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Abstract. Some lattice models having two conservation laws may display an
equilibrium phase transition from a homogeneous (positive temperature—PT)
to a condensed (negative temperature) phase, where a finite fraction of the
energy is localized in a few sites. We study one such stochastic model in an
out-of-equilibrium setup, where the ends of the lattice chain are attached to two
PT baths. We show that localized peaks may spontaneously emerge, acting as
infinite-temperature heat baths. The number Nb of peaks is expected to grow
in time t as Nb ∼

√
ln t, as a consequence of an effective freezing of the dynam-

ics. Asymptotically, the chain spontaneously subdivides into three intervals: the
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two external ones lying inside the PT region; the middle one characterized by
peaks superposed to a background lying along the infinite-temperature line. In
the thermodynamic limit, the Onsager formalism allows determining the shape
of the whole profile.

Keywords: out-of-equilibrium condensation, Onsager theory,
energy and mass transport
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1. Introduction

Simple non-trivial models have always played an important role in statistical mechanics,
because they allow to highlight special features and phenomena focusing on the minimal
ingredients that are necessary and sufficient to generate a given behaviour: the Ising [1]
and the driven lattice gas models [2] are the most famous examples in the context of
equilibrium and out-of equilibrium phase transitions, respectively. Another example,
less known but more relevant in the present context, is the model introduced by Kipnis,
Marchioro, and Presutti (KMP) in 1982 [3], which allowed to prove the validity of the
diffusion equation. In that model, a positive quantity ci (mass) is associated to each
site i of a one dimensional lattice, and dynamics proceeds by exchanging mass between
neighbouring sites (i, i+1) in such a way that the sum (ci + ci+1) is kept constant. More
recently, a model has appeared with a much richer phenomenology, but conceptually
similar to the KPM model. In this case [4] there are two diffusing conserved quantities
(ci,ϵi), one of which (the energy ϵi , let us say) is locally the square of the other, ϵi = c2i .
This model displays an equilibrium phase transition between a homogeneous phase and
a condensed/localized phase, where a single site hosts a finite fraction of the whole,
macroscopic energy. For this reason, the model was called C2C [5]: condensation with
(because of) two conservation laws. A crucial feature of the model is that both mass and
energy variables are bounded from below. Had we allowed ci to take negative values,
as, e.g. done in [6], where ci plays the role of linear momentum, we would have devised
yet another stochastic model of heat conductivity.

The C2C model can be seen as an extension of KPM to the case of coupled transport,
but it is also related to different classes of models: the discrete nonlinear Schrödinger
(DNLS) equations [7, 8] and the zero-range processes (ZRPs) [9]. In fact, the DNLS
equation reduces to C2C in proximity of the critical line of the condensation trans-
ition [4, 10, 11] and one can identify tall breathers arising in the DNLS equation with
the condensation peaks discussed in this paper. Moreover, the C2C corresponds to a
ZRP-like process [5, 10], where energy is the only conserved quantity and mass conser-
vation is replaced by a Weibull distribution of energy on each site, f(ϵ) = (λ/2

√
ϵ)e−λ

√
ϵ.

Here, we assume and consider only a quadratic relationship between ϵi and ci, but
this is not a crucial constraint: any convex function ϵi = F (ci) would give the same
phenomenology [12]. The equilibrium properties of the C2C model are well known and
can be easily summarized in terms of the mass density a= (1/N)

∑
i ci and the energy

density h= (1/N)
∑

i c
2
i , where N is the total number of lattice sites. The homogen-

eous phase, a2 ⩽ h⩽ 2a2, can be equally described within the microcanonical and the
grand canonical ensembles; the two curves h= a2 and h= 2a2 represent the states at
zero temperature and infinite temperature, respectively. The region h > 2a2 identifies
the localized phase and its infinite-time behaviour can be described only within the
microcanonical ensemble. However, close enough to the critical line, the homogeneous
phase is metastable on long time scales and an effective grand canonical description is
possible [13]. In both ensembles, absolute negative temperatures (NTs) [14] appear in
the critical region of the localized phase.

Recently [15], it has been found that the localization process may appear in an out-
of-equilibrium setup where the ends of the lattice chain are attached to two thermal
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baths (reservoirs) operating at strictly positive temperatures (PTs). In fact, although
each bath thermalizes (in its vicinity) the system into a homogeneous phase, the Joule
effect induced by the coupled transport of mass and energy leads to such a large tem-
perature increase, that it becomes negative! Since coupled transport is crucial for non-
equilibrium condensation to appear, it is obvious that ZRP-like models cannot exhibit
this phenomenon [16].

When passing to an out-of-equilibrium setup, tiny details of the dynamics may start
playing a crucial role, giving rise to possibly different scenarios. One of them is the
mobility of the energy peaks appearing in the localized phase. They are energy storages
which may or may not travel. If they diffuse, energy can be eventually dissipated in
correspondence of the heat baths, leading to a nonequilibrium steady state (NESS)
with peaks that are continuously created and destroyed [12].

If, instead, energy peaks are pinned (spatially blocked), nothing prevents their energy
load from increasing forever: this is the scenario we are going to discuss in detail in this
paper. In particular, we will show that the coexistence of point singularities and low-
energy regions formally violates the NESS constraints and gives rise to an unusual
transport regime.

Peaks of arbitrarily large energy may appear and be sustained also at equilibrium,
in a microcanonical setup where energy and mass are conserved [17, 18]. In fact, it is
known that in the condensed phase, a single peak either absorbs or emits energy until the
background is in an infinite-temperature equilibrium state (this is the way to maximize
the entropy). Hence, one can conclude that energy peaks act as infinite-temperature
reservoirs.

Within the out-of-equilibrium setup, the evolution of a system entering the con-
densed phase is sketched in figure 1, where the state of the ith lattice site is represented
as a point of coordinates (⟨ci⟩,⟨c2i ⟩) in the plane (a, h), where the angular brackets
denote a finite-time average. As a result, the current state of the system can be viewed
as a parametric curve connecting the two reservoirs. At short times (see left panel), the
system settles in a metastable state, whose curve crosses the critical line, suggesting
that the conditions for the occurrence of an out-of-equilibrium condensation are met.
At later times, a first peak emerges (see central panel), and the related curve bends
towards the critical line, indicating that the peak acts as an infinite−T reservoir. As we
will see, a single peak is not sufficient to absorb the extra-energy pumped in the system.
In fact, large part of this paper is devoted to understanding how additional peaks form,
and how the parametric curve progressively changes. In the right panel of figure 1 we
depict the expected asymptotic form, once a large number of peaks has appeared.

The paper is organized as follows. The model and the main quantities used through-
out the article are defined in section 2. In the following section 3, we describe the effects
of high-energy peaks on the macroscopic nonequilibrium state (either when peaks rise
spontaneously or when they are externally imposed on a given site). Since the complex-
ity of the evolution stems from the dynamics of the segment of parametric curve invad-
ing the condensed phase, we devote sections 4, 5 to a quantitative analysis of a setup
where both thermostats act on the critical line (we shall speak of critical reservoirs).
In particular, section 4 is devoted to the analysis of the pseudo-stationary metastable
regime (i.e. before the emergence of new peaks), while in section 5, we discuss how new
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Figure 1. Sketch of the parametric curve (full line) for an out-of-equilibrium setup
when heat baths (XL,XR) are in the homogeneous phase, i.e. below the critical
line (red, dashed line). (a) The metastable regime, when no peak has yet appeared;
(b) the emergence of an immobile peak (green diamond) bends the parametric
profile towards the critical line; (c) the asymptotic configuration: The positive-
temperature sections of the parametric profile end tangentially to the critical line
(blue dots) and the inner part from QL to QR is squashed on top of it.

peaks progressively emerge. In section 6, we return to the general case, and show how
the asymptotic path can be constructed, when both thermostats are located in the PT
region. Finally, in section 7 we provide a critical summary of our results and discuss
possible extensions to other models.

2. The model

The C2C model is defined in terms of two conservation laws. The mass and energy
densities (a, h) define the microcanonical equilibrium state of an isolated system. If
mass and energy exchanges with an external reservoir are allowed, the system can reach
an equilibrium state characterized by a temperature T and a chemical potential µ. In
the homogeneous phase, the grand canonical description is well defined with a grand
canonical partition function,

Z (β,µ) =

(ˆ +∞

0

dce−β(c2−µc)
)N

≡ z (β,µ)N , (1)

where β = 1/T is the inverse temperature. The local mass is therefore distributed accord-

ing to ρ(c) = 1/z(β,µ)e−β(c2−µc). The microcanonical (a, h) and the grand canonical
(β,µ) parameters can be mapped on to one another using the relations [15, 19, 20]

a=
µ

2
+

1√
πβ

e−βµ2/4

1+ erf

(√
βµ

2

) , (2)

h=
1

2β
+

1

2
aµ. (3)

The critical line, hc = 2a2, is characterized by a vanishing β and a diverging chemical
potential µ, in such a way that the product m= βµ remains a finite negative constant,
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m→−1/a. On the critical line the local mass distribution reduces to the exponential
distribution, ρ(c) = 1/ae−c/a.

While the equilibrium phase transition of the C2C model depends only on the
value of the two conserved quantities, the relaxation towards equilibrium and out-of-
equilibrium properties depend also on the topology of the system and on the microscopic
dynamical rule defining time evolution. The out-of-equilibrium setup we consider here
is a one-dimensional lattice of size N, whose outermost sites are connected with two
different heat baths, which impose the thermodynamic parameters XL = (βL,mL) and
XR = (βR,mR) on the left and right ends of the chain, respectively. When XL =XR,
the system can relax towards an equilibrium state, while for XL ̸=XR the chain is
forced into a non-equilibrium state in which mass and energy are transported from one
reservoir to the other.

The system is evolved according to a stochastic algorithm [8]: at each step we ran-
domly extract an integer k ∈ [2,N − 1]. If k ∈ [3,N − 2], we update the triplet of adjacent

sites (k− 1,k,k+1) and substitute their local masses I⃗ = (ck−1,ck,ck+1) with new ones

F⃗ = (c ′k−1,c
′
k,c

′
k+1) so that both their sum and the sum of their squares do not change.

The mass triplets can be interpreted as points in a tridimensional space and the two
constraints define a circumference, parametrized by an angle. The new triplet F⃗ is then
chosen among the admissible configurations by extracting an angle from a uniform dis-
tribution. Under this assumption, it is possible to prove that detailed balance is satisfied
(see appendix A.1 for more details).

Since the local masses are non-negative, the allowed configurations may reduce to
three disjoint arcs, rather than lying on the entire circle. In [12], the new point F⃗ was
chosen in any arc, thus allowing the peak to diffuse. Here, as well as in [21], we select

the triplet F⃗ within the same arc containing I⃗. This constraint implies that when one
of the masses is sufficiently larger than the others, the peak does not change its position
within the triplet. The resulting dynamics is akin to that of the DNLS model, where
breathers indeed do not diffuse.

The interaction with the heat baths is treated as follows. When k =2 (k =N − 1)
is randomly extracted, a new c1 (cN) value is generated (before updating the triplet)
by extracting a value from the equilibrium mass distribution ρL(c) (ρR(c)), defined
according to the thermodynamic parameters X L (XR) of the heat bath [12, 21]. The
equilibrium distribution is well defined only for strictly PTs (including the critical case
T =∞). It is possible to define an effective equilibrium distribution also for NTs slightly
above the critical line (see, [13]), where the corresponding regimes are metastable. In
this paper we consider only PT thermostats, since, this way, we avoid the additional
complication of boundary induced instabilities. A general discussion of NT thermostats
can be found in [14].

Fluxes are the most important observables for the characterization of NESSs and
metastable states. A local definition of flux can be given by referring to the amount
of either mass or energy travelling across a given link. With reference to the pair of
adjacent sites (k,k+1), a variation Jk,k+1

a of mass (Jk,k+1
h of energy) can occur only when

two specific triplets are selected, namely Tk = (k− 1,k,k+1) or Tk+1 = (k,k+1,k+2).

https://doi.org/10.1088/1742-5468/add1cd 6

https://doi.org/10.1088/1742-5468/add1cd


Infinite-temperature thermostats by energy localization in a nonequilibrium setup

J.S
tat.

M
ech.(2025)

053203

Depending on which triplet is selected, the instantaneous mass flux can be defined as

Jk,k+1
a (Tk) = c ′k+1− ck+1, Jk,k+1

a (Tk+1) = ck − c ′k (4)

where we are adopting the convention that a positive value corresponds to a flux from
left to right. Analogously, the energy flux is defined as

Jk,k+1
h (Tk) = ϵ ′k+1− ϵk+1, Jk,k+1

h (Tk+1) = ϵk − ϵ ′k. (5)

For k =1, only triplet T 2 can occur and J1,2
a = c1− c ′1, while J

1,2
h = ϵ1− ϵ ′1. For k =N − 1,

only triplet TN−1 can occur and JN−1,N
a = c ′N − cN , while JN−1,N

h = ϵ ′N − ϵN .
Finally, the average mass (energy) flux Ja (Jh) is determined by dividing the amount

of mass (energy) flowed over a given time τ by the amount itself of elapsed time5.
It is also useful to define the mass- and energy- current asymmetries,

∆Ja,h = J
(L)
a,h − J

(R)
a,h (6)

where J
(L)
a,h = ⟨J1,2

a,h⟩ and J
(R)
a,h = ⟨JN−1,N

a,h ⟩.
If the system evolves towards a NESS, both mass and energy flux asymmetries

vanish, ∆Ja,h → 0, and asymptotically J
(L)
a = J

(R)
a and J

(L)
h = J

(R)
h . A NESS is always

reached when the dynamics allows peaks to diffuse [12], both when the parametric
profile hi(ai) remains below the critical line and when it enters the NT region. As we
will show in the next sections, this is no longer true when the energy peaks are pinned.

Finally, we introduce the formalism of linear response theory [22], which is applicable
for large system sizes N, under the assumption of a local equilibrium, with small currents
and gradients of thermodynamic quantities. In this limit it is useful to consider rescaled
fluxes ja,h =NJa,h, which asymptotically do not depend on N. Furthermore, the spatial
index i can be treated as a continuous variable, introducing x= i/N , which corresponds
to a unit length for the whole chain.

Local mass and energy currents are related to the thermodynamic forces, ∂xβ and
∂xm, via the linear coupled-transport equations [21, 23]

ja =−Laa (β,m)∂xm+Lah (β,m)∂xβ (7)

jh =−Lha (β,m)∂xm+Lhh (β,m)∂xβ (8)

where Lrs , with r,s= {a,h}, are the Onsager coefficients. As shown in [21], the linear
response approach can be applied in the PT region for arbitrarily high temperatures
and the Onsager coefficients remain well defined and finite even on the critical line.

The Onsager coefficients are functions of the thermodynamical parameters (β,m),
but their dependence can be simplified by exploiting the scaling properties of the model,
as shown in [21]. Defining the auxiliary variable w =

√
β/m, we obtain the scaled forms

Laa = |m|−2Laa (w) , Lah = Lha = |m|−3Lah (w) , Lhh = |m|−4Lhh (w) , (9)

5 Time is measured in Monte Carlo time units, which correspond to N local updates.
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which imply that on the critical line, where w =0, the Onsager coefficients are simply
powers of |m|, Lrs(β = 0,m) = |m|γrsLrs(0), with γaa =−2, γah = γha =−3, and γhh =
−4.

3. Phenomenology

In this section we illustrate the effect of a large peak in two distinct setups, where both
thermostats operate inside the PT region. In the former, peaks arise spontaneously
because the parametric path enters the NT region; in the latter, a peak is artificially
added on a lattice-site belonging to the PT region to monitor its effect.

In figures 1(a) and (b) we sketched a parametric profile of the first type, anticipating
the effect of the appearance of a single peak. In figure 2 we plot the ‘real’ parametric
profile emerging after a long but finite time. There, we see that eight peaks (whose
position is signalled by the vertical dotted lines) have formed. The overall pattern is
better appreciated in the lower inset, where we recognize that also the left reservoir
operates at a PT, and that the profile entering the NT region spontaneously segmented
into nine pieces, each having a dome shape, except for the 4th one from the right, where
a new peak was presumably in the process of being generated. The main message of
these simulations is that the formation of a peak tends to locally anchor the profile
to the critical curve, suggesting that peaks act as effective infinite-temperature heat
baths.

The idea is strengthened in figure 3, where profiles taken at different times are
plotted for a setup where both thermostats operate along the critical line. Peaks (not
reported explicitly) are located in correspondence of the downward cusps, similarly to
the lower inset of figure 2. Their number increases in time, while the height of the
‘domes’ connecting them decreases, indicating that the profile is closer to the critical
line.

Energy peaks also have an effect on spatial profiles, as shown in the upper inset of
figure 2 where we plot the mass spatial profile ai. In the portion of the chain where the
parametric profile enters the NT region such profile deviates very little from a linear
profile. As the number of peaks increases, the profile become more and more linear,
being exactly linear when the parametric profile lies on the critical curve. This can
be proved analitically in both a discrete and a continuous model, see appendices B.1
and C.3.

We now discuss a different setup where the parametric path does not enter the NT
region: see the dotted blue curve in figure 4. If we artificially add a peak in the middle
of the chain (by formally attributing a very large mass to a given site), the energy
obviously decreases in time as a manifestation of a relaxation to (local) equilibrium.
However, if the peak mass is infinitely large6, a new NESS emerges, whose parametric
profile (black full curve) touches the critical line in correspondence of the peak.

6 This hypothesis is a typical artifice, when dealing with heat reservoirs, which are supposed to absorb or release arbitrary amounts
of energy without changing their properties.
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Figure 2. Parametric profile in the plane (a, h) for a chain of size N =8192 con-
nected with positive temperature heat baths with thermodynamic parameters
(βL,mL) = (0.884,−0.550) and (βR,mR) = (0.002 86,−0.0286). The dashed red line
represents the critical curve h= 2a2. The dotted vertical lines indicate the position
of the 8 peaks that formed spontaneously. The values of a and h were obtained from
an average over 2.3× 108 time units after the formation of the last peak. Bottom
right inset: the same parametric profile now plotted in the plane (a,h− 2a2). Top
left inset: the spatial mass profile ai. The magenta dots are the positions of the
sites where the parametric profile crosses the critical line. The meaning of the lines
in both insets is the same as for the main figure.

Figure 3. Parametric profiles in the plane (a,h− 2a2) for a chain of size N =200
connected with critical heat baths at aL = 0.01 and aR = 1, at different times of
the same simulation. The values of a and h are obtained from temporal averages
between the appearance of a peak and the next.
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Figure 4. Parametric profiles in the plane (a, h) for a chain of size N =200
connected with positive temperature heat baths with (βL,µL) = (0.1,−1) and
(βR,µR) = (0.05,−1). The blue dots form the spontaneous parametric profile, while
the black full line is the profile in case we impose an infinite peak in the centre of
the chain (at site i =100). The red dashed line is the critical curve hc = 2a2. The
values of a,h have been obtained with temporal averages over a time t= 2.5× 109.

The equivalence between peaks and infinite−T reservoirs can be intuited already
from the analysis of the microcanonical equilibrium state, when h > hc(a): in the ther-
modynamic limit, a single peak collects the energy Eb =N(h−hc(a)), while the rest of
the system is kept at infinite T [17]: a picture that is perfectly consistent with the idea
that a peak acts as an infinite−T heat bath. But why does this happen? In a first step
towards the comprehension of the phenomenon, we consider the evolution of a triplet,
where the mass b of one of the three sites is much greater than the other two masses, c1
and c2. In this limit b≫ c1,2 ≃O(1) the mass variation of the peak is very small, δb≃ 1/b
(see [8] and A.2), so that the variation of its energy, δ(b2), is of order one, allowing to
compensate the energy variation of the other two sites. The key point is that a negligible
mass variation of the peak implies that the evolution of c1 and c2 is mostly determined
by the mass conservation law, δc1+ δc2 = 0, while energy conservation determines δb
through the relation δ(b2)+ δ(c21)+ δ(c22) = 0, where δ(x2)≡ (x+ δx)2−x2.7

Therefore, introducing a peak into the system means that neighbouring sites evolve
according to the sole law of mass conservation: this implies an exponential distribution
of the mass, which is the typical feature of infinite−T states. The same conclusion
can be rationalized both from a grand canonical and a microcanonical point of view.
From a grand canonical point of view, the statistical weight exp(−β(c2−µc)) reduces
to exp(βµc), corresponding to β=0 (and βµ finite). From a microcanonical point of

7 In the setup of figure 4, where the whole system would stay at PT, the imposed peak would have a negative average value ⟨δb⟩,
signalling that in such conditions no peak can be naturally sustained. This is not problematic, as explained in the previous note.
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Figure 5. Asymmetry of the mass flux ∆Ja vs time for a system of size N =32
connected to critical heat baths at aL = 1, aR = 5. The flux asymmetry at time
t is computed by averaging over the time interval [t− τ , t], with τ = 2× 107. The
sudden jump of the asymmetry ∆Ja at time t= 1.2× 109 is due to the appearance
of a new peak on the system. The blue dashed line is the reference 1/

√
t.

view, the exponential distribution implies that the second moment of ai is twice the
square of the first moment, h= 2a2, therefore placing the site on the critical curve.

It is now interesting to monitor the time-averaged mass and energy currents, respect-
ively Ja and Jh. If the system attains a steady state, it is characterized by constant
currents in time and space: therefore, the currents Ja,h exchanged with the left reser-
voir are equal to the currents Ja,h exchanged with the right reservoir. This is exactly
what happens if peaks are allowed to diffuse, in which case the currents have been
determined analytically [8]: Ja =−2(aR − aL)/N and Jh =−2(hR −hL)/N . If peaks are
instead pinned, their unlimited growth hinders the transmission of energy between the
heat baths and creates an asymmetry between inflows and outflows. However, since
the mass variation of a peak is asymptotically negligible, we expect an asymmetry to
occur only for the energy current. This is confirmed in figure 5, where the asymmetry

∆Ja = J
(L)
a − J

(R)
a , plotted as a function of time, vanishes upon increasing time. At long

times, ∆Ja decreases as 1/
√
t. This can be related to the results found with the ana-

lytical treatment of the triplet: in this case the mass-flux asymmetry is equal to the
average mass variation of the peak, that decreases as 1/b with b [8]. Therefore, the
average growth rate of the peak energy b2 becomes constant when the mass b is large,
b2(t)∼ t, which implies b∼

√
t, so that ∆Ja ∼ 1/

√
t. In a large system with multiple

growing peaks, ∆Ja is given by the sum of the average mass variations of all the peaks;
in this case the treatment is more complicated, but the behaviour at long times is the
same.

As for the asymmetry of the energy flux ∆Jh = J
(L)
h − J

(R)
h , in figure 6 we plot its

time dependence along with the evolution of the energy contained in the various peaks.
The linear growth of the energy peaks confirms the expected constant growth rate.
Moreover, one can verify that the energy flux asymmetry coincides with the sum of
peak growth rates: a jump in the current asymmetry is always related to the birth of a
new peak.
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Figure 6. Top panel: asymmetry of the energy flux ∆J h vs time for a system of
size N =32 connected to critical heat baths at aL = 1, aR = 5. The flux asymmetry
at time t is determined by averaging as in the previous figure. The asymmetry
fluctuates around a value which corresponds to the average variation of energy of
the peaks present in the system. Bottom panel: peak energy vs time. The dashed
lines in the top panel are obtained summing the growth rates of the peaks that
are present at a given time. When the peak number increases, the asymmetry also
increases, as indicated by the vertical dotted line.

4. The metastable regime without localized states

In this section, we discuss the temporal regime preceding the birth of peaks. Since meta-
stability occurs only above the critical line, we consider a setup where both thermostats
operate at infinite temperature, so that the whole parametric curve connecting them is
contained in the NT region.

So long as no peak is born, we can assume local equilibrium and make use of the
Onsager-matrix formalism (see section 2) even though it has been developed with ref-
erence to the PT region. In fact, as shown in [13], thermodynamic properties smoothly
vary while crossing the critical line, the main difference being that fully stable states
become only metastable. In particular, when the thermostat parameters are close to
one another, it is legitimate to invoke a perturbative approach and use a profile β(m)
valid in the proximity of the critical curve β=08,

β (m) = β0+A(m−m0)
2+

B

m0
(m−m0)

3 , (10)

where

A=
Laa (0)Lah (0)

2detL(0)
≡ g ≃ 0.58, (11)

8 We go beyond the quadratic term found in [21] to have a better comparison with numerics, see below.
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Figure 7. Metastable path profiles for critical baths at mass densities aL,R = 1±
∆, for N =400, and ∆ = 0.2,0.15,0.08 (see the legend). Data have been obtained
averaging over a time 2× 109 for ∆ = 0.20,0.15 and a time 1011 for ∆ = 0.08.

B =
L
2
aa (0)Lah (0)Lhh (0)

3
(
detL(0)

)2 ≃ 1.72, (12)

with L referring to the scaled Onsager matrix defined in equation (9) evaluated at
the infinite-temperature point (see appendix C.2). The parameters β0 and m0 are
determined imposing that the two thermostats operating at infinite temperature sit
in aL,R = a0(1±∆).

Once we have a curve β(m), we can use equations (2), (3) and the approach used in
[13] to obtain the parametric profile h(a). In figure 7 we plot some metastable profiles
using the rescaled variables x= (a− a0)/(∆a0) and y = (h− 2a2)/(∆a0)

2. We also show
a fairly successful comparison of the numerical profile for the smallest ∆ = 0.08 with
the profile predicted by the Onsager theory. At the leading order, such theory gives a
parabolic form, y(x) = 4g(1−x2) [21].

The clearly asymmetric shape justifies the cubic term in equation (10). We also
remark that the negative concavity of the profile y(x ) is a manifestation of Joule heating
induced by the irreversible transport of energy and mass through the system [21].

So long as localized states do not emerge, one can also use the Onsager formalism
to determine the mass (ja) and energy (jh) fluxes. As shown in figure 8, such metastable
steady states are characterized by well defined currents Ja,h, both proportional to the
gradient 2∆/N . As a result, transport is diffusive [24]. The horizontal dashed lines
correspond to the theoretical values determined via linear response theory at infinite
temperature. This can be done using equations (7) and (8) and the results obtained in
[21]. In practice, we obtain that the rescaled currents are |Jx|N/(2∆) = Lxa(0), where
Laa(0)≃ 0.548 (lower line) and Lha(0)≃ 1.58 (upper line).

It is worth stressing that such values are significantly smaller than those appearing
in the steady states of the no-pinning case, where |Ja|N/2∆ = 4 and |Jh|N/2∆ = 16
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Figure 8. Energy (red circles) and mass (black squares) stationary fluxes rescaled
by the mass gradient 2∆/N for a chain with N =400. Symbols are the results of
numerical simulations (running over times longer than 107 time units), dashed lines
refer to the prediction from Onsager theory, see text.

[12]. This implies that pinned peaks, even when they are not large enough to grow
indefinitely, contribute to an effective reduction of mass and energy transport.

Overall, the above observations account for a rather unusual pseudo-stationary trans-
port involving self-generated NT states [14, 25, 26]. The metastability of these states
terminates with the emergence of growing peaks. In the following, we address this
phenomenon by adopting two distinct approaches: (i) a dynamical one based on the
behaviour of triplets of consecutive sites; (ii) a thermodynamic one, based again on
the Onsager formalism. So far, related phenomena of peak instability in thermody-
namic setups have been studied either in isolated systems [27–29] or in open conditions
imposed by an external reservoir [13]. The peculiarity of our setup is that explicit
nonequilibrium (transport) conditions are now imposed by the presence of two distinct
boundary reservoirs.

4.1. Dynamical approach

Above the critical curve, localized states can appear and are persistent, i.e. their growth
is more likely than their reabsorption. This feature can be easily shown by considering
a triplet of sites (N = 3) whose edges are thermalized at infinite temperature, but with
different masses aL and aR, so that the system is out-of-equilibrium.

In appendix A.2 we determine the average growth rate ⟨δb⟩ of the central site of mass
b, by solving the stochastic update dynamics of the triplet. In detail, ⟨δb⟩ is defined as
the average mass variation of the central site with initial mass b after a time step. We
explicitly find

⟨δb⟩= 4

3

a20
b
∆2− 2

3

a30
b2
(
1− 7∆2

)
+O

(
1

b3

)
, (13)
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Figure 9. Average mass variation ⟨δb⟩ per unit time of a peak with initial mass b
on the central site of a system of size N =3. The triplet is connected to critical heat
baths imposing masses aL and aR, see legend. Numerical averages (black diamonds,
red up triangles, and blue circles) were obtained from 109 independent unit-time
updates of the triplet dynamics. Lines refer to the analytic result in equation (13)
and appendix A.2: dashed lines were obtained considering the expansion up to order
(1/b)2, continuous lines up to order (1/b)4. Inset: same curves and data points in
log-log scale. The green dotted line is a reference scaling 1/b.

where aR,L = a0(1±∆) and the explicit expression of the sub-leading terms, O(· · ·), is
given in appendix A.2. This equation suggests that peaks grow with a rate 4a20∆

2/3b
if b is large enough. However, for ∆≪ 1, there exists a critical value bc below which
⟨δb⟩< 0 shrinks, By equating the first two terms, we find bc =

a0
2∆2 . As expected, upon

approaching equilibrium (∆ = 0), bc diverges, i.e. no persistent peaks appear. In the
opposite limit of increasing ∆, which corresponds to a stronger gradient, shorter and
shorter peaks may grow; yet, sufficiently tall peaks still grow according to equation (13).
The analytical expression of ⟨δb⟩ fits well with simulation results, see figure 9 and its
caption for more details.

4.2. Thermodynamic approach

For N > 3 the dynamics of the system quickly becomes rather awkward, so that it
is not treatable with the analytic methods employed in the previous subsection. A
complementary point of view on the problem consists in considering a very large system,
ideally in the thermodynamic limit, exchanging very small net currents with the external
reservoirs. In this limit, the assumption of local (quasi-)equilibrium is a reasonable
hypothesis which allows to postulate the existence of smooth profiles β(x)⩽ 0 and
m(x ).

At the lowest order in ∆≪ 1, we can use equation (10) up to the quadratic term,
β = β0+ g(m−m0)

2, with critical thermostats in m1,2 =m0(1±∆), which implies β0 =
−gm2

0∆
2.
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Figure 10. Average instability time τ of the nonequilibrium state with no peaks. τ
is computed as the average time needed to observe the first unstable peak starting
from a homogeneous nonequilibrium profile. Simulations are performed for N =400
and averaged over 100 independent realizations of the stochastic process. N is large
enough for the results to be independent of the chain length. Dashed line is a fit in
the region of small ∆, τ ≃ e0.53/∆

2
.

According to [13], a local peak on x becomes unstable when its mass overcomes
the threshold b*c =m(x)/2β(x). It is therefore necessary to identify the lowest threshold
along the profile. To leading order in ∆, this condition is realized by the maximum
of |β(x)|, that is β0. As a result, the instability threshold writes b*c = 1/(2g|m0|∆2) =
a0/(2g∆

2). Remarkably, this threshold displays the same scaling properties of its dynam-
ical analogue for the triplet system, bc = a0/(2∆

2), but it explicitly depends on Onsager
coefficients through g. This residual discrepancy is not surprising if one considers the
two approaches are conceptually very different.

Energetically, the crossing of the instability threshold corresponds to overcoming
a potential barrier equal to ∆U =m2/4|β| [13]. With our assumptions, we obtain
∆U = (4g∆2)−1. This result allows obtaining an estimate of the typical lifetime τ of
the metastable state through Kramers formula, τ ≃ exp(∆U). Explicitly, we obtain

τ (∆)≃ τ0 exp

(
1

4g∆2

)
. (14)

Numerical simulations performed on the metastable nonequilibrium state of relatively
large systems, confirm that the average birth time of the first persistent peak scales
exponentially with ∆−2, see figure 10. It is noteworthy that τ increases extremely rapidly
for small ∆, thus making the metastable regime effectively stable. Finally, concerning
the coefficient λ of exponential growth τ ≃ exp(λ∆−2), we numerically obtain 0.53 (see
figure 10) to be compared with (4g)−1 ≃ 0.43. One possible source of this discrepancy
might be the indirect dependence of the prefactor τ 0 on β and therefore on ∆, as found
in [13].
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5. Long-time configurations

The goal of this section is to investigate the long-time configurations when the whole
system, or just a part of it, enters the NT region: the former case occurs in the presence
of critical baths; the latter one may occur in the presence of positive−T baths.

Figures 2 and 3 show that peaks form spontaneously and their number Nb increases
over time. However, on realistic time scales we have never observed an extensive number
of peaks, becauseNb ≪N (or, more rigorously,Nb/N decreases with N ). This behaviour
is a consequence of the super-exponential growth of the birth-time of a new peak as a
function of the distance ∆ between two continuous critical baths shown in figure 10. In
fact, even when aL and aR are sufficiently far apart (i.e. ∆ is not small), the appearance
of new peaks splits the system into progressively smaller (and almost disconnected)
subchains, separated by the previous peaks which act as critical baths. Hence, since the
evolution slows down, the system effectively freezes in a configuration with just a few
peaks.

The overall growth can be roughly estimated with the help of equation (14) by
assuming that, starting from a given value ∆0, the formation of Nb peaks uniformly
partitions the interval so that ∆(Nb) = ∆0/Nb. Therefore, on average, the time necessary
to observe the emergence of Nb peaks is

t(Nb)≃ τ0e
cN 2

b /∆
2
0, (15)

from which

Nb ∼
√
ln t . (16)

The extremely slow growth of the number of peaks is attested by simulations, that have
never allowed us to attain a number Nb(t), of the order of the system size, N.

Once aL,R are fixed, we expect Nb to depend only weakly on N, because the (maximal)
simulation time cannot be varied by orders of magnitude. This is confirmed in figure 11
where we plot the ‘final’ number of peaks, Nb(N), for different setups: different pairs
of heat baths and different initial configurations for the same heat baths. There, we
see that, for large N, Nb is approximately constant and does not depend on the initial
conditions, while it depends (as expected) on the separation ∆0 between the heat baths.

An important property of the asymptotic configuration is the asymmetry ∆Jh
between the incoming and the outgoing energy current (6), related to the energy drained
by peaks. In figure 12 we plot ∆JhN/(aR − aL)

2 vs the average distance between con-
secutive peaks, N/Nb, for different types of configurations: configurations where peaks
appear spontaneously, starting from a homogeneous state (orange squares and cyan
circles); periodic (black diamonds) and aperiodic (magenta triangles and green crosses)
structures of imposed peaks; see the legend for more details. The scaling of the vertical
axis has been suggested by two theoretical results (horizontal lines), while the choice of
the horizontal axis allows distinguishing between configurations where Nb scales with N
from those where Nb is independent of N.

https://doi.org/10.1088/1742-5468/add1cd 17

https://doi.org/10.1088/1742-5468/add1cd


Infinite-temperature thermostats by energy localization in a nonequilibrium setup

J.S
tat.

M
ech.(2025)

053203

Figure 11. Number of peaks at the end of the simulations with critical heat baths
for systems with different sizes. For the simulations with aL = 1,aR = 5, initial
conditions (i.c.) were considered both with a linear spatial profile (black dots),
corresponding to T =0, and a profile generated by exponential distributions (blue
stars), corresponding to T =∞. For the simulations with aL = 0.01,aR = 1 (red
diamonds), we considered only the infinite temperature initial condition. Simulation
times for the exponential initial conditions are at least 1010 units; simulation times
for the linear initial conditions are at least 106 units.

The upper dashed line corresponds to the reduced current for the configuration
with the maximal number of peaks, consisting in one peak every third site9. Such
a periodic state is studied in appendix B, where we show that it is stable (i.e. all
imposed peaks have a positive growth velocity) and where we determine analytically
the parametric configuration of low-density sites: in the large−N limit, such sites are
located on the critical curve. This is a different way of confirming that the peaks impose
infinite temperatures in their surroundings. Equation (B.21) reveals ∆Jh is proportional
to the gradient square of the mass, (aR − aL)

2, and is inversely proportional to the system
size, N. More precisely, the rescaled asymmetry is asymptotically equal to 4. Numerical
simulations (see the asterisk) confirm the expected value, the tiny disagreement being
due to finite size effects.

The lower dotted-dashed line corresponds to an alternative approach, based on
the Onsager matrix formalism and developed in appendix C.3, where we assume that
the whole profile lies on the critical line and thereby solve the underlying differen-
tial equations for thermodynamic forces, equations (7) and (8). The final expression of
∆Jh given in equation (C.17) is again proportional to (aL− aR)

2. At variance with the
dynamical result, the proportionality constant now is Lah ≈ 1.58: this value corresponds
to the lower dashed line in figure 12. This result corresponds to the limit of an arbitrarily
large number of peaks in a system where the limit N →∞ has been already taken.

9 If two peaks are closer, they may fall within the same triplet, thereby leading to a strong redistribution of their masses and
energies and a fast dismantlement of the peaks themselves, see appendix A.
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Figure 12. Reduced asymmetry of the energy current as a function of the average
distance between peaks, for different types of configurations. Dashed line (y = 4):
periodic configuration with the maximal number of allowed peaks; dot-dashed line
(y = L̄ah ≃ 1.58): macroscopic theory, see appendix C. Orange squares and cyan
circles are obtained from homogeneous initial conditions (spontaneous birth of loc-
alized states) and show the regime of large and low average masses, respectively.
Black diamonds refer to periodic configurations of infinite-energy peaks with spa-
tial period p= 6,12,18,36 initialized on infinite-temperature background. Magenta
triangles and green crosses refer to disordered configurations of infinite-energy
peaks in the regime of low and large peak densities, respectively. The blue star
shows the state with maximal density of peaks. All simulations are obtained with
100⩽N ⩽ 8000 and simulation times larger than 106, up to 1011. Trajectories dis-
playing peaks with negative growth rate are discarded. When Nb varies during the
simulation, ∆J h is obtained by averaging in the time interval from the appearance
of the last peak to the end of the simulation.

The most important feature emerging from these results is that the reduced current
asymmetry varies very little, at most a factor of three, for a large variety of configura-
tions whose density of peaks varies greatly, by three orders of magnitude.

6. Paths crossing the infinite-temperature line

In this section, we return to the original setup, where both thermostats operate inside
the PT region and yet, the connecting parametric path ‘wants’ to cross the critical line.
As sketched in figure 1(c) and argued in section 3, in appendix B, and in appendix C, a
parametric path connecting PL and PR, initially crossing the critical line is eventually
composed of three segments PLQL, QLQR, and QRPR, where the first and the last
segment connect the thermostats to the critical line, while the middle one lies along the
critical line. The question is where are QL and QR located?

As shown in equation (C.2), the parametric path departing from a given point in
the positive-temperature region is entirely determined by the ratio between energy and
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Figure 13. The purple dotted line is the analytical profile starting in PR and
forcing it to be tangent to the critical curve: it results from the Onsager theory
with the approximation Lij(w) = Lij(0). The black full (blue dotted-dashed) line

is the numerical profile with baths in PR (P*
R) and QR. The dashed red line is the

critical curve.

mass fluxes. This must be true also close to the critical line in the vicinity of QL (QR)
since we have not identified any singularity in the dependence of the Onsager matrices
on β (and m). Hence the slope of the two paths joining in QL (QR) must be the same;
consequently, PLQL (PRQR) must end tangentially to the critical line. This condition
alone suffices to identify a unique path connecting PL (PR) to the critical line.

Using the Onsager theory discussed in section 2, it is possible to determine the
parametric profiles connecting PL (PR) to QL (QR), finding that QL,R is a function of
PL,R only. In fact, starting from PL (PR) there is a continuum of paths having a point
in common with the critical line, but only one of them is tangent to it10. Therefore,
returning to figure 1(c), the shapes of the two ending paths are independent of one
another: the very same PLQL can be combined with different QRPR segments to form
a meaningful non-equilibrium stationary path (and the same is true when PR is fixed
and PL varied).

The exact determination of the parametric profiles using the Onsager theory would
require the knowledge of the Onsager coefficients, which we do not have. However, in
proximity of the critical line we can assume that the reduced Onsager coefficients are
constant, L̄ij(w) = L̄ij(0). Under this hypothesis, in appendix C.1 we find the analytical
expression of the parametric profile and in figure 13 we compare it to ‘real’ (numerical)
profiles. If the bath PR is not close enough to the critical line, the real path is fairly
different from the one obtained integrating the Onsager equations in the hypothesis of
constant coefficients. However, starting from P*

R, the agreement is much better and the
two curves are practically superimposed on each other.

When heat baths are chosen in such a way that the system crosses the critical line,
the profile is eventually divided into three pieces, the two external ones being in the
PT region and tangent to the critical line. We now determine the physical length of the

10 More precisely, there are two, because QL (QR) can be at the right or at the left of PL (PR).
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three segments, exploiting the fact that the mass flux is constant all along the whole
path.

By denoting with δL and δR the yet unknown fractional length of the two ending
segments, we can write

ja (L)

δL
=−Laa (aR − aL)

1− δL− δR
=

ja (R)

δR
(17)

where numerators represent the fluxes in the three segments, assuming each of them to
be of unit length. In particular, ja(L,R) can be determined solving equation (7), while
the flux in the middle segment arises from the Onsager theory developed in appendix B,
with aL and aR denoting the mass density in QL and QR, respectively. Dividing such
fluxes by the relative length of each segment, the three mass currents must be equal to
each other.

In equation (17) we have therefore two independent relations with two unknowns,
δL and δR, which can be determined, obtaining

δL =
ja (L)

j̃a
, δR =

ja (R)

j̃a
, with j̃a = ja (L)+ ja (R)−Laa (aR − aL) . (18)

Hence we see that while the two ending segments have parametric profiles that are
independent of the opposite thermostat properties, their physical length encodes the
information on the whole setup.

7. Discussion and summary

The peculiar traits of the phenomenology discussed in this paper are consequences of
two properties of the setup/model. On the one hand, this is a boundary driven, out-of-
equilibrium setup where the ends of a chain are attached to two different heat baths.
Since the model has two conserved quantities (the mass density a and the energy density
h), it is a problem of coupled transport that can be solved by Onsager theory if local
equilibrium is valid. The parametric curve obtained by plotting the local energy as a
function of the local mass is an analytic curve within the PT region. On the other hand,
the model, at equilibrium, displays a critical line hc(a) above which a finite fraction of the
whole energy is localized in a few peaks (just one, in the thermodynamic limit). These
peaks represent spatial singularities which can also appear in the out-of-equilibrium
setup, even if both heat baths operate below the critical line in the well defined PT
region.

What happens in this case depends on the details of the dynamics, because the
energy of a peak cannot be constant in the out-of-equilibrium setup, since peaks inter-
cept and store part of the transported energy, thus leading to the growth of the peaks
themselves. In [12] a variant of the model where peaks can freely diffuse was studied.
Since the peaks can dissipate their increasing energy when they come in contact with
the heat baths, a NESS is attained whose parametric profile is perfectly analytic across
the critical line (actually, it is a linear profile).
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In this paper, we studied a variant where peak diffusion is suppressed: a feature
which makes the stochastic system more similar to the DNLS model and the resulting
peaks more similar to the localized excitations (discrete breathers [30]) appearing in
such Hamiltonian model [31, 32]. If peaks cannot diffuse, nothing prevents the energy
contained in the peaks to increase forever.

At short times the system is in a metastable state because peaks have not yet
appeared and the profile is analytic even if it crosses the critical line; this regime can
actually last very long if the heat baths XL, XR are mutually close. Over sufficiently long
times, peaks appear and act as infinite-temperature thermostats, therefore inducing the
parametric curve in the NT region to bend towards the critical line. While the number
of peaks increases, all other sites assume energy and mass progressively closer to the
critical energy.

The asymptotic state can be understood thinking of the chain as a sequence of three
subchains, the two external being in contact with the heat baths and ending tangentially
on the critical line. This latter feature follows from the continuity of the currents across
the system. On the other hand, the non-analiticity of the energy current across the
critical line implies the non-analyticity of the nonequilibrium profiles. Physically, this
stems from the fact that localized states can only appear in the inner subchain (above the
critical line), from which they cannot ‘escape’ due to the pinning property. Therefore,
the system is actually phase-separated between homogeneous regions at PT and an
internal region hosting peaks of increasing energy. In turn, the latter is composed of
immobile peaks and sites with finite average masses and energies, parametrically located
on the critical line.

We conclude with a few comments about possible generalizations of our main result:
energy localization as a process to attain a (self-generated) infinite-temperature heat
bath. While here we have mainly focused on the nonequilibrium setup, we remark
that this property is also consistent with equilibrium in the condensed regime, where a
single site hosts the extra-energy while the rest of the system is an infinite-temperature
background [17]. The same is true, both at equilibrium and out-of-equilibrium, if the
energy is locally a function of the mass, hi = F (ai), provided that F (x ) is convex [12].

It is also interesting to ask what happens if the physical dimension of the system
increases. First of all, at equilibrium, topology is completely irrelevant, but in the out-
of-equilibrium setup we must distinguish between the direction of mass/energy fluxes
and the transversal directions. If energy peaks can diffuse, in [12] it was proved that the
overall picture is not modified, only minor quantitative details intervene. In the present
case, where peaks are pinned, simulations of stripes (i.e. systems of Nc coupled chains
of N sites, with Nc/N ≪ 1) suggest that the scenario is qualitatively similar to that one
discussed in this paper.

Finally, as for possible extensions to Hamiltonian models displaying condensation
transitions, like the DNLS equation [33, 34], we point out that the dynamic nature of the
related localized states, discrete breathers, might introduce additional features that have
not been considered in this study. As an example, the dramatic dynamic decoupling of
high-energy breathers from the surrounding lattice sites observed in [13, 35] is likely to
act as a slowing down mechanism of the corresponding infinite-temperature heat baths.
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Implications for nonequilibrium settings [26] are not obvious and will require additional
future work.

Acknowledgments

SI and PP acknowledge support from the MUR PRIN2022 project ‘Breakdown of
ergodicity in classical and quantum many-body systems’ (BECQuMB) Grant No.
20222BHC9Z.

Appendix A. Triplet evolution

A.1. The triplet update rule

Let us consider a mass triplet I⃗ = (c1,c2,c3) that evolves to F⃗ = (c ′1,c
′
2,c

′
3). The

stochastic update of the triplet conserves the total mass M̃ and the total energy Ẽ,{
M̃ = c1+ c2+ c3
Ẽ = c21+ c22+ c23

. (A.1)

The mass triplet I⃗ can be viewed as a point in a three-dimensional space, the two con-
straints corresponding to the equation of a plane and the surface of a sphere, respectively.
The new triplet F⃗ must be chosen in the intersection of the two surfaces, that is a cir-
cumference which contains I⃗. Since the masses are positive real quantities, c1,c2,c3 ⩾ 0,
the intersection is a full circumference only when Ẽ ⩽ M̃ 2/2, while it is composed of

three disjoint arcs if Ẽ > M̃ 2/2. In both cases, we can identify a new triplet F⃗ consid-
ering a rotation matrix R(θ) around the axis perpendicular to the plane and passing
through the centre of the circumference. The matrix R(θ) that rotates counterclockwise
around axis v = (1,1,1)/

√
3 by an angle θ can be written as

R (θ) =

 d m p
p d m
m p d

 (A.2)

with 
d= 1

3 +
2
3 cosθ

m= 1
3 (1− cosθ)− 1√

3
sinθ

p= 1
3 (1− cosθ)+ 1√

3
sinθ

. (A.3)

If the intersection is a full circumference, we obtain F⃗ by extracting the angle θ
from the uniform distribution in the interval [0,2π] and then by rotating I⃗ with R(θ),

F⃗ =R(θ)I⃗. If, instead, the triplet I⃗ belongs to one of three disjoint arcs, there are two
ways to update the mass triplet: we can either choose to evolve the triplet in any of the
three arcs, or we can restrict F⃗ only to the points of the same arc containing I⃗. The
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first choice allows for a peak to diffuse and we refer to this rule as dynamics without
pinning: the resulting dynamics has been studied in [12].

In this manuscript we consider the second choice, referred to as dynamics with
pinning, in which the site of a triplet with large mass does not change in the update.
Let us suppose that I⃗ belongs to an arc with c2 ≫ c1,c3. The points at the ends of the
arc are

P⃗i = (cm,cp,0) , P⃗f = (0,cp,cm) (A.4)

with

cm =
1

2

(
M̃ −

√
2Ẽ− M̃ 2

)
, cp =

1

2

(
M̃ +

√
2Ẽ− M̃ 2

)
. (A.5)

The new triplet F⃗ can be obtained from a rotation of the point P⃗i using R(θ),

F⃗ =R (θ) P⃗i, (A.6)

with θ generated from an uniform distribution in [0,α], where α is the angle subtended

by the chord between P⃗i and P⃗f . This angle α is given by the expression

α= arccos

[
1

2

(
Ẽ+ M̃

√
2Ẽ− M̃ 2− 2M̃ 2/3

Ẽ− M̃ 2/3

)]
. (A.7)

Similarly, the same procedure can be applied to the other two arcs, by making a rotation
from one of the end points of the respective arcs.

The described algorithm allows to satisfy both conservation laws. Moreover, using
the uniform distribution to generate the angle θ, given any initial triplet I⃗, every access-
ible final triplet F⃗ can be chosen with the same probability, so that the detailed balance
condition is satisfied.

A.2. Average mass variation of a peak

Let us now consider the evolution of a peak of mass b on the central site of a system
composed of a single triplet I⃗ = (cL,b,cR). For the two external sites, the local masses
cL and cR are random variables extracted from the mass distributions imposed by the
heat baths. If we consider two reservoirs on the critical line with average mass densities
aL and aR, the mass distributions are

fL (cL) =
1

aL
exp

(
− cL
aL

)
⟨cL⟩= aL, ⟨c2L⟩= 2a2L (A.8)

fR (cR) =
1

aR
exp

(
− cR
aR

)
⟨cR⟩= aR, ⟨c2R⟩= 2a2R. (A.9)

Once cL and cR are extracted, I⃗ is updated to F⃗ = (c ′L,b
′,c ′R) = (cL+ δcL,b+ δb,cR +

δcR) with the triplet move discussed in appendix A.1. Since we want to study the
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conditions that lead to the growth of a peak, we will assume that b is much greater
than that of adjacent sites, b≫ cL,cR, that is a condition in which the new triplet F⃗ is
determined by the expression (A.6). The mass variation of the peak can therefore be
written as

δb= b ′− b=
(
F⃗ − I⃗

)
2
= pcm+ dcp− b. (A.10)

The mass variation of the peak is a function of three random variables, cL, cR and the
angle θ in the d,p,m components of the rotation matrix R(θ), see equation (A.3). It is
also a function of the peak mass b, that is not extracted from a distribution since we want
to know how it varies on average for a fixed value of b. While cL and cR are generated by
independent distributions fL and fR, the angle θ has α as maximum amplitude, defined in
equation (A.7), which is a function of cL,cR and b, i.e. α= α(cL,cR,b). Once particular
values of cL,cR and b are fixed, θ is a random variable uniformly distributed in the
interval [0,α(cL,cR,b)] and therefore it has a conditional distribution function:

g (θ|cL,cR,b) =
1

α(cL,cR,b)
Θ(α− θ)Θ(θ) , (A.11)

where Θ is the Heaviside function. In our case the conditional distribution enters in the
expression of the joint distribution function for the three random variables as follows,

f (θ,cL,cR,b) = fL (cL)fR (cR)g (θ|cL,cR,b) . (A.12)

With this expression we can analytically derive the value of the average mass variation
of a peak with mass b in a time step,

⟨δb⟩=
˚

dcLdcRdθf (θ,cL,cR,b)δb

=

ˆ ∞

0

dcL

ˆ ∞

0

dcRfL (cL)fR (cR) [⟨p⟩θcm+ ⟨d⟩θcp− b] ,

(A.13)

where cm and cp are defined in equation (A.5) and we denote with ⟨·⟩θ the average over
the uniform distribution of θ,

⟨·⟩θ =
1

α

ˆ α

0

· dθ. (A.14)

By substituting the values of d and p from (A.3) averaged over θ we obtain

⟨δb⟩=
ˆ ∞

0

dcL

ˆ ∞

0

dcRfL (cL)fR (cR)
[cm
3α

(
(α− sinα)−

√
3(cosα− 1)

)
+

cp
3α

(α+2sinα)− b
]
. (A.15)
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We can now use the hypothesis that b≫ cR,cL to perform a Taylor expansion of δb
in the powers of 1/b. From the expansion of cm, cp and α we can derive the average
variation of b, here reported up to the order 1/b4:

⟨δb⟩ ≈
ˆ ∞

0

ˆ ∞

0

dcLdcRfLfR

[
1

6b

(
c2L− 4cLcR + c2R

)
+

1

12b2
(
c3L− 5c2LcR

−5cLc
2
R + c3R

)
+

1

120b3
(
c4L− 26c3LcR − 154c2Lc

2
R − 26cLc

3
R + c4R

)
− 1

240b4
(cL+ cR)

(
7c4L+40c3LcR +486c2Lc

2
R +40cLc

3
R +7c4R

)]
.

(A.16)

Let us now average over the mass distributions fL and fR. If we consider critical heat
baths with the distributions (A.8) and (A.9), the expectation values of the powers cn

of the local masses are

⟨cni ⟩= ani n!, i = L,R, (A.17)

from which we can write

⟨δb⟩= (aR − aL)
2

3b
+

1

6b2
(aL+ aR)

(
3a2L− 8aLaR +3a2R

)
+

1

30b3
(
6a4L− 39a3LaR − 154a2La

2
R − 39aLa

3
R +6a4R

)
− 1

10b4
(aL+ aR)

(
35a4L+12a3LaR +251a2La

2
R +12aLa

3
R +35a4R

)
+O

(
1

b5

)
.

(A.18)

Finally, if we rewrite aL and aR as aR,L = a0(1±∆), equation (A.18) becomes

⟨δb⟩= 4

3

a20
b
∆2− 2

3

a30
b2
(
1− 7∆2

)
− 2

15

a40
b3
(
55− 95∆2+16∆4

)
− 1

5

a50
b4
(
345− 82∆2+297∆4

)
+O

(
1

b5

)
.

(A.19)

From this expression we can see that if the two reservoirs impose an asymmetry in the
system, ∆> 0, the first term of the expansion is positive and leads to the growth of a
peak. However, the second and the following terms can be negative and can make the
average mass variation negative when b is not large enough to make them negligible.
Hence, the sign of the average-mass variation depends on the competition between
different terms; a peak can emerge if the critical mass bc, such that ⟨δb⟩= 0, is exceeded.
An estimate of this threshold can be easily found by determining the mass b such that
the first two terms of the expansion compensate each other, i.e.

bc =
a0
(
1+O

(
∆2
))

2∆2
. (A.20)
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Appendix B. Nonequilibrium ‘steady state’ in systems with a finite density of
peaks

In this appendix we study analytically the properties of the state characterized by a
finite density of peaks, using a discrete approach. In the following appendix, we will use
a continuum approach, based on the Onsager theory.

B.1. Mass and energy profiles

With our stochastic dynamics, two peaks, must be at the minimal distance of three
lattice sites, otherwise they would interact with each other, leading to the redistribution
of their masses. The maximal number of peaks is therefore obtained by considering
periodic peak configurations, with period 3. As a further constraint, peaks cannot be
placed on the first and last sites of the chain as they would be in contact with the
thermal reservoirs. For simplicity, we will assume N to be a multiple of 3, N = 3k
with k > 2, and the peaks are located on the sites 3j− 1 (j ∈ [1,k]). Peak masses are
denoted with bj ≡ c3j−1. The sites to the right of a peak will have index i that is a
multiple of 3, i.e. i = 3j, while the sites to the left will have an as index i = 3j − 2. In
these configurations, every triplet of adjacent sites contains one and only one peak. The
masses and energies of the sites in the middle of two successive peaks stabilize at finite
values (ai,hi), which will be determined by the dynamic process and are linked to mass
distributions that are not known a priori, as are those of the heat baths at the ends of
the chain.

Let us consider the mass c3j of one of the internal sites to the right of a peak,
i = 3j with j = 1, . . . ,k− 1, which can be updated when one of the triplets T3j−1 =
(c3j−2,bj,c3j), T3j = (bj,c3j,c3j+1), or T3j+1 = (c3j ,c3j+1,bj+1) is chosen. These triplets
are chosen on average once in every Monte Carlo step, so the total average variation of
c3j is given by the sum of the averages made according to the three triplets,

⟨δc3j⟩= ⟨δc3j (T3j−1)⟩+ ⟨δc3j (T3j)⟩+ ⟨δc3j (T3j+1)⟩. (B.1)

Using results derived in appendix A.1, we find

⟨δc3j)⟩θ =
1

2
(c3j−2+2c3j+1− 3c3j)+O(1/bj,1/bj+1), (B.2)

⟨δc3j+1)⟩θ =
1

2
(2c3j + c3j+3− 3c3j)+O(1/bj,1/bj+1), (B.3)

where ⟨· · · ⟩θ is the average over the distribution of the angle θ. Therefore, in the limit
of infinitely high peaks, we obtain{

⟨δc3j⟩∞ = 1
2 (a3j−2+2a3j+1− 3a3j)

⟨δc3j+1⟩∞ = 1
2 (2a3j + a3j+3− 3a3j+1) .

(B.4)

If we now assume that the subsystem including all i non-peak sites reaches a nonequi-
librium steady state, then the average masses ai must be such that the average mass
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variations ⟨δci ⟩ vanish. By canceling the average variations of all internal sites, i ̸= 1,N ,
we obtain the system of equations,

a3j−2+2a3j+1− 3a3j = 0 1⩽ j ⩽ k− 1 (B.5a)

2a3j + a3j+3− 3a3j+1 = 0 1⩽ j ⩽ k− 1 (B.5b)

which can be complemented by the boundary conditions for the sites in contact with
heat baths,

a1 = aL, aN = aR. (B.6)

The average masses ai can therefore be treated as 2k unknowns of a system of 2k
coupled linear equations. The system (B.5) can be rewritten in a more regular version
by summing equations (B.5a) and (B.5b) for the same j and for consecutive j, obtaining

a3j−2− a3j − a3j+1+ a3j+3 = 0 1⩽ j ⩽ k− 1 (B.7a)

a3j−3− a3j−2− a3j + a3j+1 = 0 1⩽ j ⩽ k− 1. (B.7b)

Starting from equation (B.7b) with j = k− 1 =N/3− 1, we can express aN−5 as
a combination of aN−3, aN−2 and aN = aR, from which we can derive aN−6 using
equation (B.7a) with j = k− 1 and so on. It is easily demonstrated by induction that
the following relations hold,{

aN−3m−2 =maN−3+ aN−2−maR m⩾ 1

aN−3m =maN−3− (m− 1)aR m⩾ 2
. (B.8)

We can then use equation (B.5b) with j = k− 1 to express

aN−3 =
1

2
(3aN−2− aR) , (B.9)

which can be substituted in (B.8) obtaining

aN−3m−2 =
(m
2
+1
)
aN−2−

3m

2
aR m⩾ 1 (B.10a)

aN−3m =
m

2
aN−2−

(
3m

2
− 1

)
aR m⩾ 2. (B.10b)

If now we consider (B.10a) with m= k− 1

aL = a1 =
3k− 1

2
aN−2−

3k− 3

2
aR. (B.11)

We can express aN−2 as a function of aL and aR,

aN−2 =
2aL+3(k− 1)aR

3k− 1
. (B.12)
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Finally, by substituting aN−2 in (B.10), we obtain the expression for the average masses
ai of the sites to the right and left of the peaks, i.e. with i mod 3 ̸= 2, as a function of
aL and aR:

ai = aL+
i− 1

N − 1
(aR − aL) , 2⩽ i ⩽N − 2, i mod 3 ̸= 1. (B.13)

Therefore, the solution is a linear spatial profile.
The same analytical approach for the average masses ai can be applied to derive a

system of equations to obtain the average energies hi = ⟨c2i ⟩,{
h3j−2+2h3j+1− 6h3j +2⟨c3j−2c3j⟩+4⟨c3jc3j+1⟩= 0 1⩽ j ⩽ k− 1

2h3j +h3j+3− 6h3j+1+4⟨c3jc3j+1⟩+2⟨c3j+1c3j+3⟩= 0 1⩽ j ⩽ k− 1.
(B.14)

In the extended system, the mass correlations ⟨ci cj⟩ are unknown and the system
of equation (B.14) is not closed. In principle, the problem can be solved because the
equations to determine them do not require higher-order correlations. The outcome is
a system of N ×N coupled equations, rather than of N equations as for the masses.
We have obtained the explicit expression of such system, but the identification of a
closed-form solution for a generic size N is a prohibitive task and we do not tackle it.
However, by solving numerically the system, it is still possible to identify the dependence
of hi = ⟨c2i ⟩ and c(i,j) = ⟨ci cj⟩ on the size N, for large N. In particular, the spatial
profile for the excess energies ϵi = hi − 2a2i remains positive with a parabolic shape.
The maximum value can be found in the centre of the system, that is a site i∼N/2,
and vanishes as 1/N as the size increases. If we instead keep the site indices i, j fixed
and vary only N, both ϵi and c(i,j) decrease as 1/N 2 as the size increases. In conclusion,
in the thermodynamic limit the parametric profile (ai,hi) flattens on the critical line,
while the masses on different sites become uncorrelated.

B.2. The mass and energy currents

Following the notation introduced in section 2, the mass flux on the left boundary is
defined as

J (L)
a = ⟨J1,2

a (T2)⟩=−⟨δc1 (T2)⟩= ⟨c1− c ′1⟩. (B.15)

For the system with the maximal number of infinite-mass peaks, ⟨c ′1⟩= (aL+ a3)/2,
therefore

J (L)
a = aL−

aL+ a3
2

=−a3− aL
2

. (B.16)

By replacing the mass linear profile from equation (B.13) we obtain

J (L)
a =−aR − aL

N − 1
. (B.17)
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Similarly, we can derive the mass flux at the right end of the chain

J (R)
a = ⟨δcN (TN−1)⟩=−aR − aL

N − 1
. (B.18)

Since J
(L)
a = J

(R)
a , there is no mass flux asymmetry, ∆Ja = 0.

As for the energy flux J
(L)
h =−⟨δc21(T2)⟩, we find

J
(L)
h =− 4

N − 1
(aR − aL)aL−

8

3

(aR − aL)
2

(N − 1)2
− ϵ3

3
. (B.19)

In the same way we can obtain right energy flux

J
(R)
h =− 4

N − 1
(aR − aL)aR +

8

3

(aR − aL)
2

(N − 1)2
+

ϵN−2

3
. (B.20)

For both currents, the energies ϵ3, ϵN−2 in excess of the critical values 2a23 and 2a2N−2

contribute as terms of order 1/N 2. Finally, by adding together J
(L)
h and J

(R)
h we obtain

the analytical expression for the leading term of the energy flux asymmetry ∆J h

∆Jh =
4

N
(aR − aL)

2+O
(
1/N 2

)
. (B.21)

Appendix C. Profiles within the Onsager theory

With reference to the rescaled Onsager coefficients, any parametric profile (in the PT
region) satisfies the following differential equations

ja = − Laa

m2

dm

dy
− Lah

m3

dβ

dy

jh = +
Lah

m3

dm

dy
+

Lhh

m4

dβ

dy
(C.1)

where the mass and energy profiles are both constant. By taking the ratio between the
two equations we find that

dβ

dm
=−Laam

2+(ja/jh)Lahm

(ja/jh)Lhh+Lahm
. (C.2)

This equation shows that, given an initial condition (fixed by a given selection of the
thermostat parameters), the parametric profile is uniquely determined by the ratio
between mass and energy profiles.

From now on, we focus on the critical region and neglect the dependence of the
rescaled Onsager coefficients on the inverse temperature β, with the goal of determining
analytical expressions of the associated profiles. In the first subsection we determine the
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shape of a profile supposedly converging to the critical line. In the second subsection
we obtain a metastable profile that enters in the NT region. The third subsection is
devoted to the characterization of a profile lying along the critical line.

C.1. Convergence to the critical line

Assuming that the rescaled Onsager coefficients do not depend on β, equation (C.2) is
a separable differential equation. Defining an initial condition for the parametric profile
β(m0) = β0, we obtain

β−β0 =−
ˆ m

m0

dm
Lahm+Laam

2ρ

Lahmρ+Lhh

, (C.3)

where ρ= jh/ja and the rescaled Onsager coefficients are constants. By solving the
integral in the right-hand side of equation (C.3) we obtain

β (m,ρ) =β0+
m−m0

ρ

(
LaaLhh

L
2
ah

− 1

)
−
(
m2−m2

0

)
2Lah

+
LhhL

2
aa−LaaL

2
hh

L
3
ahρ

2
ln

(
Lhh+Lahmρ

Lhh+Lahm0ρ

)
.

(C.4)

Different values of the ratio ρ correspond to different parametric profiles that start from
the same initial condition, that is, to different values of β ′(m0).

If we are interested in the stationary path that touches the critical line tangent to
it, we need to identify the values of ρI and the intersection point mI such that

d

dm
β (mI ,ρI) = 0 (C.5a)

β (mI ,ρI) = 0. (C.5b)

By imposing the tangency condition (C.5a) in equation (C.2), it is easy to find the
relation between ρI and mI

ρI =− Lah

mILaa

, (C.6)

that we can use to replace ρ in equation (C.4), evaluated at m=mI , to obtain

β (mI ,ρI (mI)) =β0+
Laa

(
L
2
ah (mI −m0)− 2LaaLhhmI

)
2L

3
ah

(mI −m0)

+
L
2
aaLhh

(
L
2
ah−LaaLhh

)
m2

I

L
5
ah

ln

 LhhLaa−L
2
ah

LhhLaa−L
2
ah

m0

mI

 .

(C.7)
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The value of mI can be determined by imposing the condition β(mI ,ρI(mI)) = 0 on
equation (C.7).

Once mI has been identified (by numerical methods), the parametric profile tangent
to the critical line in mI is the one given by equation (C.4), with ρ= ρI .

C.2. The metastable path in the NT region

From equation (C.4) we can also obtain the metastable parametric profiles that enter
the localized phase, with β < 0. This time let us impose that the initial condition point
m0 is the point where β ′(m0) = 0, with β0 = β(m0) which can be negative. Similarly
to the previous subsection, from equation (C.2) we get ρ=−Lah/(m0Laa), that we can
replace in equation (C.4) to obtain

β (m) = β0−
Laa

(
L
2
ah (m−m0)+ 2LaaLhhm0

)
2L

3
ah

(m−m0)

+
L
2
aaLhh

(
LaaLhh−L

2
ah

)
m2

0

L
5
ah

ln

(
LhhLaa−L

2
ah

LhhLaa−L
2
ah

m
m0

)
.

(C.8)

If we now expand the parametric profile β(m) at m0, we find

β (m) = β0+
LaaLah

2detL
(m−m0)

2+
L
2
aaLahLhh

3
(
detL

)2
m0

(m−m0)
3+O (m−m0)

4 . (C.9)

C.3. Critical paths

Above the critical line, nonequilibrium paths give rise to the spontaneous emergence of
peaks. Here, we discuss a path lying along the critical line, under the additional assump-
tion of a non-constant energy flux: hence jh in equation (C.1) is no longer constant.

Along the critical line dβ/dy = 0 and the first equation in (C.1) becomes

dm

dy
=− ja

Laa

m2 (C.10)

where both the flux ja and Laa do not depend on y. The general solution is (remember
that along the β=0 line, 1/m=−a)

1

m
(y) =

ja

Laa

y+C (C.11)

where the integration constant C and the value ja of the flux can be determined by
imposing the boundary conditions, m(0) =m0, m(1) =m1. It is easily found that C =
1/m0 and

ja =

(
1

m1
− 1

m0

)
Laa (C.12)
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so that

1

m(y)
=

(
1

m1
− 1

m0

)
y+

1

m0
(C.13)

i.e. the mass-density profile is perfectly linear.
Now, knowing m(y), we can focus on the equation ruling the energy flux jh, which

must be position dependent to allow the path lie along the β=0 line

jh (y) =
Lah

m3

dm

dy
=−Lah

(
1

m1
− 1

m0

)[(
1

m1
− 1

m0

)
y+

1

m0

]
. (C.14)

Hence,

jh (0) =−Lah

m0

(
1

m1
− 1

m0

)
(C.15)

jh (1) =−Lah

m1

(
1

m1
− 1

m0

)
(C.16)

so that

∆jh ≡ jh (0)− jh (1) = Lah

(
1

m1
− 1

m0

)2

= Lah (a0− a1)
2 (C.17)

as a=−1/m (and Lah ≃ 1.58 as from [21]). Notice that the N dependence here is hidden
in implicit reference to a length 1.

Finally, the ratio between the outgoing and incoming energy flux is

jh (1)

jh (0)
=

m0

m1
=

a1
a0

. (C.18)
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