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A Convergence of TDM with basis set size

As expected, both length and velocity gauge get closer as the size of the basis size increases,
with the values in the length gauge convergin slightly more quickly. Still, the relative
change from the smaller to the larger basis size remains moderate, decreasing by 16%
(velocity gauge) or 9% (length gauge) at the ES equilibrium geometry (similar changes are
observed at the ES minimum). Contrarily, the magnetic TDM changes more significantly
upon increasing the basis size from cc-pVTZ to aug-cc-pVQZ, nearly doubling the value

computed at the CoM, i.e. m™, as the basis size increases.

Table S1: Modulus of TDMs (in atomic units) computed at CAM-B3LYP level with
different basis sets for molecule 1, 2 and 3. The values are evaluated at the excited

state (minES) or ground state (minGS) equilibrium geometries computed at CAM-
B3LYP/TZVP level.

minkES minGS
Basis |“v| |“l| |mCoM| |mShift |uv| |H’l| |mcoM| |mShift
Molecule 1
TZVP 0.154 0.155 0.165 0.356 | 0.113 0.115 0.145 0.279
cc-pVTZ 0.165 0.162 0.175 0.394 | 0.125 0.122 0.156  0.321
cc-pVQZ 0.161 0.161 0.174 0.381 | 0.120 0.120 0.155  0.306

aug-cc-pVTZ | 0.155 0.155 0.171  0.366 | 0.112 0.112 0.150  0.284
aug-cc-pVQZ | 0.155 0.155 0.171  0.366 | 0.112 0.112 0.150  0.285

Molecule 2
TZVP 0.310 0.296 0.035 1.875 | 0.213 0.200 0.034 1.376
cc-pVTZ 0.317 0.299 0.028 1.919 | 0.221 0.204 0.027 1.432
ce-pVQZ 0.295 0.288 0.042 1.787 | 0.199 0.192 0.041 1.291

aug-cc-pVTZ | 0.268 0.272 0.061 1.638 | 0.169 0.172 0.061 1.111
aug-cc-pVQZ | 0.267 0.271 0.062 1.634 | 0.168 0.170 0.062  1.104

Molecule 3
TZVP 1.354 1.234 0.024 2.044 | 1.235 1.130 0.046 1.981
cc-pVTZ 1.237 1.193 0.024 1.839 | 1.123 1.086 0.044 1.777
cc-pVQZ 1.202 1.188 0.025 0.025 | 1.092 1.080 0.044 0.044

aug-cc-pVTZ | 1.181 1.185 0.025  1.738 | 1.070 1.074 0.044  1.680
aug-cc-pVQZ | 1.184 1.185 0.025  1.742 | 1.073 1.073 0.044 1.684
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B Additional simulated spectra

B.1 Molecule 1
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Figure S1: ECD spectra of molecule 1 adopting the velocity gauge at HT'; (left panel) or
HT; (right panel) levels including R, terms (top panels) or all HT terms (bottom panels)
using both @) and @); frames. The spectra are computed locating the molecule either at
the center of mass (CoM) or shifted by an arbitrary vector.
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Figure S2: ECD spectra of molecule 1 using TDM; data including the standar FC (left
panel) or HT (right panel), computed locating the molecule either at the center of mass

(CoM) or shifted by an arbitrary vector.
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Figure S3: ECD spectra of molecule 1 adopting the velocity gauge at HT; or HT; levels
including all HT terms additionally retaining up to Ry. The calculations are performed
at HT s level in the Qs frame (left) or at HT; level in the @); frame (right), locating the
molecule either at the center of mass (CoM) or shifted by an arbitrary vector.
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B.2 Molecule 2
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Figure S4: ECD spectra of molecule 2 with TDM; data, including standard FC (top) and HT
(middle) contributions in the length gauge and HT (bottom) in the velocity gauge, computed
with the molecule located either at the center of mass (CoM) or shifted by an arbitrary vector.
The calculations are carried out with def2-TZVP, aug-cc-pVTZ and aug-cc-pVQZ basis sets.



B.3 Molecule 3
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Figure S5: ECD spectra of molecule 3 adopting the velocity gauge at HTf (left panel) or
HT; (right panel) levels including R; terms (top panels) or all HT terms (bottom panels)
using both @) and @); frames. The spectra are computed locating the molecule either at

the center of mass (CoM) or shifted by an arbitrary vector.
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Figure S6: ECD spectra of molecule 3 at HT;/Q f including the standar FC (left panel)
or HT (right panel), computed locating the molecule either at the center of mass (CoM)
or shifted by an arbitrary vector.
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Figure S7: ECD spectra of molecule 3 adopting the velocity gauge at HT; or HT; levels
including all HT terms additionally retaining up to R,. The calculations are performed
at HTf level in the @ frame (left) or at HT; level in the @); frame (right), locating the
molecule either at the center of mass (CoM) or shifted by an arbitrary vector.
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B.4 Summary of all systems
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Figure S8: ECD spectra of molecules 1, 2 and 3, computed in the velocity gauge at the
center of mass with TDM,; data.
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Figure S9: CPL spectra of molecules 1, 2 and 3, computed in the velocity gauge at the
center of mass with TDM evaluated either at the initial (i) of final (f) stage geometry.

S11



C Additional derivations
C.1 Invariance of Rotatory Strength in the vel gauge

Let us assume we have a system placed in the center of mass (CoM) and we compute its

ref) )

magnetic TDM (mj§'). If we apply a translation of the origin (by R), the magnetic TDM

becomes
ref Elf v
myo = mf, — ﬁR X Wiy, (1)
!
/ ref/ Elf v ! Elf v
= ——R U — R v 2
Mypy = Mgy on X Mg on X Mg (2)

The above expression for m arises from relation with the angular momentum operator.
In practice, when the angular momentum of the system is not computed at the reference
position (in this work, the CoM), an additional term arises. Therefore, R refers to the
position of the system CoM with respect to the origin. In the following, we will omit the
if subscript and, to simplify the notation, we assume a 1D system (with coordinate &).
Therefore, pu" is a 3D vector: (Ouy,/0&, Opy/OE, Opy/OE) (and the same for m'), and the
gradient and Hessian of the transition energy are scalars. The extensions to the general
N-dimensional case reported in the main text is straightforward.

We can now analyse the behavior of the FC/FC FC/HT and HT/HT terms after a

translation of the origin

S12



o IFC term:

E
(pg) " - 1y = ()" - g™ — o ()" R x g = (pag)” - o™ (3)

=0

where we recognized that the mixed product involving two colinear vectors is zero.

e FC/HT term:

()" g+ (pg) "’ = ()"t ()" me

E B
o7 ()7 Rox g + ()" - Rox p”) = (pg) " - R x gy =

~
=0 =0

— (MUI)T X mf)ef + (MS)T . mref’.

(4)
where we recognized that the mixed product changes sign when swapping two of the

vectors involved.

e HT/HT term:

E E
o7 ()7 Rox ) == (07)" - Rox ) =

0 (5)

(uv/)T .m’ = (MUI)T . mref’ _

= (p)" - — QE—;; (1) R x pg) -
According to the above derivation, the FC and FC/HT ontributions are actually origin
independent. On the contrary, it turns that the HT/HT term is not origin independent
in the velocity gauge (because it characterized by a non-vanishing term that depends

explicitly on R).
C.1.1 Exact quadratic expansion of RS

The HT/HT contribution reports, partly, the second order term of a Taylor expansion of
the RS = p’m (note we drop the v superindex). In order to have the complete second

order term of the Taylor expansion, we need a second order expansion of m and . The
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second order term (for one dimensional system) will be

(o + 0 Q+ 3p"Q%)" (my + m'Q + Jm"Q?) =

pom’ + (1) mg) Q+
(LT’ + L(u")Tmy + (1)) Q% + O (Q).
The second order term can be evaluated taking into account that

E E// E'
rn// — mref// — R x l"'// R x w— “ R x 'u//.

Therefore,
()00 S+ () Tm) = ()T — B ()T R o) +
=HT/HT

3 (O™ = Fpg - Rox p = Gong - Rox po = Fopg - Roxpl) + g

_ nNT ref/ 1, 7. refr 1 MN\T A, ref
= (1)" - m™ 4 jpom™ 5 (") mg
The complete second order Taylor expansion coeffient is, therefore, origin invariant.

Again, the generalization to N-dimensional systems shown in the main text requires to

pay some attention to the indices, which also include cross terms, but it is straightforward.

C.1.2 Second order expansion of RS between vibronic states

As indicated in the main text, when dealing with vibronic states, as it is the case when
we want to compute the lineshape, we need to consider the vibrational wavefunctions in

the vibronic RS:
Ryivy = (Vilp|vy) (vilm|vi). (9)

For the zeroth- and first order terms, the origin independence is kept as the same

terms as in the purely electronic version appear (cancelling out the origin dependent
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terms), multiplied by common matrix elements, as shown in the main text. The zeroth

order term is immediate, while for the first order term we have,

o (vilv )/ (v QIvi) + (1) (vi|Qlv)m{vy|vi). (10)

Taking into account the following equality,

(Vilv) (vplQlvi) = (vilQlv ) (vylva), (11)

which holds assuming that the product is real. Now, the terms can be effectively grouped

as,

/
()" it af, ™) (vilv ) (v |QIva), (12)
where we have already taken into account the derivations shown in Eq. 4.
In this case, it can be shown the second order term is separated into two parts, each

multiplied by different matrix elements in the nuclear coordinates, which can no longer

be grouped together,

(1) m (vi| Qv ) (v4|Qvi)+ 5 (ki m” + (") mo) (Vi Q[ vy)(vlvs), (13)

where we have applied a generalized version of equality in Eq. 11 to group the second
term. We note that the first term corresponds to the HT/HT term in the purely electric
RS, Eq. 5. In both terms, the same origin dependent term survives which, in this case,

cannot be cacelled,

S15



) S ()7 R )| (il Qv+

!/

7 E / 2
£ (s 4 (7)o (7 R )| (0@ ) =

(1) w0 (V| QIv ) (v Qi) + E (1o + <u">Tmo)} (ViIQ v ) vilvi) -

El
o7 ()" Rx o) [(vilQIv ) (vl QIvi) = (il Qv ) {vylvi)]

(14)
The generalizatio to the N-dimensional case shown in the main text requires some

attention to the indices, but follows the same reasoning.

C.2 Consistency of HT,/(Q, schemes

The geometry at which the TDMs and their derivatives are computed are usually the
equilibrium geometry of either the initial or final states, leading to the so-called HT; or
HT approaches, respectively [?]. As indicated in the main text, the apparently more con-
sistent choice is to adopt HT,; with ); norma modes (HT,;/Q;) and, similarly, HT;/Q;.
However, in principle, it is possible to adopt mized HT;/Q; or HT,;/Qf schemes, resort-
ing to the Duschinsky transformation and extrapolating the zero-order values and ther
gradients from the point the TDM are evaluated to the origin set by the selected normal
modes [?]. Such extrapolation, however, while valid for HT, generally results in rotatory
strengths that are not origin invariant for R, or Ro approaches.

The linear extrapolation of the values computed at the minimum of the initial state
to the minimum of the final state, required when combining HT; with the Q) reference,
takes the form:

ph = o+ (1)K, (15a)
m} = m} + (m’)"K?, (15b)

where we assume that the derivatives of the TDMs are taken with respect to coordinates

in the ); frame. The constant term of the rotatory strength in this frame, for HT; with
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the @ reference, is thus given by:

()" - = ()" + ()7K?) - (m)T + (m)TKO) =
i e
16

Comparing with the derviations in Section C.1.; it can be shown that the first two
terms (analogous to the FC and FC/HT terms) are origin independent, while the last term,
(KQZ')T p'm’K? (analogous to the HT/HT term), is origin dependent. A similar origin-
dependent contribution appears in the linear term. Therefore, performing extrapolations
renders the resulting rotatory strength origin dependent and, in more general grounds,
lead to different results with @); and )y modes.

In general, Ry and R, approaches require consistent, HT;/Q; or HT,/Q;, to avoid
artifacts that broke the origin invariance (in the velocity gauge), while adopting all HT
terms gives the same results regardless the frame, e.g. HT;/Qf or HT;/Q); yield identical
spectra.

The above statements are verified with the calculation of the ECD for molecule 2,
shown in Figure ??. In this Figure, we present the ECD spectra computed using the R,
approximation at both the CoM and the arbitrarily shifted origin, combining different
choices of HT; or HT; with @; or Qs frames. These results confirm that origin invariance
is achieved at R; level only when the geometry where derivatives are evaluated and
reference frames are treated consistently (i.e., HT;/Q; or HT;/Q¢). Indeed, we also verify
that the R; spectra depend on the choice of reference frame, and this sensitivity becomes
particularly pronounced when the origin is shifted. In contrast, when all HT terms are

retained, the spectra become frame-independent but are no longer origin-invariant.
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Figure S10: ECD spectra of molecule 2 computed in the velocity gauge at HT; (left
panels) and HT; (right panels) levels. Top panels: R; approximation; bottom panels: full
HT model. Spectra are shown for both () and @); frames, with the origin of coordinates

placed at the center of mass (CoM) or arbitrarily shifted.

S18



C.3 Derivation of FC/HT?2 correlation function

The correlation function for the FC/HT2 term is given by

xrcyute (6, 7T) :Z [u,(d m© } /dQ <Q | Q,Q,e —itHy/h,~(B~it)/h | Q> i

kl

> [uOmf] [a(@]e e Q). an)

kl

Each contribution is treated separately, such that

xreymre (7i, ) = X (70, 1) + 2 (7, )

- Z |:I-‘l’kl ] X%Ul 7—27 Tf + Z [ mkl :| XS[UQ (Tia Tf) ) (18)

where 7, = — (i +t) /h and 75 = t/h, and § = (kpT)~'. The indices k, [ run over the
Ny, normal coordinates.

The QU1 contribution, in the Q; reference, reads

ot (Tiﬂ'f):/ dQi (Qi | QurQpue e~ | Q,) (19)

where Q; and Qg are the normal coordinates of the initial and final states of size Ny,
(number of vibrational degrees of freedom).

By adding a new set for the initial state: |Q;) (Q;| to the left of e~

Xt (7, 7p) = / / dQ, dQ; (Qi | Q Qe ™1 | Q) (Qi | e 7 | Q) (20)

and two new sets for the final state: |Qy) (Qy| to the left of e=/77 and |Qy) (Qy| to the

right of e~#s7s

Xa (75 7r) ://// dQ;dQ;dQidQ; (Qi | QuQp | Qs) (Qy [ e [ Qy)
<Qf ‘ Qz> (Q ‘ e Q:), (21)

the Feynman’s result for path integrals

det[a, (72)]
2mih

exp{% BQf b. (1) Q. + 5Qb. (7:) Q. — QTa, () Qz} } (22)

<Qa: ‘ e—’inTz

Q.) =
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can be used for the propagators <Qf ! e~y | Q; | > and <Ql | e”Him | Q, ‘ >, taking into

account that (Q; | e | Q;) = (Q; | e i Qi>T, such that

d d i
22U (, 77) =\/ et(ay) det(a) // / / 4Q, dQ; dQ: dQ: (Qi | Q@511 Q)

(2mih) 2N

GXP{ [Q?bef'f' -QibsQ; — Q?anf]}<Qf‘Qz’>

exp{é [ Q/b,Qi + = QTb Qi — Q?aiqi} } (23)

where a, = a, (1,,) and b, = b, (7,,) are diagonal (Nyj, X Nyj,) matrices dependent of the

vibrational frequencies, of the form

Wek
z \ Tz = , 24
(@ (D = s (24)
Wak
b, (7:)), = —F—, 25
( (T ))k tan(hkarx) ( )
where w,;, is the frequency of the k-th harmonic oscillator in the state x.
Recalling the Duschinsky relation
Q =JQs +K, (26)

where J is the Duschinsky matrix (Nyp X Ny ) and K is the displacement vector (Nyp).

With the orthonormalization condition
(Qr1Qi) =46(Q;— Qi) =5(Q; - JQ; —K) =[] ¢ (Qz’k = > Qs - Kk) , (27)
k i
and the following property for the Dirac delta
| twse-ma—rm). (23)
we can integrate over Q; and Q; in eq. (23), noting that (Q; | QxQ s | Qf) = QQp1 (Qi | Qy)

/ dQ; exp{ . %Q?biQi + %Q?bin‘ - QiTain} }5 (Qi — Qf) =

St =

=exp

%Q?bef + %Q}beQf - Q?anf} }, (29)

D?‘IN

;Q?bef + %Q}beQf - Q?anf} }5 (Qr—Qi) =

D?‘IS

=exp

{
" s
{

;Qinin‘ + %Qinin' - Q@Tain’:| } (30)

D?‘IS
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In eq. (23)

det(ay) det(a;)
X (7, 7) =\/ (<27J;zh SN / de/ dQs QQp

exp{ |: befo+ befo_Qfanf}}
exp{ {QTb Q:+ - QTb Q — QZTa—iQi:|}a (31)

using the Duschinsky relation (eq. (26)) and noting that (K — JQ;)" = KT + QI J”

det[a;] det]a;]
X2 (i 7) —\/W/ de/ dQy Qs Qi

eXP{— [_Q?bef + §Q?bef - Q?anf} }

i

+

+QTI7) b, (JQ; + K)

(K"
% (K" +Q7J") b, (JQs + K)
—(K"+ Q") a; (JQ; +K)]}, (32)

and factorizing for Q; and Q;

d d ; : oo 00
i o ERE o [0 [ wane

exp{ {Qf Q; + Q BQf—Q?,CAQf+KTEJ(Qf+Qf)]}, (33)

where the following matrices have been defined

E = bz — a;, (34>
B =b; +J"b,;J, (35)
A=a;+J"aJ. (36)

A change of variables is made by forming linear combinations of Q; and Q; with the

following orthognoal transformation

Z=2"2(Q;+Qy), (37)

U=2"(Q;-Qy), (38)
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so that in eq. (33)

det(ar) det(a; 1 oo e
i B ] [

exp{Z FZT (B—A)Z + %UT (B+A)U+ \/§KTEJZ] } (39)

h |2

Two new matrices, C and D, are defined to relate A and B. Recalling the following

trigonometric relations for the hyperbolic cotangent and tangent, and its relation with a,

and b, (egs. (24) and (25))

1AWy T 1 1 1
_ th — == b:v T] 9
« < 2 ) tan(Awg, ;) * sin(AwgzTe) Wk L
1AW Ty ) 1 1
—tanh — — = bx — Az,
an ( 2 ) tan(fwg,7,)  sin(fwgeTe)  Wie [ ]

the elements of C and D are defined as

e (Z) =4 Coth(wm) = g, by,

2 h 2 h
Ty Wha Wy Ny 1
d _ — —_ —— —
$<2> N tanh( 5 ) h[bz a,|,

such that

C (7i,77) = ¢s (17) + IT¢ci (1) J,
D (r;,7p) =dy (1) +J"d; () J,

so the following relations between A and B can be stablished

% B (75, 7¢) + A (7, 74)] = =C (73, 7¢) ,
711 B (7, 75) = A (7, 75)] = =D (73, 75) ,

and also, from eq. (34)
—E = _dz (7—1) .

In eq. (39)

det(a;) det(a; ) oo &
i (7 7y) —\/ @) ()exp{ﬁKTEK} / dz / AU QQp

(2mih)*™

1 1
exp {—ﬁzTDz — 5UTCU — \/§>\Tz] :
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where
A =J'd;K. (50)
The goal is to transform this integrals to gaussian integrals. To do so, new integration
variables to uncouple the dependence between Z and U are defined.

First, the Z-dependent term

1 1
_EZTDZ —V2oATZ = —5 (ZTDZ + 2\/5/\TZ> ) (51)

consists of a quadratic component plus a linear component on Z. To make the integral
simpler, we seek to eliminate this linear component. To do so, we seek to complete the
square, adding and substracting a term that allow us to complete the perfect square.
Bearing in mind that we can arrive at the above equation by means of an expansion of

the type
T
(z + \/§D*1)\) D (z + \/§D*1)\> —oATD'A = ZTDZ + 2V2NTZ,  (52)

noting that Z”\ is a scalar, so that ZTX = \TZ.
This way, since the ATD~!X term is a constant, the linear term on Z is eliminated.
In order to obtain the simple gaussian-type integral, D is splitted as D = D'/2D'/2

and a new integration variable is defined as
7, = (z v \/§D‘1)\> D2 = D27 4 2D "1/2), (53)

so that in eq. (52)
7277, — 22D '\ = ZTDZ + 2V2\"Z. (54)

Similarly, the other new integration variable is defined as
U, = C'?U, (55)

such that
1 1
—§UTCU = —§U’{ U,. (56)

523



Then, making this change of variables to eq. (39) noting that dZ = det(D~"/?) dZ,
and dU = det(C~/2) dU;

X! (Ti,ff):\/det((;‘f?%‘;‘jv(ai) exp[-K"d;K] / det(D™?) dZ, / det(C~'/?) dU,
e —o0 —o0

1 1
Q1Q pi exp [—§Z{Z1 + ATD—lA] exp [—EUC{Ul] , (57)

which can be rewritten by taking the constant terms out of the integral as

det (ay) det (a;) _
QU1 f T Try—1
Ti, Tf) = exp| - K ' d;K|exp|A"D™ A
Xkl ( f) \/<2 ih)ZN let (CD) p[ } p{ }

e oo 1 1
/ dZ, / dUlekQﬂeXp[—élezl} exp{—iUlTUl}. (58)

Now, from the definition of Z and U in egs. (37) and (38), the dependence of the
factor Q@ on Z and U is recovered as

Qe =272 (Zy + Uy), (59)
Qu=2"*(Zi+1Uy), (60)

substituting in eq. (58) and separating the integrals

1 det (ay) det (a;) _
QU1 f T T 1
Ti, Tf) == exp|—-K d;K| exp|A"D A

o 1 e 1
{/ dZ, ZyZ, exp {—§Z{Z1} / dU; exp {—iUF{Ul}

o 1 o 1
+ / dZ1Zkexp{—§Z1TZ1} / dUlulexp[—§U1TU1]

(e e} —00

> 1 > 1
+ / dzlzlexp[—iz{ZI] / dUlUkeXp{—éUlTUl]

o0 —00

o 1 o 1
+ / le exp |:—§Z{Z1:| / dU1 UkUl exp [—gU{U1:| } . (61)

Recalling eq. (18), the full QU1 contribution is obtained by summing over all k1.
Inserting the ;J,,Ej)m(o) factor and summing over k, [ noting that >, Zy =7, >, Uy =U
and defining

2
kl
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in eq. (61), then

QUl Tza ZXM TZ77—f

= 1 det (2]’:[) det (a:) exp [—KTdiK} exp P\TDfl)\}
2\ (27ih)™" det (CD)

o 1 o0 1
{ / dZ1ZT7ZeXp[—§Z1TZ1} / dUlexp{—ﬁUlTUl}

o 1 o 1
+2/ lefyTZeXp[—ﬁlezl}/ dUerxp[—iUlTUl}

[e.9]

[e.e]

> 1 > 1
+ / dZ, exp {—52{21} / dU, UTyUexp [—§U1T Ul} } . (63)
Now, the v7'Z and ZT~Z term have to be rewritten in terms of Z;. From eq. (53)
Z =D Y27, — V2D, (64)

then
ATZ =T ( D27, — V2D~ 1>\) (65)
and

277 =D V22 472, D72 — 22D V22 AATD T 42D IATAAD L. (66)
Also, the UT4U term has to be rewritten in terms of U;. From eq. (55)
U =UTc'2 (67)

and

UTyU = ¢ V2UuTyU, Cc 2. (68)

Now, substituting egs. (65) to (68) in eq. (63) and only preserving the even integrands

1 | det(ay)det (a;) _
b Ti,Tf) = = ! exp|—KT'd, K] exp[ATD A
() 2\/(2m’h)2Ndet (CD) ol Jexp )

> 1 o 1
{ / leD_1/221T7ZID_1/2exp[—§Zszl} / dUlexp{—§U1TU1}

o 1
+2D‘1>\T7AD‘1/ leexp{—ﬁlezl}/

—0o0

- / leeXp[—§Z1TZ1} / dUlC_l/zUlT'yUlC_l/zexp{—§UipU1}},
(69)

o0

1
dU; exp [—§U1TU1]
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we end with standard Gaussian integrals, with solution

/ le exp |:—§Z’{Z1:| = / dUl exp |:—§UF{U1:| = (27‘(‘)]\7/2 7 (70)
o0 1
/ 47, D—1/2z{7Z1D71/2 exp {_52{21] - (QW)N/z tr [Dfl/z,y])fl/z}? (71)
oo 1
/ dU; CV2UTHU,C 2 exp [—éUfUl] = 2m)V tr[CTH2yC V. (72)

Therefore, substituting eqgs. (70) to (72) in eq. (69) and simplifying, the following

result is obtained for the QU1 contribution

1 [det(ay)det (a;) N
R TiyT) = = ! exp[—K'd;K] exp[ATD X\

{2D7']ATAAD ™! + tr[DV24D7 V2 - CTV2yCTYR] )L (73)

The second contribution

oo
XleU2 (15,77) = / dQ; <Qi ’ e—ZHfokaQﬂe—sz
o

Qi) (74)

is treated similarly to the QU1 contribution. Adding a new set for the initial state,
|Qi) (Qi] to the left of e and two for the final state, |Q;) (Qy| to the left of e=*r7
and ‘Qf> <Qf| to the left of Q s, we get to

W ) = [f[] | a@ra0sequia @i@a e Q)
(Qy | Q Qi | Q) (Q; | e T Q) (75)

where the only difference with the QU1 term is in the propagator <Q f } Qs | Qz> =
QQn <Qf ‘ Ql> Therefore, the same steps from eq. (21) to eq. (58) are followed, leading

to

det (ay) det (a;) _
QU2 f i T Ty-1
Ti, Tf) = ex K 'dK|lexp/A*D "X
X (Ti7y) \/<2 Z.;)QN let (CD) p[ ] p[ }

00 00 o 1 1
/ dz, / dU; Q£ Q 1 exp {—éz{zl] exp [—§U1TU1}, (76)
where, from eqs. (37) and (38)
Qpr =277 (Zoc — Uy, (77)

Qu=2"*(Z,- Uy, (78)
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and

det (ay) det (a;)
(2mih)*" det (CD)

1
2
o 1
{/ Zl ZkZI exp |:——ZTZ1:| / dU1 exp [—éU{U1:|

U2
Xgl Tza 7—f =

exp[-K"d;K] exp[A"D A

1 o 1
le Z exp {_Eszl} / dU; Ujexp [—EUlTUl]

—0o0

88

1 o0 1
dz1 7, exp {_Eszl} / dU; Ugexp {—ﬁuful}

o 1
+ / dZ; exp [—§ZTZ } / dU; UxUjexp {—§U1TU1] } ; (79)

that, summing over k,[! and defining
1 S 0
then

U2
Q 7—177—f ZXM 7—177—f

_ 1 [ detfay)det(ai) exp[~K"d;K] exp[ATD 7]
2\ (27in)*" det (CD) '

o 1 o 1
{ / dZ1ZT7ZeXp{—§Z1TZ1} / dUlexp[—ﬁUlTUl}

o 1 o 1
-2 / leﬁTZexp{—§Zle] / dUerxp[—ﬁUipUl}

o0

oo 1 o 1
+ / dzlexp{_éz{zl] / dUlUT"yUeXp[—ﬁUlTUl}}. (81)

The only difference with the QU1 contribution is the change of sign of the second
summand see (eq. (63)). Since, as it was shown for QU1, this term is cancelled because of
the odd integrand over Uy, the same result is obtained for QU2 but considering 4 instead
of ~.

Therefore

1 [det(ay)det(a;) _
o Qv2 TiyT) = = ! exp[—K'd;K] exp[ATD X

(2D IATAAD ! + tr[D V24D 4 CTV25C 2]} (82)
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Substituting eqs. (73) and (82) into eq. (17), the correlation function for the FC/HT2

term is given by

XFC/HT2 (73, 7f) = XQU1 (i, 77) + XQU2 (7i,7p) =

1 /det (ay) det (a;) exo KT d K] exo[A\TD-!
2\/(ih)2Ndet(CD) pl~K dK] exp[ATDTA

{2D7'ATyAD ' + D' ATAAD !

4 tr [D’l/QﬁyD’l/Q + CV2yC Y2 L D 2AD Y2 071/2,7071/2} } 7
(83)

or, recovering the definition of A (eq. (50)), v (eq. (62)) and 4 (eq. (80))

det (ay) det (a;)
(ih)*" det (CD)

XFC/HT?2 (TZ‘, Tf) = \/ exXp [—KTdZK} exp [KTdZJD_lJTdZK]

1

3 {(2D'K"d,JpPmJ"d KD + D'K"d;JpOmPITd, KD’
+ tr[D2pPmOD 12 £ 12 m 01/

+tr[D2pOm@ D2 4 ¢ 2O m )L (84)

Now, identifying the FC term as the term in the first line after the equal sign [?], and

further reorganizing terms, we arrive to

XFC/HT2 (Tz‘, Tf) = XFC (Tz‘, Tf)
{(D'K"d,J (p®m® + pOm®) J"q, KD

1

+3 tr[(p@m© + pOm®) (D +C)]}. (85)
Finally, we can give a more compact expression as
.. XFC/HT2 (Ti>Tf) = XFC (ﬂ'ﬁf)
1
tr (“(2)m(0) + “(U)m@)) {(D—lKTdinD—lKTdiJ)T + §(D + C)}:| ]
(86)

C.4 Derivation of the total intensity for OPA and ECD

Let us consider an electronic transition between two electronic states, 1 and 2, and a

second order expansion of the corresponding electric and magnetic transition dipoles (1
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and 2 are omitted for clarity)

1
Q) = pE Y HQi+ 5 D 5, (87)
m*(Q) = mg+ Z mgiQ; + % Z m Qi@ (88)
i i,j

The sum of the intensities of the associated vibronic transitions from initial states |v;),
with Boltzmann population p,; = exp(—fE,1)/Z, to final states |vy) for absorption and
ECD are, respectively

O « (6% 1 (63
L = Z pot(vi]pg + Z ps Qi + 2 ZM;‘Q@'QﬂW)
2%

V1,V20 7

1
(valp§ + Y Qe+ 5 D i Qr@iln), (89)
k k,l

O « (03 1 e
Iiep = Z por(vt|pg + Z pi Qi + 2 ZﬂijQiQﬂW)
1,

v1,v20 7

« o 1 «
<v2]m0 + ; myQr + B ; mlele|v1>. (90)

C.4.1 Total intensity for absorption

abs

Let us focus on I[P} first. Exploiting the identity ) |va)(va| = 1 we get

Ly = va1<vl|(M3)2|Ul> +

V1,

2> por (vl s Qilor) +

V1,041

> Do (o QiQilvr) +

1,040,k

Z py1<U1W8M%Qin|U1> +

V1,01, ]

Z por{vi |1 1 QiQrQulvr) +

v1,041,5,k

1Y pal Q). (91)

Ul,a,i,j,k,l

Since the only non-vanishing matrix elements are those involving operators with even
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exponents for each normal coordinate, we have
a2
Lis = Z(Mo) +
Z Dv1 Mz Ul|Q v1) +

V1,001
> Do s (v1|QF o) +
V1,000
1 o 2
1 Z Du1 (:U’u) (0] Qjlvr) +
V1,00,
> P (0] QI QR vr) +
v1,0,1,k#1
)
Z pvl(#ij) <U1’Q3Q§|U1>
V1,0,%,] >1
Now, remembering that
W) = (2 +1),
¢ 2(J.Ji
h2
(Qilv) = 12 (67%2 + 6n; + 3),

and that their thermal average is (Markham 1959)

h Bhw;
2 = h :
(v|Q3|v) o cot ( 5 ),

2
" i@t = 3(23) cothz(m;“’i),

Iy = Z(u3)2+2(u?)2 i
ZMOMZZQ (;oth<62wi) +
() ():

- Z L e coth(ﬁzwi> coth(ﬁhzwk

azk;éz

Z (M%)Q% coth(ﬁzwi> coth(@).

i, J 71

Z

ZG

v

we have
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(97)



It is worth noticing that in the last equation the first term of the rhs corresponds to
the total intensity in the FC approximation, and it is also the only term standing in the
R1 approach. The second term of the first line is the contribution to the total density
from a first-order expansion of the transition dipole (i.e., the HT/HT term). However,
this correction does arise from a quadratic term and therefore it actually belongs to a
second-order expansion of the dipole strength. The term in the second line is actually
what is missing for a complete second-order expansion of the dipole strength, i.e. the R,
approach, and it does have an impact on the total intensity. All the further terms arise
from a second-order expansion of the electric transition dipole. They correspond to only
some of the terms necessary to expand the dipole strength to third order (these third-
order terms are not influential on the total intensity, but this does not mean that they
do not have an impact on the spectral shape) and to the fourth order (on the contrary,

fourth-order terms do have an impact on the total intensity).
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C.4.2 Total intensity for ECD

In order to obtain the total ECD intensity we can follow the same lines

s = > palvilugmlo) +

V1,0

> pua(vi|gmiQilvr) +

V1,001

> por (ot m Qulor) +

1,00,k

> (vt meQiQulvr) +

v1,004,1,k

1 (0% (0%

5 > pu(vi|pgmQe@ilvr) +
v1,0,k,l

1

5 O Pa{luimiQiQ;lu) +
V1,08,

1 6% «

3 > po (o fmgQiQuQulvr) +
v1,0,1,k,l

1

5 2 ol mEQQQn) +
v1,Q,8,5,k

1 6% (07

1 Z por (Vi |pg;mi QiQ; QrQilvr). (98)
V1,0,8,7,k,1

Considering only the non-vanishing elements we have

tot o a, o
Igep = E Ho My +
(6%

S posfm (| Qor) +

V1,000

]' (6% « (6% o

B Z Por(pgm; + pgmg) (vi|QF|vr) +
V1,001

1

1 Z Porpgmi(vi|Qfur) +
V1,00,

]' o «

1 Z pvluiimkk<U1|Q?Qi|vl> +
V1,00, k1
Z pm/ub%m% <U1|Q?Q?\U1>‘ (99)

V1,00,%,5 >0
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Taking into account Eq. 96 we finally get

Iiep = Zﬂomo +Zuz m; coth(ﬂzw') +
3 ;(ugm% + pgme) 2?% (ﬁ Zw) +
% Z o (21)2 coth? (BZ%) +

1 Z ﬂumkk4 h;k Coth(ﬁzwi) coth<m:;wk) +

a,z,k;éz
Bhw; Bhw
I (MY (M) g

> wim
Analogously to the final expression of I'?" the first term of the RHS corresponds to the

a,t,j>1
abs

total intensity in the FC approximation, as well as for R;. The second term of the first line
is the additional contribution to the total density for a first-order expansion of both the
electric and magnetic transition dipoles. Interestingly, such “first-order” correction to the
FC total intensity arises from the HT-HT term and, therefore, in the current formulation
of first-order HT, it breaks the origin invariance. It is noteworthy that the HT-HT term
does actually belong to the quadratic terms of the expansion of the rotatory strength
and the term in the second line is what is missing for a complete second-order expansion
of the rotatory strength, i.e. the R, approach, and it restores the origin invariance. It
should also be noticed that the second term on the first line and the term on the second
line do depend on different parameters and therefore they do not cancel out in general.
We conclude that the sum of these terms is both non-vanishing and origin-invariant. All
further terms in the following lines arise from a second-order expansion of the electric and
magnetic transition dipoles but they correspond only to some of the terms necessary to
expand the rotatory strength to third order (however third-order terms are not influential
on the total intensity) and to fourth order (fourth-order terms on the contrary do have

an impact on the total intensity).

S33



C.4.3 Total intensity with TDM computed at the final state geometry

In the previous equations, the integration is taken over ); normal modes, whihc is imposed
by the presence of the Boltzmann population, which naturally refers to the initial state.
This means, that if we use TDM computed at the equilibrium geometry of the final state,
where the Taylor exansions is given in terms of ()¢, we need to resort to the Duschinsky
transformation and extrapolate the TDM data to the initial geometry, as discussed in
Section C.2. This strategy works properly for FC, HT or HT2 approaches, but, again
as discussed in that section, will fail for R; and R, methods, as in this case there is a
conflict between the extrapolation and the selection of specific cross terms between TDM
expansions to ensure a complete rotatory strength uo to first (R;) or second (Ry) order.

This issue can be solved by cherry-picking the terms of the extrapolation that are

retained. Sice we need to go from @) to ); normal modes,

Qr=J'Qi-J 'K, (101)

We then take the expansion of the TDMs in terms of )y modes (see Eqgs.7a an d7b in

the main text), and apply the above Duschinsky relation to yield,

p=pl+p”(T7Q-IK) 4 (102a)
m=m)+m"(J'Q -J'K)+ -, (102b)

At this point, we can take the linear extrapolation, i.e., for the constant term,

py = pp — p"I7K, (103a)
m) = mj — m"J7'K (103b)

and similarly for the gradient. With these extrapolated values, we can then apply the
expressions in Eqs. 97 and 100 to compute the total intensity. Such strategy will work for
HT and HT2 (using a quadraic extrapolation). For R, instead, we need to retain only

the terms:
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R (Qi) =pfmj+
(gm? + mjpu’) I Qs

(pim? + m!{pu)I 'K, (104)

the term in the first line correspond to the FC; spectrum, while the complete expression
corresponds to the total Ris. From this point we define the rotated derivatives of the

TDM as,

ui/ — ”f/J—l’
m’ =m/'J7!, (105)

which contains the derivatives of the TDM with respect @); modes (even if evaluated at
the geometry of the final state).

If we take the integral for this spectrum, following Eq. 100, only the first (FC) and
the last terms are non-zero. Interestingly, the total intensity of the R;; would be different

than the FC one, namely

tot _ a  fa
[le = E Mo My —
o

D (b mi + md ) K, (106)

a,l

The intensity of the HT; spectrum can be formulated similarly,

S Kdemie K (o)
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where we here note that the frequencies, w’, correspond to the initial state normal modes.
The above expression is equivalent to the one that would be obtained using the extrapo-
lated values.

Finally, the total intentisity for Rof spectra reads,

Itot — Itot
Ray ur,

1 : A h Bhuw!
fa _ _ia i, fa J
B ;(ﬂo my; + pj; My )2%; COth( 5 ) +

1 [N 76" [ 76
B Z K;(uh myy + my 1) K (108)

a,j,k

where we have introduced the rotated second derivatives,

uz‘// — Jp,f,JT,

m” = Jm”J7T, (109)

where we have exploited the orthognoality of J, i.e., J=! = JT, and assume that the
matrix multiplication affects the dimensions with size N,;.

The previous expressions have been adopted to compute the total intensity with
TDM;. The analytical total intensities , which are practically identical to those obtained

by numerical integration of the computed spectra, are shown in Table S3.

Table S3: Total intensities (a.u.) of OPA and ECD lineshapes computed for molecule 2
with TMD evaluated at the equilibrium geometry of the final (TDMy) state. The electric
TDMs are evaluated in the velocity gauge.
OPA x10? ECDx10%
CoM  Shifted | CoM  Shifted
FC 9629 9.629 | 5.883  5.882
Ry 3713 3713 | 6.923  6.922
HT 7.640  7.640 | -0.220 -28.88
Ry 8474 8474 | 7.783  7.784
HT2 9.100  9.100 | 8412  22.20
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x(t,T) = xrc
p'm 4+ (pgm) + (pf) ' mo) (Dar);

+> () 'm)(Anr);;
i

+ Z(H:orm;/j + (:u‘;/j)TmO)(BHT)ij
ij

where:

1
&H:DmDh+§®4—Cﬂ

1
Byr = DgrDhy + §(D_1 + C_l)
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