fluid radially moving with respect to cylindrical-like form
of the background metric. We have displayed two exam-
ples of radially moving observers taken as identifying the
rest frame of the fluid: an observer with constant frame
components and another with anisotropic radial veloc-
ity. We have then discussed how a test particle moving
in Nariai spacetime with a fluid superimposed can feel
the presence of the fluid and can be deviated from the
original (geodesic or nongeodesic) motion.

Eventually, we have developed original calculations in
order to study the possible occurrence of test electromag-
netic or gravitational fields in Nariai spacetime. In the
electromagnetic case, the imposition of a gauge condition
and the exploitation of a decoupling technique have led
to a full analytic solution, whereas the gravitational case
remains in general rather involved. The Regge-Wheeler
gauge, however, leads to additional simplifications.

Another technical issue for future research is the ac-
tual analytic or numerical integration of Fourier modes
in order to evaluate a massive scalar field in Nariai space-
time. Our exact results in ω space will be useful as soon
as one will be able to provide testbeds for numerical re-
sults when these will become available.
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TABLE I: General set of coupled perturbation equations obtained by computing the Einstein equations for the metric gpertαβ =

gNariai
αβ + hαβ. The Killing variables T and φ are ruled out by the Fourier transform. In the Table the metric indices run from 1
through 4 and not from 0 through 3, so that for example h14 corresponds to h03. This (very convenient for practical purposes)
re-labeling should not create confusion. Finally, an abbreviated notation here used is [s, c] = [sin θ, cos θ].

Eq. 11 ∂ρρh44 −m2h22 +
2ρsc

(1−ρ2)
h23 +

2iρm
(1−ρ2)

h24 −
(m2−2s2)

(1−ρ2)
h33 + sc∂θh22 − 2sc∂θh23 +

2ρs2

(1−ρ2)
∂θh23 − 2im∂ρh24

−
ρs2

(1−ρ2)
∂ρh33 −

cs
(1−ρ2)

∂θh33 −
ρ

(1−ρ2)
∂ρh44 −

2c
s(1−ρ2)

∂θh44 + s2∂θθh22 − 2s2∂ρθh23 + s2∂ρρh33

+ 1
(1−ρ2)

∂θθh44 + 2
(1−ρ2)s2

h44 = 0

Eq. 12 ∂ρθh13 +
m2

s2
h12 +

2ρc
s(1−ρ2)

h13 + iω∂ρh33 +
iρω

s2(1−ρ2)
h44 + ωm

s2
h24 − iω∂θh23 +

iρω
(1−ρ2)

h33 −
c
s
∂θh12 +

c
s
∂ρh13

+ 2ρ
(1−ρ2)

∂θh13 + im
s2

∂ρh14 +
2iρm

s2(1−ρ2)
h14 −

icω
s
h23 +

iω
s2
∂ρh44 − ∂θθh12 = 0

Eq. 13 ∂ρρh13 −
(m2−2s2)

s2(1−ρ2)
h13 +

icω
s(1−ρ2)

h33 + iωc
s3(1−ρ2)

h44 + 2ρ
(1−ρ2)

∂θh12 −
im

s2(1−ρ2)
∂θh14 − iω∂θh22 + iω∂ρh23

−
iω

s2(1−ρ2)
∂θh44 − ∂ρθh12

Eq. 14 ∂ρρh14 +
2iρm

(1−ρ2)
h12 + 2

(1−ρ2)
h14 + ωmh22 +

mω
(1−ρ2)

h33 − im∂ρh12 −
im

(1−ρ2)
∂θh13 −

c
s(1−ρ2)

∂θh14 + iω∂ρh24

+ 1
(1−ρ2)

∂θθh14 + imc
s(1−ρ2)

h13 = 0

Eq. 22 ∂θθh44 −
2iωs2

(1−ρ2)
∂θh13 −

sc
(1−ρ2)

∂θh11 + 2ρs2∂ρh33 − sc∂θh33 − ρ∂ρh44 −
2c
s
∂θh44 −

s2

(1−ρ2)
∂θθh11 +

m2

(1−ρ2)
h11

+ 2ωm
(1−ρ2)

h14 + 2ρsch23 + 2iρmh24 +
[s2ω2−(1−ρ2)(m2−2s2)]

(1−ρ2)
h33 −

(−ω2s2−2(1−ρ2))

s2(1−ρ2)
h44 −

2iωsc
(1−ρ2)

h13 = 0

Eq. 23 ∂ρθh44 +
[s2ω2−(1−ρ2)(m2−2s2)]

(1−ρ2)
h23 −

ρs2

(1−ρ2)2
∂θh11 −

is2ω
(1−ρ2)

∂θh12 −
is2ω

(1−ρ2)
∂ρh13 + ρs2∂θh22

−im∂θh24 − sc∂ρh33 −
c
s
∂ρh44 −

s2

(1−ρ2)
∂ρθh11 = 0

Eq. 24 ∂θθh24 +
ωm

(1−ρ2)
h12 + imρh22 +

mic
s

h23 − h24
(2ρ2−2−ω2)

(1−ρ2)
−

im
(1−ρ2)

∂ρh11 −
iω

(1−ρ2)
∂ρh14 − im∂θh23 −

c
s
∂θh24

+im∂ρh33 −
imρ

(1−ρ2)2
h11 = 0

Eq. 32 ∂ρθh11 −
[s2ω2−(1−ρ2)(m2−2s2)]

s2
h23 +

ρ
(1−ρ2)

∂θh11 + iω∂θh12 + iω∂ρh13 − (1− ρ2)ρ∂θh22

+ im(1−ρ2)

s2
∂θh24 +

(1−ρ2)c
s

∂ρh33 +
(1−ρ2)c

s3
∂ρh44 −

(1−ρ2)

s2
∂ρθh44 = 0

Eq. 33 ∂ρρh11 −
(−2+m2+2c2−m2ρ2)

(1−ρ2)2s2
h11 −

2iωρ
(1−ρ2)

h12 −
2ωm

(1−ρ2)s2
h14 − h22

−m2(1−ρ2)+s2(ω2+2−4ρ2)

s2
−

4ρc
s
h23

−
4imρ
s2

h24 −
ω2

(1−ρ2)s2
h44 +

ρ
(1−ρ2)

∂ρh11 + c
s(1−ρ2)

∂θh11 +
2im(1−ρ2)

s2
∂ρh24 − (1− ρ2)ρ∂ρh22 −

c(1−ρ2)
s

∂θh22

+ 2c
s(1−ρ2)

∂ρh23 + 2iω∂ρh12 + 2∂ρh44
ρ
s2

−
(1−ρ2)

s2
∂ρρh44 +

2iωc
s(1−ρ2)

h13 = 0

Eq. 34 ∂ρθh24 −
imc

s(1−ρ2)2
h11 −

ωm
(1−ρ2)2

h13 +
icm
s

h22 −
2iρm

(1−ρ2)
h23 + 4ρc

s(1−ρ2)
h24 + im

(1−ρ2)2
∂θh11 +

iω
(1−ρ2)2

∂θh14

−im∂θh22 + im∂ρh23 −
2c
s
∂ρh24 −

2ρ
(1−ρ2)

∂θh24 −
2iωc

s(1−ρ2)2
h14 = 0

Eq. 44 ∂θθh11 − 2iωρh12 + (1− ρ2)(4ρ2 − ω2
− 2)h22 − ω2h33 + ρ∂ρh11 + 2i(1− ρ2)ω∂ρh12 + 2iω∂θh13 − (1− ρ2)2ρ∂ρh22

−4ρ(1− ρ2)∂θh23 + 2ρ(1− ρ2)∂ρh33 + (1− ρ2)∂ρρh11 − (1− ρ2)2∂θθh22 + 2(1− ρ2)2∂ρθh23 − (1− ρ2)2∂ρρh33

+ 2
(1−ρ2)

h11 = 0

Comp. ∂ρρh33 −
m2

s2(1−ρ2)2
h11 −

2ωm
s2(1−ρ2)2

h14 −
2cρ

s(1−ρ2)
h23 −

2iρm
s2(1−ρ2)

h24 −
ω2

s2(1−ρ2)2
h44 + c

s(1−ρ2)2
∂θh11 + 2ρ

(1−ρ2)
∂θh23

−
ρ

(1−ρ2)
∂ρh33 +

ρ
s2(1−ρ2)

∂ρh44 + ∂θθh22 − 2∂ρθh23 +
2iωc

s(1−ρ2)2
h13 = 0

Appendix A: The matrix of differential operators in

Sec. X

By virtue of Eq. (10.18), the matrix M of differential
operators has elements

M11 = (1 + V β)
d2

dρ2
+ V β′(ρ)

d

dρ

+ V β′′(ρ)− (1 + V β)f + h(V − β), (A1)

M12 = (α+ V )
d2

dρ2
+ α′(ρ)

d

dρ

+ α′′(ρ)− (α+ V )f + h(V α− 1), (A2)

M21 = (β +W )
d2

dρ2
+ β′(ρ)

d

dρ

+ β′′(ρ)− (β +W )f + h(1−Wβ), (A3)

M22 = (1 +Wα)
d2

dρ2
+Wα′(ρ)

d

dρ

+ Wα′′(ρ)− (1 +Wα)f + h(α−W ). (A4)

Appendix B: Killing equations in Nariai spacetime

Let us consider the dS-like form of the Nariai spacetime
metric and a generic vector

ξ = ξT∂T + ξρ∂ρ + ξθ∂θ + ξφ∂φ. (B1)
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The Killing equations

∇(αξβ) = 0, (B2)

imply the following set of coupled equations

∂T ξ
T =

ρ

(1− ρ2)
ξρ,

∂ρξ
T =

1

(1− ρ2)2
∂T ξ

ρ,

∂θξ
T =

1

(1− ρ2)
∂T ξ

θ,

∂φξ
T =

sin2 θ

(1− ρ2)
∂T ξ

φ, (B3)

∂ρξ
ρ = − ρ

(1− ρ2)
ξρ,

∂ρξ
θ = − 1

(1− ρ2)
∂θξ

ρ,

∂ρξ
φ = − 1

(1− ρ2) sin2 θ
∂φξ

ρ,

∂θξ
θ = 0, (B4)

and

∂θξ
φ = − 1

sin2 θ
∂φξ

θ,

∂φξ
φ = − cot θξθ. (B5)

Trivial solutions to these equations are ξ = ∂T and ξ =
∂φ. Other solutions exist which correspond to the two
separate sectors, (T, ρ) and (θ, φ). For example,

ξ =
ρ

(1− ρ2)1/2
(
C1e

T − C2e
−T
)
∂T

+ (1− ρ2)1/2
(
C1e

T + C2e
−T
)
∂ρ, (B6)

is a Killing vector of the (T, ρ) sector for any choice of
the constants C1 and C2. Similarly, in the (θ, φ) sector

ξ = (c1 sin(φ) + c2 cos(φ))∂θ

+ cot θ(c1 cos(φ) − c2 sin(φ))∂φ, (B7)

is a Killing vector for any choice of the constants c1 and
c2.
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http://arxiv.org/abs/0910.2634
http://arxiv.org/abs/1405.4430
http://arxiv.org/abs/0808.1083
http://arxiv.org/abs/1107.2793
http://arxiv.org/abs/1408.4945


26

Falanga, Three-dimensional general relativistic Poynting-
Robertson effect. Radial radiation field, Phys. Rev. D 99,
023014 (2019).

[24] L. Lorenz, On the identity of the vibrations of light with
electrical currents, Phil. Mag. Ser. 4 34, 287 (1867).

[25] G. Esposito, A. Yu. Kamenshchik, I.V. Mishakov, G.
Pollifrone, Euclidean Maxwell theory in the presence of
boundaries. II, Class. Quantum Grav. 11, 2939 (1994).

[26] D. Bini and G. Esposito, Projective path to points
at infinity in spherically symmetric spacetimes,
[arXiv:2403.02128 [gr-qc]].

[27] N. Sago, H. Nakano and M. Sasaki, Gauge problem
in the gravitational selfforce. 1. Harmonic gauge ap-
proach in the Schwarzschild background, Phys. Rev.
D 67, 104017 (2003) doi:10.1103/PhysRevD.67.104017
[arXiv:gr-qc/0208060 [gr-qc]].

[28] Y. F. Bautista, G. Bonelli, C. Iossa, A. Tanzini and
Z. Zhou, Black hole perturbation theory meets CFT2:
Kerr-Compton amplitudes from Nekrasov-Shatashvili
functions, Phys. Rev. D 109, no.8, 084071 (2024)
doi:10.1103/PhysRevD.109.084071 [arXiv:2312.05965
[hep-th]].

[29] G. Aminov, P. Arnaudo, G. Bonelli, A. Grassi
and A. Tanzini, Black hole perturbation theory
and multiple polylogarithms, JHEP 11, 059 (2023)
doi:10.1007/JHEP11(2023)059 [arXiv:2307.10141 [hep-
th]].

[30] P. Arnaudo, G. Bonelli and A. Tanzini, One loop effective
actions in Kerr-(A)dS black holes, Phys. Rev. D 110,
no.10, 106006 (2024) doi:10.1103/PhysRevD.110.106006
[arXiv:2405.13830 [hep-th]].

[31] M. Minucci and R. Panosso Macedo, The confluent Heun
functions in black hole perturbation theory: a space-
time interpretation, Gen. Rel. Grav. 57, no.2, 33 (2025)
doi:10.1007/s10714-025-03364-7 [arXiv:2411.19740 [gr-
qc]].

[32] S. Persides, Global properties of radial wave functions
in Schwarzschild’s space-time. 1. The regular singular
points, Commun. Math. Phys. 48, 165 (1976).

[33] S. Persides, Global properties of radial wave functions
in Schwarzschild’s space-time. II. The irregular singular
point, Commun. Math. Phys. 50, 229 (1976).

http://arxiv.org/abs/2403.02128
http://arxiv.org/abs/gr-qc/0208060
http://arxiv.org/abs/2312.05965
http://arxiv.org/abs/2307.10141
http://arxiv.org/abs/2405.13830
http://arxiv.org/abs/2411.19740

	Introduction
	Properties of the Nariai solution in spherical-like coordinates
	Curvature invariants
	Newman-Penrose formalism
	Geodesics

	Properties of the Nariai solution in de Sitter-like coordinates
	Accelerated motions
	At rest with respect to spherical-like coordinates in Nariai spacetime
	Radial motion with respect to spherical-like coordinates in Nariai spacetime
	At rest with respect to de Sitter-like coordinates in Nariai spacetime
	Radial motion with respect to de Sitter-like coordinates in Nariai spacetime

	Massless scalar perturbations of Nariai spacetime in absence of sources
	Scalar waves in spherical-like coordinates
	Scalar waves in de Sitter-like coordinates

	Waves sourced by a particle carrying a scalar charge: an example of analytic self-force computation
	Particle at rest in the (t,r) coordinates
	Particle at rest in the (T,) coordinates

	Scalar self-force and its variations
	Can a particle ``feel" the presence of the superimposed test field?

	Can Nariai spacetime support a test fluid?
	Can Nariai spacetime support a radiation field?
	A test electromagnetic field in Nariai spacetime
	A test gravitational field in Nariai spacetime
	Concluding remarks
	Acknowledgements
	Data Availability
	The matrix of differential operators in Sec. X
	Killing equations in Nariai spacetime
	References

